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P R E FA C E.

The work now before the reader is the most extensive which our lan-

guage contains on the subject, being (exclusive of the Elementary

Illustrations, at the end) more than double in matter of the Cam-

bridge translation of Lacroix, and full half as much as the great work of

the same author in three volumes quarto. I state this because students

are sometimes apt to be discouraged by the apparent slowness of their

progress, which they measure by the pages read, without any other con-

sideration. This extent of matter is not due to fullness of explanation or

abundance of examples, but to a variety of subjects exceeding that which

is usually introduced into elementary writings. There are many works

which enter more largely into the simpler parts, and elucidate them by

more copious instances, both of which my specific object has prevented

me from doing. That object has been to contain, within the prescrihed

limits, the whole of the student's course, from the confines of elementary

algebra and trigonometry, to the entrance of the highest works on mathe-

matical physics. A learner who has a good knowledge of the subjects just

named, and who can master the present treatise, taking up elementary

works on conic sections, application of algebra to geometry, and the theory

of equations, as he wants them, will, I am perfectly sure, find himself

able to conquer the difficulties of anything he may meet with ; and need

not close any book of Laplace, Lagrange, Legendre, Poisson, Fourier,

Cauchy, Gauss, Abel, Hindenburgh and his followers, or of any one

of our English mathematicians, under the idea that it is too hard for

him. It may be admitted to be desirable that some one writer should

endeavour to attain such a result as that of placing before the student all

that is requisite to put him in communication with the highest investi-

gators ; and it will readily be seen, that unless a very large work indeed

were written, no such result could be obtained without condensation, par-

ticularly in the higher parts. If much difficulty should be experienced-

in the elementary chapters, I know of no work which I can so confi-

dently recommend to be used with the present one, as that of M. Du-

hamel, cited in the note to page 68 1.
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The method of publication in numbers has afforded time to consult

a large amount of writing on the different branches of the subject ; the

issue of the parts* has extended over six years, during two of which cir-

cumstances with which I had nothing to do stopped all progress. The
first number was preceded by a short advertisement, which I should

desire to be retained as part of the work ; for I have no opinion there

expressed to alter or modify, nor have I found occasion to depart from

the plan then contemplated.

The principal feature of that plan was the rejection of the whole doc-

trine of series in the establishment of the fundamental parts both of the

Differential and Integral Calculus. The method of Lagrange,t founded

on a very defective demonstration of the possibility of expanding

0(jr+ A) in whole powers of h, had taken deep root in elementary works ;

it was the sacrifice of the clear and indubitable principle of limits to a

phantom, the idea that an algebra without limits was purer than one in

which that notion was introduced. But, independently of the idea of

* It may be convenient for reference to state the dates of publication of the

different Numbers, and also the corresponding Numbers of the Library of Useful

Knowledge, each Number containing 32 pages :

—

Differential Calculus, No. 1, Lib. Useful Know., No. 219, July 15, 1836.

,, No. 2, ,, No. 221, Aug. 15, ,,

,, No. 3, ,, No. 224, Oct. 15, ; ,

,, No. 4, ,. No. 227, Dec. 1, ,,

,, No. 5,
,

,

No. 229, Jan. 2,1837.

,

,

No. 6, ,

,

No. 236, July 1 , ,

,

,, No. 7, ,, No. 253, Jan. 1,1839.

,, No. 8, ,, No. 259, April 1, ,.

,, No. 9, ,, No. 260, May 1, ,,

,, No. 10, ,, No. 266, Aug. 1, ,,

,, No. 11, ,, No. 273, Dec. 1, ,,

,, No. 12, ,, No. 276, Feb. 1,1840.

,, No. 13, ,, No. 282, April 1, ,,

,

,

No. 14, ,

,

No. 284, June 1, ,

,

,, No. 15, ,, No. 287, July 16, ,,

,, No. 16, ,, No. 289, Aug. 1, ,,

,, No. 17, ,, No. 295, Dec. 1, ,,

,, No. 18, ,, No. 296, Jan. 1,1841.

,, No. 19, ,, No. 300, Mar. 1, ,,

.

,

No. 20,
,

,

No. 304*April 15, ,

,

,, No. 21, ,, No. 309*July 16, ,,

No. 22, ,

,

No. 312*Oct. 15, ,

,

,, No. 23, ,, No. 314*Dec. 1, ,,

No. 24,
,

,

No. 135, May 16, 1842.

,, No. 25. ,, No. 140, June 1, ,,

The Elementary Illustrations were Nos. 135 and 140 of the Library, and were

severally published on the 15th of September, and. the 15th of November, 1832,

forming together 64 pages.

•j- See page 177, note.
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limits being absolutely necessary even to the proper conception of a con-

vergent series, it must have been obvious enough to Lagrange himself, that

all application of the science to concrete magnitude, even in his own system,

required the theory of limits. Some time after the publication of the first

numbers of this work, four* different treatises appeared in the French

language, all of which rejected the doctrine of series, and adopted that

of limits. I have therefore no occasion to argue further against the former

method, which has been thus abandoned in the country which saw its

birth, and will certainly lose ground in England, when it is no longer

maintained by a supply from abroad of elementary treatises written on

its principles.

The first twelve chapters of this work contain the more elementary

portions of the theory, comprising differentiation, integration, ordinary

development, differences, trigonometrical analysis, signification and use

of differentiation and integration, differential equations, and algebraical

applications. The thirteenth chapter contains a large number of exten-

sions of the preceding subjects, particularly on development in series

and integration. The fourteenth and fifteenth chapters are devoted to

geometrical application, the sixteenth to the calculus of variations, the

seventeenth to mechanical application, the eighteenth and nineteenth to

interpolation, summation, and transformation of series, the twentieth to

definite integrals, and the twenty-first and last to extensions of the

subject of differential equations and to equations of differences. In the

chapters on geometry and mechanics, it should be remembered that I am

not teaching those subjects for the sake of their results, but only showing

how the differential calculus is applied to them ; neither will therefore

be found to contain all that some will look for.

I can hardly expect that a mathematician, to whom this subject is

familiar, will look through the whole work to pick out here and there a

theorem, or a mode of proceeding, which has some point of novelty. I

therefore subjoin references to those parts of the work for which I have

not been indebted to my knowledge of what has been written before me :

much of what is cited is probably not new, indeed it is dangerous for

any one at the present day to claim anything as belonging to himself;

several things which I once thought to have entered in this list have

been since found (either by myself, or by a friend to whom I referred

it) in preceding writers. Page 56 : the differentiation of a* without

series. Page 179, &c. : the method of treating the cases of excep-

tion to Taylor's theorem ; not perfect, but better than induction from

instances; it needs an application of the theory of dimensions pre-

sently noticed. Page 185, &c. : the proof that only one constant enters

the solution of a differential equation of the first order. Page 217, &c.

:

* See page G81, note.
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the proof that fz = must have a root, finite or infinite, if fz
be always finite for finite values of z-. Pages 227—237 : the treat-

ment of series and the rule of convergency (presently extended). Page

293: the elementary mode of finding 1.2.3. . . .x, when x is consider-

able. Page 318: the method of summing selected* terms of a series.

Page 321—327 : the theory of dimensions and test of convergency (com-

plete) the first that has been given. Page 329 : the mode of treating

Arbogast's derivation. Page 341 : the extension of the theory of the

signs of geometrical quantities. Page 367 : the extension of the cha-

racter of a singular solution. Pages 372, 376 : the application of the

theory of dimensions to the singular points of curves. Page 388 : the

notation proposed for differential co-efficients, which I have found of the

greatest use in complicated operations. Page 392, &c. : the treat-

ment of Legendre's method of double integration. Page 445 : the

generalization of the axiom connecting curve lines and surfaces with

straight lines and planes. Pages 460, 463, 466 : the correction of an

oversight made by writers on the calculus-f of variations. Page 489 :

the algebraical demonstration of Euler's theorem on rotation. Page

561: the theorem on the transformation of divergent developments.

Page 569: the application of the test of convergency to definite integrals.

Page 584: the mode of deducing logFQ+tf). Page 613: the

extension of Lagrange's treatment of the series of sines to that of

cosines. Page 650 : the proof (such as it is) of the property of

alternating series. Page 653, &c. : the mode of treating Mascheroni's

and Bidone's integrals. Page 659 : the extensions of Spence's theorems.

Page 675 : the extension of Abel's theorems.

The theorem which I have asserted (page 561) on the transformation

of divergent developments is one which may be open to animadversion,

since cases may easily be found in which it is not true. But it is to be

remembered that it is not asserted with respect to any series of which

the invelopment shows discontinuity. In many instances of exception

which I have examined, I have always found that the function^ from

which the series was produced (usually a definite integral) was not per-

fectly continuous. Some of these instances I shall probably discuss

elsewhere; in the meantime, with regard to this and several other

theorems, it may be observed that they are useful, even to the student,

as showing what sort of knowledge we have, and what sort of difficulties

appear, when we come near the boundary line of our attainments for the

* I should be surprised if this method were new ; and yet I can find it nowhere.

-)• The very remarkable property of the catenary in page 474 is not original: I

have been informed, since it was printed, that it is to be found in a paper of

M. Ampere, but I cannot give the reference.

X Whenever, then, the theorem be found to be true, it is as good an evidence as we
have that there is no discontinuity in that case ; and the contrary.
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time being. A disposition sometimes appears to reject all that offers

any difficulty, or does not give all its conclusions without any trouble in

examination of apparent contradictions. If by this it be meant that nothing

should be permanently used, and implicitly trusted, which is not true to

the full extent of the assertion made, I, for one, should offer no opposi-

tion to so rational a course. But if it be implied that nothing should be

produced to the student, with or without warning, which cannot be un-

derstood in all its generality, I should, with deference, protest against

a restriction which would tend, in my opinion, not only to give false

views of what is actually known, but to stop the progress of discovery.

It is not true, out of geometry, that the mathematical sciences are, in all

their parts., those'models of finished accuracy which many suppose. The

extreme boundaries of analysis have always been as imperfectly under-

stood as the tract beyond the boundaries was absolutely unknown. But

the way to enlarge the settled country has not been by keeping within it,

but by making voyages of discovery, and I am perfectly convinced that

the student should be exercised in this manner ; that is, that he should

be taught how to examine the boundary, as well as how to cultivate the

interior. I have therefore never scrupled, in the latter part of the work,

to use methods which I will not call doubtful, because they are pre-

sented as unfinished, and because the doubt is that of an expectant

learner, not of an unsatisfied critic. Experience has often shown that

the defective conclusion has been rendered intelligible and rigorous by

persevering thought, but who can give it to conclusions which are never

allowed to come before him ? The effect of exclusive attention to those

parts of mathematics which offer no scope for the discussion of doubtful

points is a distaste for modes of proceeding which are absolutely neces-

sary to the extension of analysis. If the cultivation of the higher

parts of mathematics were left to persons trained for the purpose, there

might be some show of reason for keeping out of the ordinary student's

reach, not only the unsettled, but even the purely speculative parts of

the abstract sciences ; reserving them for those persons whose business

it would then be to render the former clear and the latter applicable.

As it is, however, the few in this country who pay attention to any diffi-

culty of mathematics for its own sake come to their pursuit

through the casualties of taste or circumstances ; and the number of

such casualties should be increased by allowing all students whose

capacity will let them read on the higher branches of applied mathe-

matics, to have each his chance of being led to the cultivation of those

parts of analysis on which rather depends its future progress than its

present use in the sciences of matter.

There is one subject on which I have not touched, that of elliptic func-

tions. To carry these integrals down to the actual computation of re-

ft 2
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suits would require almost a work of itself, and anything short of this

would be of little use. Writers on applied mathematics will probably,

for some time to come, feel obliged to assume little or nothing of ellip-

tic functions, but to incorporate, in their several works, the full consi-

deration of such properties as they shall have occasion to use. There are

several other detached branches of the integral calculus which must neces-

sarily be completely developed in the subjects to which they are applied,

such as the equations of the planetary theory, Laplace's functions, as

they are called, and some others. On these of course I have not touched.

Since this work commenced, Mr. Gregory's examples have been pub-

lished, containing instances of all the latest and best modes of treating

the details of the differential and integral calculus. I should strongly

recommend the reader of this work to use these examples, as well as

those (if he can get them) jointly published by Messrs. Peacock, Her-

schel, and Babbage. A large quantity of examples is indispensable,

and the English student is fortunate in the full supply which is contained

in the works alluded to.

The largeness of the table of Errata may convey an impression that

the work is incorrectly printed or revised, which is not the case. If

every mathematical work, at its completion, had the fruits of some years

of examination presented to the reader, I know of none which would

not have lists as large in proportion to their size and the number of

symbols contained in them, as the present one. I have reason to think

that every erratum of importance in the more elementary portion of the

work is in the list : and that those which may yet remain in the later part

are not of much consequence. But I shall be much obliged by the com-

munication of those additional ones which may be discovered by any

reader, as also by a reference to any writer who may have gone before me
on any of the points tt> which I have directed attention in the preceding

part of this preface.

University College, London, A. De Morgan.
May 2, 1842.
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tions (50); — of a constant (51) ; _ of the product of two or more functions (51) ;

— of a fraction (52). Considerations connected with the inversion of functions

d%C (I'D

(52). Development of the meaning" of — .-^- = 1, and statement of its points
dx dii.

of difficulty (53, _"54). Meaning and proof of — = — . j- (54, 55). Dif-

ferentiation — of xn (55, '56) — of ax, and why left incomplete (56, 57) ;

— of log x, sin x, cos x, tan ^r, sin lx, cos ~ lx, tan ~ lx (57, 58) ; — of functions of

the preceding elements
r

(58, 59). Common formula? of trigonometry in inverted

forms, and considerations connected with them (59, 60). Examples (60, 61).

Primary notation of successive differentiations (61). Partial differential coefficients

(61, 62). Specific equation between the partial differential coefficients of an arbitrary

function (62). Formation of differential equations independent of an arbitrary constant

(62, 63). Degrees of indelerminateness in functions of more than one variable, and

further relations between partial differential coefficients, independently of the specific

function used (63, 64). Convertibility of differentiation and specification of con-

stants (64). Some observed results of differentiation (65).

%* The object of this chapter is the investigation of the results of differentiation

without any assumption of the expansion of any function in an infinite series. The
point left unfinished is taken up in page 76.

Chapter III.

ON ALGEBRAICAL DEVELOPMENT.

Special exceptions in the values of differential coefficients, answering to singular

values of the function (65, 66). Theorem.—If neither <px nor <p'x become infinite

(or otherwise singular) between'x—a, and x=a-\-h, the equation

<f>(a+k)-<pa ,,....
=q> (a-\-M)

is true for some value of 4 less than unity (66, 67). Theorem.—li<px, <p'x,. . .Q^+Vx

and $x, -^'x,. . .^n+^x have no singular values from x=a to x=a+h, and if <pa=0,

•^a=0, <pa= 0, \^'a=0.. .<pWa=0, ^Wa=0, and if -tyx, *l>'x,. . .-^^x all increase,

or all decrease, from x=za to x=(a-\-h) : the equation

<Ka+fy__ 0»+*>(q+ fl)

can be made true by a value of 6 less than unity (68, 69).f Common proof of

Taylor's Theorem^ (70). Proof of the same, with Lagrange's theorem expressing'the

remainder after a given number of terms in a finite form (71—73). Applications of

Taylor's Theorem (74, 75). Completion of the result left unfinished in the preceding

chapter (76). Statement of a question left for consideration in the next chapter (76).

%* The object of this chapter is the development of algebraical functions under

such restrictions as to the use of infinite series as will enable us to defer the general

consideration of the difficulties of such series to a later period of the work.

* Elem. Must, pp. 13—15. f Appendix, p. 767. I Elem. Must., pp. 9—11.
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Chapter IV.

CALCULUS OF FINITE DIFFERENCES.

Manner of forming successive differences ; use of the symbol A (77). Expression

of differences by means of terms, and the converse (78, 79). Limit of A"« : (A^)"

is the wth differential coefficient of u (79, 80). Notation of differential coefficient

(80, 81). Mode of supplying any term of a series ; meaning of A -1
; of 2 (82).

General term of a series (83). Differences of a rational and integral function (83,

84). Formula of summation (84). Limit* of 2 (w+ l)p : ?iT+ y
(84, 85).

*** This chapter contains those parts of the calculus of finite differences which

are most essential to the early stages of the differential calculus.

Chapter V.

ON IMPLICIT DIFFERENTIATION.

Distinction of explicit and implicit (85). Extension! of the notation of diff. co.

(86). Two or more independent variables, differentiation (86, 87). Implicit rela-

tions subsequently introduced (87, 88). Mode of tabulating the manner in which

diff. co. enters (89). Final rule (90). Instances (91—94). Distinction of total

and partial, explicit and implicit (94, 95). Instances (95, 96).

*** This chapter contains the development of differentiation under implied as well

as expressed relations ; a subject which is frequently not made a separate head, but

treated incidentally, as it arises.

Chapter VI.

MEANING OF, AND PROCESSES IN, INTEGRATION.

Primitive function (97). Instances at length of the summation in which inte-

gration consists (97, 98). Summatory% definition offtpxdx within given limits (99).

Connexion of the primitive function with, ftpxdx defined as the limit of a summation

(100). Instances (101). Application of infinitesimal language (101). Summation which

gives ftpxdx conducted by unequal increments (102). Connexion offfx — dt and
at

ffxdx (103). § Why integration is not always possible; transcendentals (104).

Simple universal integral formula? ; formula of parts (103). Instances (106).

Consequences of neglect of the constant (106). Instances of formula in p. 103

(107). Instances by parts (108—111). Fundamental rational functions (112).

Transition from trigonometrical to logarithmic form (113—115). Irrational forms

of the second degree (115, 116). Instances of definite integrals (117).

%* This chapter is here placed that the elements of the integral calculus may be

studied at an earlier period of the course than is usual. The integral fcpxds is con-

sidered in a twofold manner: 1. In the form in which it is usually obtained as a

result of geometrical or mechanical conceptions, namely, as the limit of the summa-
tion denoted by 2/pxAx. 2. In the manner in which it must always be obtained in

practice, namely, as the primitive function of <px.

* Elem, Must., pp. 31—35, and 43—45.

f Ibid., pp. 35—41, and 46—53.

% Ibid., pp. 57—64.

§ Appendix, p. 767.
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Chapter VII.

TRIGONOMETRICAL ANALYSIS.

Series for the sine and cosine; their convergency (118). £
TV_1= cos;r+ sin#V—1,

and deductions (118, 119). Connexion of the circular and hyperbolic functions

(119—121). Expansion of cos"4 and sin™ 4(121—124). Expansion of <p from

tan <p—k tan 6 (124). Verification of the preceding (125). De Moivre's Theorem

(125, 126). Extension of the logarithmic theory (126, 127). Roots of unity (127

—130). Resolution of 1 : (#n+ l), (130, 131). Caution required in taking general

logarithms (131).

*
#
* This chapter is, as such a chapter in the heart of a work on the Differential

Calculus must always be, for those only whose previous trigonometrical studies have

not been so extensive as might have been wished. The article Negative and Impos-

sible Quantities in the Penny Cyclopaedia may be usefully read in connexion with it.

Chapter VIII.

ON THE MEANING OF DIFFERENTIAL COEFFICIENTS, AND ON
THE FIRST PRINCIPLES OF THE APPLICATION OF THE
SCIENCE TO GEOMETRY AND MECHANICS.

The diff. co. considered with reference to its sign only ; strict theory of maxima

and minima (131—133). Common theory (133, 134). The diff. co. considered

with reference to its magnitude* (134, 135). Terms to be considered (135, 136).

Direction,^ tangent of a curve (136, 137). Curvature, circle of curvature (137—139).

Length,\ arc of a curve, (140, 141). Area, of a curve (141, 142). Solidity or volume

deferred, see afterwards, pp. 390, 446. (142). Density (142, 143). Velocity (143—
145). Force, i. e. acceleration (145, 146). General remarks on these terms (147,

148). Remarks on the case on which either is negative (149, 150). Two important

cases of motion (150, 151).

*j* This chapter, by bringing together the fundamental conceptions of the applied

sciences, is intended to show the resemblance of the modes by which the Differential

Calculus is applied to them severally.

Chapter IX.

ON THE CONNEXION OF DIFFERENTIATIONS OF DIFFERENT
KINDS.

Connexion of—^ and —- (151— 153). Integra ion of— =<pw (153, 154). Inte-
(ill (ItE (xOC

d. it cl
nu dniV

grationof—

-

+m = <z>4 (155, 156). Connexion of — and— as far as n= 5 (156,°
d62 dx n dun v

157). Application to the reversion of series (157, 158). Differentiations of u with

respect to x when both u and x are functions of t (158, 159). Remarks on the case

of several independent variables (159). Differences with two independent variables

(160). Extension of the notation of diff. co. to two or more variables (161, 162).

Extension of Taylor's theorem to two variables (162, 163). Principles^ of the cal-

culus of operations (163, 164). Expression and extension of Taylor's theorem by

* Elem. Must., pp. 53—55.

t Ibid., pp. 18—20.

% Ibid., p. 20.

§ Appendix, p. 767.
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that calculus (164, 165). Meaning of A~ l
<px (165). Expression" of a diff. co. by

differences, and verification (166). Inversion of differentiation and John Bernoulli's

theorem (167, 168). Laplace's and Lagrange's theorems with instances (168— 171).

*[.* This chapter is miscellaneous, comprising what are commonly called the

change of the independent variable, the method of parameters, the extension of

Taylor's theorem, the separation of the symbols of operation and quantity, and

Lagrange's theorem. On the separation of the symbols of operation and quantity,

the student who has read the article Negative and Impossible Quantities in the Penny

Cyclopaedia, may further consult the articles Operation and Helation in the same

work.

Chapter X.

ON SINGULAR VALUES.

Collection of singular forms (172). Discussion of— and examples* (173, 174).

Oxooand— (174). 0°, o>°, 1±» (175). Failure of Taylor's theorem (176)." First
00

(and imperfect) theory of dimensions (177—181). Applications to the ordinary

view of the failure of Taylor's theorem (181, 182) Detection of multiplicity of

values in a diff. co. (182, 183).

*#* The theory of dimensions here given is imperfect, as further explained in

pages 320—328.

Chapter XL
ON DIFFERENTIAL EQUATIONS.

Technical meaning of the term differential equation (183). Deduction of some

differential equations (183, 184). Not more than one constant can be eliminated

between U=0, and— =0 (184—186). Remarks on symbolic imitation of actual
dx

processes (186). Lagrange's notation (187). Criterion of u being a function of x
andy only through p (187). One diff. equ. cannot have two distinct primitives with

arbitrary constants (187, 188). How singular solutions arise (188). Singular

solution deduced from the primitive function (189, 190).f Singular solution deduced

from the differential equation (190—193). \ Various integrable forms of diff. equ.

(194, 196). Complete integration with two variables (196, 198). Independence of

the order of differentiation and integration to different variables (197). Remarks on
differentials (198). A general attempt to find the integrating factor leads to a partial

differential equation (199). du=YdN implies that u and V are functions of N (199,

200). Criterion of integrability (200). Simultaneous equations (201). Criterion

of simultaneous dependence (201, 202). Partial diff. equ. of the first order and
degree (202—205).§ General theory of arbitrary constants (205, 206). || Criterion of

integrability in Pn-^+Pn.!^—^, +... (206, 208). Use of this criterion in
dx" dx"~ l

integration (209,210). Linear equations (210—213). Equations of higher degrees

than the first (213—215).«f[

*
#* This subject will be resumed in Chapter XXI. But the real extensions of the

subject of diff. equ. are made in works on gravitation, heat, &c.

* Appendix, p. 770. § Appendix, p. 771.

f Ibid.,?. 771. il Ibid.,?. 772.

% Ibid.,?. 771.
«[f

Ibid,, p. 772.
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Chapter XII.

FURTHER APPLICATION TO ALGEBRA.

Maxima and minima of functions of two variables (216). Conjugate functions,

meaning P and Q in/^+y^- l)=P+Qv/ - 1 (217). Every function fz in

which f'z does not become infinite for any finite value of z, must have a root (217

—219). Sturm's theorem (219—222).* Convergency of seriesf (222, 223). Suc-

cessive substitution (223, 224). Expression of *rt +«
)
a,+ - •• by differences of a

g

(224, 225). Various analogous expressions (225). Theorem on series of alternate

sign (226). Series derivable from <^x—fjiX-\-vxipax and discontinuity sometimes

found in them (227—230). Theory of ordinary series, and consideration of the

question of discontinuity (230—234). Convergency of series (234—238). Expres-

sion of «6-J-«i& 1
a7+ . . . by means of a-\-a^x-\-. . . and|examples (239, 240). Proof

of the last by the method of operations (240, 241). Application to trigonometrical

series (241—244). Developments by Taylor's theorem into trigonometrical series

(244).

*
#* The theory of convergency here given is only partially true : it is taken up

again and made universal in p. 325.

Chapter XIII.

MISCELLANEOUS EXAMPLES AND DEVELOPMENTS.

(This Chapter is divided into Articles, to which the references are made.)

Differentiations and expansions (pages 245—253) :—1. Differentiation of Ps*-

2. Differentiation of PQ. 3. Differentiation of P™Q". 4. Differentiation of

PmQ—n
. 5. Differentiation of £

V .Q. 6 and_7. Differential equation of y=x<p(cx).

8 to 14. Elimination of arbitrary functions. 15. Expansion of tan x. 16. Expan-
sion of x : (e*

-
1) ; Bernoulli's numbers. 17. Expansion of 1 : (s^-f-l). 18. Expan-

sion of tan x by Bernoulli's numbers. 19. The same of cot x. 20 and 2J. Ex-
pansions of 2:(s*+s-*) and sec x. 22 and 23. Expansions of 2a? :(i

x— t~x
) and

cosec x. 24 and 25. Approximations to arc from chord. 26. Expansion of 6 in

<p(x-\-h)— q>x-\-®\x-\-6h).h. 27. Expansion of a- in terms of sin a-. 28. Series [for

\*. 29 and 30. The last series proved convergent. 31. x in terms of cos x. 32.

x in terms of tan x. 33. log sin x and log cos x in terms of x.

Differences (pages 253—266). 34, 33, 36. Differences of sin x and cos x. 37.

Differences of m
. 38. Table]: of these differences. 39. xm in terms of m

. 40.

German notation for factorials. 41. Finding of 2xm . 42. Reduction of xm to fac-

torials. 43 and 44. Law and calculation of the differences of nothing. 45. xm

in descending factorials. 48 to 55. Differences and sums of factorials and reciprocals

of factorials. 56 to 59. General expresions of the differences of nothing. 60. (s<— 1)"

in powers of t. Finding ofJ" n—- . . . .dn and development of x : log" (l-f-<a?).

62. A n<px in terms of <p'x, <p"x, &c. 63. Inversion of the last. 64. Development of
(1+6*+...)". 65. Development of the nth power of log (}+x) :x. 66. Final ex-
pression of ip'x, &c. by means of differences of <px. 67 and 68. Definite integration

by means of differences. 69 and 70. Summation by means of integration and
differentiation.

Implicit Differentiation (pages 266—269). 71 to 76. Examples.

* Appendix, p. 772. f Elem. Must., pp. 9, 10. + Appendix,?. 773.
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Integration (pages 269—295). 77 to 79. Diff. co. of (x—a) <px and 2(x-a)m<px

when x= a. 80 to 90. Reduction of fractions into sums of more simple fractions.

90 to 93. Cases offxm(a-{-bx)ndx. 94 to 96. Rational functions (simple instances).

97.fxmdx:(l+xn
). 98. /(log xfxidx. 99. fdx : (a?+x2

)
n

. 100. Reduction of

fxmdx:(a2+x2
)
n

. 101 to 103. Reductions offxm(Axa+ Bx'>)ndx. 104. Reduction

of fxm(A-[-Bx-\-Cx'2)ndx. 105 to 108. Reduction of / sinm 4 cos nM6, in various

cases. 109. Table of ultimate integral forms. 110. Miscellaneous reductions.

Ill to 113. Several simple reductions. 114. fd6: (a+b cos 6). 115. fdx: (1+s*).

1 16. Reductions of form. 117. Monomial irrational functions. 118andll9. Series

from integration by parts. 120 and 121. Applications of trigonometrical simplifi-

cation to integration. 122. Occasional entrance of different constants. 123. De-
finite integration by parts. 124. fi* sin nM6. 125 and 126. Approximation to

1.2.3...«. 127. Application of it. 128. ffr^dn 129 to 135. Even and odd

functions, and changes of the limits in integration.

Maxima and Minima (pages 295—303). 136 and 137. Discussion of (a-f- bx)nt-x .

138. Discussion of cos x-\-a sin x. 139 'and. 140. Discussion of cos (ax-\-b). cos

{a'x+b>)..
r , 141. sA cos (a0+a) must have a root. 142 and 143. Other ex-

amples. 144 to 152. Geometrical applications.

Development in general, Calculus of Operations (pages 303—320). 152. Burmann's
theorem.* 153. Expansion of ipx in powers of <px. 154. Deduction of Lagrange's

theorem. 155. Expansion of <p— lx in powers of x. 156. Reversion of series, carried

farther than page 158. 157. Altered form of the series in 153. 158 and 159.

Simple examples of the calculus of operations. 160. Herschel's theorem. Expansion

offx in powers of x. 161. The last reduced to <px = <p(l-\- A).x". 162. Comparison

of Burmann's and Herschel's coefficient. 163 and 164. Bernoulli's numbers in

terms of the differences of nothing. 165. Expansion of cos (asx). 166 to 168.

Consequences of Herschel's theorem. 169. Expression of a linear function of

differences as a function of diff. co. 170. Expression of a linear function of succes-

sive values, as a function of differences or of diff. co. 171. Expression of

<px-{-<p(x+\) . a-f- . . . in terms of <px, $'x, Sec. 172. Finite summation with terms of

alternate sign by means of diff. co. 173. Example of the last. 174. Another form

of <px+<p(x+l). a+ ... 175. Another form of iyx, 176. 2a?->1 and 2a?- 1
. 177.

slog x and more correct approximation to 1 .2.3. . .x. 178. aiAux —

a

2 AVr+ &c.

and a<px-{-a\<pfx.h+.

.

. in terms of tpx, <p'x, and <p(x-\-h), <p'(x-\-fi), &c. 179. A n
yx

in terms of receding differences.! 180 and 181 .fyxdx in terms of receding differences :

method of quadratures and example. 184. Development of x : U\-\-x)n — 1 \ in powers

of a". 185 and 186. Summation of a series with interposed terms. 187. Connexion

of 2 and A-1
. 188. Deduction of the method of quadratures from the preceding.

189. Summation of series with interposed terms and receding differences. 192 to

199. Properties of the roots of unity and multisection of series by means of them.

Theory of Dimensions (pages 320— 328). 200, 201. Explanations relative to Chapter

X. 202 and 203. Critical value of e in <px : (^x)", defined and determined. 204. Results

of the "last collected. 205. Algebraical dimensions of a function, the dimetients

being x, log x, log log x, &c. 206 and 207. Mode of determining the dimensions.

208 to 210. Application to the determination of the convergency or divergency of a

series. 211. Preceding errors corrected. 212 and 213. Development in positive

and negative powers.

Arbogasfs Derivations, Combinatorial Analysis, Calculus of Generating Functions

(pages 328—340). 214. Theory of derivation. 215. Table+ of derivatives. 216.

Example. 217. Generalized derivation. 218. Deduction of differentiation. 219.

Example of differentiation. 220. Arbogast's own mode of obtaining derivatives

221. Reversion of series. 222. Reciprocal of l-\-bx+cx+ . . . and (a'-j-6'j--(- . . .) :

(l-\-bx+.. .). 223. Combinatorial analysis. 224. Development of (o,o+«i<3?+ &c.)n .

* Appendix, p. 774, -}• Ibid,, p. 774, J Ibid., p. 774.



xvi CONTENTS.

225. Development of p(a+&r+c.r+. ..). 226. How to deduce Arbogast's deriva-

tives. 227. Most simple form of («+&#-)- ...)". 228—233. Generating functions,

principles, and various examples.

Chapter XIV.

APPLICATION TO GEOMETRY OF TWO DIMENSIONS.

Theory of signs (341—343). Differential equations of curves (344—347).

Branches of a curve (347, 343). General theory of contact (349, 350). Tangent

and normal (350—353). Enveloping,* orthogonal, &c. curves (354—357). Polar

equation of tangent and normal (358). Involute, evolute, and radius of curvature

(358—368). First diff. co. (368). Second diff. co. (369—372). Theory of dimen-

sions applied to these diff. co. (372—374). Transformation of equations, intersec-

tions of curves with the axes, properties of the tangent [(375, 376). Asymptotes

(376). Flexure and curvature (377). Point d' arret and cusp (378, 379). Multiple

point (379—382). Conjugate point (382). Pointed branch (382—384). Area and

length (385, 386). Problem illustrative of the singular solution (387).

Chapter XV.

APPLICATION TO GEOMETRY OF THREE DIMENSIONS.

Notation for higher diff. co- (388). Double integration, earliest process (388, 389).

Geometrical illustration (390, 391). Extension of the method to the case in which

the limits of each variable are functions of the other (391—395). Examples (395

—

397). Surface of a spheroid (397, 398). Surface of revolution generally (398, 399).

Classes of surfaces (399—401). Characteristic of a surface (401). Connecting and

connected surfaces (enveloppes and enveloppe'es) (402). Connecting curve of the

characteristics {arete de rebroussement) (403). Developable surfaces (403). Surfaces

on which a straight line can be drawn (403, 404). Surface passing through any

number of curves (404). Remarks on the coordinate planes (405). Tangent plane,

normal, line of greatest declivity (406, 407). Curve, its tangent, normal plane, and

osculating plane (407—409). Osculating and polar surfaces, curvatures, flexures,

andevolutes(410—415).f The screw (415—417). Expressions derived from different

forms of the equation of a surface (417, 418). Species of contact with the tangent

plane (419). Surfaces generated by the straight line (420—426). Normal sur-

faces, and curvature of surfaces (426—436). Method of drawing figures (430).

Lines of cuivature (434—440). Various problems proposed (441). Shortest line on a

surface (442, 443). Expressions for arc, volume, &c, and axioms required (443—446).

Chapter XVI.

ON THE CALCULUS OF VARIATIONS.

Illustration of the object in view (446, 447). Fundamental definitions (447,

448). Variation of diff'. co. (449). Variation of fqdx (449, 450). The same
when <p contains another integral (450, 451). The same when fipax is given by a

differential equation (451). Variation offqdxdy (451—454). Illustration of the

use of this calculus in mechanics (455—458). Maxima and minima, full considera-

* Elem. Must., pp. 22—25. f Appendix,?. 776.
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lion of the instance of the shortest line between two points, and cases not usually

considered (458—461). Generalization of the problem, and instances (461—465).

Relative maxima and minima, and instances (465—468). Collection of the

different cases into one form, and application of the form to the brachystochron in a

resisting medium (468—471). Instance, with two independent variables (471—473).

Solution of a partial diff. equ. (473). The surface made by the revolution of a

catenary about its directrix is one of equal and opposite curvatures (474, 475).

Chapter XVII.

APPLICATION TO MECHANICS.*

Object of mechanics, laws of motion, connexion of pressure and velocity (475

—

477). Principle of virtual velocities (477—479). Perpendicular on a surface from

a point infinitely near (479). Coordinate motions expressed in terms of rotation

(479). Every motion compounded of rotation and translation (480—482). Trans-

formation of the expression of rotations (482, 483). Geometrical consideration of

rotation (484—488). Every change of place, one point being fixed, reducible to one

rotation (488,489). Other matters connected with rotation (490—493). Integrals

depending on. the arrangement of the parts of a system (493—496). Properties of

the ellipsoid necessary in rotation (496—498). Momenta/ ellipsoid, moments of

rotation, principal axes (498—500). Statical application of the principle of virtual

velocities (501—503). Dynamics, motion of a point, tangential and curving forces

deduced from the motion (503—505). Inverse problem, fundamental equations

(505, 506). Astronomical form of these equations (507—509). Motion of a
system, D'Alembert's principle (509, 510). The six equations of motion (511,

512). Transformation of the equations of rotation (512, 513). General principles,

centre of gravity, conservation of areas, Sir W. Hamilton's method (514— 518).

Lagrange's general method (518—522). Variation of parameters (523—530).

Lagrange's general forms (530—535). The fundamental equations connected with

attractions (535—541).

Chapter XVIII.

ON INTERPOLATION AND SUMMATION.

General modes of interpolation (542). Ordinary restricted interpolation, with

examples (543, 544). Interpolation by preceding and succeeding values (544—548).

The same, without direct use of differences (548—550). Interpolation when the

values of the variable are not in arithmetical progression (550—552). Relation

between sums of series of powers (552). Summation of an infinite series by some

of its terms and an integral (553). Table of the sums of powers (554). Summa-
tion when the terms are alternately positive and negative (554—556). Hutton's

method (557—560).f

Chapter XIX.

ON THE TRANSFORMATION OF DIVERGENT DEVELOPMENTS.

General theorem by which this transformation may be frequently effected, and

consequences (560—565). Particular modes of effecting the same (565, 566).

* Ekm. Mast., pp. 25—31. f Appendix, p. 776.
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Chapter XX.

ON DEFINITE INTEGRALS.

General considerations (566—569). Mode of 'ascertaining whether a definite

integral is finite (569, 570). Remarks on the case in which the subject of integra-

tion becomes infinite between the limits (571). Periodic integrals, how connected

with convergent ones (571. 572). Certainty of the appearance of discontinuity in

this subject (572). /*> tan-»AM and fSxmdx : (1+a-) (573—575). Divergent

series not to be depended on after integration (576). /" cos bxdx: (l+a*) and

/^ sin bx.xdx: (I +x2
) (576, 577). Definition of Vx (577). Series for logr(a?+l),

new constant y, how obtained (577—579). Exercises from the preceding (579).

Pzv(\ ~z)xdz= (579, 580). I\r .r(l —x) . f*i-tndt, (580). More convergent forms

for log rOr+1), series for Bernoulli's numbers, their convergency (580, 581).

General property of Tx, reduction of T(m : n) to the smallest number of distinct

transcendentals (581—588). Correction of some of the preceding reasoning, and

more rigorous deduction of log r(j?+ l) (583—585). Resolution of i
x±i~x

, sin x

and cos x, into factors (585/]586). Series for log cos a; and log (x : sin x) (587).

Table of Vx. (587—589). Mode of reconstructing Legendre's larger table (589).

Table of Tx for the twelfths of a uuit (590). Determination of Tx by continued
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ADVERTISEMENT.

The following Treatise will differ from most others, for better or worse,

in several points. In the first place, it has been endeavoured to make

the theory of limits, or ultimate ratios, by whichever name it may be

called, the sole foundation of the science, without any aid whatsoever

from the theory of series, or algebraical expansions. I am not aware

that any work exists in which this has been avowedly attempted, and I

have been the more encouraged to make the trial from observing that

the objections to the theory of limits have usually been founded either

upon the difficulty of the notion itself, or its unalgebraical character,

and seldom or never upon anything not to be defined or not to be received

in the conception of a limit, or not to be admitted in the usual conse-

quences, when drawn independently of expansions, that is, of develop-

ments under assumed forms. The objection to the difficulty I have

endeavoured to lessen in the introductory chapter ; that to the name by

which a science founded on limits should be called, I cannot feel the force

of, or see what is to be answered. I cannot see why it is necessary that

every deduction from algebra should be bound to certain conventions

incident to an earlier stage of mathematical learning, even supposing

them to have been consistently used up to the point in question. I

should not care if any one thought this treatise unalgebraical, but

should only ask whether the premises were admissible and the conclu-

sions logical. Secondly, I have introduced applications to mechanics

as well as geometry, in cases where the preliminary notions are not of

too difficult a character, and I have throughout introduced the Integral

Calculus in connexion with the Differential Calculus. The parts of the

former science which can be understood by a learner at any stage of the

latter, are, I suppose it will be allowed, necessary to a proper view even

of so much of the latter as precedes the point supposed. Is it always

proper to learn every branch of a direct subject before anything connected

with the inverse relation is considered? If so, why are not multiplica-

b 2
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Hon and involution in arithmetic made to follow addition and precede

subtraction ? The portion of the Integral Calculus, which properly

belongs to any given portion of the Differential Calculus increases its

power a hundred-fold—but I do not feel it necessary further^to defend

placing the question of finding the area of a parabola at an earlier

period of the work than that of finding the lines of curvature of a

surface. Experience has convinced me that the proper way of teaching

is to bring together that which is simple from all quarters, and, if I

may use such a phrase, to draw upon the surface of the. subject a proper

mean between the line of closest connexion and the line of easiest

deduction. This was the method followed by Euclid, who, fortunately

for Us, never dreamed of a geometry of triangles, as distinguished from

a geometry of circles, or a separate application of the arithmetics of

addition and subtraction ; but made one help out the other as he best

could. At the same time I am far from saying that this Treatise will be

easy ; the subject is a difficult one, as all know who have tried it.

The absolute requisites for the study of this work, as of most others

on the same subject, are a knowledge of algebra to the binomial theorem

at least (according to the usual arrangement), plane and solid geometry,

plane trigonometry, and the most simple part of the usual applications

of algebra to geometry. The Treatise entitled ' Elementary Illustrations

of the Differential and Integral Calculus,' will be bound up with this

Volume, and referred to in the proper places.

A. De Morgan.

London, July 1, 1836.



DIFFERENTIAL CALCULUS.

INTRODUCTORY CHAPTER.

If the mathematical sciences were cultivated wholly for their practical

utility, as it is called, meaning their application to the formation and

management of all the mechanism by which the arts of life are advanced,

it would not be necessary to consider any magnitude as having existence

at all, unless it were sufficiently great to be either useful or noxious to

some object connected with some given application in question. And
the human senses would fix what we might in that case call the limits

of quantity ; namely, the greatest of the great and the smallest of the

small, among those quantities which actually are measured and consi-

dered in astronomy or navigation or manufactures, &c. The longest

line would be that drawn from the spectator to the farthest heavenly

body whose distance he had measured; the shortest would be the

smallest line his eye could perceive when aided by the microscope, or by

any machines which multiply small motions. There would consequently

be as many systems of mathematics, or sciences of calculation, as there

are practical applications differing materially in the nicety of operations

which they require ; from that of the joiner, to whom the length of the

hundredth of an inch may be considered as non-existing, and who com-

pares one length with another by means of a rule warped by the sun,

worn by time, and divided into parts by deep and broad furrows, to that

of the astronomer, who lays one rod by the side of another by the aid of

a powerful microscope, having first levelled them by the most accurate

instruments, and then consults the thermometer to know what length it

will be proper to consider the rods in question as having to-day, compared

with what they had yesterday.

The first considerations connected with number and magnitude always

enter the mind in connexion with some application to the rough pur-

poses of life, more or less approaching to exactness* in different circum-

stances,—and as many different systems of rules are formed as there

are different modes of dealing with material objects, each by itself

relatively more perfect than the rest, that is, better adapted to its parti-

cular end,—the consequence is, that the various terms which imply

relation, that is, which are used in speaking of one quantity or magni-

tude as to how it stands with respect to another, are really used in

* The child of an artisan exercising any of the more ingenious manual arts, or of

a savage in the state of life in which arts have made the progress which is possible

without division of labour, might perhaps be considered as being most advanta-

geously situated in this respect : but we think it beyond question that the children

of the middle and upper classes in England, it may be throughout Europe, are in as

unfavourable a position as any of their species.
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many different senses ; or, which is much the same thing in the diffi-

culty which it creates, in many different degrees of the same sense. It

is hardly necessary to insist upon this as to words which imply pure

relation, such as small or great, when it may be known by those who
have tried that the same variety of degree enters into the notions which
have been formed of positive terms. If a class of boys beginning geo-

metry at school (that is of course geometry, not saying Euclid) were

thus put to the question :
" You- all know what a straight line is ?"

there would be but one answer, and that in the affirmative : one would
call to mind a stroke on a slate, another the side of it, a third perhaps

the length of a street, and so on. To the question, " Can two straight

lines enclose a space?" there would be a majority for the negative, con-

sisting principally of those whose primitive straight line had not been
part of a bounded figure. But still the proposition is not a " common
notion," because its terms have not a common meaning. When the

question, " Can two straight lines be made to enclose a space by length-

ening them ?" was proposed, all would answer in the negative, not as to

the notion they had previously had of a straight line, but as to the new
one they would form out of the terms of the question. And by further

asking, " Can twro straight lines in any direction whatsoever enclose

a space?" it would in some way or other appear that all the straight

lines had been horizontal straight lines, and most of them parallel to

the sides of the ceiling. The student of the Differential Calculus may
by such an illustration be brought to think it possible that the terms and
ideas which that science requires may exist in his own mind in the

same rude form as that of a straight line in the conceptions of a beginner

in geometry. Remembering the acknowledged difficulty of the subject,

he must be prepared to stop his course until he can form exact notions,

acquire precise ideas, both of resemblance between those things which
have appeared most distinct, and of distinction between those which
have appeared most alike. To do this sufficiently, even for the outset,

formal definitions would be useless ; for he cannot be supposed to have
one single notion in that precise form which would make it worth while

to attach it to a word. One reason of the great difficulty which is found
in treatises on this subject has alwavs appeared to us to be the tacit

assumption that nothing is necessary previously to actually embodying
the terms and rules of the science, as if mere statement of definitions

could give instantaneous power of using terms rightly. We shall here

attempt at least a wider degree of verbal explanation than is usual, with

the view of enabling the student to come to the definitions in some state

of previous preparation.

Very little progress, even in arithmetic, makes the student aware of

the existence of problems, which, being absolutely impossible, are yet of

this character, that numbers or fractions may be given, which shall, as

nearly as we please, satisfy the conditions of the problem. For instance,

we wish to find a fraction which, multiplied by itself, shall give 6, or to

find the square root of 6. This can be shown to be an impossible

problem ; for it can be shown that no fraction whatsoever multiplied by
itself, can give a whole number, unless it be itself a whole number dis-

guised in a fractional form, such as -§- or V • To this problem, then,

there is but one answer, that it is self-contradictory. But if we propose

the following problem,— to find a fraction which, multiplied by itself,

shall give a product lying between 6 and 6+ a; we find that this problem

admits of solution in every case. It therefore admits of solution how'
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ever small a may be : for instance, we can find a fraction which, multi-

plied by itself, lies between 6 and G'00001, or between 6 and 60000001.
We have here introduced a word which by itself has no meaning, namely,
" small "

; but it must be observed that we have not introduced it by
itself, as if we laid down a distinction between small and great, but in

connexion with the word " however," meaning that whatever a may be,

and whether, being what it is, it may be called small or not, we can find

x so that xx shall lie between 6 and 6-f- a. This use of the word small

runs so completely through the whole of the science which we propose to

treat, that it demands the most complete elucidation. We must observe

that, though in all grammars " small" is called positive, and " smaller
"

comparative, yet in fact the latter is the only absolute term of the two,

while the former is purely relative. Assign two numbers, and the

smaller of the two can be pointed out ; but assign a number or fraction,

and it cannot be said to be either small or great, because these words
depend for their meaning upon the circumstances under which they may
be used. The number ten stands equally for a large family of children,

a small school of boys, a very small number of men to be lost in a battle,

an enormous number of candidates at an election. But nine is always

smaller than ten, whatever may be the objects of reckoning in question.

When we say then, that x may be so found that xx shall lie between
6 and 6+ a, however small a may be, we merely imply that if a be
named at pleasure, any number whatsoever, or any fraction whatsoever,

then x can be so found that xx should exceed 6 by a smaller quantity

than a. We can conceive ourselves engaged in two different kinds of

metaphysical disputes on this subject, as follows : Firstly, A denies

that the word small ought to be used, on account of its indefinite cha-

racter. We answer that we can, with more expense of words, dispense

with it entirely ; and that all we mean is this, that if he will assign the

value he chooses to give to a, we will take a smaller value (a term about
which there is no dispute) and find x so that xx shall lie between 6 and
6+ less than a : and that the use of the word small is merely to

remind the reader of this, that whatever he may assign to be the value

of a, it would not interfere with our power of solving the problem ; he
might, with equal certainty of receiving an answer, have made a smaller

than he actually did. But B, on the other hand, thinks he has a notion

of a fraction which is actually small, but differs from us as to its value.

We have said it may be, ' c
let a be a small quantity, for instance,

"0000001," whereas he is not inclined to call any quantity small, which
is greater than -0000000001. We answer, that the matter is perfectly

indifferent; it is as easy, in every thing but mere labour of calculation,

to assign as the unit of smallness, any fraction which he may please to

name. What we mean to say is this, that we never use the word
small, unless where it implies, as small as you please. Similarly we
never use the word near, unless in the sense of as near as you please ;

or great, unless in that of as great as you please. And the same with
all other terms which are purely relative. We reject them in their

relative sense because the relation is indefinite ; we adopt them again as

a mode of signifying a relation which we may make what we please in
the extent to which we carry the idea of the relation in question.

In the questions which occur in arithmetic and algebra, relating to

problems the conditions of which can be satisfied only as nearly as we
please but not exactly, it is usual to create a solution by hypothesis,

and to say that we continually approach to that solution, the more
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nearly we solve the problem. Thus it is never said that there is no
such thing as x, which makes xx actually equal to 6 ; but it is said

that there is such a thing as the square root of 6, and it is denoted by

^/6. But we do not say we actually find this, but that we app?vximate
to it. If we take the following series of numbers or fractions

—

1. 3 7. 2-449490

2. 25 8. 2-4494898

3. 2 45 9. 2-44948975

4. 2-450 10. 2-449489743
5. 2-4495 11. 2-4494897428
6. 2-44949 12. 2-44948974279

and multiply each by itself, we shall find the product to approach nearer

and nearer to 6, and always exceeding it, so that while the first multi-

plied by itself exceeds six by 3 units, the last multiplied by itself does

not exceed 6 bv so much as the thousand-millionth part of a unit. We
thence get the idea of a continual approach to the fraction which satisfies

the problem, though in truth there is no such fraction ; but all that we can

say is that we have found a fraction which has a square lying between
6 and 6 + one thousand-millionth part of a unit. And also, which is

the essential part of the problem, that we might have made the last-

mentioned fraction still smaller, to any extent, and have found a corre-

sponding solution.

This non-existing limit, if we may so call it, actually has a more defi-

nite existence in geometry than in arithmetic, but only when we take a

sort of supposition which is practically as impossible as the extraction of

the square root of 6 in arithmetic. Let there be such things as geome-
trical lines, namely, lengths which have no breadths or thickness, and
let it be competent to us to mark off points which divide one part of a

line from another, without themselves filling any portion of space ; then

it is shown in Euclid that the side of a square which contains six square

units is a line, which, when we come to apply arithmetic to geometry,

must be called ^/6 whenever our arbitrary linear unit is called 1.

And the lines represented by the preceding twelve fractions will, in such
case, be a set of lines which, being always greater than the line in ques-

tion, yet are severally nearer and nearer to it. This line can no more

be expressed by means of an arithmetical fraction than J 6.

We have then got an idea of a limit towards which we may approach

as near as we please, but which we can never reach. We shall take

another instance of a similar kind, in which the limit, though equally

unattainable under the conditions prescribed, is yet a definite number
or fraction. Take a unit, halve it, halve the result, and so on conti-

nually. This gives

—

1 X X i 1 1 l 1 Xrn1 2 4, tr TTT "3"2 T4 l"S~3"j vi'^•

Add these together, beginning from the first, namely, add the first two,

the first three, the first four, &c.

1 or 2 all but 1

i

The first is

The first two give

.... three

.... four . .

. . . . five . .

, . . .six . ,

or 2

or 2

or 2

or 2

or 2

or 2
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We see then a continual approach to 2, which is not reached, nor ever

will be, for the deficit from 2 is always equal to the last term added.

And the reason is simple. Let AB represent 2 units

A C 1) E B

Halve AB by the point C, CB by the point D, DB by the point E, and
so on. Now, whatever degree of approximation may be made to the

point B by passing from A to C, from C to D, from D to E, &c, it is

clear that as much remains to be passed over as was passed over at the

last step, nor can the length which remains ever be passed over by-

passing over its half. We have then here a case in which there is a

limit unattainable, by the process described, but capable of being attained

within any degree of nearness, however great.

The following phraseology is in continual use. We say that—
1, 1 + *, 1+i + i, t+'i+l + l, &C.&C.

is a series of quantities which continually approximate to the limit 2. Now,
the truth is, these several quantities are fixed, and do not approximate

to 2. The first is 1, the second is -§, and so on ; it is we ourselves who
approximate to 2, by passing from one to another. Similarly when we
say, "let x be a quantity which continually approximates to the limit 2,"

we mean, let us assign different values to x, each nearer to 2 than the

preceding, and following such a law that we shall, by continuing our

steps sufficiently far, actually find a value for x which shall be as near

to 2 as we please. In the second place, 2 is not the limit of the preced-

ing sets merely because each is nearer to 2 than the preceding : for by
the same rule, each is nearer to 1000 than the preceding. But we cannot

assign one of the set which shall be as near to 1000 as we please

;

though we can assign one which is as near to 2 as we please. The
following is exactly what we mean by a limit.

Let there be a symbol x which has different values depending on
different successive suppositions of such a kind that any one of the

suppositions being made, we can thence deduce the corresponding value

of x : let the several values of x resulting from the different suppositions

a
L

a2 a3 a4 . . . . &c.

then if by passing from a
t
to a2, from a.2 to a3, &c, we continually

approach to a certain quantity I, so that each of the set differs from I by
less than its predecessors ; and if, in addition to this, the approach to I

is of such a kind, that name any. quantity we may, however small,

namely z, we shall at last come to a series beginning, say with a,„ and
continuing ad infinitum,

an an+l an+2 ' • • • &C.

all the terms of which severally differ from I by less than z : then I is

called the limit of x ivith respect to the supposition in question.

When, either in the way of hypothesis or consequence, we have a

series of values of a quantity which continually diminish, and in such a

way, that name any quantity we may, however small, all the values, after

a certain value, are severally less than that quantity, then the symbol
by which the values are denoted is said to diminish without limit. And
if the series of values increase in succession, so that name any quantity

we may, however great, all after a certain point will be greater, then the
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series is said to increase without limit. It is also frequently said, when
a quantity diminishes without limit, that it has nothing, zero or 0, for its

limit : and that when it increases without limit, it has infinity or oc

x
or

-J-
for its limit. For instance, we may ask what is the limit of —

when x increases without limit. That is, supposing we give to x a set

of successive values, increasing in order and without limit, what will the

oc

set of values of —-— , which correspond to the values of x, have for a
ar+1

limit, or will they also increase without limit, or diminish without limit.

Let us choose for the set of values of x in question,

1, 10, 100, 1000, 10,000, &c.

X
When x ~\ —

t
= £

When x ss 10 -£- = Tyv < TVx +

1

When x = 100
x

x2+l
and so on, whence it should seem that the fraction in question diminishes

without limit, when x is increased without limit. But to be sure of

this, we must remember that we have not yet proved diminution without
limit, but only diminution. But we may easily see that

x 11
x*+l 1 x

x-\
X

but as x increases without limit, - diminishes without limit : still more
x

x
then does —— which is less.

x2+l

x
Secondly, let us ask for the limit of , when x continually dimi-

x — 1
J

nishes towards the limit 1. Let us take a set of fractions which con-
tinually diminish towards 1 ; for instance

—

i+i, i+i, i+i, i+i, &c.

If* =s 1+ £ -A- = 3
X—

1

Ifa? = l + £ ^T = 4
x— 1

Ux = I + I -^— = 5, &c.
x—

1

To show that this increase is without limit, let x=1 + v. Then any
supposition which gives x the limit 1, makes v diminish without limit.

And substitution gives

x 1+v 1

= - + 1
X— 1 V V
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which increases without limit when v diminishes without limit, that is,

when x is made to approach to the limit 1, or to approach without limit

(as to the degree of approximation) to 1.

Cases of this sort do not offer the complete difficulty of the Differen-

tial Calculus, and we shall therefore only add a few examples for exer-

cise.

We use the following notation : when we wish to say that we suppose

x to increase without limit, we say "let x be cc "; similarly, "let

a; be " means let x diminish without limit, and " let x be .... a "

means let x have the limit a.

3x

2.Z+1

x+ 1

x—

1

x-3

, f if x be cc

I if a; be cc

is if x be 3
x+ 4

The use of the introduction of limits is as follows :—The ideas attached

to the words nothing and infinite do not permit the application of many
rules in the strict and direct sense in which they are applied to numbers.
They are necessarily what may be called negative terms, implying either

the absence of all magnitude, or unbounded magnitude. The first term
is comparatively easy, but only for this reason, that the mere mention of

0, or nothing, makes us turn our thoughts to one particular rule of arith-

metic, with respect to which it is a rational result, that is, does not

involve the necessity of extending any term beyond its primitive signi-

fication. If from a we take a there remains 0, and in this sense only

can nothing be received as an absolute result of calculation. When we
say that 6 taken from 6 leaves the remainder nothing, we have no occa-

sion to pause and consider what remains after taking away 5, or 5^, or

5|, in order to assure our minds that our extreme case is consistent with
those which precede it. For the connexion of the idea of taking away
with that of a complete absence of all quantity is more simple than that

which exists between any other operation and its result. The easiest of
all subtractions is a — a, and the taking away all there are to take is more
simple than the taking away of a part. Hence comes to be introduced
in arithmetic as a result of calculation, and takes a place in the series

0, 1,2, 3, &c. to which it is entitled whenever we consider the series as

formed by addition from the beginning to the end, or by subtraction

from the end to the beginning.

But when we consider multiplication or division by 0, we can only
attach to the process a clear idea of what we are doing by considering

the limit to which we shall come by continually multiplying and divid-

ing by smaller and smaller quantities. What is a multiplied by
r

l

oT ?

The answer is, a taken the thousandth part of a time, or the thousandth
part of a, and by increasing the denominator of the multiplier, that is

by diminishing the multiplier, we show that, if v be diminished without
limit, av is also diminished without limit. Again, what is a divided by

toVtt* or h°w many times does a contain the thousandth part of a unit ?

The answer evidently is, a thousand times as often as it contains the

unit ; but a itself is meant to express the number of times it contains

the unit, and therefore 1000 a is the answer. And we see that, by suffi-
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ciently increasing the denominator of the divisor, that is, by sufficiently

diminishing the divisor itself, we make the result of division as great as

we please. Hence -, when a? diminishes without limit, itself increases
x

without limit, which is the. only intelligible view we can attach to the

equation —- = ac . Similarly, when x increases without limit, — dimi-
x

ct

nishes without limit, which is the only meaning we can attach to— =0.

There is one more case in which we attach something like an absolute

notion to 0, namely in a , which signifies unity. But, we must observe,

that this notion only applies when we come to the in question by
subtraction. When we consider the series ...3, 2, 1,0, and the cor-

responding series ••a3
, a

2
, a

1

, a , we see that each intelligible term is

formed from its predecessor by dividing by a ; thus aaa divided by a is

aa, which divided by a is a, which divided by a is 1. But a3
, a

2
, a

1

,

require that the nest term should be a , which is therefore, if we would
preserve uniformity of notation, a representation of 1 . But let us now con-

sider a as the limit towards which we approach by continuing the series

-L 1. X
a 1

, a 2
, a

3
, a 4

, &c. where it is clear that the limit of 1, |-, -J-, ^, &c. is 0.

Now the extraction of the third, fourth, fifth, &c. roots of any number
is a series of processes by which a succession of results is produced,

which continually approximate to unity-, and without limit : so that there

is no fraction so near to unity but some root of any given number is

nearer. And thus we see that the which results from division is

equally proper to be written in the equation a = 1 as the which re-

sults from subtraction.

The idea of making a difference between the which results from
one process and from another may be entirely new to the student ; but
we must endeavour to make him see that the distinction is as necessary

as the introduction of itself. Undoubtedly, the better way would be
to dispense with all ideas, as well as symbols, which give trouble ; and,

unquestionably, books might be written which should dispense alto-

gether with the symbols as well as ideas of and oc . But two questions

would arise. 1. Would the extension of mathematical works to four or

five times their present length be desirable, if it could be avoided by
devoting some space to the method of abbreviation (for it will be shown
to be nothing more) by which x = is made the representation of a

train of suppositions, and the final result arising from them ? 2. Would
the books so written present results more correctly * deduced from more

* We should have said logically, but we are ashamed of the use which has fre-

quently been made of this word by mathematicians, in England at least. By logical

we cannot agree to mean anything but. an abbreviation of "that which is a correct

application of the principles of logic;" and, on looking into writers on that subject,

we find that logic, from Aristotle downwards, has always meant the art of making
correct deductions from the principles employed, and accordingly we find that writers

on logic, with the exception of a few who have imagined that metaphysics and logic

were the same things, have confined themselves to methods of deducing, not to

methods of testing the principles from which deductions are to be made. Let us go
back to the time of Wallis, who was a sufficient specimen both of the logician and
the mathematician, and take an example out of his book, which is given as correct

in logic. " When the sun shines it is day ; but the sun always shines, therefore it is

always day." Did Wallis really mean that the sun always shines ? Surely not but
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intelligible principles ? The student must settle this point for himself

in due time : for the present we shall go on with our attempt to make
and cc intelligible. A century ago, Fontenelle remarked that these

symbols had conquered by numbers, and by their obstinacy in preseiu-

ing themselves throughout the mathematical sciences.

We have said that the symbol cannot be absolute, but must be

considered with reference to the manner in which it was obtained. Con-
sequently, we cannot reason upon as such, because it is only a symbol
of part of a result. It expresses that, in some manner or other, a per-

fect absence of all magnitude whatever is either arrived at, or is the

limit of a series of suppositions. But why does not this equally apply to

1, 2, 3, &c, which may also be the results of an indefinite number of

operations ? In the reason for this distinction between and represen-

tatives of magnitude lies one of the most important parts of our subject.

It would seem at first to be a sufficiently obvious principle, that if a

certain equation being absolutely true is the test of a certain problem
being solved, then the same equation being nearly true (whatever degree

of approximation we choose to mean by nearly') will be the proper test

of the problem being nearly solved (in the same sense). For instance,

what is that number which is doubled by adding ten to it ? Answer,
whatever number satisfies the equation 2x — x-\- 10, namely x= 10. If

we choose to call "001 a small fraction, then certainly 9*9999 is nearly

a solution of the preceding; for, by adding 10 we get 19"9999, and by
doubling we get 19"9998 differing by only '0001, which is a small

quantity. And it would seem equally obvious that, if two equations be
absolutely of the same meaning, so that one must be true when the

other is true, and one can be deduced from the other : it would seem,
we say, that any number which nearly solves the first nearly solves the

second, let nearly mean what it may. Let us then ask, what are the

tests of absolute equality between x and y. The equation x—y may be
x

converted either into x — y — 0, or into - = 1. Either of these two
y

equations may be made to follow from the other : if a'— y = 0, then
x x

x==y, or — = 1 ; if - = 1, then x =zy,o\ x — y = 0. So that, as

tests of absolute equality, they are in fact the same equations. If then
the first equation be nearly true, so will be the second, we might think.

What shall we mean by nearly ? Let us say that an equation is nearly

satisfied, when the error made by taking as a solution that which is not
a solution, does not amount to "0001. Let x = '0009, y — "0001.

We have then,

only this : that the above is good logic, namely that the conclusion is a correct and
necessary consequence of the premises, and that logic is simply the art of deducing
correct and necessary deductions from premises. Now our books of controversial
mathematics swarm with the use of the words logical and illogical, not as applied to
methods of deducing, but as to the principles, from which deduction is to be made. One
assumes infinitely small quantities, which is very illogical, says another ; one approves
of Euclid's axiom, which another says is against all good logic. It is clear then, that
mathematicians must have got the habit, since the time they left off studying log ; c,

of making the word logical stand for right, ox true, or reasonable, or proper, or correct,
or some such term. We therefore beg leave to use the term correct instead of logi-
cal, not that there would be any harm in making the word logical (or chemical) stand
for correct, but only because, where there are two words meaning different things in
etymology and usage out of mathematics, it is unnecessary to convert one into the
other in them.



14 DIFFERENTIAL CALCULUS.

x — y = "0008 less than "001 or x — y = is nearly true

;

x *0009 x— — ——— or 9 and — = 1 is very far from the truth.

y -0001 y
y

Consequently, considered as means of estimating approach to equality,

these equations mean very different things. And if we look at x—y we
shall see that there are two ways of making it very small (whatever

small may mean) : either let x and y be not small, but very nearly

equal, say, for instance, x s=: 7 000001 y == 7 : or let x and y both be

very small without considering whether they are nearly equal or not, for

then x — y, being smaller than x, is also small. But, it may be asked,

are not all small quantities nearly equal ? Are not all small quantities

nearly equal to nothing, and are not quantities, which are nearly equal

to the same, nearly equal to one another ? A student who has been in

the habit of using as a quantity, without reference to any explanation,

will be sure to think so : but that he should not think so, and should

clearly see the grounds on which he is not to think so, is as necessary

for the Differential Calculus as the notion of space to geometry or

number to arithmetic. We must therefore proceed to consider the fun-

damental axioms of mathematics, in order to see what modifications are

required when the conditions of an axiom are not absolutely fulfilled,

but only nearly so, where, by the word nearly, we are at liberty to

signify any degree of approximation we please.

Let us first take the absolute condition of equality x — y = coupled

with the relative notion of nearly equal, simply defined as a phrase to

signify that x — y is small. We know then, that the doubles, the

trebles, the quadruples of equals are themselves equals, and so on for

ever ; but the same does not follow of the relative notion. For if x — y
be small, yet 2 x — 2 y will be twice as great, 3x— 3 y three times as

great, and so on : therefore, let small mean what it may, there must
come a value of nx— n y which is not small, when x— y is small. Let

x exceed y by only "0001, which call a small quantity, and let 10,000
be the first quantity which shall be called great. Then, though x exceed

y only by '0001, yet a hundred million times x exceeds a hundred
million times y by 100,000,000 x '0001 or by 10,000: that is,

though x is nearly equal to y, yet 108
.r is not nearly equal to I08

y. But

let us now signify absolute equality by — =1, and let nearly equal, as

y
X

applied to x and y, mean that - differs from 1 by the quantity we call

small, or by less. Then we have

x 2x 3x 4x— s= —- 52— = -—, &c. &c. ad inf.
y 2y 3y 4y'

71 OC OC

whence is always as near to 1 as — , and consequently, under this

signification of nearly-equal, it follows that any equimultiples of nearly

equal quantities are nearly equal, which is true of the first notion only

within certain limits. But it must be observed that this definition of

nearly-equal agrees with the first when the magnitudes in question are

not such as are called small, and differs from it when they are very
small or very great. Thus, "001 being called small, 7-001 and 7 are

nearly equal on both suppositions : for
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7-001

7
6= 1-00014.. • 7-001— 7— -001

the first near to 1, the second small. But "001 and -0001 are only

nearly equal on the hypothesis that this phrase is to be applied when
x — y is small, for

•001 = 10 -001—-0001 s -0009.
•0001

But, on the other hand, if x be 100,000 and y = 99,900, we shall find

x
that x — y is not small, but — is near to 1.

y

Before we proceed to fix on the meaning of the words nearly equal for

future use, we shall ask which term would be adopted by common usage.

We know that to a carpenter, the hundredth and the thousandth parts

of an inch are the same thing, that is, both such small lengths as to be of

no consequence whatever. They may therefore be called by him, without

inconvenience, nearly or even absolutely equal ; but only in this sense, that

his means of measuring do not serve to distinguish one from the other,

nor is it necessary that they should. But if ever it became necessary

to work with exactness to the thousandth part of an inch, such power of

rejection would no longer exist, and the hundredth part of an inch

would be called a great error, and by no means nearly the same thing

as the thousandth part. On the same principle, a sum of money is

considered as deriving its commercial importance, not from its own mag-
nitude, but from the proportion which it bears to the whole in question.

A man who should incur a debt on his own representation that he pos-

sessed a thousand pounds, would not be held to have committed a fraud

if it turned out that he had only nine hundred and ninety, or ten pounds
less. But a man who should do the same on his own assertion that he
could command twenty pounds, would be suspected if it turned out to

be only ten.

The method of using the term nearly equal, which is the most conve-

nient in common life, also will appear to be the most convenient in

mathematical reasoning, and we shall therefore adopt it in the following

definition. Two quantities are said to be more nearly equal than two
others, when the greater of the first divided by the less is nearer to

unity than the greater of the second divided by the less. Thus 260 is

260 . 8 .

nearer to 250 than 8 is to 7, because —— is nearer to 1 than — is to 1.
250 7

Or since, in the preceding definition, —— 1 is less than 1 when

a and b are more nearly equal than e and f, it follows that —-— is less

e—f
than — , that is, not that a — b is less that e— /, but that a — b is a

less part of b than e — f is of/.

Let us now consider the axiom : if equals be added to or taken from
equals, the remainders are equal. This may follow according to the

. a
notion of nearly equal, derived both from a — b = and from j- = 1,
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but, for reasons given before, it does not follow for any number whatso-

ever of nearly-equals according to the first definition. But it follows of

any number whatsoever of nearly equals according to the second : for if

it will be shown of a -f a'+ .... and b + b' + ...

a + a'+. ..

that

6 + b'+.

.

= 1 + yS

where /3 must lie between the greatest and least of a, v! . . .
.

, and there-

fore must be called small, if all the set «,«'.... are severally small.

But the convenience of this mode of defining nearly equal will suffi-

ciently appear in the rest of this work, and we therefore pass to its

most important application. It appears that two quantities, however

small they may be, are not to be considered as approximating on account

of their smallness ; for, in fact, they may be possibly receding from

each other, even while they are absolutely diminishing, or approaching

to 0. The following instances will show this to happen in certain cases.

Let a circle be drawn of which any diameter A B is taken. Let any
point P be taken, as near to B as may be chosen, and draw P M per-

pendicular to the diameter A B. From O draw O T perpendicular to the

same diameter, and produce B P to meet T in T. We have then a

rectilinear triangle M B P, the sides of which become smaller and
smaller as P is placed nearer and nearer to B, in such a manner that, by
making P sufficiently near to B, we may render either of the sides as

small as we please. If P absolutely coincide with B there is no such
triangle at all. The question is, what relations do P M, M B, and B P,

as they diminish, assume or tend to assume, not with respect to any
fixed, or given, or constant magnitude, such as A, but with respect to

each other ? As P approaches towards B, it is evident that the angle

O B P increases. For the angle P O B diminishes, and

ZOBP Two right angles — Z POB
2

A right ano;le-
ZPOB

As P approaches without limit to B, the angle POB diminishes without

limit, or the limit of the angle O B P is a right angle : that is, the

line B P T continually approaches to a state of parallelism with T, or
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the point T recedes "from O farther and farther without limit. Place

the point T ever so far from 0, and T B will cut the circle somewhere.

If O B were one foot, and if O T were a hundred thousand feet, still P
would he a distinct point from B. It is true that the arc PB would
hardly be the thousandth part of an inch, but that has nothing to do

with the comparative dimensions of the triangle PMB. It is perfectly

within the limit of geometrical conception to imagine all the diagrams

of the six books of Euclid drawn within the compass of a square,

having for its side the thousandth part of an inch : perhaps many
of our readers have seen the Lord's Prayer, the Creed, and the

Decalogue written within the compass of a sixpenny piece. In the

first case, every figure would have the same proportions existing

between its parts as in the largest diagram ever displayed in a

lecture-room : in the second, the length of two letters would preserve

the same proportion as in the largest handwriting. Hence all we
know of the sides PM, M B, and B P, being that they become small

together, smaller together, and finally, as the phrase is, vanish together,

we cannot from this alone affirm any thing as to whether or no they

approach to or recede from equality according to our definition of such

approach or recession : for this depends, not upon the absolute mag-
nitudes of the quantities in question, but upon how many times, or parts

of times, each is contained in the other. Two quantities may both be
small, but one may be a thousand times the other : two quantities may
both be great, but one may contain the other only one time and a thou-

sandth part of a time. Hence we must examine the figure itself, and
from its particular properties, as distinguished from all others, we must
ascertain the manner in which the laiv of relation changes (if it do
change) while the triangle is diminished.

Since the triangle PMB must be similar to the triangle T B, we
see that, whatever may be the absolute magnitude of the former,.TO
bears to B the same proportion as P M to MB. Consequently, as

often as B is repeated in T so often is M B repeated in M P. But as

P approaches towards B, the point T recedes without limit from O, that

is, there is no point so distant from O but T must reach it before P
reaches B. Therefore, there is no number so great, but M P will con-

tain M B more times than that number before P reaches B. This is the

most difficult of all the fundamental points of the Differential Calculus :

two quantities both diminish without limit, yet as they diminish more
and more, one contains the other more and more times without limit,

so that if we wish to designate any number, however great, we can do
it by assigning some position ofP near to B, and saying it is the num-
ber of times which P M contains MB ; and the greater the number we
wish to designate, the nearer must P be placed to B. This result as

announced must appear surprising at first : but it is sufficiently evident

by considering that, as to proportion of its dimensions, the triangle T O B
is only a magnified representation of the triangle PMB.

The difficulty of the proposition lies, firstly, in our not being used to

consider that the proportions of figures do not depend upon their size,

but upon what Euclid terms the ratio (\oyog) which he says* is (if we

* The translators arid commentators of Euclid have first cut this definition to

pieces that they might quarrel about putting the parts together again. To English
readers every word of Euclid is curious, and we shall therefore show how they have
managed. Simson, and all the recognised editions in our language, express them-
selves to this effect :—

>

<( Ratio is a mutual relation of two magnitudes with respect to

c
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may coin such an English word) the number-of-times-ness, or quantu-

flicity, of one quantity, considered with respect to another. Because

we seldom have to consider small quantities except as parts of larger

ones ; we carry with us our notion of smallness to the comparison of two
small quantities, where, in propriety, the notion of smallness ought not

to enter.

The second cause of difficulty lies in our heing apt to run to the limit

at which our suppositions cease to exist, and to say that if P M contain

M B more and more times without limit before P can reach B, then

when P actually reaches B, P M must contain M B an infinite number
of times, or one nothing contains another nothing an infinite number of

times. To this we must say, in the first place, that the result is not

absurd, but only vague and indefinite, for nothing may be supposed,

without palpable contradiction, to contain nothing just what number of

times we like. In the second place, we have seen that must be con-

sidered with reference to the way in which it was obtained, before we
can attempt to say what are its properties. And in the third place, that

whether the two preceding arguments be good or bad, we have nothing

to do with them, but content ourselves with asserting what we can prove,

in circumstances which we can understand, namely, that P may be

placed so near to B, as that PM shall contain M B any given number
of times however great. If you * name a million, we can calculate to

any degree of exactness you please, the angle P O B which will give

P M a million timesM B : if you name a higher number, we can do the

same ; name any number you please, which can be named, and we can

do the same. What have we here to do with either nothing or infinity ?

We say, that as P approaches towards B, the ratio of PM to M B
increases without limit, which is our way of stating the theorem just

explained more at length. If you say that you cannot conceive P con-

tinually approaching to B, and its consequences, without forming some
notion about what will become of these consequences when P actually

reaches B, w7e answer that you are at liberty to form your notion, and
it may be anything you please, or that you cannot help ; all we say is,

quantity." The old Latin versions simply call it a " certa alterius ad alteram habi-

tudo." Billingsley, the oldest of the English editors, calls it a " habitude of one
to the other according to quantity." Williamson, in the last century, who prided
himself upon his staunch adherence to Euclid, gives it correctly in a note, but not in

the text ; Cotes saw the propriety of an alteration, but did not go back to the Greek
to make it, but says it is a mutual relation "secundum communem mensuram,"
while much discussion has ensued upon the meaning of the mangled definition. We
cannot say what they would have done in France, for their editor, Peyrard, has omitted
the fifth book altogether, but quotes it in the sixth. The words of Euclid are Aoyo;

zir-Ti "hvo (/AyiQojv oftoyzvav h x.o.to. vrriXix.bryi'ra. vrpo; uXX'/iXa. croicc tr%itris, the seventh aud
eighth words of which were rendered by Wallis and Gregory secundum quantuplui-

tatem. In fact, magnitude itself (fiiyt^o;) is Euclid's term for quantity in the usual

English sense. The definition seems to hint at the very distinction drawn in the
text. It is, when we talk of ratio, we do not talk of one quantity or magnitude, for

it is a mutual relation between two quantities or magnitudes ; nor do we speak of

their quantity, or of how much they are, but of their mutual quantuplicity, or how
many times one contains the other: so that two magnitudes, however small, may
have the same ratio as two others however great, or may give the same answer to

the question, how many times does the first contain the second ? It is true that the
word used by Euclid does, according to lexicographers, mean quantity as well as quan-
tuplicity ; but as Euclid had already a word for quantity or magnitude, we think the
sense in which he employed it is sufficiently clear.

* We have taken a locutory style as the most easy to write, and, we believe, the
most easy to understand.
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that your case is not included in our theorem (whether it ought to be or

not, we neither know nor care) ; all we have said (and it has been proved)

is, that as P approaches to B, the ratio of P M to MB continually

increases, and without limit. If a supposition of your own, superadded

to ours, raises a difficulty, you, who made the supposition, must remove
it as you may. But we can show that the difficulty comes too late

;

and that, upon your own plan of adding suppositions to the expressed

statement of theorems, you ought to be in the middle of the first

book of Euclid, without any hope of reaching the second. For when it

is shown of all triangles whatsoever, that the sum of two sides is greater

than the third ; and when it is added that this remains true, however
small the sides of the triangle may be (which is a necessary conse-

quence of its being asserted of any triangle whatsoever), there comes the

difficulty implied in asking what the theorem means when the triangle

is diminished to a point, and all its sides are severally nothing. Are two
nothings added together greater than a third nothing ?

But are we necessarily obliged to suppose, that, because P continually

and for ever approaches to B, therefore it will at last come to B ?

By no means, as the following reasoning will show. Suppose a circular

arc B Y (whose centre is Z) falling perpendicularly upon one of two
parallels X Z and Y W, Along Y a point V travels at the rate, say of
a mile an hour, and at every point of its course the line Z V is drawn,
meeting the circle in P. It is clear first, that as V proceeds from Y
along Y W, the point P will move towards B, for V cannot progress in
any degree whatsoever to the right without requiring a line Z V which
shall place P somewhat (be it ever so little) nearer to B. ButP cannot
reach B, for to suppose that, would be to suppose that Z B produced
meets Y W, which, by previous supposition, it does not, be it ever so far

produced. We can then actually suppose P to move for ever without
reaching B, and as we have shown, during the whole of that motion,
the ratio of PM to MB increases continually, and without limit.

The third cause of difficulty lies in unlimited diminution removing
figures out of the province of our senses, which are a very great assist-

ance in understanding the elementary propositions of geometry. In
algebra, the difficulty is not so apparent, because the senses do not give
the same assistance in any formula which has the least complication.
Compare for a moment the degree of evidence, independent of reason-
ing, which attaches to the two following propositions.

Algebra. Geometry.

xs—

a

3

__ 2
Any two sides of a triangle are to-———_ x +ax+ a

gether greater than the third.

This difficulty arises from the student depending somewhat too much
on ocular demonstration, and not entirely on reasoning, in his preceding
course, and can only be overcome by close attention to the reasoning.

c 2



20 DIFFERENTIAL CALCULUS.

We have the result of all that precedes in the following proposition.

If two quantities diminish together without limit, their ratio may either

PM .

increase without limit, or diminish without limit. rr-~^ is an instancem b

of the first, and =-— of the second. For to say that P M may be asPM J J

many times M B as we please, is to say that M B may be as small a

fraction of P M as we please.

But we also have the following proposition. If two quantities dimi-

nish without limit, their ratio may either increase or decrease, but not

without limit, that is, may have a finite limit. Let us suppose the suc-

cession of quantities diminishing without limit,

1 JL i i x x &c

the ratio which each bears to its predecessor will be an increasing ratio;

for, dividing the second by the first, the third by the second, and so on,

we have

3" "3" "4" T 6 7"> °iL *

which is a series of quantities increasing for ever, that is, it never ends,

and each term is greater than the preceding. But the increase is not

without limit ; for since every numerator is less than its denominator,

every one of the fractions is less than unity. And unity, as the limit for

the preceding series of fractions, may be thus represented,

—

l-i, 1-^, 1-i, 1-i, 1-|, 1-|, &c.

which, being generally 1
, may be brought as near to one as we

n
please, by mating n sufficiently great. We now return to the figure in

page 16, and ask, what limit will the ratio of PM to P B assume, as P
approaches without limit to B. The only thing we know immediately

from the nature of the figure is that P B, the hypothenuse of a right

angled triangle, must always be greater than P M the side. But as P
approaches to B, does the inequality increase or decrease ? Can we, in

the manner proved of P M and M B, place P so near to B, that P B
shall be a thousand times PM ? Since PM is contained in P B in the

same manner as T O in T B, we must examine the change of propor-

tions of the two latter, while T recedes without limit from O. And
since the two sides of a triangle differ from each other by less than the

third side, it follows that T B can never exceed T O by so much as

O B. And since, by sufficiently removing T, we can make B less

than any given fraction (say one millionth) of T O, it follows that (since

removing T brings P nearer to B) that by sufficiently approaching P to

B, we can make P M differ from P B by less than its millionth part.

Consequently, the limit of the ratio of P B to P M is unity ; for, as we
can take P so near to B that the equation

PB=PM + -PMor^-=l + -
n PM n

shall be satisfied where n may be as great as we please, it follows that

the second side of the equation shall be brought as near to unity as we
please.

We may make it appear by the following method that it by no means
follows that the mere diminution of two quantities gives the right to

infer anything as to the alteration of relative magnitude. A and B



INTRODUCTORY CHAPTER. 21

diminish together, but it may be that, while A loses one half of its first

magnitude, B loses three-tenths of itself. This is one method of diminu-

tion ; and if we call a and b the magnitudes ofA and B at the first stage,

then i a and ^ b are their magnitudes at the second stage alluded

to. At first, then, — is— ; but— is afterwards £ a -f- -/„ b or 4—,
Jo b H b

less than before. But if, while A lost its half, B did the same, the

ratio would be the same in both cases. And if A lost only one-tenth of

itself, while B lost nine-tenths of itself, the ratio of the two would be

increased by their diminution. Consequently, nothing can be inferred

of a ratio from the diminution of its terms, unless the simultaneous pro-

portions of themselves which the terms lose be given.

The next difficulty is one which should be of a more serious nature,

because it does not arise from the preceding views of the student being

too limited, but from his not having had the necessary considerations

presented to him in any manner or degree. Let us suppose it made
perfectly clear that two quantities may have limits, to which they

approach together under the same circumstances ; and, moreover, as in

preceding instances, that though we may approach the limits as near

as we please, yet we must not consider the supposition pushed to the

extent of their being actually reached, either because we have then to

deal with nothings, or with infinites, as in p. 20, where we cannot, in

any finite number of terms, reach the limit in question. The difficulty

is, how are we to reason upon cases which we are not allowed to

suppose ? The actual state of the problem in which a quantity has

reached its limit is expressly forbidden to be considered. If the limit

itself be known, this may seem to be immaterial; but it may be that

the limit itself is to be found, by means of other limits which depend
upon the same circumstances. In this case, we can only determine the

unknown limit by means of an equation which combines it with the

known limits. But such an equation we are not allowed to form.

The question is, by what method are we to proceed ?

There are two general ways of proving any assertion : the first, in

which it is expressly proved that the assertion is true, in all the cases

which it includes ; this is called direct reasoning : the second, in which
it is proved that every proposition which contradicts the assertion is

false; this is called indirect reasoning. It seems customary to look

upon indirect reasoning as being of a less conclusive character than
direct reasoning, and therefore to be avoided if possible. Perhaps this

may depend upon the mental constitution of the individual to whom the

reasoning is supposed to be addressed; to us it seems equally conclu-

sive whether we prove that every equiangular triangle is equilateral, or

that he who asserts that any one equiangular triangle is not equilateral,

asserts at the same time that the whole is less than its part.

Let us suppose that there are two quantities, P and Q, of which it is

the property that P is always double of Q ; and let any supposition

Avhatsoever make P and Q approximate at the same to the limits p and

q, so that it is allowable to suppose P and Q respectively brought to

differ from p and q by quantities less than any we may assign, however
small. Here P and Q are what are called variables, namely, symbols
which have different values upon different suppositions, but which at the

same time are always connected by the equation P = 2 Q ; and p and q
are fixed limits. What we have to prove is, that p = 2 q : but we are not
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at liberty to say that P ever can be actually -==.p or Q to ^,but only that

P and Q may simultaneously approach within any degree of nearness to

p and q short of absolute equality. That is, if we say let P '±1 p + «, and

Q =r q + y6, were at liberty to suppose « and /3 smaller than any quan-

tity we may name, but not absolutely nothing. We shall not prove this

proposition p == 2 q to be true ; but we shall prove everything which
contradicts it to be false. Now, what are the propositions which con-

tradict

p is equal to 2 q ?

evidently only those contained in the following

—

p is greater than 2 q, or p is less than 2 q.

If, then, p be greater than 2 g, let it be 2 g + m, therefore we have

P = p4- K = 2(j + m + «

Q = g + y6and2Q=2g+2£ = P
or,

m + a = 2 /3 m = 2/3 — «

;

now since p and ^ are given limits, not changing when P and Q change

(being in fact the fixed quantities to which P and Q in their changes

continually approach), it follows that m, the difference between p and
2 q, must also be a fixed quantity throughout the changes of P and Q.
Therefore 2/3 — a is always the same : but it is allowable to suppose «
and /3 as small as we please, and therefore a. — 2 /3 may be as small as

we please. That is, a quantity both has a fixed value, and may be as

small as we please, which is absurd. Thence p — 2 q -j- m is false ;

a similar train of reasoning will show that p == 2 q — m is false, what-
ever m may be in either case, provided it actually have some value.

But either p =='2, q -{- m ox p — 2 q or p — 2q — m; the first and last

are false, therefore the second must be true.

This will give an idea of the method by which it is possible to prove

propositions with respect to limits, without actually supposing the quan-
tities in question to have attained their limits. We shall now proceed

to a rough and practical kind of Differential and Integral Calculus,

preparatory to more exact methods.

Draw a circle with a fine pencil, and nearly cover it with a straight-

edged piece of paper, and more and more nearly until none of the inte-

rior is visible, but only a small part of the circumference. That this

can be the case at all arises from the roughness of the edge, and the

thickness of the circumferent line : for it is impossible that a geome-
trical line should coincide with the boundary of a circle for any length

whatsoever. Draw two straight lines meeting each other, and cover

them in the same way, and a similar effect will not be produced, at least

not nearly to the same extent. And even if a geometrical circle could

be drawn, and a geometrical straight line applied to it, provided only

we could conceive these lines without breadth to reflect light, and be
visible, the same effect would be produced. Let A B be the imaginary

edge of the paper (supposed perfectly straight), and A D B a part, either

of the circle, or of the intersecting straight lines, according to the figure
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chosen, while C D is in both cases a perpendicular dropped from the

highest point upon AB. Let us now conceive the edge of the paper

moved up parallel to itself very near to D. As our eyes cannot per-

ceive lengths of more than a certain degree of smallness, let the mini-

mum visibila (least visible portion) of length be named ; it matters

little what it may be, say it is one millionth of an inch. Then let the

edge of the paper be moved up until C D is in both cases less than one

millionth of an inch. The consequences will be very different in the

two cases. In the straight lines, C D B will always change so as to

remain similar to its first form, that is, the proportion of C D to D B
will not alter. If we suppose DB and D A together to be five times

C D, then so soon as C D is less than the five-millionth part of an inch,

there will be no visible length in the triangle ADB, and nothing will

be seen but a point. But in the circle, if we suppose the radius to be

one foot, it will follow that when C D is the five-millionth part of an

inch, A B will be more than fourteen-thousand times as great as C D,
that is, nearly three times the thousandth part of an inch, and will there-

fore be a visible length. This depends upon what has been already

proved, that the smaller C D is taken or the nearer B approaches to C,

the more times will C B contain C D, and this without limit.

In practice, then, a small arc of a curve may be considered as a

straight line, the words, in practice, always implying that there are

lengths so small that they may be absolutely rejected as inconsiderable,

and without sensible error for the object in view. Suppose now we
were to divide a circle into a thousand equal arcs : measure each arc very

accurately as if it were a straight line, that is from end to end along A C B,
instead of round ADB, and put the whole results together : would the

total sums of these measurements be a tolerably correct value of the

circumference of the circle ? By no means, would be the first answer
which suggests itself: for, however small the error may be in taking

each individual arc to be a straight line, there is an accumulation of a
thousand errors in the summation, and we do not gain anything by
measuring twelve separate inches, each one-tenth too small, to avoid

measuring a foot upwards of a whole inch too small. But the preced-

ing answer is not correct ; for it happens that, by diminishing the arcs,

we not only diminish the absolute error made by reckoning an arc to be
a straight line, but we also diminish the proportion which each error is

of its whole arc*. If C D be the five-millionth part of an inch,

then A C B will not fall short of ADB by its fourteen-thousandth
part ; but if the arc ADB were one-sixth of the whole circle, A C B
would fall short of ADB by more than its twenty-fifth part. If we
estimate an error, not by its actual magnitude, but by the proportion it

bears to the thing measured, then the error of the first measurement is

. less than that of the second in the proportion of 25 to 14,000. To
illustrate this, try the following experiment : Draw a fine circle of three

inches in radius, the circumference of which is therefore extremely near
to 18*85 inches or eighteen inches and seventeen- twentieths of an inch.

If we take an opening of the compasses of three inches and carry it

round the circle, we shall find it contained exactly six times : or taking
chords instead of arcs, we then find eighteen inches as a first approxi-
mation. Now, take an opening of one inch, which we shall .find to go
round the whole circumference eighteen times, with an arc over, having

* The student must particularly attend to this. If any one sentence in the whole
book ought to be called the ' Differential Calculus,' this is it.
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a chord of about thirteen-twentieths of an inch. Subject then to

the errors of taking chords for arcs in this second measurement, we con-

clude the circle to be 18-Jf- inches, considerably nearer the truth than

the first. Now, though in the second measurement we have accumulated

nineteen errors, while in the first there were only six, yet each error of

the first measurement amounts to this, that the chord falls short of the

arc by about its twenty-fifth part, while in the second measurement the

chord falls short of the arc by only about its two-hundredth part.

Consequently, the total error of the second will be less than that of the

first in about the proportion of 200 to 25 or 8 to 1, which, in the actual

rough measurement we have given, is not far from the truth.

In this way we may see, what will afterwards be more strictly proved,

that the following assertion, Any arc of a curve is equal to the sum of -

the chords of its parts, is of this kind :

—

1. It is never true : for every chord is shorter than its. arc.

2. If the whole arc be divided into a moderately great number of

parts, it is sufficiently near the truth for practical purposes.

3. It can be brought as near to absolute truth as we please (that is,

the error involved in it can be made as small as we please) if we are at

liberty to divide the whole arc of the curve into as many parts as we
please.

When we speak of one false proposition as being more near the truth

than another, we mean that the numerical error made by acting upon the

first is less than that made by acting upon the second. And by saying

that an assertion can be brought as near the truth as we please, we
mean that, by some particular disposition of the circumstances which it;

leaves at our disposal, we can make the numerical error which it involves

as small as we please. For instance, the preceding proposition is an

assertion about an arc divided into a number of parts which it does not

fix. It is never true ; but the greater the number of parts of which it

is supposed to speak, the less will be the error it asserts, and that with-

out limit. The consequence is, that if we imagine, the arc first divided

into ten parts, afterwards into 100 parts, afterwards into a 1000 parts,

and so on, and if we add together the ten chords in the first, giving A,
the hundred in the second, giving B,the thousand in the third, giving C,

and so on, we shall have a series of terms A, B, C, &c. which approach

continually towards a certain limit, which, however, they never actually

reach. With reference to the problem of finding an arc of a known
curve, the Differential Calculus ascertains what is the form and value

of the parts which are to be added ; the Integral Calculus adds them
together and gives the result. At least this is the first rough defini-

tion of these terms which can be given to a beginner.

In the following form the preceding assertion is strictly true. The arc of
a curve is the limit of the sum of the chords of all its parts. No addition

ofchordswillbe sufficient ; we must observe the sum of the chords of 10

parts, of 100 parts, of 1000 parts, and so on, and find from the proper-

ties of the series of terms so obtained the value of their limit. It might

be said that the proposition, " The arc of a curve is equal to the sum of

the chords of all its parts," is actually true if all the possible parts be

really taken. But the determination of all the possible parts into

which a whole can be divided, is the same thing as the determination of

an infinite number, which is impracticable even in imagination. Every

part of a magnitude is itself a whole so far as subdivision is concerned :

that is, it admits of as many subdivisions as the whole from which it
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was obtained. And it is therefore impossible to subdivide the magni-

tude until there is no such thing as further subdivision.

But the theorems which we have been considering, led to the notion

of infinitely small quantities, the most convenient of all simplifications,

when proposed in a proper manner. Seeing that every magnitude can

be subdivided into parts which shall severally be as small as we please,

it was imagined that all quantities could be said to be made up of an

infinite number of infinitely small parts, each of those parts being in

magnitude less than any assigned fraction of the whole, and yet not abso-

lutely equal to nothing. On the glaring untruth of this conception,

positively considered, it is unnecessary to say a word ; but it is never-

theless one of those assertions which can be made as near as we please

to truth. For a quantity can be made up of as many parts as we
please, each of which shall be as small as we please. And all the con-

sequences of this assumption, properly deduced, will be true ; so that it

may be considered as an abbreviated way of representing the necessity

of dividing quantity into parts, which are to be supposed to be as many
as we please. The only danger is, that the student should fall into the

error of treating the assumption itself as an absolute truth ; but from

this he will perhaps be saved by observing that though the doctrine of

infinitely small quantities appears simple and natural, owing to the

mind being always accustomed in practice to reject quantities on

account of smallness, yet that its immediate consequences present unna-

tural absurdities. Allow, for a moment, the notion of infinitely small

quantities, and in the figure of page 16, suppose P B to be infinitely

small. Then P M and M B will be infinitely small, but the latter will he

now an absolutely incomprehensibility. For since it has been shown that

the smaller P M is, the more times does it contain MB, it follows that

when PM is infinitely small, it containsM B an infinite number of times

;

so that M B is only an infinitely small part of an infinitely small quan-
tity. This-beats all our power of imagining subdivisions, and therefore

(which may appear strange) we may be justified in retaining the terms
of the infinitesimal Calculus as a method of abbreviating stricter pro-

positions, when properly understood. For. if the student should ever

for a moment imagine that he sees reason in the use of infinitely small

quantities, absolutely considered, he has only to recall to mind the idea

of an infinitely small part of an infinitely small quantity, and he will

surely remember that the modes of speech employed are only abbrevi-

ations of assertions which are to be reasoned on in their strict form,

though expressed for shortness in one which is not absolutely correct.

In algebra, the use of the term " infinitely great " is universal, though
the notion attached is not that derived from the etymology of the word.

To use the words infinitely great in any sense, and to reject the correspond-

ing method of using the words infinitely small, is to accustom our-

selves to false distinctions. If it be proper, in any manner whatsoever,

to say that x is infinitely great, it is equally proper to say that — is

infinitely small. It is usual to say that when x is infinite, — is nothing

;

and the meaning is simply this, that there is no limit to the smallness

of — , if there be no limit to the greatness of x, or that by making x

sufficiently great, we may make— as small as we please^ When we
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have to compare — with a fixed quantity* for instance, in the expres-

sion a + — , we may indifferently use the phrases nothing or infinitely
x

small, because, in every sense in which it has ever been proposed to use

them, they here mean the same thing. The notion of infinitely small

quantities is in fact that of comparing different nothings springing from

different suppositions, as if they had relative magnitudes depending

upon the suppositions which produced them : a method of reasoning

which never can be admitted in any manner or to any extent whatso-

ever. What we here mean to illustrate is this ; that the forms of speak-

ing, which such an hypothesis would require, may be made to give use-

ful abbreviations of propositions deduced from stricter methods. It

must be remembered that in mathematics, as in everything else, no
definition of single words is always sufficient to define the meaning of

words put together in a sentence, and the following explanations are to

be considered as the meaning which we intend to affix to the sentences

in italics.

1. Two infinitely small quantities may have a finite ratio. Two
quantities may diminish without limit, and may still preserve a finite

ratio, which is either a given ratio, or which becomes nearer and nearer

without limit to a given ratio, as the two quantities diminish. The
ratio may or may not alter as the quantities diminish. And when
Ave say that two infinitely small quantities have an infinitely great ratio,

we mean that the first divided by the second increases without limit when
the quantities themselves diminish without limit.

2. Wlxen x is infinitely small, B is equal to C. By this we mean
p

that, by making x sufficiently small j we may make — as nearly equal to

unity as we please.

3. When x is infinitely small, B is infinitely near to C. This is the

last in a different form, and will illustrate what we have said, that the

theory of infinitely small quantities, in the absolute meaning of the

terms, is equivalent to giving relative magnitudes to nothings. If

we have to consider C without reference to the difference between B
and C, and if the diminution of x, without limit, give the limit 1 to

"P—, we simply say that the limit of C is B. But, if we have to con-
C<

sider the diminishing difference of C and B, and to compare it with

* or any other simultaneously diminishing magnitude, in order to see

whether the ratio of the two remain finite or not, we then simply say

that, instead of considering B and C as equal, they are infinitely near to

each other, or their difference is infinitely small.

4. Of two infinitely small quantities, one may be infinitely greater

than the other. By this we mean to abbreviate the following :—Two quan-
tities may diminish without limit, so that the more they are diminished,

the more times does one of them contain the other ; and this without
any limit to the number of times just mentioned.

The term infinitely great is used as an abbreviation of corresponding-

propositions relative to magnitudes which increase without limit. Thus,
when we speak of twro infinitely great magnitudes, one of which is infi-

nitely greater than the other, we speak of two quantities which simul-

taneously increase without limit, but one of which increases so much
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faster than the other, that it may be made to contain the other as many-

times as we please, by making both sufficiently great. And here -\ve

shall observe, once for all, that

1. When we speak of a magnitude increasing without limit, we do

not mean that it actually increases so as to be above every limit which
could be named, for that is impossible; but that we can make it greater

than any quantity which we actually do name.

2. That when we speak of a quantity changing its value, we do not

mean, or at least we need not be supposed to mean, that the quantity

itself grows, or jlotvs, in the language of fluxions ; but that we have a

symbol of magnitude to which we attribute different values in succes-

sion. Bnt whether we take, for example, straight lines of different

lengths, and compare them together, or whether we take a straight line,

suppose it to acquire different lengths by the motion of one of its ex-

treme points, and compare together its length at one time, and its

leugth at another time, is perfectly indifferent.

In future we shall use the theory of limits in all reasonings ; but

when we abbreviate the results into the language of the infinitesimal

calculus, we shall inclose the paragraphs so introduced in brackets [ ].

We shall now proceed with our rough sketch of the principles on
which the Differential Calculus is founded. Our object is to show
that there is no great refinement or abstruseness in the nature of the

fundamental ideas of the science; but that they do, in fact, suggest

themselves in various cases which occur in common life, wherever a dis-

tinct notion is to be formed of the actual state of a variable magnitude
at any given epoch of its variation.

It is observed that when a stone falls to the ground from a height

(the resistance of the air being first allowed for) its motion is of this

kind. Let t be the number of seconds or fractions of seconds elapsed

from the beginning of the motion, then the height fallen through is very

nearly 16TV X tt in feet. We ask, at what rate, or with what velocity,

will the stone be falling at the end of three seconds, when it will alto-

gether have fallen through 16^ X 9 or 144f feet. By velocity, we
mean the space actually described in one second when the body moves
uniformly ; but here there is no uniform motion, or the lengths described

in successive equal times continually increase. Still, if we examine
the lengths described in successive very small times, we shall find them
nearly equal, and more nearly so, the smaller the intervals of time in

question, and so on without limit. To show this, let us call 16TV feet

a measure ; then the number of measures fallen through in t seconds is

tt. Let us now suppose a very small portion of time h, and let the

position of the stone be A at the end of t seconds, B at the end of

t + k seconds, C at the end of t + 2 k seconds, &c. Let Q be the

point from which the stone fell. Then by hypothesis, the values of the

lines expressed in measures are as follows :

—

Q

—A
__B
C

—

D

—

E

or the relative proportions of the successive spaces described in equal
intervals, each being the part k of a second, are those of

Q A = t* Q B = (f + kf QC = (t + 2 fc)
a
, &c.

AB = QB — QA = 2i£ + /r=(2f+ k) k

BC = QC — QB = 2tk + 3?c=(2t +3h) k

CD=QD— QC = 2U'+ 5/r=(2f + 5 A) A, &c.



28 DIFFERENTIAL CALCULUS.

2t +k, 2t + 3k, 2t + 5k, 2t-\-1k, &c.

to each other. Now it is clear, 1. That the spaces described in successive

equal times are never equal, for no two of the preceding can be equal,

however small k may be. 2. That if t have any value whatever, that is,

if we commence the comparison after any given period has elapsed,

during which the stone has fallen, we can take the interval k so small,

that the lengths described in successive equal intervals shall be as nearly

equal as we please. For

k_

<* B C _ 2 * -f 3 ft
,

2 k
2

t

AB ~ 2 * + k
*""

' 2t + k~ _ k
2+T

which can be brought as near to unity as we please, if k be made a suf-

ficiently small fraction of t. Therefore the notion of equal lengths in

equal times, or uniform velocity, is one which approaches without limit

to the truth. What then is the velocity, or rate per second, to the effects

of which the preceding motion more and more nearly assimilates ? It

is 2 t measures per second : not that any thing near this rate is conti-

nued through a whole second, but that the rate of uniform motion which
would carry the point through 2 Ik + k

2 measures in a second, approaches

without limit to the rate of 2 t measures per second, as k is diminished

without limit. For

length described in a uniform
j

f ^ ^^ A fthe length de-

motion during the traction k > = < /. > < scribed in a

of a second J { J [whole second;

and if we suppose v measures per second to be the necessary rate at

which 2 tk + k
2 measures will be described in the fraction k of a second,

we have

2 1 k + ¥ = k v or 2 t + k — v

;

the smaller k is supposed to be, the more nearly will v — 2 t be true,

which is the proposition asserted.

The notion of velocity is one which it is always customary to define

by means of uniform motion, and, this mode of comparison being taken

for granted, the preceding is the only way in which a body moving
through unequal lengths in equal intervals can be said to have a defi-

nite velocity. At the end, then, of one second, the velocity is 2 mea-
sures per second, at the end of ten seconds it is 20 measures, the mea-
sure being merely a term of abbreviation for 16 feet 1 inch.

There is one remarkable case of exception, which will illustrate the

manner in, which, throughout the Differential Calculus, particular cases

may require rules of their own. If we count the small intervals k from
the very beginning of the stone's motion, that is, if we make t = 0, we
find the total lengths described in k, 2 k, 3 k

t &c. of time to be /e
2
, 4 k

s
,

9 k
2
, &c. or the lengths described in the successive intervals to be k

2
, 3 k2

,

5 k2
, &c. which cannot be made as nearly equal as we please, for the

second is three times the first for every value of k, however small. But
here we find the velocity, as obtained from the preceding process, to be

: that is, the rate per second with which & 2 would be described in the

fraction k of a second, diminishes without limit at the same time as k.

This follows from k2 = k v or v == k.
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In the preceding manner, let the student deduce the following propo-

sition. If a point move along a straight line in such a manner, that at

the end of t seconds from the beginning of the motion, the length

described shall always be t
3 + t

2 + t units of length, then the velocity

which that point must have at the end of t seconds, is always 3 t
2 + 2 1 -f 1

units of length per second.

[If a body move as just described, and if to the time t already elapsed,

an infinitely small time k be added, the infinitely small space described

in the time k will be uniformly described with a velocity at the rate of

3 £
2 + 2 £ + 1 units of length per second.]

Problem.—The curve OPM is of this ^y q
nature, that the area included between any
abscissa M, the corresponding ordinate P M,
and the curve, is the third part of the square

described on O M. Required the algebraical

expression for the ordinate PM in terms, of the

abscissa M ?

Let M contain x units of length, and PM ?/ units : take M N h
units, and let N Q, the ordinate to O N, exceed P M by Z Q containing

k units. Then, by the law of the curve, the area QN is one-third of

the square on O N, and contains -3- (.r + h)~ square units, while the area

OPM is one-third of the square on M, and contains i t2 square
units. Hence the area M P Q N contains

I (x + h) 2— i x 2
or %\x /i + -5- h* square units.

But this area is less than the rectangle MW Q N, containing h (?/+£)
square units, and greater than M PZ N, containing hy square units.

Therefore, whatever may be the values of h and k,

%x h+l^h 2 must lie between h (y -f k) and hy
or,

I x + -k h V + k and y.

Now h and k are so related, that by diminishing the first without limit,

we diminish the second also without limit, and x and y are, with respect-

to h and k, fixed quantities. Consequently, y must be -f x ; for, if not,

let -| OM exceed PM by any quantity, however small. This excess of |- x
above y does not change when h and k are diminished. But as the pre-

ceding relation must be true for all values of h and h, take k less than

the excess of % x above y. Then y + k must be less than -f x and there-"

fore less than •§-<£ -f- -^h, or %x + ^h cannot lie between y + k and y,

which it has been proved to do. Therefore, %x cannot exceed y

:

neither can it be less than y, for in that case take h so small that

-§-£ + -3- h shall not be so great as y, in which case it cannot lie between

y and y -f- k, as required. Therefore, y= -far, or the curve (as we sup-

posed it) must be a straight line passing through O, and inclined to M
at an angle whose tangent is -§. In this case, since the relation so obtained

holds for all points of the curve, we have y + k = -| (.» + h) or k = -§- h,

and we see that -| x + ^ h lies between y-J-^or-fa?-}-! h and y or f x.

[IfMN be infinitely small, QPZ is an infinitely small part of

Q PM N, and Q PM N of the whole Q N.]

The preceding is a problem of the Differential Calculus ; we shall

now take a corresponding problem of the Integral Calculus, the
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algebraical difficulty of which, lies entirely in a proposition which we
shall here take for granted, namely, that the sum of all whole square

numbers, 1,4, 9, 16, &c. up to n2
is

l_}_4 + 9+l6+ + (n— l)
2 + n

_?i(n + l) (2n + 1)

6

this may be easily verified in individual cases ; thus,

1.2.3 , J
2.3.5

a A
_ 3.4.7 „

1 = —F—, 1 + 4 = ——, 1 + 4 + 9 =——,&c.DO 6

Problem.—In the curve OMP, the ordi-

nate M P (y) is always a times the number
of square units contained in the square of the

abscissa O M (a?) ; or y = a x x : required the

number of square units in the area O MP ?

Divide O M into n equal parts, n being any

whole number : that is, we mean to trace the

consequences of dividing O M into a number of equal parts as great as

we may find necessary to choose. We represent this in the figure by

dividing OM into such a number of equal parts as the dimensions of

the figure makes convenient. By drawing the ordinates at every point

of section, and completing such a construction as is seen in the figure,

we have to notice

1. A curvilinear triangle, together with n — 1 rectangles, all falling-

inside the curve, and making up an area less than that of the curve

required.

2. A number n of other rectangles having severally the same bases

as the preceding, but each exceeding its portion of the curvilinear area

by a small curvilinear triangle, and altogether, therefore, making up an
area greater than that of the curve.

3. A series of small rectangles diagonally cut by the curve, the first

of which is a rectangle mentioned in (2.), but all the rest of which are

the differences between the rectangles in ( 1 .) and (2.) The sum of all

these smaller rectangles is equal to the last rectangle in (2.), or that

which has the side P M, for all the bases are the same, and the sum of

the altitudes of the rectangles which are diagonally cut by the curve is

equal to the altitude of the rectangle on PM just mentioned.

Hence it follows that, by making the number n of subdivisions greater

and greater, we continually make the sum of the rectangles in either (1.)

or (2.) approach to the area of the curve required; for the area of the

curve must lie, as to magnitude, between the sum of the curvilinear

triangle and the rectangles in (1.) and the sum of the rectangles in (2.)

But these only differ from each other by the difference between the

rectangle adjacent to P M and the curvilinear triangle at the commence-
ment, which may both be made as small as we please by increasing the

number of subdivisions. Therefore, by increasing the number of sub-

divisions without limit, we shall find the required area of the curve in

the limit towards which the sum of the rectangles in (2.) continually

approaches. Let M be x, then the several intervals between the

x
points of section are equal to —, and the distances of the points of section

from are severally,
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x 2 x 3x _,. x— — — up to M — n— or x
n n n n

the corresponding ordinates to which are

a* 4x* 9x* _ x*
a—= a—. a—„ up to ait — or ax,
n2 n re n

and the areas (in square units) of the several rectangles are

on x2 x 4x* x „ xz

— X a — , — X a —=- upto-xaw-
?i ?i

2
?t if n »

the sum of which is,

a—'(1 + 4 + 9+ +(W— l)
B +na

)
n3

Xs n(n + l) (2m + 1)' a/ ?i. (ra + 1) (2w + 1)
or a —

5
or -™-

?i
3 6 6 11 . ii . n

ax3 ii+l 2n+l ax3 /
, 1\/ , 1

or —- or —- 1 + — 2 + -
6 ?i « 6 \ 71/ \ «

this expresses, for every value of n, the sura of the rectangles in (2.),

and as n increases without limit, the term — diminishes without limit,
ii

so that the limit of the preceding summation is,

ax3 a x3— X 1 X 2 or —-

.

o o

But that same limit is the area of the curve in question, whence we have

* ^™-r. axS x X. ax2 xy
Area OMP=— = — == —f-,

3 3 3

namely, the third of the rectangle described on OM and M P. It is

obvious that the success of this method depends on our being able to sub-

stitute the definite formula ^ n (??+ 1) (2n + 1) instead of the indefinite

formula

1 + 4 + 9 + + (n - l) 2 + ?i
2

and that a similar substitution, if we are able to make it, will enable

us to find the area of any other curve.

We have examined cases in which the limit of a ratio has difficulties

arising from the unlimited diminution of the terms ; wre shall now show
a case in which the limit is to be singled out from an infinite number of

results, all of which appear at first sight equally possessed of that cha-

racter : for instance, when two straight lines intersect each other in a

point, and then continually approach to coincidence, shifting their point

of intersection with their changes of position. When they are actually

brought to coincide, they have all their points in common, or every point

is a point of coincidence. The question is, which among all these

points of coincidence is the point towards which the point of intersec-
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tion always tended while there was intersection. Let QR be a straight

line which always moves perpendicular to p
the tangent of the curve PQ, while Q moves

towards P : and let P R be perpendicular to

the tangent at P. As the point Q approaches

to P, will the point R recede from P? If so,

will it recede without limit, that is, may any

point in P R, however distant, become the

intersection, by bringing Q sufficiently near to

P ? Or will it recede with a limit, that is,

though always receding while Q approaches

P, will there be any point in P R beyond

which it never can be found ? Or will it ap-

proach to P, and if so, will the approach be without limit as to near-

ness ; or can a point be assigned in P R, within which and P, the inter-

section will never be found ? The answer to these questions depends

upon the nature of the curve P Q ; we ask them here that the student

may be able to see whether he still retains notions of limits derived from
anything but demonstration. In the ' Elementary Illustrations, &c.' *,

page 22, a case will be found, in which the limit of an intersection is

deduced.

All works which treat of the Differential Calculus, for the most part

make more or less reference to the discovery of the method, and the

celebrated dispute upon the right to the honour of it. We shall here

state in few words as much as we think necessary upon that subject.

Unquestionably, the first whom we know to have solved any problem
of the Differential Calculus was Archimedes, in whose treatises on spirals,

on the quadrature of the parabola, and on the cone and sphere, are to

be found processes which depend upon the comparison of curvilinear

figures or curved surfaces, with the inscribed rectilinear figures or plane
solids. A method of limits is really introduced, the basis of which is

the proposition, that by successively taking away more than half from
any quantity and the remainders obtained, the last remainder may be
made less than a given quantity, and a process somewhat like that in

page 22, is made to furnish rigid demonstration of the results. Taking
all the curves and surfaces which were considered in his time, Archi-

medes has produced most of the results which even the modern Differen-

tial Calculus can express in finite terms ; and he was stopped, not by
the inadequacy of his method considered with reference to the distinction

between the Differential Calculus and other branches of mathematics,
but simply by the want of a more powerful instrument of expression,

such as is algebra when compared with geometry. He could overcome
the difficulty which answers to writing

\n (n + I) (2 n + 1) for 1 + 4 + 9 + + (n — l) 2 + n*

but he could not obtain the approximate expression

(3-14159.... Y ,,',,, , . ,
for 1+t+tt °<d inf.

the language and ideas of his time hardly admitted an adequate concep-

tion of the preceding, or of anything equivalent to it, and the methods
of operation, would have been utterly unable to discover it.

* Nos, 135 and 140 of the ' Library of Useful Knowledge.'
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Between the time of Archimedes and the end of the sixteenth cen-

tury, there is nothing to arrest our attention. The discovery of a very

few new propositions having just this affinity with the Differential Cal-

culus that they are easy cases of it, is all that can be adverted to. Vieta,

the first user of general symbols in algebra, that is, of letters designat-

ing any quantity whatsoever, and Des Cartes in applying the algebra so

obtained to geometry, by what is now called the method of co-ordinates,

were the original creators of the power of algebra, and they were fol-

lowed by a multitude of partial discoverers, who added isolated theorems

on series and developements to the general slock. At the same time

the general theory of curve lines was receiving similar accessions, and
the multitude of analogies suggested to several the idea of combining

them under one general form. In the first half of the seventeenth cen-

tury, Cavalieri proposed his notion of indivisibles *, and Roberval his

notion of fluxions. We say notions instead of methods, because, in fact,

no methods could spring out of them, unless by the application of a more
powerful algebra than was then possessed. It is difficult to imagine that

either idea had not occurred to Archimedes, and been used by him
as a method of discovery, though rejected as one of demonstration.

Roberval considers curves as formed by the motion of a point ; and by
assigning the law of description of the curve, and the consequent velocities

of the point in any convenient direction, he obtains the direction of the

tangent of the curve by the composition of these velocities. He also lays

down the connexion between the method of indivisibles and of infinitely

small quantities in the manner cited in the note f. But every point in

which either Roberval, Cavalerius, or any other of their time, could go

beyond Archimedes, was owing, not to any notion that could be formed
of the method of generating quantity, but to the increased power of alge-

bra. This becomes still more apparent in the Arithmetic of Infinites of

Wallis, in which a large number of problems of the Integral Calculus is

solved, and which contained more hints for future discovery than any
other work of its day.

Newton and Leibnitz had independently come to the consideration of

quantity, and each made the new step of connecting his ideas with a

specific notation. If one line depend upon another, and both increase,

Newton supposed the first line x to increase or Jloiv with a velocity otr

in consequence of which the second increases with a velocity y. Leib-

nitz supposed an infinitely small increase d x to be given to x, in conse-

quence of which y receives the infinitely small increase dy. These
almost amount to the same thing : if we suppose an infinitely small

time d t to elapse, during which the motion supposed by Newton causes

the increase supposed by Leibnitz, we have

* See 'Elementary Illustrations,' &c, p. 61.

f " Pour tirer des conclusions par le moyen des indivisibles, il faut supposer que
toute ligne, soit droite ou courbe, se peut diviser en line infinite de parties ou petites

lignes toutes egales entr'elles, ou qui suivent entr'elles telle progression que l'on

voudra, comrae de quarre a quarre, de cube a cube, de quarre-quarre a quarre-

quarre, ou selon quelqu' autre puissance.
" Or d'autant que toute ligne se termine par de points, au lieu de lignes on se

servira de points ; et puis.au liexi de dire que toutes les petites lignes sont a telle

chose en certaine raison, on dira que tous ces points sont a telle chose en ladite

raison."—Roberval, Traite des Indivisibles. Roberval's Fluxions are to be found in

his ' Observations sur la Composition des Mouvemens,' the work of a pupil from
his instructions, with his remarks. Both treatises are in ' Divers Ouvrages de Mathe-
matique,' &c. Paris, 1693, folio.

D
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i • 7 j 7 i .
dy ya so =? x at dy=-y at -f- ^= —

The merit of this step being granted to belong equally to both, it only

y
remains to ask which did most towards assigning the value of— or its

x

d ii

equal -~- in every possible case. And here there can be no question

that the binomial theorem of Newton is a much larger constituent of the

difference of power between Archimedes and the immediate successors

of the former, than anything else whatsoever, unless it be the step made
by Vieta, already mentioned*. It is perfectly true that Leibnitz advanced

the Differential Calculus, in conjunction with the Bernoullis, to a much
greater pitch of perfection than Newton or his English contemporaries.

Our preceding remarks are only intended to draw the attention of the

student to the distinction between the metaphysics and notation of the

subject, and the algebra which makes them serviceable.

The notation of Newton, which prevailed in England till after the

commencement of the present century, has been discarded by all writers

in the universities, and by most out of them. There are those who
object to the change, and who consider the fluxional notation as at least

equal, if not superior, to that of Leibnitz. Without discussing this

point, we are inclined to consider the universality of the notation of

Leibnitz throughout the whole of the civilized world, and the fact of

most of the discoveries made since the time of Newton, both in pure

mathematics and physics, being expressed by means of it, as itself a

sufficient reason for adopting it. But we shall in the proper place give

both notations, and explain the method of converting one into the other.

We shall also endeavour to teach the Integral Calculus at the same
time as the Differential. The separation of the two Avhich takes place in

most works, though convenient in some respects, and those not unim-
portant, yet deprives the student of the means of learning, at the same
time, subjects between which the analogy is as strong as between
addition and subtraction.

* Leibnitz complained that when he spoke of the Differential Calculus, his oppo-
nents answered him by reference to the method of series. M. Montucla remarks on
this, that "a geometer might have been in possession of the method of series, and
have been able to square a multitude of curves, and yet not have been in possession
of the calcul desfluxions ttJluentesP But what those words mean when abstracted
from the method of series he does not state ; but goes on to add, " the expression
for the ordinate of a curve being reduced into a series, if the case required, the
methods of Wallis, Mercator, Cavalerius, or Fermat, would have sufficed to find the
area." Considering that Leibnitz himself admitted the priority of Newton in the
method of series, and that there is no question at all of the labours of Leibnitz in
this respect being in no degree to be compared with those of Newton, this is some-
thing like conceding the point in question. It is difficult to see what Montucla means
we should infer in favour of Leibnitz, from his admission that, with Newton's method
of series, there were four integral calculi in existence before Leibnitz.
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Chapter I.

ON THE PROCESSES OF DIRECT DIFFERENTIATION.

The rules by which quantities are differentiated must be studied until

they are perfectly known, and easy to practise. Without demonstrating

them, therefore, or even defining them, we prefer to place them by
themselves, and to recommend the student to practise them while read-

ing the following chapters, considering them simply as methods which
must be frequently employed in the sequel.

The process here employed is called differentiation, every algebraical

expression having what is called a differential coefficient with respect

to any letter which may be named. If the expression do not contain

that letter, the differential coefficient is ; but if the expression contain

the letter in question, the proper rule, from among those which follow,

must be employed. Thus the differential coefficient of a + b with

respect to x is 0. This particular case needs no further examples.

The letter with respect to which differentiation takes place is called

the independent variable. The expression differentiated should be
called the dependent variable, but the phrase is not found necessary.

Every expression which in any way contains x, or depends for its value

upon the value of x, is called a function of x.

In what follows, the independent variable will always be x.

1. The differential coefficient of m x is in. Thus .<# gives 1, 2 x gives

2, -j- x gives \, — x gives — 1, — 2 x gives —2.
2. The differential coefficient of xm is mxm~\ Thus x gives 1 a

4-1
or

x° or 1, as before ; x
:
' gives 2 x ; x3

gives 3x2
i

x v+q gives (p -f- q)

zp+i-1

; a? gives f xr ; x~z
gives - 3 x~*~l or — 3 or4

. The following

are instances ; over the columns of functions in question is written fxy

meaning thefunction ofx ; over the column of differential coefficients is

written f'x, which stands for the differential coefficient of fx.

fx foe/* A
tf
8 ha*

xm 100 x'
9

7

X*
4

7 r
3"

1

a 3
" - 2 1

}« ^ or

3<$

1

x 2 or afx i -4- 1
-h-x 2 or

2jx

— la'"
2
or ——

-

X"

1
x~* or —

Xs
1— 2x~3

or — —

-

2x3

-3 1x 3
or —

-

Xs

O -4 1— 3 x 4
or .

3x4

1

x "
2 or .

V x

, -* l
-ix ^or-—

-

2x*

-kX~T

D 2
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3. If log x to the base a be the function, the differential coefficient is

M—, where M is the modulus of the system of logarithms having the base

a, or the logarithm of e (==: 2*7182818) in that system, which, when a
is 10, is '4342945. But in this subject, and, indeed, in all branches of

pure analysis, the only system of logarithms employed is the one which
has e or 2*7 1828 .... for its base, the modulus of which is unity.

Consequently, in this case, the differential coefficient of logo; is —

.

4. The differential coefficient of a* is a* log a (here logarithm of a
is taken to the base e, which is always meant when no other base is

specified). The differential coefficient of e
x

is e
x

itself. The differential

coefficient of (a -+ by is (a + by log (a + 6), &c.

5. The diff. co. of sin x is cos x

cos x . . — sin x

tan x . . 1 -j- tan -x or

1

Vi-
1

a:
2

Vi-
1

X3

6. By sin" 1 x
t
we mean the angle which has the sine x; by cos

-1
a",

the angle which has x for its cosine, &c. Thus, if a — sin b b = sin""1 a,

&c.

The diff. co. of sin
~ lx is

of cos ~\z is —

of tan
~ Yx is

1+x2

All angles are measured in the manner described in the Study of Ma-
thematics *,' namely, by the number of times which any arc subtend-
ing the angle contains its radius, and an angle so expressed may be
turned into seconds at the rate of 206264-8 seconds to a unit, and thence
into degrees, minutes, and seconds.

7. To differentiate the sum or difference of any number of functions,

differentiate each separately, and put the same signs between these diff.

co. as are between the functions they spring from. Thus,

The. diff. co. of xn + ax
-f log x — sin x — cos a? -j

x

n xn-x _j_ ft*i g a _j cos a: — (— sin a?) + ( J

or n xn
~ x + ax log a 4 cos x + sin x .

x a;
2

Diff. co. of xn + c is n xn~ l + or n xn~ l

1 . . 1 1—- cos X is +
x -*" Vi-j?2

... 1 — x is — 1 or —1.

* Library of Useful Knowledge, No, 90, pp. 84, 92, 116.
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8. The cliff, co. of a function of a? multiplied by a constant * is formed by
differentiating the function, and then multiplying by the constant. Thus

1 c
the diff. co. of c logo; is c x — or— .XX

Diff. co. of cxn — &ax + ac log x — (a + c) tan
-1 x

, , ac a + c
.

is n c xn
~ l — c

2 a* log a -\

.

X 1 + x%

c 3c
Diff. co. of p sin"

1 x — q sin x j-

P , 3c , 12c
18 vf^2

"
9 ~^ *"

Diff. co. of 1 + 2 a? + 3^2 + 4a?8 + 5 a?
4 + 6

a

5

is 2 + 6a? + 12a;2 + 20a:3 + 30a?4
.

9. - To differentiate the product of two functions, multiply each by
the diff. co. of the other, and add the results (with their proper signs) :

thus,

i the diff. co. of xn log x is n xn~ l log x + xn x — or n xn
~ l

log x + xn
~ l

.

, . x sin x is 1 X sin x + x x cos x or sin x + x cos x.

1 .1 ,11
- tan a? is . tan x -\ . — .

x or x cos z
a?

(1 — x") (a?'+ x3
) is

(0 - 2x) O + x3
) + (l-x°) (1 +3.^) or l-5a;4

.

10. To differentiate a fraction, form the following fraction

—

Denr x (diff. co. numr
) — numr x (diff. co. denr

)

(Denominator) 2

. a?
2 X log a; x 2 a;

log a; . x 1—2 log a?

Diff. co. of —,— is or —
x'

2 x x6

sin x . cos x x cos x — sin x ( — sin x) 1
is or —

.

cos x cos -x cos zx

l+x . (1-x) (0+ 1) — (1+a:) (0 — 1) 2
is ; —

-

- or .

1-a; (1~^)°- (1-aO 2

x logV X — 1 X (log x + x—
)

1 .

° x J ,log x + 1—

:

is — — or —
a? log a; a;

2 (log a?)
2

a?
a (loga?)a

1— sin a; . (l + sin a?) ( — cos a') — (1 — sin a?) (cos x)

1-f-sina; (1 -+- sin.r)2

2 cos x

~(l + sina?) 2
'

11. To differentiate the product of any number of functions, multiply

* A constant, with respect to x, is a function which does not depend on x ; thus,
in ax , a is a constant, if change in x produce no change in a.
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the diff. co. of each function by the product of all the other functions,

and add the results. Thus, the diff. co. of * X sin x X cos x X «" is (re-

member that e
x does not change by differentiation)

x sin x cos x e
x + x cos 2* e

x — x sin
2* e

x + sin X cos x e
x

.

Some examples of these processes will be given at the end of this

chapter ; but the best examples are those which the student forms for

himself in the following manner. Take any function which can be

differentiated by one rule, and throw it into another form, in which it

requires another rule. Differentiate each form by its own rule, and

see whether the results can be made to agree. For instance, all the

following forms are the same function, *3
.

x3 ~ ~ x*(l + x)-x\

and their diff. co. are,

x3
. 6*5 - *6

. 3 *2

3x*
x-'C-lx-^-x^C-lx-*)

2x (1 + x) + x2 (0 + 1) — 2 x

show that the latter three of these forms are severally equal to the first,

3 a?
3

.

We have now differentiated—1. the fundamental forms

xn , cf,, log*, sin*, cos*, tan*, sin""
1*, cos

-1
*, tan

-1
*.

2. All functions of them made by the fundamental rules of addition,

subtraction, multiplication, and division. It remains to point out how
to different ate more complicated functions of functions.

Rule.—To differentiate with respect to x a function of v, where v is

a function of *, differentiate ivith respect to v, then differentiate v with
respect to *, then multiply the two results together.

This rule needs some elucidation, but, when understood, will be found

the best help to the memory. If we have, for instance, the double

function log sin *, the logarithm (not of *, but) of sin *. We see that

in the preceding rules log* gives — . Does log sin* give — ?
oc sin oc

Yes ; when differentiated with respect to (not x, but) sin *. We have
here made sin * stand in the place of *. To differentiate with respect

to *, differentiate sin * with respect to *, giving cos *, and multiply the

preceding result by cos *, giving — . cos *, or cot *, the result re-

quired.

fx fx /* fx

log sin *
1—

. cos *
sin *

log *"
1 * i « n— X w* or* —
*" *

log cos *
1

X — sm *
cos *

log ax — . a? log a or* log a

log tan x (1 +tan 2
*)

tan *
sin *2 cos *2 X 2*

* Account for the simplicity of these results.
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/* f'x

COS a;
2 — sin x% x 2 x

sin. log x cos. I02; x x —

sin e* cos e
x x e*

e
sin»

c
8iQi: X COS J?

£* £*" Xh"" 1

e
a+bx

b*F»«j( (0 + 6)

e~ x «-*x(-i)

/*

sm • e

(1 + **)8

(x*+x*y*

(sin a1 + cos a?)"

f'x

1

. -1 1
f
»n » V

6(l + a:
2
)
5
(0+ 2*)

to (l-*)"- 1 (0-1)

12 (afi+aP?
1 (2a?+3a:2

)

n (sin a; + cos*)""
1

X (cos a?— sin a?)

Diff. co. of (a + 6 a; + c a?
2
)

ra

is to (a + b x + c a?
8 )"" 1

(6 + 2 c x)

. . . . V 1 - a* X (0— 2 a?) or -
Vi-^213 2/1^

.... cos (cos a? + sin a?) is — sin (cos a? + sin a;) X ( — sina?+cosa?).

We can now differentiate functions of functions of functions of x, &c.

Suppose we have log sin a iinx
. By the last rule we have,

Diff. co. of (log sin o ,ln *) is - —
- X DifF. co. of (sina 6ia

*)
;° sm a

.... (sin« siD
*) is cos ct*

iax x Diff. co. of (a sinj
)

...» ( a einx
) is a sinr

. log a X Diff. co. of (sin x)

. . . • (sin x) is cos a?

1
.* (logsina B!nz

)is- X cos o/mx X a siax
. log a x cos x

Diff. co. of (x + V

x

2 -l)
9

is2(a? + Va;s -l) xDiff.co.of(* + Va?3-])

(x +Va?2-l) — Diff. co. of a? + Diff. co. of Va?
2-1

1
«s 1 +

hi-^^u
X Diff. co. of (r2 - 1)

2 Va^-l

x x + va;
2—

1

2\/a;
2-l Ja?-1 V a;

2 - 1

.-. Diff. co. of (* + V^l)'= Ifc+^ZiZ.
V^— 1

In the following symbolical recapitulation, every case of which the

student must refer to its rule preceding, <f>x, tyx, x T > mean different

functions of x, and (fix, "fy'x, yfx, their differential coefficients with

respect to x ; also (0 x yp *)' means the differential coefficient of the

product of (j> x and ty a? ; and so on.

( x + y{f x — x x)
r — fix + Y^ — %,,r

(c0a? + e Y'^ ~" hx x)' — c 4>'x + e^'a:— AxA*?
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(0 x f 0)' = £ f* + 0'0 ^

«

J" )
= "— ^ v,

(0 x i(f x x x ) ' = # y x %'x + x. f'x ^ a; + f ^xx x

{ (0 a? + V ^)
m

}' = m (0 a? + f 0)'*- 1 (0'0 -f ^r)

{(00)
m

}' = ?n(00) m
- 1 0'0 { 6 ?*}' = c?* . 0'0

0'0
{Iog00}' = -— {sin00}' = cos©0 . 0'0 jcos00V= — sin00.0'0

(p x

{tan 0,r}' =—f^- {sin"1 00}'= -—^ •

cos
2
4>0 Vl — ty*)

2

{cos" 1 00}'= —r {t&n-i&xVzz
, ,, N9 . '1 ? j

Vi-(**)" i + (<M)
2

By tyx we mean the same function of ^0, which x is of : thus,

if be log 0, t// means log f x. By 0' we always mean that func-

tion of x which arises simply from differentiating 00; thus, in 0't/' x, we
mean that after x has been differentiated, we substitute y x instead of

x. We have then, ...
{ffx}' = 0'i/r0

. -y/,r {^ VX*}' — ty'fxx f'x x " x'^-

The differential coefficient of the differential coefficient is called the

second differential coefficient ; the differential coefficient of the second

differential coefficient is called the third differential coefficient, and so

on. The several differential coefficients of (p x are denoted by <fi'x, 0"0,
W
0,

1V
0, &c. ; and it is customary to use Roman numerals, to

express a number of accents, when they are too many to be conveniently

written. Thus, the tenth differential coefficient is written
X
0. But

when a letter represents a number of accents, it is customary to place

it in brackets : thus, the nth. differential coefficient of 00 is written

0«0.
This process is called successive differentiation, and its easiest cases

are as follows :

—

1. Let 00 be 0"; then 0'0 is n a?"
-1

,
0"0 is n (n— 1) xn

~2
,

W is

n (71— 1) (n — 2)xn~ 3
,

iv
is n (?i— 1) {n — 2) [n— 3)0n"4

, and §0

on. In the following, the function differentiated is the first of the line,

and it is followed by its successive differential coefficients.

x\ 40% 4.302
, 4.3.2.0, 4.3.2.1, 0,0,0, &c.

5
, 504

, 5.40s
, 5.4,3/, 5.4.3.20, 5 .4. 3.2 . 1, 0,0, &c.

L -— — 2 ' 3 2.3.4 2 . 3.4 . 5

0' 2 '
35

0* '
+ ? ' ^ '

1 n n(n + l) n(n+ l)(n + 2) 7i(n+\) (w+2)(«+3)
,
n+l J »+2 , +3 , +iX" X"^ L 0"^ X"T°

' x
,&c.

5.4-0 2
, &C

a * ? ^ • T * 5 T • T • 2 ^ s "rl'Vs
-£. _7. _i_2 _>_? „

5^ 3 ~"s • J * j T-T'T* T • T • 5 • 5 ^ r 1"

m—n m — 2n _ m-3ram —

—

m m —- n '—-— m ??z — n m— 2 ?i
—" „— 3 —'- -x ' •> x , &c.

w n n ' n n n
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2. a't
ax

log a, ax
(log a)

2
, a* (log a)3

, a° (log a)*, &c.

3. £*, e
x
,

t
x

,
£*, e, &c.

4. log x —
, — -s j

(for the rest see last page.)

5. sin x, cos .r, — sin #, — cos a:, sin ,r, cos x, &c.

6. cos a?, —sin a?, — cos a?, * sin a?, cos a:, — sin x, &c.

Memorandum.—Observe that in every case a function of x + c does

not require any second process in differentiation, for instance,

Diff. co. of sin (x + c) = cos (j? + c) X Diff co. of (# + <?)•

But the differential coefficient of ,r + c is 1 + or 1.

"We shall now give some examples * for practice.

Let

1 - L X
(fix— -p== or (1— x2

)

"
2

<j>'x =

a? = —j- 0'#

(l — x*y

v 1 — #2— x diff. co. of V 1 — x*

Vl-a?a !-^2

(i—xz

y

* =*j= 0'crr^
i 4-r

Vl+a; —7=X(0-1)-V1
2VI—

a

2 VI + *

1 + a;

(1+ #) + (! — j?)

2 (1 + *) Vl +o? Vl — a (l + J?)Vl— x2
'

Reductions, such as are here to be made, and success in which depends

on the expertness of the student in common algebra, form the greater

part of the difficulty of the succeeding examples.

s a% — x*
X = a*

a -

vV-;

, ., _ b + 2 c cr

a; =: V«, + &a? + c l£2 <P x —
/2 Va + 6o:+car2

a =

0a; —

a'+ b'x ®
X ~

(a' + b'x)
2

1 ,. 1
, 1 ,. 1

(l — xy r
i + x

r
(i + xy

* There are two works in English, which are express collections of examples for the
learner. 1. 'Collection of Examples of the Differential and Integral Calculus.' By
George Peacock, A.M., &c, Cambridge, 1820. This work is now out of print and
scarce, and we have been frequently indebted to it. 2. 'A Digested Series of
Examples,' &c. By John Hind, M.A., &c. Deighton, Cambridge, and Fellowes,

London, 1832. This work would be very useful to the student who wishes for more
examples than one work can give.
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Rule.—When two functions differ only in the sign of x, the diff. co.

of one may be found from that of the other by changing the sign of x,

and then changing the sign of the whole. The last is an example.

L
X At 1 ~ X*

A X At l

i + x2
\ (i+^2

)
2

i + x^ (i+xy

x*— x + 1 ,, 2 (x2 — 1)
<p'x r~

-_ a^ + jp+l (a^ + a+l) 8

* = - V a8— a2 ^ x = -
« a V^a— a»*

The process may sometimes be rendered less embarrassing by the use

of logarithms, as follows. Suppose we wish to differentiate

^RSV -Z~ (1) '

where all the capital letters are functions of x, and P' Q', &c. are their

differential coefficients. Take the logarithms of both sides (and let A,

Btand for log)

\0o; — \p + \Q_ XR- XS + — (ra\V+XW- XZ);

differentiate both sides (it being true, as hereafter noticed, that the

differential coefficients of equal functions are equal), and we have

<p'x P' Q' R' S' 1 / V W
<px P^Q R S

T
n V V W -!)....<*

whence we get 0'j? by multiplying together (1) and (2.) The student

should first try the following example by himself, and when he has

completed his result, may consult the following process.

, _ a + x . /b" + x2

9a: '-'
b + xV a2 + x2

Process. X x =d X (a + x) — X (b + a?) + f X (6
2 + ^c

2

) 7.J X (a
2 + ,z

2

)

0'a? _ __1 1 1 2^_ 1 2j?

a?
" a + a? 6 + x 2 b

2 + x2 2 a2 + x2

b — a a2 x + x3— (b
2 x + xs

)

~ (a + x) (b~+x)
+

(62 + x2

) (a2 + *2

)

6— a (a2— 6 2
) x

+
(a + j?) (6 + j?) (a

2 + a:
2
) {b

2 + *2

)

- ffi- [
Q2 + ^2

) (*>' + ^2

) - (« + b) (a + *) (6 + a?) ^= C a;
1 (a + a?) (6 + a) (a2 + x2

) (6
2 + tf

2
) J*

(a2 + x2

) (6
2 + ?

2
) u = a' &2 + O2 + ft2) ** + *4

(a + 6) (a + a:) (6 + a) * = («+&)«&*? + (a + 6)
2 x2 +(0 +6)a?3

.

When the numerator of the preceding fraction is
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a2
6
2 + (a2 + P— a~+~tf) x* + xi —(a+b)(abx + x3

) or

a2 J2 -2a6iC2 + «4 -(fl + b) (abx+x3
), or

(ab-x2f — (a + b) (abx+x3
).

a+x JW+*? (ab — xy—(a+b)(abx+x3
)

rj>'x = (b— a) j——

~(b -a)

r+x

'

v^+^2 (a + *) ( 6 + *) (a2 + x2)

^

2+ *2

>

(a&— a;
2

)
2— (a + b) (abx + x3

)

(b + xf^+x^ (b*-\-xrf

In the following list, each function is followed by its differential coef-

ficient.

/l + *\ 2

l

log (log x) ,

log (x + V a?
2— 1 )

," -j=2=-
vr-

1

°g
\Va7+T + l/ xJx2 + 1

, / 1 — COS a? 1
log A/ ; >

——

'

° v 1 + cos * sin x

x* <f , a;""
1 ax

(x log a + n)

a?— sin a; cos a?, 2 sin
2
a?

. 1 1 . . 1
cos log — , — sm log—

OC 00 Oj

sin"

1——
t+~x l + x*

_ x
2x 2

tan ; , o
1 — a?

2
1 + a?

2

a: log a?

£*(a:2— 2 a? + 2), e* a:
2

a?
m

(loga:)",

xm
~ l (log .r)

n_1 (m logx+ n)

ex
1 + x'

L
(l + ^

sm n x

sin" a;

— 71'

sin (rc — 1) x
,»+i

sin (sin a?), cos sin a? . cos x

3
cos"

1 (4«3 -3x)j
VT

. & + a cos a; v a'
2 — b*

cos *
, —

—

7
-.

a+b cos x a+b cos a?

Having thus laid down the mere rules of differentiation, we proceed

to investigate and apply these rules.
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Chapter II.

ON THE GENERAL THEORY OF FUNCTIONAL INCREMENTS AND
DIFFERENTIATION.

When any function of x is given, we can determine by common algebra

the value which the function receives when x receives any given value,

say a, and also the change of value which takes place when x becomes

a + h, by which we merely mean, when we pass from the consideration

of the function of a to that of the function of a + h. Thus, " let x = a,"

followed in the same problem by "let x = a + h," does not mean that

we make these suppositions both at once, but that we consider x as

changing its value, or ourselves as changing the value we attribute to x.

Of course, the consequences of the two suppositions may exhibit any

sort of difference.

When we consider x as having some assigned and specific value a,

the function <fi x may exhibit two distinct species of phenomena.
1. It may have a finite and calculable value, positive or negative.

Thus, x + x* is beyond all question 6 when the value of x is 2 ; and
— i when x is — \.

2. It may exhibit one of the varieties of form which arises out of our

supposition being followed by an absence of all magnitude, or 0, in a

place where the general form of the function would lead us to suppose

there is some number or fraction to be operated on or with. Such
forms are,

i, i, cA, a\ ay, (#,&c.

For instance, in the function (1 — a?)
(1-a:)

, we see that the supposition

of x === 2 offers no difficulty, for the function then becomes ( — 1)
_1

or

— 1 ; but when x =z 1 we have no means of operation left, except such

as are implied in the symbol 0°, which offers no ideas of numerical value.

With regard to such cases, it may or may not be proper to say the

function has existence and value: but we do not enter into that ques-

tion. We examine, in such a case, not what (1 — x) l~x becomes when
x ~ ],but we ask to what does it approach without limit when x
approaches without limit to 1. If we can prove, as we may hereafter

do, that the preceding function also approaches without limit to 1 when
x approaches without limit to 1, we may then abbreviate the preceding

proposition into these words " when a? is 1, (1— >r)
1-a;

is also 1 :" but we
use the preceding sentence in no other signification. Therefore we have
the following definition.

Definition.—The function is said to have the value A when x has

the value a, either when the common arithmetical sense of these phrases

applies, or when by making x sufficiently near to a, we can make the

function as near as we please to A. In the first case A is simply called

a value, or an ordinary value, of the function : in the second case A is

called a singular value.

Postulate 1.—If (j) a be an ordinary value of 0j?, then h can always

be taken so small that no singular value shall lie between a and
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(a + h), that is, no singular value shall correspond to any value of x
between x — a and x — a + h.

The truth of this postulate is matter of observation. We always find

singular values separated by an infinite number of ordinary values. If

we lay down all the possible values of # on a straight line, measuring

them when positive to the right, and when negative to the left, upon the

supposition that some certain given straight line represents 1 : and if we
then lay down the values of the function upon lines perpendicular to the

values of a?, placing each value of the function on the. line drawn through

the variable extremity of the linear value of x, and measuring it above

or below the axis of x, according as it is positive or negative, we have

the well-known method of representing a function by means of a curve,

which is the foundation of the application of algebra to geometry, as

given by Des Cartes. We have drawn the representation of a function

below, so as to exhibit every variety of singular value, and more than the

skill of the most practised algebraist would at present be able to find a

function for. The stars mark the singular values, or rather the places

at which there may possibly be a singular value ; all other values are

ordinary, however near the singular values they may approach in posi-

tion. And we see that, however nearly a, the value of a1

, may approach to

b the value of x at one of the singular points, it must be possible to take

a + h lying between a and b.

•zr—<&

Postulate 2.—If a be any finite value of <fix, it is always possible

to take h so small, that (a + A) shall be as near to a as we please,

and that x shall remain finite from x = a to x = a + h, and always

lie between a and (a + A) in magnitude.
This again is a part of our experience of algebraical functions. It is

generally assumed under the name of the laiv of continuity. The latter

part of the postulate may be true of the whole extent of some functions

:

thus, however great A may be, or perpetually increases between a2 and
(a + hf.

It is possible to imagine a function which does not observe this law,

but we cannot, without further consideration of singular values, find the

means of expressing it algebraically. For instance, in the following

figure, the function represented by A B C D E F is discontinuous at B

D F,

a AR

M »
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and D. But we have no means of expressing such a function in common
algebra. We may call the law expressed in this postulate the law of

continuity of value, to distinguish it from that of the next postulate

;

and we may say that functions, which do not obey this law, if any, are

discontinuous in value.

Postulate 3.—If any function follow one law for every value of x

between x—a and x — a + h, however small h may be, it follows the

same law throughout : that is, the curves of no two algebraical func-

tions can entirely coincide with each other, for any arc, however small.

If x be x* for every value of x between a and a + h, however small h

may be, it is x* for every other value of x. This we may call the law

of continuity ofform, or permanence of form.

Exceptions to this law may be represented, but cannot yet be alge-

braically formed. As in MNPQR, we may conceive a function which
is represented by an arc of a circle joined to one of a parabola, which

is itself joined to a part of a straight line, and so on. Such a function

would be called discontinuous in form, and though not now exhibited

algebraically, may actually occur in practice. Suppose, for instance, a

spring of the form MNPQR fixed at the end M, and disturbed at the

other end. The number of its vibrations per second might become a

subject of inquiry.

Let f x be a function, continuous in form and value, which we
always mean unless when the contrary is expressed. Let us take two

consecutive values of x, namely a and a + h ; but instead of supposing x
to be a, and then to become a + h at once, let it pass through n steps

altogether, becoming successively,

a, a + 0,. a + 2 0, . . . . a + (n — 1) 0, a + n :

that is, let n 9 be h, so that by increasing the number of subaltern incre-

ments by which a becomes a + h, we may diminish each increment 6

without limit. The corresponding values of the function are a,

(a + 0), (a + 2 0), . . . . up to (a + n 0) or (j> (a + A).

The several increments * of the values of the function are then

—

<t>(a+6) -00, 0(«+20)-</>(a + 0) . . <j> (a+w0)— (j>(a + n-l6).

Let (j) a be called P , let f (a + 0) be called P l3 &c. up to (j> (a + n 0)

which is called P„. Consequently the increments of the function are

Pj —

P

, P2-P x , P3—

P

2 P„— Pn_! {n in number) the sum
of which is P„— P or <p (a + h) — (j> a. We have then,

(P
1
-P ) + (P2-Pi)+ . • • . +(P»-P^i)= <K« + h) -0 a

+ +....+ = nO ~h
(P t -P,) +(P,-P,)+ . . . . +(P.-P»-,) „ 0(a+/Q-0a '

+ 0+....+ h

so that (/i and a being given) the fraction made by summing the nume-
rators of

Pi-Po P2-P1 P»-P»-i
" '

for the numerator, and the denominators for a denominator, is equal to

the same quantity whatever may be the value of n.

* If the function decrease instead of increasing, we must either use the word
decrement, or apply the terra increment to both positive and negative quantities, a

negative increment being a decrement. We take the latter alternative.
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If n increase without limit, diminishes without limit, and so do all the

numerators of the fractions in question, which last therefore all approach

the singular form §-, and we have now to ascertain whether the limits of all

or any must he finite, or whether they may severally increase without limit

or diminish without limit. Now (we refer the student to the lemma fol-

lowing this) they cannot all increase without limit or all diminish

CI a o!

without limit : for it is shown that among the fractions -g
- '— , &c,

there must always be some which are algebraically greater, and some which
a +«'+... .

are algebraically less (some means one at least) than
, , :

the only possible case then, unless there be finite limits among them,

is that some increase without limit, and all the rest either diminish without

limit, or increase negatively without limit.

Let — = Gh —T— -Q a . • • •
-

Q
-M»-

Now, whatever these quantities Q„ Q2 may be, a law of con-

tinuity must exist among them, for they may all be made from the first,

by changing a into a + time after time. Thus,

(o + 2 0) — (a + 0) . , , n <t>(a+0)-<pa
q or — is made from Q r

or

by changing a into a + 9. And we have reduced the question to this

alternative : either there are finite limits, or some increase without limit

and the rest diminish without limit : if the latter, we shall have two

contiguous fractions, one of which is as small as we please, and the

other as great as we please : or we shall find, for a sufficiently great value

of 77., somewhere or other in the series Q x Q2 . . . . a phenomenon of this

sort, Qk smaller, say than '00001 or anything else we may name, and

Qfc+l greater than a million, or any other number we may name. Or

Q k will be positive, and Q /c+1 negative, both numerically as great as we

please. This cannot be true of ordinary and calculable values of the

function, and can only be true when Q,, is the fraction which is near to

some singular value of the function, or when a + k 9 is near to a + I

corresponding to a singular value (a +0> a + l lying between a and

a + hi But as h may be at the outset as small as we please, let us

avoid this by taking a new value of h, namely h', so that a -f- h' is less

than a + I. Repeat the whole process and argument with a and a + h',

by the same reasoning it will appear that if we refuse to admit finite

limits to some of the set Q L Q2 . . . . where n is now h', we are driven

to suppose another singular value of the function corresponding to a+ k'f

lying between a and a + h'. Avoid this again by reasoning in the

same way on a and a+ h" where h" is less than k" ; we shall be obliged

tp admit another singular value, and so on. Either, then, there are

finite limits to some of the set contained in the general expression

(a + k 0) — (a + k—L 0)

or the function admits of an infinite number of singular points between

x == a and x = a + h : that is, is not according to the postulate. There-

fore, we have the following theorem.

x being any function of x, and a and a+ h any consecutive values
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of x, where h may be given as small as we please, there must be finite

limits to the fraction
O 4- 8) — $x

, in which 6 diminishes without

limit, for some values of x between x = a and x =r a + h.

The limit of — is called the differential coefficient of

x with respect to x, and the. theorem just proved is as follows :—Every

function either has a finite differential coefficient when x has the specific

value a, or when it has a value a + k where k may be as small as we
please.

There are points in the preceding demonstration which lie open to

certain objections, depending upon the way in which the terms of the

postulates are understood. The student may, if he pleases, consider it

only as giving a very high degree of probability to the fact stated, since

we shall presently demonstrate of all classes of functions separately,

that the preceding fraction has a finite limit for all values of x, with the

exception of a limited and assignable number of values for each func-

tion.

,
a a' a"

b>V3w" m

be a series of fractions the numerators of which are of either sign, and the

denominators all of'the same sign, then — ——

*

must lie alge-

braically between the greatest positive, and the numerically greatest

negative, of the preceding fractions.

To take a case, suppose the fractions to be

A 1
iz2 zJ?

2 4 3 2'

which are arranged in algebraical order, the algebraical greatest being

first, and the least * of the same kind last. Then we have

Lemma referred to in the preceding demonstration. If

3 3 3
TT — ~ or
2 2

3 =T
1 ^ 3— < - or
4 2

'<4
— 2 3—^ < x °r

3 2
-*<4

— 5 3—x < 7> or
2 2

-»<!
Hence, by addition

(3+ 1 -2-5)< -(2+ 4+ 3+2),

or

<

-5
~~2

— 2
>

1

4>
3

2>

-5
~2

-5
2

-5
2

— 5

2

or —5

or -2>

or

-5
~2

— 5~

2

_5^

2
l>--.4

3>

-5.
(3+l-2-5)>-2(2+ 4+3+2>>

3+ 1-2 — 5 —5
2 + 4 + 3 + 2^ 2

3+1-2—5
2 + 4+3+2
* See [ Study of Mathematics,' p. 49. To avoid confusion, it would be desirable

to talk of the smallest of quantities,'\vheu we speak of arithmetical magnitude, and

of the least when we speak of algebraical order ; but the necessity for the distinc-

tion seldom occurs.
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and any other case may be treated in the same way. We have adopted

an instance, to keep the ideas of the student fixed upon the algebraical

relation of greater and less, which is necessary to the proposition. If

the denominators were all negative, the same thing might be deduced :

thus, if the set were

3 1 —2 — 5

— 2 — 4 —3 -^2'

since if p lies between q and r, it follows that — p lies between — q
and — r, then, since

3 + 1 — 2 — 5 • . 3 _ , — 5 ,-

- lies between — the Greater and the less2+4+3+2 2 5 2

3+1 — 2 — 5 3 , . . — 5 t
. .
—-

.
—- the less and — the greater.

The object then of our first investigations must be to determine the

,. . „ (a + 0) — 0a . ,. . . . . _ ,. • .

limit or when diminishes without limit, in every

possible case ; which we shall see amounts to substantiating the rules

given in Chapter I. But first we must acquire some more precise idea

of the meaning of the preceding. We see that x is first supposed to

have some specific value a, which is changed into a + 0. It is usual to

write x itself for its first value, and to call the increment of x. Let
A x be the abbreviation of the words difference of x, or increment of

x, we see then that 9 is an arbitrarily assigned value of A x. And
(a + 9) — a is the increment or difference of x, for it represents

the alteration of x made by changing x from a into a + 9. But it is

not arbitrarily assigned ; for x being a given function, and a and a + 9

given values to be used, (a + 9) — a is given with a and 9. Hence
A<px represents (a + 9) — (pa, or if u = <fix, we have A u —

(a + 9) — f a, or the differential coefficient is the limit of the fraction

A u
-— , which we cannot ascertain from this form, because when A*=0
Ax
that is, when the value of the independent variable is not altered,

A u = 0, or the value of the function is not altered. For instance, let

the function in question be— . We have then

1

'

1 1 9
u = — Am =

Ax =

x x + x x (a; + 0)

Au _ 1

Ax x (x + 0)'

we use A x on one side, and on the other, which must appear a super-

fluity of notation, because we thereby, on the left, preserve a better repre-

sentation to the eye of the process which is going forward, while we
have a more convenient working symbol on the other side.

The limit of the preceding fraction is easily ascertained from the

second side of the equation to be or — —
-. For when no sin-

x . x x1

gular form is produced by making = 0, the latter gives the way to

ascertain the limit towards which we approach by diminishing with-

E
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out limit. But this supposition, namely 9 = 0, is merely a step of the

work, and not a necessary part of the reasoning.

Theorem.—If p, q, &c. be the limits of P, Q, &c. to which they

approach when 6 diminishes without limit, and if none of the set P, Q,
&c. exhibit singular forms when 0=0, then the limit of any function

is found by substituting instead of P, Q, &c. their limits p, q, &c. pro-

vided no singular form be thereby obtained. Let us take as an instance

v
., the limit of which we assert to be — . To prove this, observe that
Q (

1

P
, the

P _ g~^P anfl let P = p + w Q - q + K
,

Q q Hq
whence it follows that fty and k diminish without limit at the same time

as 6. This gives

P p _ (p + ^) q — (q + «0 p go — p k_ _ _ _ .____ _ _ .__ •

the last fraction has a numerator which diminishes without limit with

6, and a denominator which continually approaches to the finite quan-

P
tity q

2
. This fraction, therefore, diminishes without limit, that is,—

approaches without limit to —, or the latter is the limit of the former.

'It is usual to represent the limit of -— by -—, on which the student
1 Ax J dx

should now read the remarks in pp. 13— 15, of the ' Elementary Illustra-

tions.' This latter fraction does not mean a quantity du divided by a

quantity dx, nor are its parts to be separately considered in the theory

of limits. [But in that of Leibnitz, pp. 21, 29, it is said that if dx be
an infinitely small increment given to x, du is the corresponding infi-

nitely small increment thereby given to the value of u, and the diffe-

rential coefficient is the ratio of these infinitely small increments. Thus
it would be allowable to say, that if

1 du 1 1 , -,

u —— —r- = or du = „ dx.\
x dx x* sr-

When x becomes s+Aj, we suppose that u becomes u + A u, P be-

comes P + AP, &c. Let us now suppose that

M=P + Q_R_J_C,

P, Q, and R being functions of x, and C a constant. Let P, Q, and R
have finite and determinable differential coefficients. This relation, being

required to remain true for all values of x, exists when x is changed into

x + A x, and gives

u -f A u - (P + A P) + (Q + A Q) — (R + A R) + C,

the constant not being affected by a change in the value of x. Subtract

the preceding, which gives

* ™ . * 7* .-n Am AP AQ ARAw=AP + AQ — AR, — = —-+ -J* _._-.,
Ax Ax Ax Ax

let A x diminish without limit, in which case the fractions in the last
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equation severally approach without limit to what we represent by —r-,

dP dQ jdR ,. . .—
,
—— arid —— , which gives

ax dx ax

du dP dQ dR
~r = -j—H -j ~r fa 36

'
Rule *•)

dx dx dx ax

We see that the constant C does not appear in the result. If it had
d C

been a function of x, we should have found —- added to the preceding.

But at present, if we suppose any other term in the last equation, it

can only be + 0. It may be said then, that when C is a constant,

d C
-— is 0. The proposition to which this may be considered as a sort of

limiting theorem is the following. If a function increase slowly, its

differential coefficient is small : the less it increases, for a given increase

of x, the smaller is the differential coefficient. Finally, if it do not

increase at all when x increases, the differential coefficient is nothing.

Let u= PQ
m + Am = (P+ AP) (Q+ AQ)=PQ+PAQ+QAP + AP.AQ
or as before, Am = PAQ + QAP + APAQ

Ax Ax Ax Ax

the last term of the preceding consists of one factor which approaches a
finite limit, and another, A Q, which diminishes without limit. All the

increments Am, A P, &c. diminish without limit with Ax, though their

AP
ratios do not. Consequently, the term -— . A Q itself diminishes with-

Ax
out limit with Ax, and we have

* = P *? + Q *?
(p. 31> Rule 9.)

dx dx dx

Let u = P Q R = (P Q) R.

Then, as just found, — = P Q — + R ,
^

dx dx dx

= p Q^ + r(p^ + q 1Z) = p Q^ + pr^ rq"
dx \ dx dx J dx dx ' dx

And by carrying on this process, we may obtain the following general
rule : to differentiate the product of n quantities, differentiate each and
multiply by all the rest. If u be the product of n functions P Q R . . .

then the product of all but P is — , and so on ; whence we have

du __ u dP u d Q u d R
~dlc ~~T ~dx 0" Ix "R dc

+
' * ' '

ti dx ~ P dx~
+ ~Q 'dx

+ R Ix'
~^~

' ' ' '

E 2'
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This remarkable relation is intimately connected with the theory of

logarithms. If \P mean the logarithm of P, &c, and if u = PQR . . .

it follows that

Am-\P + aQ + XR+. . . .
—— =— 1 1- . . . ;ax ax ax

and it will afterwards be shown that

d (\u) _ 1 du d (X P) __ 1_ clP

dx ti dx dx P dx

T , ^ P ' P + AP P

Q A P - P A Q Am A x Ax
or A 1/ ^r — ^i ————

—

Q s +QAQ Ax Q'-J-QAQ

taking the limit, and remembering that Q A Q diminishes without limit,

we have

Q^-P rf-S
du dx dx , _ ,, ,- = - (p. 37, Rnle 10.)

We shall now proceed to find the differential coefficients of the fun-

damental forms. But first we must premise the following consideration.

If u be a given function of x, then x is also a given function of u, though
not always an assignable function.

i

For instance, if u — x2
, then .rrvtj; if u = xn then x — u n

.

_

.

„ ,
- b + V b 1

-f- 4 au
It u rr ax- 4- ox X = =— ,2a'

we see then that a function may have more values than one for the same
value of the variable, and we know from algebra that such functions

will aiise from the inversion of any direct operation, except only

addition. Thus, if we consider the equation u = x2 + x, and if the

question be, given x to find u, we have but one value of u to every value

of x : but if it be, given u to find x, we have to solve an equation of the

second degree, with two values. In the differential calculus we must
always distinguish these two values as if they arose from different func-

tions; thus, there are two differential coefficients, one to each value.

With this restriction we apply the rules separately to every different

value of an inverse function. Thus, when we say if u = x, then

let x = ijs v, Ave mean, let ty u be one or other of the values of x
obtained from the first equation ; but whichever it may be, do not use

one in one part of the question, and another in another. It is usual (or

rather it is becoming usual) to let ty~
l u stand for the value of* obtained

from u = x ; or to say that, in such a case, x = _1
u.

If, when x *==. a, u t= b, we are at liberty to say that when u £= b,

x == a is one of the values of x corresponding to that value of u. If

therefore, ti=z(j>x makes a?= fru a necessary consequence, and if

b — (pa be true, then a = \J/ b must be true, not must be the only true

consequence. If then the value of u corresponding to a -J- A a be

b -f- A b, or if b + A b = <p ( a + A a), and if u = x makes x == ^ u
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a necessary consequence, it then follows that a -f- A a = y Q> + A 'J ) is

a truth. That is, we may consider A a and A b as simultaneous incre-

ments of u and #, without asking by which of the two equations either

is derived from the other. And the same of Am and A x, when we drop

the reference to specific values of u and x, which we have used for dis-

tinctness. If we use the first equation u =. 96 x, we obtain

Am 0-!- Ax) — <j)x ,.,,.... - .. ,
-— = —1 and the limit is a iunction of jr.

Ax Ax
If we use the second equation x =3 y u, we obtain

Ax ^(u + Au)-tyu . .— = and the limit is a function of u.
Au Au
Calling these limits 0'r and f'u, as in the first chapter, and remember-
ing, that for all values of A u and A x we have

Am Ax , , ... .Ait ... .Ax— X — = 1, we see that limit of — X limit of — = 1,Ax Au Ax Au
as in p. 22. That is, <fi'x X f'u = 1 , which will be reduced to an

identical equation 1 = 1 by the substitution of <p x instead of m, as in

the following example.

a
7 1

a
Let u or © x = - + 0, then x or^u==

x u — b

Ax A x I x + A x \x J) x(x-\-Ax)

the limit of which is or (p'x = -,

x- x-

Ax 1

Am A u lu -j- Am — b u — b) (u — 6) (u + Am — 6)'

,,..,,,.,.• ci a
the limit of which is — —-—— or Wu == — —

;(u-by r (m-6) 2
'

a a
then will x — - — == 1,

x* (m — b) 2

not universally, but only when the (throughout thisprocess) permanent

relation u = f- b is also satisfied. And we see that the latter rela-
x

a
tion gives u — b = — and therefore

x

a a a a ax*
ofi (u — by x 2, (a~ x) z ~~ x2 a

~

(fi'x obtained from u~<fix has been signified by —
dx

f'u obtained from x=fu will be signified by -r~
du

. . du dx dx 1
therefore — x — = 1 or — =: -7-

ax au du du

dx

We have illustrated this at length in order that the student may not
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think he sees it too soon, which he will always do, because there is

between —- and —- a resemblance to — and — of common algebra,
dx du b a

which leads him to think that the preceding equation must be as true as

- x - = 1, and for the same reason. This is the disadvantage of the
o a

notation, but it ceases to be such when it is understood that — is not
ax

a symbol in which we can separately speak of d u and d x, but an inde-

composible symbol, the parts of which, though they serve to remind us

of the manner in which its value is obtained, have no separate meaning
in connexion with that value.

"M derived from «=:</>#, arbitrarily stands Iyim^ of
^ A,r)— a;

dx for i Ax
"-x implies a consequence of the preceding, li--

t
c r (u+Au) — yu

du namely x = ^r u, and stands for i A u

Cover the left side of the preceding with the hand, and see in what
degree it is evident from algebra that the product of the two limits spe-

cified at length is 1 ; for that degree of evidence, and no more, should

attach itself in the mind of the learner to the equation -r- X -r- = 1,
(XX O/lt

dx
independently of the demonstration. In the same manner -—, which

seems most evidently = 1, must not be received as such without the

following. If u = x for all values of x, and if increasing x by A x makes
u increase by A?/, we have u + A u = x + A x, and, subtracting the

A yr

former equation, Am == A a? or— = 1, which being true, however small

A a? is taken, has the limit 1, and now * we may say that —
,
(which is

B- 1

:

Let us now suppose that u is a function of y (0«/) where y is a func-

tion of x ($ x). We have then

u = <t>y from which we can find limit of —— or -r—

,

y J Ay dy'

y zzy/x from which we can find limit of —- or -r- ;9 r J Ax dx
'

cite

but we have no equation from whence to find —, though we can make

* In the beginning of every science comes the difficulty of understanding why
some apparently self-evident things are proved, and others not. We cannot here

enter into this question, but we recommend the student to inquire, if he has never

thought of it, why Euclid shows how to cut off a part equal to the less from the

greater of two straight lines, when he does not prove that a straight line can be
drawn. We have hardly thought it necessary to prove that if two functions be

always equal, their differential coefficients are equal. It is evident their increments

must be the same, the ratio of these increments to that of the independent variable

the same; and variable ratios which are always equal must have the same limit.
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one by substituting tbe value of y in u, giving u = (y x). Yet, if x
become x + A x, y will receive a certain increment A y, in consequence
of which u will receive an increment Aw. And, from common algebra,

Am Au Ay—- = —- X—-, whence, p. 50,A* Ay Ax L

.. ., Am .. Au ,. A?/ c/w t7?< dy
limit — = hm. -— X hm. —- or — = -— x -f--,A x Ay Ax ax ay ax

which also seems evident from algebra, and the preceding remarks
apply. In fact, retaining the notation of Chapter I., and supposing

that (y x) is %x, this equation might have been deduced in this form

y^x =3 <p'y x ty'x, which does not appear self-evident,

and is only true under two implied equations, namely, x x = (V'
;r)

and yz=iffx.

Thus, if u = if y :=: x1 giving u = x6
, it will be proved that

du dy , . , du. „ .-— = 3 v -p- = 2 t, and also that -7- ,~ 6 x5
,

dy dx ax

each equation in the lower line following from one in the upper, in-

dependently of the others. But from the connexion of those in the first

line follows this connexion between those in the second, namely,

6 x5 = 3 y
2 X 2 x, which is evidently true if y = x2

.

In the same way we might prove, if of the variables u, v, w, y, x, each

is a function of the following, that

du du dv du die dv dvo du du dv div dy

dw dv dvo dy dv dw dy dx dv dw dy dx

. 'du dv dw dy .
- . . „ .

where ——
•
, --, -—, -~, are directly obtained from the supposition:

dv dw dy dx J

du
but— implies that u has been made a function of iv, which can only

be by substituting in u = <pv, the value of v from v s: ty w, and so on.

Let us suppose u = xn (?i being a whole number ; observe that by 11

and m we always mean whole numbers, unless otherwise specified) that

is, let u be the product of n functions x, x, x, (n). Then by the

formula in page 51, we have

du u dx u dx , . nv
-7- = t- -\ ;—r- > - • • (n terms m all)
dx x dv x dx

u dv u xn= ?i - —- = w— x 1 — n ~ — nx"~\ (p. 35, part of Rule 2.)
x dx x x

«i

Now, let u = x n or u" — xm . Let p == u", where u is a function of x.

rrn r &V &V &U . du . n ,
, -

1 nereiore -— ==. — =r nv. -p- by the last, but p is also x ,

dx du dx ax

dp
whence -7— == mxm ~\ Therefore

dx

, du , du in cc
m~

} in __, /p. 35, Rule
7m"- 1 —- = mxm-\ — = —

- = — x" L :„ naTtdx dx 11 u"- 1 n ' V A in
l
oau -

, „ ,,_. „ ' »i ' — -.m-l-m+ _
(u = x , W ' = X —X » ,,"-l~
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Now let u = x~'\ where p is positive, whole or fractional

p
d\ dxp

1 , - ^ s du da: dx
u =— (p. 52 ) —- =

xp Vi
d* X™

dl d.x*— == 0, —-— ^z px p (by the two last cases)

rf« pxp~ l
, , . , /p. 35, Rule 2

Let u =: a*, which gives

Au ax+&x — a" a A * — 1= a* XA ,r A j? Ax
a» 1

and the question is now reduced to finding what limit has —-— when

a - I
9 diminishes without limit, the singular form being (0 s= 0) — or

—-— or -, as in other cases. This limit must be some function of a, for

6 cannot appear in a function which (when a proper form is given to it)

is found by making = 0. For the same reason, the limit of is

the same function of a, if k diminish without limit. We obtain, there-

fore, the same limit if k be a function of 0, provided both diminish with-

out limit together. Let k = b9
}
h being a constant. Then we have

,. . a b6-\ \. .
at—

I

Te~
= —

e
—— ( ^

_ a M — 1 1 (a by- 1 , . , , „ ,•,.«."'-
Jout—: = - .

, which second factor only diners from
be b e J

at — 1 .— in bavin a; a
b
substituted for a, and therefore its limit is the same

at— 1
function of ab

, which that of is of a. Let the limit of this latter
6

he fa, then we have

.. . 1 (a b)t- ] 1 (ab)t - 1 1 4>

consequently (1) the function fa is such that

I / {ab
) =: / (a) orf(a>)-bfa,

and a and & are independent of each other. If ab be g, we have
log q = b log a, whatever the base of the logarithms may be. This gives

f (q)= '!M fa or J± = /^,
log a log q log a

and q and a may have any differen*- values we please, for though q = a*,

yet since b may be what we please, it may be so taken (exactly or with

any degree of approximation we please) as to give q any other value.
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Therefore fa is such a function as to give .-— this property, that it

log a
L l J

remains the same if any other quantity q be substituted for a. That is,

fa . . ,
,-— is a constant independent of a, which call C.
log a

.'. faz=:C log a ; but the equation

Au a A x — 1 . du . . . aA x— 1
-— == ax— gives —- = ax x limit —
Ax Ax ax Ax

du
or — = C log a X ax, where all that is known of C is, that it is inde-

ax
pendent of a. It must clearly depend on the base of the logarithms

chosen, and it will afterwards be shown that when the logarithms are

Naperian, then £± 1. But this point must be reserved till the next

chapter. Remember, that for the present, all differentiations which
contain ax are not finally demonstrated until it shall have been shown

that if u—ax
,
— = Nap. log a x ax ; all we know is that, taking these

logarithms, it must be of the form C Nap. log a Xax where C is not

determined, but assumed, for the present, to be ==1.

From this it will follow that if a = e= 2-7182818 .... the base of

(XXL

Napier's logarithms, or if log 6 = 1. and if u = e
x
,
——— 1 x e

x — t
x
,

ax

(p. 36, Rule 4.)

Let u ~ log x to the base a or x e= au

then -— = a" X log a = x log a
du

dx fff x loga x
'

du

where M is the modulus * of the system of logarithms having a for its

base. Hence, since loge — 1,

.. . du 1 _, .

if u == log x — — - (p. 36, Rule 3.)

(Read here the proof that the limit of the ratio of is 1 when 6 di-

minishes without limit, given in the ' Elementary Illustrations,' &c. p.

4.)

Let u = sin x Au __ sin (x + 0) — sin x _ 2 cos (x + ~ 1 sin -

Ax=d ' Ax ~6 ~ —
6

. e
sm ^

/ e\ - 2
r^cos {x+ -

J
X —— , whose limit is cos x X 1.

* By a well-known relation, log,r (to basey) X logy (to bases') = 1.

Hence :——: — = log e (base a) = Modulus of system whose base is ft.

leg a (base c) ° '
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du

dx
Hence u s= simr gives — = cos x, (p. 36, Rule 5, in part.)

n , o\ . e
.. , , „.. — 2 sin (x+ - sin -
Au cos (x+ 6)— cos x 2/2

Let u = cos.r —- 2= s= —-

Ax e e

. a

. , ,
e\ 2= — sin (a? + -

)
—-— whose limit is — sin x X 1,

du
Hence k=coso: gives— = —sin a?, (p. 36, Rule 5, in part.)

Au tan (x -f 6) *- tan a; sin0
Let m = tana? 7-= 7 — z J—

T

-^Aa; 6 cos (a? + 6) cos.t.

sin« sin b sin (a— 6)
(Remember tan a — tan 6 == : = -

cos a cos cos a cos

1 sine _ ,. .'
. 1

X whose limit is X 1,
cos (x+ 0) cos x 6 cos x. cos x

or u — tana; gives — =2 —= 1 + tan 2
a\ (p. 36, Rule 5, in part.)

dx cos*2a?

Let u — sin
-1

o? or j?= sinw

du 1 1 1 1

<to f^ cos it Vl-sin 2
a: Vl -a;3

Let m = cos"
1 x or a? == cos u

du 1 I 1

(p. 36, Rule 6, in part.)

, (p. 36, Rule 6, in part.)
dx <]x —smu VI— x*

du

Let u =: tan
-1

j? or a? = tanw

<Zm 1 1 1

do; df_ 1 + tan2
?< 1 + a;

2

du

, (p. 36, Rule 6, in part.)

We have now differentiated the component parts of the common func-

tions of algebra, including trigonometry. It only remains to show how
to differentiate the compounds of these elements.

Let u s= ((fix)™ : if then we denote <px by y, we have u~ y
m

> y—<j) x,

du , dy

dy dx

. du dudy m .dy . , „ _ ,,

(P '
55)

rfx
= ttx = m2/ ^ = *^ *

\JbJL \ajU Uias %1/db

Let u =: (cos a
- — a?)

1" ~=zm (cos a? — a;)"
1 " 1

( — sin a?— 1),

,
c/?f

,
dy .

, ,

u — ay yszcpx — ss a?/ loo- a -f — a*" loga 6r,J
rf.c

& dx °
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du 1 ^7/ 4>'x

u=\ogy 7/=0a? -7- — — -
7-=x-'

b,/ ^ dx y dx <px

du du
1 jt

74= sin y y—<j)x —= cos 2/ -p s= cos # . 0'x, &c.

W= Sin ?/ 7/= 0.T — =-7=r=r 7- — 1 &c -

17 ff
rfj? Vl-?/2 rfr Vl — (</)X) ,J

The following cases deserve special attention :

—
C??/ _, dii

, ,,

u=f y^x —=2y£=z2<fix.Vx

/— ,
du 1 dy fix

u=i\y y—(px — = —p-7- = -
,

—

__ 1 _ du __ 1 rf?/___ /j?

M —
t/~

Sf^*
d~x~~

~
y

% dx~~ (0J?) 2

M=Vaa -a?», — " 5-7= x - 2a? ~ -1=='
eta 2 Vg 2— x2 wa2 -x-

du y _' <2t/

?

= s!2ax-x\ 3- -77-7= (2a—2a?)= -r==i.
eta XiJzax-x* W2ax—x'-

The following equations are the fundamental relations of trigonome-

try in another form :

—

sin"
1
x, or the angle which has x for its sine, is

_ J 1 ~j2 1 1

cos-Vl-^, tan- 1 -
.. , cor 1

, sec"
1J==2,

cosec"
1 -;

VI— x2 x

cos
-1

x, or the angle which has x for its cosine, is

sin" 1 VI -a?2
, tan"

1
, cor 1 -—=, sec"

1 -, cosec '-p=;
x VI—^ x \l-x~

\&n~ x x, or the angle which has x for its tangent, is

x 1 1 _ \f \ \ xz

sin"1 . =, cos
-1 -t=> cor 1 —, sec" Vl+z2

, cosec
-1 —— '

Vl-fa;2 VI +z2 x *

cot
-1

x, or the angle which has x for its cotangent, is

sin" 1 -
, cos" 1 -7-^—r , tan- 1 -, sec"

1 ri±f? cosec"
1 VT+I2

;

Vl+x2 VI +o?2 x x

sec"
1

a?, or the angle which has x for its secant, is

VV— 1 1 /
r 1 _1 a

sin"
1

, cos"
1 —, tarr'W-l, cot"

1
. ,

cosec -j=

;

x x *Jx2 ~ 1 \x'2 — 1

cosec
-1

x, or the angle which has x for its cosecant, is

1 V-r2 — "l 1 / _, *
sin" 1 —, cos" 1 —

, tan- 1
. cot-W^-l, sec .

x x V\r2— 1 Vj2 — 1
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Beginners usually find some difficulty in comprehending these rela-

tions, owing to there not being distinct names for sin
-1

x, &c. We
shall call sin

-1 x the inverse sine of x, meaning, not that x is an angle

and we are speaking of its sine, hut that a? is a sine, and we speak of

its angle : an inverse sine is the angle which belongs to a sine.

The following are the most common formulae of trigonometry trans-

lated into this language.

1 7r It b*

^Y^T cos Y^T tarrl== T
sin (sin

-1
x) == x cos (cos

-1
x) = x tan (tan

-1
x) — x, &c.

cos
-1

a; + sin"
1 x =— cot l x + tan

-1
«r = — sec 'or + cosec 'x=-.

2 2 2

sin
-1

a1 + sin
-1

y — sin
-1 (iVl-?/8 ±?/vl- #-)

cos
-1

a? + cos
-1

y == cos
-1

(.ry ^ v 1

—

j2 V 1 — yy

i i i Z' * + y
tan

-1 ^ + tan x y = tan
-1 —~
Vi=F*y

In sin (sin
-1

a?) we see something analogous to (y<z) , x-\-a — a, and
other cases, in which two operations are successively performed on x, one

of which by definition destroys the other. The question, " What is the

sine of the angle whose sine is x ?" is not readily answered at first ; but

the difficulty vanishes when we use more familiar objects—" What is the

form of the letter whose form is A?"—" What is the name of the man
whose name is B ?"

An angle has but one sine, one cosine, &c. Therefore, sinp,

sin (sin
-1

q), &c. have but one value. But a given sine has an infinite

number of angles, as is shown in trigonometry. Thus,

0, + 2tt, + 4tt, &c. ir-e, 3ir-0, 5ir-0,'&c.

all have the same sine. If, then, sin0 = x, is only one of the values

of sin
-1

x, the others consisting in the several terms of the series just

written ; and the same for the cosine, tangent, &c. We shall return to

this subject.

Since the expressions in the six lines above cited are equivalents,

their differential coefficients are also equivalents. By equivalents we
mean formulae which express the same value in different forms. The
verification of this assertion will furnish thirty useful instances of diffe-

rentiation. We shall take one of the most complicated at full length.

t • X
1

x
Let u = sec 1

•

—

= sec l

y where y s—
Jx 1—

1

v#2— 1

du du dy . . ,
. . .— =— . -p-j which two are to be separately found.

ax ay dx

1 dy 1 d.cosu sinu
y — sec u = , — = — .

; £= —
cosu du cos2 m du C0S2M

Vl— COS'?/ /, 1 . / 1 ,
: = \/ 1 r- • sec*M= V 1 -

9 > y =y V y
2 -

1

cos2
?{ V sec 2w V

y
2

du _^ , . <% __
1 *J(x"-l)~x__ x2 —l

dy ' du~~y*Jyi_i
~
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(Observe that when P is a complicated expression, it is typographic

.x d' dP\
cally more convenient to write — JL

J than — 1

.

ax axj

V—
— dx d I f-

X*— 1 X -r~ V*"— 1 V IX
1— 1 —X

dy _ dx dx ^ yV-1
dx

""
x2— 1 x2— 1

x*-l—x* 1

2 -l) a
(>

2— 1)
T

-.. „ du du dy x% — 1 1
Therefore — or ~ = x

dx dy dx x
(xi_iy x V#2— 1

Again, let u = cosec l x or x = cosec u = -

—

sin«

dx 1 d . sin \ cos u I 1

sin'
2
?/ v cosecdu sin

2 w du sin
2
?/ V cosec

2w

du _ dx _ 1 1

^ * du & /
1_jL

arjtf-l'

cosec u

x-

X
that is, cosec

-1
x and sec

-1 — have the same differential coefficients,

V^2-l
as they should have, being equivalents.

We have hitherto considered only the first diff. coeff. and a function

of only one variable. But successive differentiation is only a repetition

of the same sort of operation, and it merely remains to find a proper
notation to express the diff. coeff. of the diff. coeff. or the 2nd diff. coeff.,

&c. For the present, we have only

, du
a .
—
dx d du

,
,..„ „ du

d.

or ———
• to express diff. co. of

dx dx ax dx

, du
d.—

dx

dx d d du ,.„ „ d du
—j or —— -T-. — to express cliff, co. or -=— —

,

dx dx dx dx dx dx

and so on. But we shall afterwards point out a method of arriving at a

systematic and short notation, and not till then can the student see the

full advantage of the symbol we have chosen.

As to functions of more than one variable, they are considered for the

present as under the condition that none of the possible variables do
actually change except one, with respect to which differentiation takes

place. Thus, in a function of x and y, the latter is a constant in dif-

ferentiating with respect to x, the former in differentiating with respect

du
to y. Thus, if u == xy -f- y

s
, we have —— =y, just as in differentiating

, „ , du du
u = ex + c 3 we have —— = c : we also have— = x + 2y, just as in

CtX G7J
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(Iflbu~ ey-\-if we have— = c -j- 2y. If u be a function o.f x and y, de-

noted by fix, y), we have two increments for u, according as we sup-

pose y or x to receive an increment : that is,

Au f(x+ Ax,y)—f(x,y)—- = -;
- — when x becomes x + Ax,

Ax Ax

Au f (x, y + A v) — f (x, y) .~ J y »•' 2± U^ULL ^en y becomes y + Av ;Ay Ay y
;

but Au does not mean the same thing in both, which, however, makes

no objection to our calling the limit of the first — and of the second -j-.
ax ctij

For, as these fractions are only symbols when considered as wholes,

without reference to the meaning of their parts, there is no more
separate consideration due to the du of one, as distinguished from the du
of the other, than to the loop of a 6 as distinguished from that of a 9.

The denominator (or what we should call such in an algebraic fraction)

points out what variable has been used, the numerator what function

has been differentiated.

/ x \ du x d x
u = cos — , — = — sm 1

\y J dx y dx y
du . x d x . x

dy~ y dy y
~

y
du , J du

u = x+y ^ = 1 . - = 1.

u = (x -f- y) = <}> (v) where v = x + y

du __du dv _ du __ du dv _
dx do ' dx dy dv dy

•> • du du
Therefore u = (j> (x + y) gives — = — , an important result.

doc ^y

The student may think, and perhaps ought to think, that, in applying

the reasonings hitherto given to functions of more than one variable, we
are extending our conclusions, without further proof, to cases which the

preceding proofs did not embrace. If so, now is the time to make him
reflect, that from the beginning we have meant by a function of x, a

function of x, and a constant. These constants, upon other supposi-

tions, might change their value, that is, they are constants only with
respect to x ; a change in x does not change them. We are therefore

justified in applying our conclusions to the variation of any single varia-

able, with attention to the proper rules : we must only take care in

practice not to apply to consequences of the variation of one variable,

the supposition that they were produced by that of another, except

where we can prove the variation of both to give the same result, as

in the case of <j> (x~\- y).

To familiarise the student with these considerations, we shall take

this opportunity of pointing out that relations may exist among differen-

tial coefficients which are not derivable from one or two particular func-

tions, but from an infinite number, that is, are equally characteristic of

all. And, firstly, as to one variable only. Let u = x -j- c, where c is
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any constant. Then — = 1, whatever c might have been : thus,

• du
u — x + a, u ~ x + 6, &c. all give — = 1,

dx

T .
du

, ,
du

Let i* r= ex + a;
2 -r— = c + 2x c = 2.r.

ax ax

duf du _ .

or m = I 2j?) x + ;r,
\<lr

a relation which exists whatever c may he, provided only it is constant.

This is the distinction between an arbitrary constant and a variable :

the former may be what we please, but must keep one value throughout

the process : the latter may be differentiated, which infers variation of
value, as one of the steps of the process. Thus, the answer to the

question—" What function of x must u be, in order that —— = 1 ?"

is unanswerable in definite terms. It is u = x + c, (at least this is one

case ; we are not to infer now that because u = x + c is an answer

that it is the only answer) where c is any constant whatever.

Prove the following

;

du . / du
if u = ex + c3 , u '== *r— . oo + i

dx \ dx

1 du .„ c du u
if u = —+ u2=0; ifw = - +— — 0;

a; + c cu? x dx x

,
i

du du
it w = co? —logo; —- = 1-Kr log <r.& dx dx D

Whence we have the following theorem :—if u, a function of x, also

contain a constant, that constant can be eliminated between the values

du
of u and -— , and an equation produced which does not contain the con-

stant, and is true for every value of it.

In considering a function of x and y, such as f (x, y) it is important
to observe that there are two sorts of indeterminateness in its form.

Under this general symbol are contained

1. All the functions of x + y, (x + y)
n

log (x + ?/), &c.

2. All the functions of xy, (J.y)

n
log {xy), &c.

3. All the functions of a:
2 +y, («

s
+^)

n
log (a

-2 + y), &c.

&c &c. &c. ad infinitum.

in the first, let x and y be said to enter through x + y, in the second
through xy, in the third through x- -j- ?/, &c. And wre shall now con-

sider, not the general form / (a?, y) ; but some restricted forms in which
x and y enter through given functions of x and ?/. We have already

had one result in the case of (x -j- y), where <£ and y enter through

a? + y.

Let u=.<t> (x'+y*) x~ + y- = v u = 0u

dx dv dx
"

dy dv dy

-,,. . .1 ,
d?£ dw

Eliminate y, and v i x —- = 0.
a.r a?/
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Here is a relation which must exist for all functions whatsoever of

x* + y
1

: thus

22/
1 t 2 J -11 dU 2X dU

a? + if

dw cZmw=02

+2/T, -r= 2( (r
a

+3/
a
)-2*, -r =2(x*+y*)2y

dx ay

LetM = 0(j?-y), —+— =0; u = g>(xy)
1

u=z
<f>

(inx-\-ny),

Let m = a;™

7*- m—-=:0; w=

du

dy
~~

dy

y.

x'

d(pv

dx

dv

dy'

du

n>,

fv-\-x
n

(/)'v

— — _ y
dx

du

dv

dy"

du du
y- x — =0J dx dy

in both cases.

du
__

du

dx dy

du du

dx dy

dv

dx

1

x

from all these deduce that x ^p+ y —= nu : what particular case has
dx dy

been already found ?

We have chosen such instances as we knew to give simple results

:

let us now take

u — x <p (cc—y log x),

du *u— = (#— y logtf) + x(j>
f (x <— y logx) (1 —

du—= x 0' (a- — y log x) x (—log a),

from which deduce —- (1 — — ) log x = — u -^-.
dy x J dx x

We thus see that, however x and y may enter through a function of

x and y, we can by means of the two diff. coeff. of u and the given

equation, eliminate the arbitrary function altogether, and produce an
equation which is true for any form that may be assigned to it.

When any specific value is to be given to an arbitrary constant, which
remains such throughout the process, it is immaterial whether the

specific value be assigned at the beginning or the end of the process.

For the rules of differentiation are the same whatever the specific value

of the constant may be. The simplest case of this is as follows :—If

u — ex, — = c. Now. if all this time c be = 5, we may either diffe-
dx J

du du
rentiate u = 5 x, giving

—
" == 5, or w =: ex giving — ;= c, in which we

(JjOC clx>

then make x — 5. This remark, however slight it may appear, is of

great importance.

With regard to the results of differentiation, observe 1. that all rational

and integral functions (a#2 + bx + c for example) are lowered one
degree by it. 2. That when e

9x
is a factor of u, it is also a factor of the

diff. coeff. Thus, if u c= e
9* X fx,
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die— — st* X f'x + £**
. <fi'x . fx =r e*

1
{ y-c+ 0'x Y'*},

of which s*
1'

is also a factor. 3. That no factor is ever made to disappear

from a denominator ; but on the contrary, is introduced with a higher

exponent.

„., <bx . du. Vs x 0'j.1— Mt'x
<f>
x (f)'x , Mf'x

J.hus« = — gives -7- = J
-. — ss <px- -.

.

fx ° dx (fx) 2 fx tyx)*

We are now to proceed to the application of this calculus to algebra.

We must call the attention of the student to the fact that we have not

assumed any algebraical development into an infinite series, directly or

indirectly. He may therefore dismiss from his mind entirely (until

further proof shall be offered) all such developments and their conse-

cpjences. The assumption which is usually made in algebraical works
for the establishment of such developments, is that certain functions of x

7

m
(a-Kr)»for example, can be expanded in a series of whole powers
of x of the form

A + B x + C x* + E xi + &c.

where A, B, C, &c. are not functions of x. Of this no legitimate proof

was ever given depending entirely on algebra. Nor is the assumption

universally true. That we may make use of infinite series, we shall

find ; but it should be matter of proof, not of assumption. By rejecting

infinite series we are unable as yet to complete the differentiation of ax
.

We have only found it to be ca^loga, and have assumed that c is 1

when log a is the Naperian logarithm. This assumption, which is

excusable while we are only inquiring into what will be its consequences

if it be true, must be abandoned in all applications until we can pro-

duce a proof of it.

Chapter III.

ON ALGEBRAICAL DEVELOPMENT.

Assuming u~(fix, we have shown how to find another function 0'a',

which has this property, that — — may be made as near

as we please to ([>

r
x, by taking Ax sufficiently small. Let the first of

these differ from the second by P, which is therefore a function of x and
Ax, having this property, that whatever x maybe, it diminishes with-

out limit with A x.

There may be special exceptions in each particular function. For

instance, ifw=log (x— a),— = , which is finite for every value of
ax x — a

x except only x = a. These cases, observe, we except for the present

;

that they must be finite in number, or, if infinite in number, belonging

only to a particular class of values, separated by intervals in which no
such .thing takes place, appears as follows. The only cases in which
we can conceive them to happen, are those in which such a value is

first assigned to x as makes a numerator or a denominator, or an expo-

F
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nent, one or any of them, nothing or infinite. Now, in all known func-

tions, the values of a? which satisfy such- a condition are separated by in-

tervals of Jinitude, and there is no function which is nothing or infinite

for every value of x "between a and a + b (for any value of b however

small) in all the functions of algebra. If there be such, we have notified

in the postulates at the head of Chapter II. that they do not form, a

part of what we have called the Differential and Integral Calculus, but

their consideration forms a science by itself. This condition is ex-

pressed or implied in every treatise on the subject.

Xet there be two limits a and a + h, such that neither for them nor

between them, are there any singular values of x. Thus, for log x

from x — 2 to x — 3, there is no singular value, nor is log 2 or log 3

either of them singular. We have now P, a comminuent * with A x,

whatever the value of x may be, between a and a + h. Consequently,

P and A x will still remain comminuent, even though, while A x dimi-

nishes, x should vary in any manner between a and a + h. Thus, for

instance, A x and x A x are comminuents, even though, while A x dimi-

nishes "without limit, x increase from a to a + h- Let us suppose A x.
:

to be the rath part of h, so that A x diminishes without limit as n

increases without limit. Let P, which is a function of x and A a?, be

denoted by / (x, A x), and we then have

</> O+Aj?)— <bx x . j,
I -^

—

I— =z fix + f(x, A x) ;Ax
now substitute successively x + A x for x until we come to have

<p O + n A x) or (j> (x + K) in the numerator, which will give the fol-

lowing set of equations (71 in number) :

—

(b (x + A x) — <b xT
A

' = <j>'x + f O, A x)
Ax '

<b(x + 2Ax) — (h(x + Ax) . , , . . , j,, , . A n
-

Zl—! L—LI—! L = 4/ (x 4. a x) +f(x + At, At)
Ax

d>(x+3Ax) — (b(x+2Ax) ,. , n A s , _r ,
, OA a n

L.l_! i—l_v—

!

i — d,' (x + 2 Ax) +f (x + 2 At, Ax)
Ax

4>(x + Ji—lAx) — (t)(x-rn — 2Ax) ,. — . „, -.
. ,,

L2—

!

1— lA -=(h' (x+ n— 2Ax)+f(x+n-2Ax,Ax)
Ax

<p (x+ nAx)-<l> (t+^1 Ax) = —

,

[ A^)+/(^+
—

j Aa?^).
A x

Form the fraction which has the sum of the numerators of the pre-

ceding for its numerator, and the sum of the denominators for its deno-

minator, it being clear that all the denominators have the same sign.

This gives

. * To avoid the tedious repetition of " a quantity which diminishes without limit,

when Ax diminishes without limit," I have coined this word. If ever the constant re-

currence of along phrase justified anew word, here is acase. There are sufficient ana-

logies for the derivation, or at any rate we must not want words because Cicero did

not know the Differential Calculus. Hence we add to our dictionary as follows :—To
comminute two quantities, is to suppose them to diminish without limit together : com-

mimelio?i,the corresponding substantive ; comminuents, quantities which diminish with-

out limit together. To comminute has been used in the sense of to pulverize, andis

therefore recognised English. _ __ ..... „_.-..., ... - - - . • -
'-
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<j>(x+Ax)-<l>x+(l>(x+2Ax)-<l>(x+ Ax)+. • +(ji(x+7iAx)~(j)(x+n-lAx)

nAx

6 (x + n A x) — d> x </> (x + h) — <bx
or [— or J :

,nAx I

i

which must therefore lie between the greatest and least of the preceding

fractions, or of their equivalents, all contained under the formula

f (x + k A x) +/0 + k A x, Ax).

Now let the first value of x be a, and let C and c be the values of x
which give <p'x the greatest and least possible values it can have between
x = a and x = a + h. (We have supposed that (b'x does not become
infinite between these limits.) And let C and K' be the values of x and

k which give f(x + kAx,A x) the greatest value it can have between
the limits, and c' and k' those which give it the least. Then still more
do we know that

<p(a+fi)-<j>a ^ between ^ c +/(C
,+ K, AX} A ^

and
<f>

c 4- f (c f+ k' Ax, A x),

in which the two functions markedf are, as we have shown, comminu-
ents with Ax. Now, if a quantity always lie between two others, it

must lie between their limits : for if not, let it be ever so little greater

than the greater limit, then we can bring the greater quantity nearer to

that limit than the one we have supposed to be always intermediate. Or,

in illustration, suppose P and Q to be

P A B X Q——— i
1—

j— i— i

—

moving points which perpetually approach the limits A and B : if X
(a fixed point) must always lie between the two, P and Q, it must lie

between A and B ; for if not, let it be at X, then by the notion of a limit,

Q may be brought nearer to B than X, or X does not always lie between
A and B ; which is a contradiction. The limits of the preceding, when n
increases or A # diminishes, are <p C and <j> c : whence we have the

following theorem ;

—

If <p x be a function which is finite and without singular values from
x— a to x=^a-{-h inclusive, and if the differential coefficient be the

same, and if C and c be the values ofx which make §'x greatest and
least between these limits, then it follows that

(a + h) — <ha ..
, „

1 — lies between <p C and <j> c.

Corollary.—Since, by the law of continuity of value, a function

does not pass from its greatest to its least without, passing through every

i. j- i , • 0(«+ /«)— 0«. . , ,,

intermediate value, and since— = is an intermediate value or
h

<f>

x between C and <b c, and since a + Oh where lies between and 1,

is, by properly assuming 0, a representative of any value which falls

between a and a-\~h3 and consequently between C and c, it follows that

— ^—X- = 0'(a+ h)

is true for some positive value of© less than unity ;

F 2
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As an instance, it must be true that

(a+hy — c? = 3 (a+ Qhy glvag 0< i for one vaiue .

To verify tins, expand both sides, which gives

a-\~0h
,

/3a2 + 3 all + h 2

n ± \fa2 -\- ah + ±h*-a
= ±V e = r ,

which, taking the positive sign, gives 6 < 1 ; for a? + ah + lh' is not

so great as a2 + 2 ah + h\ whence the square root in question is less

than a-\-h, the numerator less than h the denominator, and the fraction

less than 1.

Let there now be two functions (j>x and tyx, the second of which has

the property of always increasing or always decreasing, from x = a to

x=za-\- h, in other respects fulfilling the conditions of continuity in

the same manner as (j> x.

Let — —-

—

L—= \|/jr +/, (#, A.r),

whence/, (a?, A a?) is comminuent with A jr. We have then, as before, a

series of equations of the form

X-t+ k Ax)— <j) (x+k-l Ax)

Ax __ <f>'(x+ k^l Ax) +/ (x +k-l Ax, Ax)

$ (a?+ k Ax) - yr (j?+ k ~^l Ax) ^'(x+k^l Ax) -\-fXx-\- /e^T Aa?, Ax)

Ax
or

f(x+h Ax) - Q+ Jfe^l Ag) _ 0' (a-4 F^l Aj?) +.fO+^T Ax, Aa.)

V (a; +/c Ax) —\p(x+k^l Ax) f(x+ A-^T Aa?) +/,(j?+ £-1 Ax, Ax)

from which, by summing the numerators and denominators of the first

. , ... . 0(a+/t)

—

<pa .„ . , „ , , A
sides, which gives—; r-

—

:— if the first value of x be a, and if5 y(a+h)— y>,a

7iAx=h ; by observing that the denominators are all of one sign by the

supposition either of continual increase or decrease in tyx from x=a to

x=a-\-h ; we find the preceding fraction to lie between the greatest and
least values of the fractions on the second side of the set, and therefore

(using the preceding reasoning) between

0'C 0'c
,

0'x—— and—- the greatest and least values of —=-,
^'C ty'c

3
f'x

from x—a to x=a-\-h. And this must as before correspond to some

fix
value of -— for a value of x \yrne between x~a and x-=.a-\-h. Let it

\p'x
J °

be x = a -f- 6h as before, and we have the following theorem :

—

If 4>x and \p x be continuous in value from x—a to x=a+h, and
if in addition <j>'x and \p'x be the same, and if also ^ x always increases

or always decreases from x—a to x=a+h, then

0(a-f-A)- 0tt_ 0'(fl-fefr)
0<1

y(a-\-h)-fa VQn+dh)
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Corollary.—If the two functions be such that 0rt=O and i/>a=
without any discontinuity or singularity of value, we then have

(«+/*)„ 0'(q + e/Q
n

Let us now consider 0'.r and ¥'# as new functions of a; having for

diff. co. <p"x and ^"x, and take the limits x—a and x=a+ 0^ (0 being

determined by the last equation) and suppose that in addition to the

preceding conditions f'x continually increases or decreases between

x = a and x = a + 6h, and also that 0'«=O f'a = without discon-

tinuity or singularity, and that <j)"x and ^"x have no singular values

from x = a to x == a + ^» The same theorem then gives

Now consider «^"or and ¥"# as new functions of a; having diff. co.

<p'"x and ^e"'x, which give 0"'a = ¥"'« = 0, without discontinuity or

singularity from x=a to x = a -j- 9
X 6k, &c. from which the same

theorem gives

0"Q-WA)_ 0"'(g+9a 9 t
eft)

¥"(«+ 010/0 f(ffl+eAfiA) ' "
'

and so on. Now remembering that we know' nothing of 6, 6U &c. except

that they are severally less than 1, in which case all their products are

severally less than 1, we may include all the terms a + h, a + t
Ok,

&c, under the general symbol a+0h (0 < 1), and if we collect the

several sets of conditions under which this theorem will apply to all

functions up to the ?ith difF. co. inclusive, and observe that the first side

of (1) has a succession of values found for it in the second sides of (1),

(2), (3), . . . we have the following thoerem * :

—

If there be two functions x and ^ x, having the series of diff. co.

and if as a second set of conditions,

0fl=O, (f)'a—0, 0"a=O . . . up to
(n)fl=O

fa=0, f'a=0, f"a—Q . . . up to ^a—0
and if, as a third set of conditions,

¥ x, f'x, ty"x, . . .up to f
{n)x

be functions which either continually increase, or continually decrease

from x = a to x = a -f h : then there is a value of less than unity,

which will satisfy the equation

0Q + /O „ (',+1) (a'+eh)

f (a + h) ~ ¥x" +1) (« + ehY . -

If we were at once to proceed with the consequences of this theorem,

the student would not be well able to see why so apparently cumbrous an
apparatus of proof is necessary to obtain what is called Taylor's

* Remember that whatever is assumed to be true from a?= a to r:= a + h. is

true from x = a to x= a + Qh, from x^ a to x= a + Qi Qh, &c, if 0, Q\ &c. be
severally less than 1.
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Theorem : we shall therefore make what is often given as a proof pre-

cede what we consider .as really a proof.

Theorem. If it he allowable to suppose that <fi(x + A) can be ex-

panded in a series ofwhole powers of A, of the form

m ? . /another\ w , , /a third \ w 7 ., . /a fourth\ „ ,„

t of x + (f.ofx) x h + (/«. oix)
xA nr- of *J

+

then that series must be the following, and no other :

0*4-0'* .A + 0"#. — 4- ^"'xy3 + ^x
7T^l + &c -

We have shown that m— </> (* + A) has the property —==-—: if pos-
(JLOC \AjIv

sible, let

0(j?4-A)=m=A + BA + CA9 + EA3 + FA*-+ &c. ad infin.-

and let us assume (which Ave consider as rather a questionable assump-

tion) that the property which is true of f (x + h) is also true of its ex-

pansion. Then we have (A, B, C . . . . being functions of *, which A
is not, and A, B, C . . . . being not functions of A : all this is in the

original supposition,)

du dk dB , dC ia dE„ dF 1A

don dx dx dx dx dx

which we will write as follows :

—

v! = A' + B'A + C'A- + E'A3 + F'A4 + &c.

fill

But -7 = B + 2 CA + 3 EA2 + 4 FA3 + 5 GA4 + &c.
dh

and — — u' or —- for all values of x and A, whence by the common
dh dx

theory of algebra, called by the name of that of indeterminate coeffici-

ents, we have

dk' k"
B = A' 2C=B'=r— which call A'' /. C== —

dx 2

„ ' dC 1 dk" I * „ 1
A ,„3E s C'=—= - -r-= -A?" or E s -i, A'"

dx 2 dx :

2 2.3

._ _, dE 1 dA'" 1
Aiv

1 .

iv4 F = E' t=z —-= -—
-
—— =5 -— AIV or F == A'v

tf* 2.3 eto 2.3 2.3.4

and so on ; whence substitution gives

h- f?
3 h*

u = 0(* + A) = A+ AA + A"- + A'" — + Aiv—'— + &c.
& Ji ,o 2 . o ,-±

It only remains to determine A, to clo which another doubtful

assumption* is usually made, namely, that when A = 0, the series just

* Observe that we do not say these assumptions are untrue, but not self-evident,

and therefore not to be assumed without proof. We may readily see that the sup-

position P=Q when h=0 is very suspicious, unless we can show that, by making h
as small (near to nothing) as we please, we can make P as near to Q as we please.

Now, in the series in question, though by making h as small as we please, we can
render all terms after the first individually as small as we please, yet it is to be
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found is reduced to its first term. If so, then by making h =
(x + h) becomes x, and the equivalent series becomes A : therefore

a?= A, and A' A," &c, are the successive difF. co. of A with respect

to x, whence the theorem will follow.

We shall treat the preceding process as nothing more than rendering

h%

it highly probable that ( a + K) and a + (fr'a . h -f- (J)"

a

\- &c.

•have relations which are worth inquiring into. But as we are deter-

mined to know nothing of infinite series without proof, we shall take a
finite number of terms,

a + 0'a . h + 0"a— + up to + (n)a
2 L

2.3. . .n

which we proceed to compare with (a+A), as to its excess or defect.

Or rather, as we have used (fix in a particular theorem, we shall use fx
here, and proceed to consider

f(a+ h) - {fa+fa . h -j-f'a £+ +/<»>*^— } .

"

Let a be a fixed quantity, but let a-\-h be variable, and let it be called

x. Then substituting a; — a for A, we have the following function ofx:—~

fx-fa-fa(x-a)-f»a ——^ -.... ~/c»)r
2 - -I • 2.3 . . .n -.

Let us suppose 1. that fine is continuous and ordinary from x zz a to

x— a + h. 2. That the values of its diff. co. when x = a, namely,

'fa. . . -f^ci are none of them infinite. Let this function be called (fix

and let it be differentiated n times in succession with respect to x.

2 * 2.3 . . ri

yx ^fKv-fa-f»a{x-a)-f»ia^
(^ . . . -f*a^~~

4>"x^f"x-f"a-f>"a{x-d)- . . , , . -/C^
a>^7(f-2)

0(»-% ^f^-Vx-f^a-f^a (x- a)

0Wa? =/w*^JfWa

The student must ascertain that in the series

, ,,. v 0-«) 2 <>-«) 3 (.r -a) 3 ' •

1, (x-a),—— , -g— , ^-^p &c. , .

each one is the diff. co. of its successor, or to differentiate any one, that

he must pass to its predecessor. The general process is,

remembered that the number of them is infinite, and we have no evidence whatever

that here will be an unlimited number of small quantities, whose sum must be small

too. For a sufficient number of parts as small as we please will compose any quan-

tity, great or small. It is true that we shall hereafter prove certain cases in which we
are justified in the. assumption to which this note is written, but we never saw a proof

which embraced every case.
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aa; 2 . 3 . . . n 2 . 3 . . . n rf#

, vn , ,
(a— a)"

2.3. ..Ti-l.Ti V ' 2.3. ..(ti—1)

He must also observe that a constant fa in the first, fa in the second,

&c, vanishes at each step, and a new constant appears, resulting from
the differentiation of the current term of the form p (x— a) which gives

p. But the best way will be to try several particular cases, such as the
following (w=4) :

—

x—fx -fa—f 'a (x - a)—fa — — f'"a Pa —
,

J 2 J 2.3 ^ 2.3.4

<iJx=fx-fa-f'a {x-a)-f"a fe^-j* a
{~^L

(f>'"x-f'"x-fa-pa (x - a)

ft
vx—fwx—fv a

<p
vx=f\v.

On looking either at the general or specific case, we see that fa,fa,
f"a up to/ (B)« being all finite or zero, this function can present

no singular values for any finite value of x. And moreover, when x=ra
each expression presents a finite number of evanescent terms, and we
therefore have

(pa - <ft'a =s tf'a = 0<B)a=O .

consequently this function completely satisfies the conditions of the

theorem in p. 69. We have now to look for a form of ty x with which
to compare it, this function being determined by the conditions to be

such that tya, y'a . . . up to y^a are severally =0, that ifs^Kv
does not give singular values, and that tyx, f'x .... are all severally

increasing or decreasing throughout the extent of the function from

xz=a„ox=:a4-h. It will be found that (x— a)
n+1

complies with all

these conditions, and the general and specific cases will be as follows :

—

General. Specific (« = 4.)

fx=(x— a)
n+l yxxzix-a) 5

fx=(n+l) (x-a)n f rx=5(x-ay
f"x=(n+l) n (x -ay-1 ^"x—hA.{x-ay
y#=(n+l)n(w— 1) (x— a)"

-2 f'"x=zbA.3.(x-ay

f*x=bA.3.2 (x-a)

y
v*=5.4.3.2.

-\^x~{n-\- \)n 3 . 2 (x - a)

^("+^= (71+1)71 3.2

In which it is clear that all the diff. co. up to the 7?th inclusive, are in-

creasing from x=a or x—a=0 to x—a+ h or x—a= h, and also that

they all vanish when x = a. It is moreover evident that the (rc+ l)th

diff. co., being a constant, presents no singularity of form. We have

then, writing a+ h for x (p. 69.) :

—
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(a+h) (n+1) (a+0A)

f(a-\-h) y ("+° O+ /O

A"

<1

/ („+/i)-/rt-/W*-....-/ to,

2.3.. ?»_/<"+> (a + e/Q

AH-i 2.3 7t+l

Avhere 6 is less than 1 ; or we have

/(«+/.) =/u + /'«*+/»« |+. . . . +/««--£_

subject only to the condition that no one of the set /«, fa .... up to

/w« is infinite. We may carry this series (if no diff. co. become infi-

nite) as far as we please : it will afterwards remain to be pointed out

ivhat are the eases in which we may legitimately suppose it carried ad
infinitum. Whatever these cases may be, in them we have

7,9 A3

f(a+h)~fa +f'a . h+f"a . —+f"a . — + &c. ad infin.

which is Taylor's Theorem *
; and we see that we may stop at any

term, and give an expression for the value of the rest, beginning at that

term, by writing a + Oh instead of a in the term we stop at, and
expunging all that come after, the value of this accession lying in its

having been proved that is less than 1. This IsJjagrange's Theorem
on the limits of Taylor's series f. If we call C and c the greatest

and least values of ("+1) {a+ 6h) from 6—0 to 0=1, Ave know that by
stopping at

hz ., Chn+l chn+l

fWa we commit an error y-"L
an(j

Clh

2 . 3 . . n which lies between 2 . 3 . . . n 2 . 3 . . . ri

We can now demonstrate the binomial theorem : for if x =: xn we
have 0'# = nxn~\ 0''j? =?i (« — 1) and therefore (pa — a", 0'a = nan ~ l

,

&c. This gives

h* h3

(a+h) n =an+ 7ia*-
l h+ n (/i- 1) a"" 2- +n (n—1) (n-2) an

~3— +
2* 2.3

hp+1+ -f n . {n- 1) (n~p) a'"1"1 -

+ n (n- 1) . . . . (n-p-1) (a+eh)"-*-* --

2.3... .p+l
h"+*

2.3 p+ 2

or (a

+

h)
n= an + n (a+ 6hy-lh

71—1
=a" +7ian

- 1A+7Z-—- (a+0/O"-
2
/t
8

J!

-an+7ian - 1hAn^-^an-s
h'+ 7i

V-^ ^-^ (a+6hy-3 h3
, &c,

* Dr. Brook Taylor (born 16S5 at Edmonton, died 1731) first gave this theorem
in his ' Methodus Incrementorum,' published in 1715, in the same year with his ex-
cellent treatise on Perspective ; the latter being as much the foundation of most of
what has been done since in perspective, as the former of the Differential Calculus.

f D'Alembert first gave a proof of Taylor's Theorem which involved a method
of determining the limits, but this was only incidental. Lagrange first formally

took up the subject in his'Lecjons surle Calcul des Fonctions,' first published in 1801.
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where, however, it must be observed, that though 9 is less than unity in

every one of these cases, it is not the same in all.

sin(a+^)— sina+cos (a+Oh) . h
h2

p sin a+ cos a. /a — sin (a-{-9Ii) —

== sin -a+ cos a . h— sin a —— cos («

+

9h) —- , &c.

We shall ascertain the truth of the first line by an instance, which

will also serve to illustrate the way in which angles are measured in

analysis (a point on which the notions of most students are remarkably

confused : see Penny Cyclopaedia, article Angle, 'Study of Mathema-

tics,' p. 89.) Let a be (in common degrees and minutes) 35°, and let

Abe 10°. When these enter under a sine or cosine, it is most conve-

nient to express them in degrees, minutes, &c, because the sines, &c. are

given to those denominations in the tables, and are the same for the same

angles in whatever way we may measure the angles. But when an angle

enters as an angle, the truth of all theorems yet obtained depends upon

measuring that angle by the fraction which its arc is of the radius*.

The angle of 10° must be expressed by '1745329. The assertion

then which we wish to verify amounts to this : that if we find 9 from

the equation

sin (35° + 10°) — sin 35° + cos (35° + X 10°) X "1745329

we shall find it less than unity.

sin 45° =-7071068 log '1335304 T'1255801

sin 35° = 5735764 log '1745329 1-2418773

•1335304 log cos. 40° 5' 1-8837028

5_i_

35° +0X10° = 40° TV 9 a -i^ :

=s -501 =s \ nearly.

We now come to a modification of the preceding, which is usually

called Maclaurin's Theorem, but which should be called Stirling's Theo-

remf. If we suppose a = to satisfy the conditions under which

Taylor's Theorem exists, that is, if we suppose fO,f'0,f"0.... to be

all finite up to /"0 we have, by Taylor's Theorem,

f(p+h)^fO+f'0.h+f"0^ + /'"0 -£

+

v . . +/»0;

+ /c»+i>(o + 0A)

2 J 2.3 J 2.3

hn+l

2.3 (n+lY

and remembering that h being anything whatever, we may write x for

h
}
we have

* It may be worth while to revert to the fundamental step on which this rests. It

is a theorem derivable from 'Elementary Illustrations,' p. 5., that the limiting ratio

of a comminuent sine and angle is 1. Now this theorem is not true of the number
• of seconds in an angle : but only of the fraction which the arc of the angle is of its

radius.

f Maclaurin, in our view of the subject, was the first who wrote a logical treatise

on Fluxions. The reader who would verify the assertion implied in the text for him-
._ self must compare Stirling's ' Methodus Differentialis,' London, 1730, p. 102, " Hinc
si orrlinata Curvse, &c.

:

' with Maclaurin's Fluxions, Edinburgh, 1742, p. 610, " The
following theorem, &c." The fact, we doubt not, would be, that both Maclaurin and
Stirling would have been astonished to know that a particular case of Taylor's

. theorem would be called by either of their names.



ON ALGEBRAICAL DEVELOPMENT. 75

a? „, ._ xn

fxsfO+f'O .0 +f"0 -+.... +/«0
2 -* 2.3 w

-
Ty

2.3 n+ 1

of which the following is an instance :

—

fx= sin a?, f'iv=cosx, /"a? = — sin a;, /'"x'zz—'cd&x, f ivx=s'mx, &c.

/0=0 /'0= 1 /"0 = o /'"o= - 1 j ivo = 0, &c.

sin x == + cos 0a: . a? = + 1 X x— sin 6x -—

-

= 0+1 X £ - X — - cos 6a? —

-

X* xs
X*

= 0+1 X x -OX— -IX — + sin 0a:
2~3T4'

& °"

a;
2 a;

3

•or sin x = cos 6x . x tz a1— sin Ox— — x — cos 0a;—

-

A A . o.

x3
. „ a:

4
a:
3

= *"
2^3

+ BntoU4 a *"273 + C0Bte
:

= a? 1- sin &z —-—--———
, &c.

;

2.3^2.3.4.5 2.3.4.5.6.1'

where is not (as far as we know) the same fraction in any two, but in

all is less than unity. The first one is a remarkable relation, and may
be expressed thus : a sine divided by its angle is the cosine of a smaller

angle.

We now proceed to the completion of the process of differentia-

du
tion, by determining; the value of the constant which enters — where

J ° dx
u — ax

, having found that if <f>x=a
x
<f>'x~C log a ax

, <£"a? (C log a)'2 cf,

&c.

This gives, by Taylor's theorem,

h* h"
«"+*= ax+ C loga . ax . h+ (C log »)» a* — + . . . . + (C log a)

n ax -—

+ (ciog<o-+'^t&i "<'
Now the value of C depends upon the base of the logarithms chosen

;

which base being generally derived from an infinite series, we shall hot

take it for granted, but reverse the question : that is, instead of asking

what must C be when the base chosen is 2 1

7 1828 .... usually called e,

We shall ask, what must that base be for which C is 1. Or given C= 1

to determine a. Taking the value of a for the base, we have loga=l,
and taking C= l, we have to determine a from this equation (derived

from the preceding by dividing by the common factor ax
, and substitut-

ing 1 for log a and for C)

a*=l + /i+ — + -_ + ,... +_ + a e

2 2.3 2.3 . .n 2.3 n+ 1

This will be true, for the proper value of a, whatever h may be : let us
therefore make /t=l, which gives11 1 «*

a— 1+ l-\ h \- . . . . + 1 d < 1 ;^2^2.3T 2.3. <>i 2. 3, .?*+! ^ '
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and taking the extreme values which a9
can have, namely a and a1

or

1 and a, we find that a must lie between

1 1
i;+ i+ . ... +—— +

2. 3. .n 2.3. .w+1

and i + !+....+__ +.-__;
the two last terms of which may be made as small as we please by taking

ii sufficiently great, at least unless a itself be infinite. But if a be less

than p+qa where q is < 1 (which is the present case), it is impossible

that a can be infinite : for by that rule a (1 — q) is less than p or a is

less than . For instance, the preceding shows that a is less than
1 — q

1+ 1-1— or- less than 2, or a less than 4. Hence, since a lies be-

tween the preceding finite series, it cannot differ from either by so

much as they differ from each other, that is, by so much as

a—\ (less than 3)

2.3.4 (?t+l)
'

but this may be made as small as we please, by taking n sufficiently

great, whence it follows that the series 1 + 1+ - + . . . summed conti-

nually approaches without limit to a. This sum is found to be
2"717281828 . . . which is the usual approximate value of e, and this is

therefore the base of the logarithms for which C = 1.

"We shall now defer this subject until we have further considered the

connexion of the successive differential coefficients. As yet, we only

know of the nth. diff. co., that it is the result of n successive operations,

each performed upon the result of all which precede, and that each

operation involves J. increasing the value of a variable; 2. taking the

increment of a function so obtained ; 3. dividing by the increment of

the variable ; 4. taking the limit of the ratio so obtained, upon the

supposition that the increment of the variable diminishes without limit.

Consequently, the fifth diff. co., were it not for our rules of abbreviation,

would require twenty operations, every fourth one of which is the taking

of a limit. Now it woidd be desirable to reduce the formation of the

?ith diff. co. to the performance of a certain number of definite opera-

tions, followed by the taking of a limit only once. To put what we
mean more before the eye, let us signify the first of the preceding ope-

rations by I, the second by S, the third by Q, and the fourth by L.
Then we cannot represent the 4th diff co. of <f>x in any more simple way
(as yet) than the following

$"x = LQSI{LQSI[LQSI(LQSI<M]}.

Now suppose we change the order in which these operations are made
to the following

LLLL QQQQ ST ST SI SI fa ;

the question is, can we get a clear idea of what we are doing, and can
we advantageously make that idea serve for the further elucidation of

higher differential coefficients than the first. This we proceed to discuss

in the next chapter.
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Chapter IV.

ON THE CALCULUS OF FINITE DIFFERENCES.

By the word finite we here mean that the theorems of this subject sup-

pose quantities to have given augmentations or increments which do not

decrease without limit. Not that we debar ourselves from using all

legitimate'consequences of any theorems which may arise from supposed
diminution without limit, but that we thereby change the name under
which we view the subject, and pass from the Calculus of Finite Differ-

ences to the Calculus of Differences diminishing without limit, or to the

Differential Calculus.

Observe first the consequence of forming a set of series, each of which
is made by subtracting every term of the preceding series from its suc-

cessor ;

a h-a c~2b+a e-3c+3b—a /"-4e+6c— 4b+ a, &c.

6 c-b e-2c+b f-3e+3c-b g-4f+6e-4c+b
e e-c f-2e+c g-3f+3e-c &c.
e f~~ e 9~2f~^ e & c *

/ 9-f &c.

g &c.

&c.

Observe, secondly, 'that when an operation is performed two or more
times in succession upon a function, it will be convenient to make a

symbol for the result by writing the symbol of the single operation,

with the number of times it is repeated in the manner of an exponent.

Thus, if Ay denote an operation performed upon y, and if the operation

be repeated upon the result, it will be convenient to denote A (Ay) by
A2

y, and A (A'2y) by A3
y. Here A is not a symbol of quantity, but of

operation ; A" is not a symbol of n quantities multiplied together, but of n
operations successively performed.

Let u be a function of a?, and let Am be the increment received by u
when Ac is added to x. This gives

Am = (a? -J- A?) — $x ;

without proceeding further in the Differential Calculus, repeat this

operation again. Let x become x-\-Ax, and find the increment of Am.
This gives

A (A m) = f (x+ 2Aa?)— (*+ Aart - f (.r+ Ar) - 0j?1

< this is what Am becomes > [this is Am itself.
J

[when x becomes x+Ax.)

or A2M = <£(a:+2Ax)—2$(x+ Ax)+ (f>x.

Repeat the operation again : when x becomes x + A x,

A2m becomes (x-\- 3 Ax) — 2 (a? + 2 Aa?) + (a?+ Aa?)

A2m is (a?+2 Ar)— 2 (x + Ax)+<f>x;

and (A2m as changed) — (A2m as it was) or

A8tt=0(a?+3Ajc)-3 0(a?+2Aa^)-i-30(a;+ AaO-0a:

Proceeding in this way, and supposing

w=0a: Mi=0 (x+Ax) m2=0 (r-f-2Aa?) . . . ,m„=0 (x-\-n Ax)}
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and writing u, uu &c. instead of a, b, &c. in the preceding page, and
also putting for each subtraction the symbol by which we have agreed

to represent its result, we have the following table (only altered by
writing each quantity between those of which it is the difference made
by subtracting the higher from the lower) :

—

Values of First Second Th rd Fourth
theF° Diff. Diff. Diff. Diff.

U
Am

1h
Ally

A2
tt

AX
u2

Au2

A2
Mi

A3v2

AV

u3 A2W2 A4M2

Au 3 A3u3

ui

Au^
A2WS

1l5

&c.

&c.

and the actual performance of the operations indicated gives

Au —Ui—u Ahi —u2— 21/y+u Asm —u3
— 3w2+3m!—u

Au^iiz—Ui A*u l^u3—2us+ul
A3

M!=:7/ 4
— 3u3+3u2—

u

x

Au
2
~v3

— n 2 Atu2—v—2ii3+u2 A8w2==w5 -3m4+3w3
— u2

&c. &c. &c. &c. &c. &c.

The general law is evidently that of the coefficients of the binomial

theorem combined with the successive values of the function in the fol-

lowing formula (11 a whole number) :

—

n—

1

11—

\

Anu= un—nun_ 1+n

An
u,

2

n—

1

un+l — nun+n——~un

+ n- 2
U2 + 1111!+

U

+ n——u3 + nu3 + ux

and so on ; the upper sign being true when n is even, the lower when ri

is odd. This may readily be proved ; for if we assume the preceding

to be true for the present value of??, we then have for Anu
x— A"w, which

is the same as A"+1 u

An+lu=un+L— (w+ 1) un + (n. —— + n
J
w„_! — &c.

=m„+1— (n+l)un + n + 1 -~Un-v &c.

which follows the same law. But this law, being proved by inspection

as to the second difference, is therefore true of the third, and therefore

of the fourth, and so on.

Now let us suppose u and all its differences to be given, from which
we are to recover the original succession of values u

y
u2 v3 , &c.

Uy—u+Au A?/j==Aw +A2u A2M!=A2m +A3« &c.

Vz—Ux+Aui :=: Au^Aul+A2
!^ A^iisp^AHii+A^ &c.

Wg^Wjj-r-A'Wjj A?/3—Aw2 -j-A
2M2 A3w3—

A

2w2+A3
7/2 &c.

&c. &c. &c. &c. i &c. &c. , .
•

;
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as is evident from the table preceding, the method of its formation

being recollected. We have then

u
x
-=.u +Am

uazzu1+Auv=u + Am + Au + A2m —u + 2 Am +A2m

w3=: w2+Aw2
= ?/ !+ A?/,

L+ A?/ !+A2m
i
== w ,+ 2 Aw

, + A2v

!

=u -f Am+ 2 (A?/

+

A2m) + A2
?^+ A3

?*=m+3Am+3 A2m+A3m .

S imilarly Am8= Am+3 A2m+ 3 A3m + A4m '

m4 or m 3+Aw3=m+4 Aw+6 A2m+ 4 A3m+A4m

and the coefficients of the binomial theorem (when n is a whole number)
again appear as follows :

—
7t — 1 71 ~~ 1

m„=m + ?i Am + n A2m+ . . . +n —— An~hi+n An~ 1u + Anu
2 2

Am„= Am + n A2m + n A3m 4- . . . +n A"_1m+ ?iA"m+ A"+1m,

from which as before it follows that un -\-Aun or

un+l = u + (m+ 1) Am +(m+i) ^ A2m + + (n+ 1) A"m+ An+ l
u,

or the truth of this theorem for any one value of n enables us to infer

its truth for the next higher.

We know that Au, A2M &c, are comminuent with Ax, as also are

Au
x
A2

Mi, Am2 , &c. In the same manner A<£(#+.p) is comminuent
with Ax, and the same remains true if p itself' be comminuent with
Ax. And the following equations are easily proved. If w = u + v
Aw = Am + Av, if u = cv Am == cAv. And Ax, remaining the same
in all the processes, is a constant, as are all its powers. If, then,

u = v x (Ax) n
, Am ==: Av x (Ax)n

. And we have proved that

(A x^ 2

(j> (x+Ax) = (fix + fix . A x + fi' O + Ax) —;

if then we write w (for convenience) on the second side instead of Ax,
we have for (x+Ax)—$xv or for ux

— u, or for Am

w2

Am=m' . io+4>" (x+du) — e < i.
Ji

By the same rule we have (making u' or fix itself the original func-
tion, and therefore fi'x and fi"x its first two diff. co.)

io 2

fi (x+Ax)z=fix+fi'x . w+fi" (jj+ejft,)— e, < i

w2

or Am' =m" . w+ fi" (x+ 9
x
io) —

A

Similarly Am" =u"' w + fi
v (x.+ B^w) ^ d

tl < 1

. -J

Amw =m (,!+1)w+0C"+2) (z+0„w) — e„ < 1,

where by it' m". . .-.m c'° we mean the functions obtained by successive

differentiation of u, in the manner already described, and which it is
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our object to compare with the results of finite differences. From the

first of these equations find A2
?/, by equating the differences of the two

equivalent forms (remembering, what we need not express, that in

$" (x+6w), itself is a function of a? and w, but always less than unity

in value) and using these equations ;

\iw~u-\-v Aw—Au-\-v: If v=cz Av—cAz

If iv = u+cz Aw— Au-\-cAz.

We have then

A2u a= a> Au'-\- ^- A<£" (x+ 6 w)

as W'o>* + ^'" (*+<?, a,) + .
— ) -7T-

\ worAx y 2

On the form of the complicated coefficient of — we need know nothing
z

except this, that it remains finite when w diminishes without limit, the

first term having the limit 4>"'x, and the second term having for its

limit a differential coefficient, as is evident from the form of the frac-

tion. Let us call k2 the term in question : we have then

Repeat the process, which gives

w3

Asu = bi
1 Au" -f — A k2

aa w 2
( uf"w -i-0

iv
(x + 2 w) —

J
+ - Ak,

1= U 1" b>* + (#" (x+6a U>) 4-
Afa\ w4

Ax J 2

= u'" w3 + k3 w
4

,

where A-3 remains finite when w diminishes without limit, as before.

Proceeding in this way we come to a general equation of this form

between A"u the nth difference of u, w or Ax the difference of x, and w(">

the ?tth diff. co. of u : kH being a function of x and w, of which all we
know, or need to know, is that it is finite.

A"« = m00 wn + kn w
n+\

If we divide both sides of this by wn
or (Ax) n

7
we have

Anu .
,-——

- a= uw + kn oj
;

(Ao?)
B

the second term of which is comminuent with w, and by diminishing w
without limit, we have

Anu
Limit of 7—- = u^ the fttli diff. co. of w/
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As an instance, we shall find the second diff. co. of x3
, without find-

ing the first.

u = x3
m, = (x + w) 3 «

fl
= (x + 2oj)

3

A2w = Mg - 2tt
l + u = O + 2w) 8 — 2 Or + w)8 4- *3

AJM = 6 a? + 6 w, the limit of which is 6 x.
Ax2

Now, if (fix = tf
8

0'j; = 3 x2
<t>"x — 6 x.

From this, a notation may be obtained for the successive diff. co. of u
\rif (lit

with respect to x. For since the limit of — has been denoted by -7-
,r Ax ax

and since we have now found — .-7- is the same thing as the limit of
ax ax

A2
?/, . . ..... . d~u . .

,

it will be consistent to signify the latter by , to which as
(Ax) 2 ' ° J J (dvy
a total symbol, the remarks in pp. 50 and 54 apply. The diff. co. of the

du A3
?/

diff. co. of— beins; found to be the limit of , A „

,

, we may denote it by
dx ° (A*) J J

d
^—

; and so on. Hence, to connect the notations we have used, we
(dx) 3

have the following equations (it is usual to leave out the brackets in

what would be denominators, if the preceding were algebraical fractions)

u — <px — = fix —— — $"x —- = <t>"
r
x, &c.

dx dx* dx

The usual way of reading these is " d u by d x" " d two u by d x
square," " d three u by d x cube," and so on. Thus Taylor's theorem
becomes the following

:

when x becomes x + h

. du . , dhi h2 d6u h*
u becomes u + - h +_-+__ + &c.

When we wish to express a diff. co. as it becomes when the variable

receives a specific value a, we shall sometimes write it thus f — 1 : but

in this case it is more convenient to write <frx for v, since <p'x then ex-

presses the general diff. co., and fia the particular value.

Thus we have

when x changes from a to a + h

2
u changes from (u) a to (u) a +( -r- ] . h + ( -—)

\dxja \dx~Ja+eh

We shall now proceed with such results of the Calculus of finite

differences as will be useful in future parts of this work. Let us sup-
pose a series of terms connected according to such a law that a certain

difference (say the fourth) is always = 0. Then we have, 11 being any
term whatsoever, Ui the next, i/2 the next, and so on,

G
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A*u = u4
— 4 u3 + 6 w2 — 4 Ui + m — ;

hence we can express any term by means of the four nearest to it,

either on one side or the other, or both. For instance,

4 (?/! + ua) -(u + u4)
u
2
= — w4 S3 4 u3

— 6 u 2 + 4 ^^ 1
— w, &c.

If the fourth difference, instead of being absolutely zero,
1
should

be a smaller quantity than is requisite to be taken into account, these

theorems will be sufficiently near the truth for the purpose.

It is plain, by the method of constructing differences, that the

(m + ?j)th difference of u is the same as the mth difference of the nt\\

difference of u, or that

A",+"w = Am (ABtt)s

and ifwe attempt to give meaning to such symbols as A°u, A_1
m, A~z

u, &c.

it will be convenient to assign such meanings as will satisfy the preced-

ing equation. Accordingly, A°u must be the same as u, in order that

we may have Am+0u — Am A°u or Amu = Am A°w. We now ask what is

the proper meaning of A~ l
u. Since we are to have A A~ lu or A1 A~ht

the same as A1_1w or A°« or u ; that is since A A~hi is to be* u, then A~hi
is the quantity whose difference is u. If, then, we take the series of

terms u ux
u2 .... and ask, not what are their differences, but what

are they the differences of we find that, taking any quantity we please,

C, to begin with, the following first column has the second column for

its differences, the third column for its second differences, and so on.

Values of the function. 1st Diff. 2d Diff. 3rd Diff. &c.

c
u

C-\-u Au
Ux A2M

C-J-m+M! Au
x &c.

C+ M+ Mi+ W2 &u2

A2
M,

C+u+u L+u2+v3

&c. &c. &c. &c.

Hence A_1m is an arbitrary constant C ; A-1^ is C + u

A~hi2 is C -j- u + «! , and generally

£~ lun is C + u + ux + w2 -f + W»-2 + M»-i-

From this being a summation it is customary to signify A_1
w„ by 2w„ :

thus,

C+1+2+3+. . . . + (x— 1) is denoted by 2x

C + -1.2+ 2.3+ 3.4+ . . . (x— l)x 2x (x+l)

meaning by 2 <px the sum of all the values of <fix, for every whole value

of x from any given number up to x — 1, increased by an arbitrary con-

* Some students may, from their previous reading, have an idea of this sort of

process, but most will not. Observe that what we are here doing is not tracing the

properties of defined symbols, but finding out how to define a symbol, so that it may
have a certain property.
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stant. But unless the contrary be mentioned, let it be presumed that

the arbitrary constant is 0, and that the series begins from the first term

of which there is question in the problem. Thus, in treating of the suc-

cession of terms u k
1
u.z ,by 2w

re
we mean the sum beginning with

u, and ending with un_ x
.

It may be that we have a number of terms given, but not their gene-

ral law, and we wish to ascertain what law they do follow. This is

always to be found from the equation

n — 1 Ao
vn = u + n An + n .

——— AHi + ....,
2i

for we thus have a function of n which expresses the n + 1 th term.

Suppose, for instance, we ask, what is the general law of 1, 4, 9, 16, 25,

&c, shutting our eyes for a moment to the evidence of the terms them-

selves, in order that we may deduce the law by a method which is not

simple observation. Taking the differences of this set of terms

1

3 m=1 An=3 A8m=2 A3w=0 A4m=0,&c.
4 2

5 n-i
9 2 M»= l +w X3 + W-—-2 + + 0+ ...

7
2

16 2

9 = 1 + 3>i + n2 - n = (n + l) 2

25 2

11

36

the (n+ l)th term is (n+ 1)
2 and the nth term is ?i

2
.

Let the student take some simple formula, such as x (x+1), give x
a number of whole values beginning from 1, and then reconstruct the

formula by the preceding method. Thus x (j?+ 1) gives 2, 6, 12, 20,

30, 42, &c.

u — 2 Au = 4 A2m = 2 A3
ic — 0, &c.

un —2 +7ix4 + n. '-^- X2 = 2+ Sn + ?i
2 = (n + 1) (n + 2)

this is the (n + l)th ; to find the nth term write n for n+ 1 or n— 1

for n, which gives n (n + 1).

The utility of the preceding method is most obvious in a case in

which all orders of differences vanish after a certain number. And we
shall prove that this is always the case in a rational algebraical espres-"

sion. Take for instance,

u =s axm + bxm
" 1 + cxm

'2+ .... + px + q ;

and let x become x + w, giving u
x

. Expansion will immediately make
it obvious that the highest term of each disappears when u is taken from
u x and that we have a result of the form

Au — am xm
~ l + A.r"-2 + + Px + Q

A, &c. being functions of w. The same reasoning applied to this pro-

cess gives a result of the form

g 2
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A2m a= am (m— 1) of"2 + AV1"3 +
and continuing in this manner, we come to

Am_Itt = cm (m— 1) 3.2 a? + E
A m u~ am (m— 1) . . . . 3 . 2 . 1 a constant

Am+lu = Am+2a r= 0, &c. &c.

In tins manner we can always arrive at a finite algebraical expression

for the sum of n values of a function, provided that function be a rational

and integral function of the variable. For let

U = C U! = C + m U.ssC + tt + tti V3— C-\-u+ u
l + u2

Un = C + U -f- Mi + U
s + • . • • + Wn-l-

By the general truth already proved, we know that

U» = U+mAU + w^-A9
i* + .... + nAn- 1U + A"U;

but U is C, AU is u, A2U is Am, and generally A"'U is Am_1M : while

U„ is C + u + . . . . -f un_ x . Substituting, and taking the common
term C from both sides, we find that

n— 1
u-\- iii+ .

.

. + ?/„_! — nu + 11 Am -f- . . . . + m An-2w + A" 'm

a very convenient formula, if all the differences vanish after a certain

number. Let us apply it to the finding of 1 + 4 + 9 + . . . + nq
, which

we may denote by % (/i + l) 2
. It appears that u = 1 ti^szi. . •M„_

1
=/t2

Am=3, A2m=2, A3u=0, &c, whence

n—\ ii—\n—\„
1 + 4 + . . . . +7i2 as n + n-j- 3 + n— — 2

, J

__ 6n 9n*-9n 2?t
3—6;i2+4??,_ wQi+1) (2n+l)

-— + - + - - y ,

which is the formula assumed in p. 30.

If we now consider F + 2P
-f 3P + . . . . + np

, we have proved that

the differences of nv vanish from and after the (p + l)th and that the

(p)th difference is p (p— 1). . . .3.2. 1. We have then (calling c,

c2 .

.

. c
p , the first p differences of l p

.)

^„ .
n—

l

a n (n — 1). . An — p)
I. + » + _.+ „ = . + .—:c+ . . . + (

2 , 3 ,:,
(^ 1/

J
o,;

but cp—p.p — 1 ... 1, whence the preceding sum is (we shall soon see

why the last term is particularly attended to)

n—

1

ii — 1 n— 2 ii (n— 1) (m— 2)...(m— ??)
w + n —- c, + n— — c2 + . . . .

+—i - ' ,, ——-

•

2 2 3 p+1
This, it is evident, might be expanded term by term, and afterwards

arranged in powers of n. And since in each factor there is only the

first power of n, it is obvious that the highest power of n comes out of

that term in which there are most factors, namely out of the last. In
this last term, there are p -J- 1 factors, n the first, n — 1 the second,

n— two the third, &c. up to n—pthe (p-f- 1) th. Its highest term is
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therefore ?i
p+1

: and no power so high can otherwise appear in this factor,

because no other term is compounded of all the ra's; nor in any other

part of the expression, because in no other term whatsoever are (p+l)
??s multiplied together. And from this, remembering that the last term

has the divisor (p+l), we find

V+1

ip+2p+ , . , . +n* = J- Anp + Bn1" 1 + Vn + Q
p+-l

where A, B, &c. are functions of p, not of n, which might be'found by
expansion, but with which our present object gives us nothing to do,

except to remark that, being functions of p only, they are not changed by
supposing n to change. This gives

P + 2'+...-
r-n»' 1 A B_ P

, Q
n>'

+l ~ p+l n ?i
2
+ •'" ~i~

n,> ' wh-i «

and now we see that the greater n is supposed, the smaller will all the

terms of the second side be, except the first which does not depend on n.

This first term is the limit when n is increased without limit, and we
thus have the following theorem. If the sum of the p\k powers of all the

natural numbers, up to n inclusive, be divided by the (p+I')th power

of the last, the greater n is supposed to be, the nearer is the result to

——— , and this without limit. {Elementary Illustrations, p. 33.)
p + 1

We shall now leave the Calculus of Differences for the present, and
proceed with the methods of differentiation.

Chapter V.

ON IMPLICIT DIFFERENTIATION.

In all that precedes, u was given, as it is called, explicitly as a function

of x, that is, the function which u is of x was expressly stated, and in

no degree left to be deduced or inferred. Such a case we see in u = ex.

But we may imagine u to be given, for example, as in the equation

u = cx+ eu, in which u is a function of a? and u; and though it he true

that u must be a function of x, yet it must be found from the equation

what function it is. And though in this case it is easily found that

u = , yet there may be cases in which this step, at present abso-

lutely necessary before differentiation can be performed, may not be
possible with existing algebraical forms and methods. Such, for instance,

as u = x — a sin v, in which u can only be expressed in terms of x by
an infinite series. But still u is a function of x, that is, a given value

of x will allow only a certain number of values of v, an increase of x
gives an increase or decrease to ?/, those increments have a ratio, are

comminuent, and their ratio has a limit. The question is, how are we
to extend our power of differentiation to such cases.
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We must first consider functions of several independent variables, in

which all the variables increase together independently of each other.

If u be a function of x and y, it is indifferent as to the result, whether

we first change x into x -\-h, and afterwards y into y + k, or whether

we allow these changes to be simultaneous. If the changes be made
successively, x°-y becomes successively (x + hyy and (a? + /i)

2
{y + k),

the same as if both had been made at once. Here h and k are supposed

to be independent of each other.

When u is differentiated time 'after time with respect to x, the

results are

du d?u d\i du. d2u dht
U

dx Tx* dx-*
&C - :aUdU

dy- Ttf 5F»**

when u is successively differentiated with respect to y. But we
may differentiate n times in succession, sometimes with respect to

, „ . d du
one, sometimes to another. I1 or instance, we may have — . -7- or

dx dy

—J.— , the first of which directs to differentiate u with respect toy,
dy dx
and the result with respect to x. The method of notation is thus ex-

tended (a reason for which will be afterwards given) :

d du

dx dy
is written

d2u

dxdy

d du

dy dx
is written

d-u

dy dx

d d du

dx dx dy
is written

dht

dx 2 dy

d d du

dy dy dx
is written

d3u

dy 2 dx

d d du

dy dx dy
is written

d3u

dy dx dy

d d du

dx dy dx
is written

dsu

dx dy dx

where the apparent numerator (p. 54) shows how many differentiations

have taken place, and the apparent denominator, looking from right to

left, shows the variables employed and the order of the operations. We
now proceed.

When x is changed into x + h, u is changed into

du
u + — . h + Yhq by Taylor's theorem,

dx

where all that we need remember of V is that it must be a function of

x and y and h, and does not increase without limit when h is diminished

without limit. If in this we substitute y+ k instead of y, a similar

process shows

du
that u becomes u + -p . k + Wk2

dy

du /du d da tj^\
dx \dx dy dx J

Vh* . . . . f V+ ~ .k +LaAa2
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du , ,T , c i
du , du ,

u + -r- A + V A2 becomes ?£ + -7- A+ -7- k
dx cur dy

do? ay

+ — Mk+TkVi+L/fh*,
dy

where W, T, L, are certain functions of x and y, &c, which might, were
it necessary, be expressed. When we have a set of terms of which it is

only necessary to remember that they do exist with finite coefficients,

we may merely put the parts of which we desire to be reminded, by them-

selves in brackets ; thus we write the preceding result

„ +^ h + ^- k + {h*, hk, k2
, h*k, k% h*k*\

dx dy

which is to be considered as equivalent to stating that there are certain

additional terms of the form Ph2
,
Qhk, &c. The preceding is what the

function becomes when x + h and y + k are simultaneously substituted

for x and y ; and the increment of u is therefore

du , du , , _ . _ , n ,

-j-h +— k + U2
, hk, &c.}

dx dy l '

Observe that if x only had varied, the increment would have been

^h+W}:^d~k + {kH,
dx dx

if y only had varied. When x and y vary together, the increment, as

fax as the first powers of h and k are concerned, is made by an addi-

tion of the terms just written, but there is an intermixture of results

in the remaining parts. Thus,

a variation of gives to u the increment

j? only J?h + fh*i
dx

y only -^ k + {F}
dy

fill fill

both x and y h + -rk + {h\ hk, k\ h% k\ h*P

}

.

dx dy

If we now suppose a quantity z, which has hitherto lain constant in u,

to become z + I, we find by a repetition of the process that the total

increment of u is now

du , du
r

du . ,' „ „",, "
„ .

-r-h+ ~ k + — I + \h2
, k\ 1% hk, &c. &c.}

dx dy az

and so on : whence if we denote by A.u (as distinguished from Aw)
the increment which u receives from several variables a?, x2 x3 , &c, we
have this result.

du
.

du
,

du '

A.u — —- Ax\ + — Ax2 + —- Ax3 + &c.
dxi dxn dx3

+ {(Ax) 2
, (Ax,. Ax2), &c. &c.}
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Now this bging true for any values of A.r
t , &c. remains true even if

those values should be so taken as to satisfy given conditions, and even
though Xi <r2 , &c. themselves enter into those conditions. But as this

is a difficult point, we prefer to take a more simple case in illustration.

Return to the equation

(x + h) = 0* + <f>'j? • h + ¥' (x + eJl) ip

all that is requisite being that neither 0x, <fi'x nor <f>"x should be infi-

nite. This being true for all values of A, remains true, even if for h we
substitute a function of a?; but it would not be convenient to deduce it

on this supposition, because we should need to remember that x becomes

x + ifsx, and contains an x which varied, and an x which entered with

the variation. But having proved this equation for all values of h, Ave

have proved it among the rest for all values of h, which are also values

of any given function of x ; that is, we may substitute tyx, or f (<z, y)
or anything else, for h. Indeed, we ought rather to say, that having

proved the equation for all values of h, a fortiori Ave have proved it for

those of any given function of [x. Let us then take the folloAving case

:

u is a function of x, y, and z, of Avhich z is a function of x, y, and t,

and y of x and t, and x itself of t, or

u = O, y,z) z=zf O, y,t) y—x (*» x = ™t

0, ^-, x->
and CT being functional symbols. We might evidently make

u a function of t only by substitution, for we have

V = X (PU 2 = V (™t> X (Fl
> 0»

u = {nt, x (wJ, Oi^ (***> X (w *> 0> 1

where £ only enters. For instance, let

uzz xy z, z — xyt, y = £ -f- <z, ,r — sin i

7/ = £ + sin t, z = sin t (t -J- sin £) £

7i =3 sin
2
i (i + sinO 2

-^

from Avhich last formula we might find —. But the question is, hoAV

shall Ave find — without this intermediate process of substitution ?
at

First, let us consider u as a function of x, y and z only, and take the

universal equation

A.u= ~ A* + ^. Ly + ~ A2+{(A*)*
3
(A* Ay), **.}• • • • 00

cur ay az

Trr dll dll dlt.

This is true for all the values of Ax, &c. ; but the diff. co. — , ~z-, -=
,

are partial, each supposes its variable to be the only variable, our theo-

rem showing hoAV to form the total increment out of the partial incre-

ments. This theorem being always true, is true Avhen Az has such a

value as Avould be given to it by assuming the second equation

z = yi/ (x, y, t) Avhich gives

Az - *L AX + *L Ay+
d* M + {(A*)*, &c.} ... .(2.)

clx ay at
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X , . . t

t

X . . .. t

y •• •

X .

t

.t

t

These two equations are true together for all values of Ax, Ay and At, hut
not of Az, for that must have the value just assigned. Suppose, then,

that we assume the third equation y = % {x, t) which gives

Ay =
Tx

Aj? + % M + { <Aj:)
?
' &c -> •••• (3)

The three' are true for all values of Ax and At, hut if we assume the

fourth equation x—rvt, we have

Ax=j
t

At+{(Aty}....(4.)

and the four together are true for all values of At, hut At being given,

they determine Ax, Ay, Az, and Am. Before proceeding further, we
shall observe by the following table in how many different ways t enters

into z.

x . . ,'t

z.

.

Hence it appears that u contains t, after all substitutions are made, in

seven different ways, as follows :

—

1. u contains x, which contains t.

2. u contains y, which contains x, which contains t.

3. u contains y, which contains t

4. u contains z, which contains x, which contains t.

5. u contains z, which contains y, which contains x, which contains f.

6. u contains z, which contains y, which contains t.

*7. u contains z, which contains t.

CLll

Now, before proceeding to find — , we may presume that we must

have in our result the effects of every one of the methods in which t

enters. With what we know of the rules of differentiation, it is incredible

that two functions should contain t in different numbers of ways, and
not exhibit some sort of difference in their diff. co. We proceed to find

the actual value of—

.

at

In the third equation above deduced, substitute the value of A r from
the fourth, in the term which has the first power only. This gives

or

In the value of Az, substitute the values of Ax and Ay.

dz dx . , dz (
'dy dx dy\ . . dz A i -— 2 —„?

\z = — — At + -j- (-? - + -| ) At + - At + {Ax\ .

.

. At*}
dx dt dy \dx dt dtj dt *
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Then substitute in Am the values of Ax, Ay, and Az.

du dx du fdy dx dy\ du dz dx
~~

dx dt dy \dx dt dtj dz dx dt

_^_dudz_ fdy dx dy\^ ,dudz^
t

1

dz dy \dx dt dt) dz dt

+ (terms containing powers or products of Ax, Ay, Az, At.)

We now come to the reason why the specification of the higher terms

would be useless. When we take such a term as PAxAy, and divide it

by At, we have PAx ~, which, since y has a finite diff. co. with respect

Ay
to t, is itself comminuent with Ax, that is, with At : for P and —
remain finite, while Ax diminishes without limit. If, then, we divide

A.u
the preceding equation by At, and take the limit of —— , all the terms

included in the brackets disappear, and we have

d.u du dx du dy dx du dy du dz dx

dt ~ dx dt dy dx dt dy dt dz dx dt

du dz dy dx du dz dy du dz

dz dy dx dt dz dy dt dz dt

W"e write — instead of -^ to remind us that we have a differential

dt dt

coefficient which implies several different entrances of the variable

:

this is called a total differential coefficient, when it is necessary to dis-

tinguish it from the separate terms belonging to the several ways in

which t enters, which are partial diff. co. Looking at the result

which we have obtained, we see seven terms, very closely connected with

the seven ways in which t has been shown to enter u. For instance,

j
ju contains x, which con-j JHence the term S £ }
{ tains t. II dx dt i

(u contains y which con-1 fRmcQ ^ term
du dy dx)

\ tains #, which contains t.) { dy dx dt J

fw contains y, which con-
j |Hence ^ term

du dy 1

* \ tarns t. J (. dy dt )

and so on. Hence we see the following general theorem.

If u be a function of t in different ways, find out each way in which

t enters, and if one of those ways be thus ascertained, u contains A,

. . du d A dB
which contains B, which contains t, take the term -r— .

—- .
—-:

dh. da dt

having found all these terms, add them together, and the result will be

the total diff. co. of u with respect to t.

We see also that, in taking the increments, we may express all except

the terms containing the first powers of the variables by a simple &c,

since they disappear when the final limits are taken. If we forgot them

altogether, the error would not affect the result ; we could not be said



ON IMPLICIT DIFFERENTIATION. 91

to have reasoned correctly, but such an error of reasoning has been

s/iown to produce no erroneous result.

To make the principle of the preceding more clear, we shall now
take a more simple instance.

Let u = (a1

, ?/). where y = tyx : that is, let u contain x in a two-

fold manner— 1. because it actually and explicitly contains x—2. he-

cause it contains y, which is a function of x. Give x and y any incre-

ments Ax and Ay ; whatever they may he, the following equation (when
the meaning of &c. is properly remembered) follows from Taylor's

theorem.

du
.

du ,A.u= — Ax + — Afr-f &c.

;

ax ay /

but if we require that the second equation shall exist, it gives

Ay = — Ax + &c.
* dx

du L
du du .

or A.u — —Ax + f-Ax + &c, •

ax ay ax

divide both sides by Ax, take the limit, and we have

d.u du du dy

dx dx dy dx '

which, by the preceding rule, would follow from

u contains x directly, and

u contains y, which contains x.

d • u du
It appears that ——- and — are totally distinct, as might be expected.

CLjC (tOC

The second merely supposes that in the equation u — (x, ?/), a'

, d.u ,

receives an increment, and v remains constant ; but —— m this caseJ dx
implies that another equation exists which makes y a function of x, so

that x cannot be changed without y changing also. If we suppose

u = xy 1

, y =r x5
, we have

du „ du dy „ . d.u „

dx * dy
9

dx dx J *

^xw + 2x6 X 5a-4 = 11a' ,

which is what we should get by first substituting in u the value of y,

which would give u = x x xw =: xu,
— = 11 xw .

dx

The following distinction between —— and -r— will now be apparent.
dx dx l

The second is derived from a single equation, and is a consequence of

that equation only, without reference to any other. But the first sup-

poses the simultaneous existence of more equations than one, and is the

limiting ratio, not of such increments of u and x as co-exist in one or

two of the equations, but in all. Hence the first may be called the

diff. co. of a system of equations, the second of one equation only. It

may happen that two or more of the equations may have diff. co. for

which there is, as yet, no distinct notation. For instance, we may have
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u = (f>(x,y) 7i=:f(x,y).

To ascertain whether these equations have diff. co. we must find out

whether, consistently with their co-existence, x, y, and u may be made
to vary. There are here three quantities u, x, y, between which there

are two equations. Hence, if one of these be taken at pleasure, there

are no more equations than are necessary, by common algebra, to deter-

mine the remaining two. Consequently, though each equation by
itself has two independent variables, from which to determine the third,

yet when both exist together, only one can be taken at pleasure, there

is only one independent variable, and the other two are functions of it.

, Suppose, for instance, that we have

u—x-\-y u — ax + by.

1. If ube the independent variable, what are the diff. co. of the system ?

From these two equations, determine x and y in terms of u, which

will give

(a-1) u _ (l-6) u
y - a -b

X - a-b '

from which we can now determine directly the diff. co. of the system.

For the latter equations assume the co-existence of the former, and also

make x and y functions of u only. They give

u = x + y 1 d.x 1 —

&

d.y ^_a—\
u=zax + by\ ~~fa

~ a~ZTb ~du
~ a^b

2. Let x be the independent variable. We have then

^ct— b _ a— 1 d.u_a—b d.y a —

I

V"~\^b
X y ~\Z^ x

~fa~~T-b ~dx~T-b~'

3. Let y be the independent variable. We have then

a— b \ — b d.u a— b d.x 1—6
u =—i y x =—r ya—1 a—

I

dy a— 1 dy a — \

But this' previous reduction may be inconvenient or impossible. If

we now take the general case u = (x, y} u = "*// (<r, y), we see that

du
we shall have two diff. co. to signify by —, one from the first equation,

one from the second. To distinguish between these (which are not the

same) write the functional symbol of the equation which is used, instead

of u : call the first -7-, and the second ~. Both are diff. co. of v. but
dx dx

under different circumstances; the first a consequence of u = (x,y),

the second of u = ^ (x, y). The co-existence of these equations may
lead to relations between the two, but is no reason for confounding
them. This co-existence requires the co-existence of

d(f> A d<b
,An r= -— Ax + —- Ay + &c.

dx dy

Ail =: ^ Ax + -¥- Ay + &c. '

dx dy *

in which Aw, &c. are to mean the same in both; for though each equa-
tion is satisfied by valves of A?/, &c. which do not satisfy the other, it is
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not of those values that we enquire, but of values u, x, and y, which
satisfy both, of the changes of value under which they continue to

satisfy both, and consequently of the increments which satisfy both the

equations of increments. Now, to find the limit of the ratio , wc
Ax

must express Au in terms of Ax, or eliminate Ay from the preceding,

which will give

rdf
\dy

-*!L\ Au - (~^ —^—^ Ax-f- &c
dy J \dx dy dx dy J
tZ0 df df d<j) df d(f)

d.u dx dy dx dy d.x dy dy

dx df d<p du rf0 dy* dy d<p'

dy dy dx dy dx dy

. , . , d.u . d.x . _

.

. . , ,we might write these -7— and -— , and this notation might be conve-
d.x d.u °

nient in some cases, but where one dot is sufficient, the other may be dis-

pensed with : it being always remembered that the diff. co., with the point,

distinguishes a diff. co. derived from more than one consideration, whether
the additional considerations be expressed in equations, or implied in

suppositions. The preceding method is one by which these questions

may always be reduced to first principles, but the rule already laid down
(p. 90) will be sufficient, when understood. To repeat the case just

solved, let us suppose

u — <p(x,y) u — q(x,y),

from which it follows that x and y may be considered as functions of u.

Taking this additional supposition, differentiate both sides of these

equations with respect to u, observing to write the dotted diff. co.

wherever the supposition is used ; and, also, remember that x is sup-
posed * a function of u, and y a function of u. We have then

_ cZ0 d.x d<p d.y

dx du dy du

_ d-f d.x d\p d.y
~~

dx du dy du '

from which two equations -7— and — can be found by common al°;e-
1 du du J

bra. These, as found, may be made to coincide with the result of the

particular case in the last page, namely,

f (•*> V) ~ax + by0, y)
~- x + y

we see that

^-1
dx dy

df__ df _ ,

dx du

Let us now suppose that u is a function of x, y, and u, or r/=0(,r, y, u),

from which it follows that there are two independent variables : for x
and y being taken at pleasure, the equation may be satisfied by finding

* Observe that these suppositions are always implied in, and may he deduced
from, the equations.
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the proper value of u. This equation implies that u is a function of x

and y only : thus from

u =: x -f y — u can be obtained u — —-— ;

, . . . „ , d.u . d.u . . , . ,

using this supposition, we want to find — and— , which are partial
cljc ^y

diff. co., but not the same as -£- and -7-. The dot denotes the intro-
dx dy

duction of a supposition more than is directly shown in the equation,

namely, that u is to be considered as the function of x and y, to which

it might be brought by solving the equation. Taking x as constant,

and considering (x, y, u) as containing y two ways 1. directly ; 2. as

containing u, which is a function of y ; and differentiating the equation

uz=Kp (x
3 y, u) on this supposition, we have

d<f>

d.u ddy d(ji d.u d.u _ dy

dy dy du dy dy d<p

Again, if we regard y as a constant,

du

d&

d.u dd> dd) d.u d.u dx

dx dx du dx dx d<fi'

du

_, . .,. . dm d(h d(t>

For instance, if u = x — yu, we have — = 1, —=; — ?«,-—== — y,
dx dy du

r d.u 1 d.u — M _ + .„ ..

therefore ——= —— =
. Now, 11 we actually produce

dx 1. + y dy 1+y J l

the supposition which gave these, in an explicit form, we have

x d.u 1 d.u x —u
~

1 +y ~dx~ " 1 +y ~dy~~ (1 +yY ~ 1 + y'

which agrees with the preceding.

In most treatises on the Differential Calculus, there are but two terms

of distinction between diff. co., total and partial. The reason is, that

the additional distinction we have made is left till particular cases re-

quire it, and is not usually formally proposed. We now introduce the

following additional distinction of explicit and implicit diff. co. and the

following definitions (the two first of which agree sufficiently well with

the senses * in which they are commonly used) will enable the student

to apply to each of the processes in this chapter its proper name.
Partial.—The function differentiated may be considered as of more

variables than one, nothing expressed or implied in the equations

given being to the contrary, and one only is supposed to vary.

Total.—The independent variable enters in different ways expressed

or implied, or both : and is considered as varying in all.

* They cannot altogether agree ; for the distinction of partial and total diff. co. is

frequently used in more senses than one. If, therefore, the student, at any future

time, find himself puzzled by the use of these words in any treatise on the applica-

tion of this Calculus, let him ask himself whether the distinction of explicit and
implicit be not intended.
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Explicit.—No variation considered except as it affects one given

equation. All common differentiations, as in Chapter II., are explicit:

no supposition (except assigning a given quantity as variable) drawn
from other source than the equation itself, affects the result.

Implicit.—Any other than explicit; affected by the co-existence of

any other equation or supposition. Total diff. co. are implicit, but distin-

guished on account of their frequent occurrence.

The terms partial and total are not contradictory, as might be sup-

posed from their etymology (consistently with common usage, we can-

not avoid this inconvenience). A diff. co. may be partial, inasmuch as

it supposes only x to vary, and not y or z ; but total with respect to x,

inasmuch as the function differentiated may contain x directly, as well

as through p, q, &c. For instance, let u = (x, y, z, p, q, r) where

p, q, and r, are themselves each a function of x, y, and z. The explicit

partial diff, co. of u with respect to x, is simply — ; but the partial

diff. co. considered with reference to every way in which x can enter

(which we should think might be called the complete partial diff. co. to

avoid the objectional phrase total partial) is

d.u
___ d<p d<$> dp d(p dq d<$> dr

dx dx dp dx dq dx dr dx*

It would be impossible to specify all the various methods and combi-
nations of equations which present results of differentiation worthy of a

distinct name. We shall proceed to take some of the most important

cases.

Let u= (x, y) — 0, required the implicit diff. co. -^ . The sup-

position is, that, by solving this equation, we may make y a function of

x.

If u = 0, that is, if the values of x and y are always to be so taken

simultaneously that u == 0, we have A . u =. for all changes of value

A . u
of x and y which the supposition will allow. Consequently, is

. . d.u
always 0, and its limit is 0, or —7— == 0.

d0

d.u _ d<j) d<fr d.y __ d.y _ dx

dx dx dy dx dx d<j>

'

dj

For instance, let x — (logy) x = = (x, ?/),

— = 1 — (logy)'1 . log logy — =r - x (logy) 1 " 1 X -
dx ay y

d.y _ y — y (log y)
a
log logy

dx ' x (log yy- 1

To verify this, observe that x = (logy)* gives logo? — x log. logy, or

log X log x log X

s.
x d.y b .* x 1 — loo- x

2/= s t^ = £ x £ x—r~;
dx x1
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let the student try to make these results agree, remembering that by
definition i°sx = x.

Let <f> (#, y, z) = 0, whence it follows that z must be a function of x

and y. To determine the implicitly partial diff. co. —^— and -~,

, * ^ i ! • i i-rr. d.u , d.u
As before, u— gives the complete partial din. co. -=— and -r—

severally — 0. This gives

d0 d(j> d.z

dx dz dx

d0 d0 d.z __

dy dz dy

dcf> dc{>

d.z __ dx

dx
~~

d<f>

d.z dy

dy d<j>'

dz dz

tol+U) +U) == L!!

m'<i)+&>*'
i 1 1 <#

Show that — = — -r-
L P dz

1

17

d.z 1 d<p 1 d.z 1 d<fr

dy~~P dy ~L ~dx ~ ~P ~dx'

Let u = (2/ + x^m), from which it may be inferred that u is a

function of x and y. Required, on this supposition, —'—- and — . Let
dx dy

y + .n/'M = V, which gives u = V.

d.V , aty?/ d.u , d.u

~d7
== *u+x iur ~dx~

==fu + :c'lfU
'dx~LL-u. vXtU/ Utdb ttX

d.V city?* d.w , d.?z—— = 1 +a?-j- —= 1 +^m-t-
ay d*z ay ' dy

d.u d0Vd.V ,, / . d.u

d.w d<j>V d.V ,m/ , , d.w\

d.?j cfi'Vfu d.u _ 0'V

cfj? 1 — ,r0'V y^'w <^y 1 — #0'V Y''"'

... . . . . . , . d.w c/.ti
which gives this simple relation —— = ^u ——

.

For instance, let u = s y+xi°z u (show that this amounts to supposing

d.w vy d.'iu = 5 x~ l rt,M _ 7/y d.u _
dx {x—\y dy x—1

<t>V=zev fV='sv 4,11=: log u V'u=-
u

d.u wsv logw d.u __ wev

d.z u— xsv dy u — xsv
'

show that these agree with the preceding.
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It must be observed tbat if u be a function of x and ?/, and if

du du .

-j- — * T~> where P is a function of .r and y, this same relation is
dx dy °

true for any function of u. For, let fu be any function of ?/, and mul-
tiply hoth sides of the preceding byfu, which gives

<iw c/.c c/w c/t/ dx dy'

Show that if zc be a function of z, which is itself a function of X and y,

d.u dz d.u dz

dx dy dy dx '

where the dot reminds us of the implicit supposition.

Chapter VI.

MEANING OF AND PROCESSES IN INTEGRATION.

The Integral Calculus is the inverse of the Differential Calculus. Thus
one question of the latter being "given a function to find its diff. co."

the corresponding question of the former is " given a diff. co. to find the

function from which it came." The original function is called, with re-

spect to its diff. co., the -primitive function ; thus, 2 x being the diff. co.

of x%
, <Z'

2
is the primitive function of 2x. Thus we may easily see, that

with respect to x, the primitive function of - is — : but with respect

x
to y, the primitive function of - is x log y.

But a primitive function, merely considered as the inverse of a diff.

co., would not be of much use. The following theorem will show the

point of view in which the necessity of finding primitive functions

actually presents itself in practice.

Let 0.r be a function of x, and let a and a + h be two limiting values

of jr. Let h, as before, be divided into n equal parts, each of which is

w or Ajt, and let x pass from a to a + h through the steps a, a + w,

a -f- 2w, . . . a + (n—\)(ii, a + n<o or a + h. Let every one of

these values be substituted in the function, and let all be added to-

gether, giving

0a+ 0(a+ w) + 0(a + 2w) -f . . . -f- (a + n— l w) + (a+ nio)
;

each of these lying between given limits, the sum of them all may lie

made as great as we please, by taking a sufficient number, that is, by
taking n sufficiently great. Multiply this sum by w, giving

{0 a -f- (a -\- w) -j- (a -j- 2 w) + . . . . + (a + nw) } w,

which we do not now affirm can be made as great as we please, for the

greater the number of terms in the first factor, the greater is n, or (since

mo = li) the less is w. And we can even conceive it to happen that the

taking a greater value of n should diminish the preceding product, or

ii
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that the increase of the first factor should be more than counterbalanced

by the corresponding decrease of the second. We can immediately
show, however, that the preceding product can neither increase nor

decrease without limit, provided <fi x he always finite between x ts a
and x = a + h. Let C and c be the greatest values it can have between
these limits : then the preceding product must always lie between

(C + C + C + . . . -f C) to and (c + c + c -f . . . + c) to

n + 1 terms n + 1 terms,

or must lie between (n + 1) Cw and (/t+ 1) cto, or between C (?ito + to)

and c (nw+ w), or between C (h+ to) and c {h+ to). That is, there must
be a finite limit, lying between the limits of the preceding, which
(when n increases or to diminishes Avithout limit) are Gh and ch. This

summation, of which we wish to find the limit, we shall proceed to

illustrate by a few cases, as follows :

—

Let 4>x — x, then the summation required is

{ft+ (« + w)-f (a-f 2w)+ . . . + a + ?iw } w

71-1-1
or (»+l) aw+ w2

(1 + 2 + 3+ . . . + n) or (u+1) ato + to
a
~n —~—

A

or (?iw + to) a -j or (/i +«)« +
2

putting 7i for nto. We have thus eliminated n (which is to increase

without limit) by means of a relation which is always to exist between
n and to (which diminishes without limit), and in the form to which we
have now reduced the product, its limit is evident, when to diminishes

without^ limit : that limit is ha -\ ; and we may observe that as «

diminishes the preceding diminishes towards its limit, thus verifying

the surmise above thrown out, that the increase of the first factor might
in certain cases be more than compensated by the diminution of the

second.

Next, suppose 0a? — x2
. We want then to find the limit of

{a2 + (a + to)- + (a+ 2a>) 2 + . . . +(a + ntof}to

which may be easily reduced to

(n+l)a2w +(1+2+3+ . . . +n) 2aw2+(l 2 + 2 2+ . . ..+m2)w3

,

for to write its value -, and the preceding becomes
n

. IV 1+2+ .... + 7i l*+2g + .... + n8

? ,
1 + - )ha~ -1 2 hza -\ = hd

nj na w
in which if we suppose n to increase without limit, and write for the two
latter fractions their limits obtained in p. 85, we have for the limit of

the preceding summation

ha" + h*a + ~.
O

Let u = log x : we wish then to find

{log a + log (a + to) + . . . + log (a + nto) } to,

and here we ore stopped, for there is no process of common algebra for

representing in a finite form the sum of n + 1 terms of a series of
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logarithms, such as here appears. We must therefore look for other

methods ; but first we shall lay down names and symbols for summations
of the preceding kind. The limit of the sum of a series of terms, such as

{0a + (a + w) + . .. . + (a + nw) } w

or faX(n+|i(a+w)Xw+ . • . + (a + nu) x w,

is called a definite integral: an integral, because it arises from putting

together the parts of which a whole is composed (or rather from the

limit of such a process) : a definite integral, because the first and last

values of the variable, a and a + ?/w, or a and a +- A, are definite, de-

fined or given. And since each term is a value of the function inter-

mediate between <j>a and <p (a + A), multiplied by the interval between

the values of x corresponding, we may make <fix x Ax the representa-

tive of any one term, and 1,($x.Ax) the representative of the sum.

And, agreeably to the analogy by which we made -j (a total symbol,

A?/
see p. 50) represent the limit of ~, an algebraical fraction, we shall

cause ffixdx to stand for the limit of the summation 'S.^xAx, when
Ax diminishes without limit. The symbol J is, or was, an italic f.
We must have some symbols to denote the limits of the integral which
were used, and the method of doing this has not been well settled by
custom. Some would express the result by J^fyxdx, others by
J^xdx, from x = a to x = a + h. For ourselves, we prefer the first

of these two ; but should incline to write the limits above and below
the last x, thus f4>x dx°+h . All, however, have their inconveniences,

and we shall adopt the first, simply because it is used in many works
of high reputation, particularly on the continent.

When we say that
lo+fc

tf
xdx = ha+ —

,

1/ a

we mean that the definite integral of xdx (why we use this instead of x
will be afterwards explained) or the limit of the summation, the extreme

values being the lower limit, and a+ A the higher, is ha -{ . Now the

value of J'a
+h
4>xdx, when deduced, may be applied to any value of

a-^-h, or of A, provided no infinite value of 4>x occur between 0« and
(a+A). And since a+ h is a value of x, let x itself (the general

symbol) stand for its superior limit in J*"
+ ,

'(f)xdx, which gives in the

particular instance first cited,

/* , , (x~df x2 — a2

cpx.dx = (x— a) a-\ = ——- .

This is generally denoted by fcfrxdx, meaning the limit of the summa-
tion in question, from a to x, or the indefinite integral beginning at-

x=za (sometimes it is said ending at x~x, which is an awkward way
of saying that the last value of x is indefinite). And in this expression,

when x only varies, its initial value a may be what we please, or an

a2

arbitrary constant. Whence is an arbitrary constant (only in this

particular case, it must be negative). Let —— be called C, whence

h 2
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we find — + C for the above indefinite integral, where x may be what

we please, and C depends upon the arbitrary value of x, at which we
choose the summation to begin.

We have thus two new expressions connected with 4>x, namely, 1. Its

primitive function, or the function which must be differentiated to give

it. 2. The indefinite integral of 0,.rt/.r, meaning the limit of the sum-
mation above described, beginning at any given value of x. Now we
observe that the primitive function of <fix must contain an arbitrary

constant : for by the rules, if fx differentiated yield 4>x, v_r + C does

the same, and is therefore a primitive function. And we, also see that

the integral of 4>xdx contains an arbitrary constant depending on the

initial value of x. We have given these two new things different names,
because they are derived in different ways : but we now proceed to show
that they are the same : or that the primitive function is no other than

the indefinite integral. This will easily be seen in the instance of x,

x2

whose primitive function is \- C, and its indefinite integral the same.

Let us now return to the equation
2

(a+ o)) — 0a = 0'a . cj + <j>"
(fl + 6w) 57 >

and supposing nu)= h, substitute successively a + w, a+2w, &c. . . .

a+ntv or a+ h, adding together the results, the first side of which, as

before, gives (a+ h) — 0a, and we have

(a + h) —0a = { 0'a+ 0' (a+ w) + . . . + 0' (a + ?~1 w) } . w

+ (<£"(a+ w )+0"(a+H^)+ . . .)-, ...(A)

in which we know that 0, #! &c. are severally less than unity, and in

the highest of which we see a + (n — 1 + 0,,_i) w, which is less than

a+ no) or a+ h. Let C be the greatest value of 4>"x between x — a and

x=a+ h, then the second series must be less than ?iC — , or Cnw -, or

Ch — . One term added to, and afterwards subtracted from, the first

series, with the preceding consideration, gives

0(a-fA)—0a=r{0/

a-f0'(a+ w) + . . . -f0'(a+ 7J- lw)+ 4>'(a+ ?iw)} w

— 0' (a+ rno) .w + less than Ch -
;

the last two terms of which are comminuent with w. Now the primitive

function of <p'x is 4>x+ C, C being any constant : while the term con-

taining the series has for its limit the definite integral of 4>'x.dx from

x = a to x — a + h. Let 4> x
x — 0.c + C, the primitive function ; we

have then

0i (a + /i) — 0i « — (« + A) — 0a,

and finally diminishing to or increasing n without limit, we have

t
(a + h) -faa ~fa

a+h
(jj'x.clx,

or making a + h == x as before, that is, letting x represent its superior

limit, we have
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4>iX— d)
y
a = f*4>'x . dx,

and a being an arbitrary constant, so is — c/v', giving at last

fftx.dx = ^j? + C
t
= </>.r + C 4 C,

;

so that the two apparent arbitrary constants are only equivalent to one.

For the condition that C and C, may both be what we please, merely

tells us that C + C t
may be what we please.

The indefinite integral and the primitive function being the Same, #e
shall use the former term, where distinction is not necessary, to denote

both. The following will now be easily intelligible.

du r
If — = z u + C = I zdx

dx u

rax . ~ rrd*
, , C"^ , « ,

/ — =s log x + L
f
— —log x— log a I — = log b — log a

tJ X y) a X t/ a X

Pdx
i rdx

, , r 2id* , «
/ — =r logo: / — =r logx — 1 / — — log 2.

%J 1 X fj £ X l) i X

We thus see ourselves in possession of a method for finding the

limits of the sums of series, in cases where the sums themselves can-

not be reduced to any more simple expression. Thus, in the last

example, we have found the limit of111 1
- + —— + —-7T + .... + -r—

when w diminishes without limit.

[The language of the infinitesimal calculus is very well adapted to

illustrate the relation between a cliff, co. and an integral. If x increase

by an infinitely small quantity, x2
is increased by the infinitely small

quantity 2xdx : so that the transition from a2
to (a + /t)

2
is conceived to

be made by the successive addition of an infinite number of infinitely

small quantities, namely, 2adx, 2 (a + dx) dx, 2 (« + 2dx) dx, and so

on. But the total of these being that by which «2
is increased so as

to become (a + A) 2
, is (a -\- h)°~ li

2
. The whole difference of two

values of a function is conceived to be made of an infinite number of

infinitely small parts (as in p. 26) ; but for each of these infinitely

small parts is substituted another, infinitely near to it, so that the

sum of all the errors committed is itself infinitely small. Com-
pare this with the reasoning by which the second series in (A) is

shown to diminish without limit. The real differential of a-
2

is

(x + rf.t)
2 — or or 2xdx + {dx) 2

; but if dx be infinitely small, (dx) 2

is an infinitely small part of dx, so that n (dx) 2 when n is infinite, being

ndx x dx or kdx is infinitely small. For it is the condition of this

process that n and dx shall be connected by the equation 7idv=/i.

We have here (as we shall always do in the remarks in [ ]) used
the language of Leibnitz in its broadest form : the student can omit it

entirely without breaking the chain of investigation ; but we should

recommend him always to consider the language here used, in reference

to every problem he meets, for when the method of rationalizing the

single false assumption in which the whole error of the system of

.Leibnitz consists, is once understood, he may depend on it that there

is no other like it for giving power of application.]

It is not necessary that in the transition from a to a + h, the incre-
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ments of the value of x should all be equal. They may follow any law

which makes them all comminuent.

In the process of page 100, let us suppose this alteration, that a first

becomes a + w 1} next a + w, + w2 , and so on up to a + (o l + a>2 -f- ...

. . . +w„ ora+i Then we have, as before,

(a + w! + . • • + w„) — (a + o>i + • • • + «n-i)

+ 0(a + w
x +. . . + wn _i) — 0(a + «i+ • • •+«»-)

+ • •

+ (a + a>! + w2) — (a + wj

+ (a + w0 — 0a =0 (a + A) — 0a :

and also 0(a + Wl) - 0a = 0'a . Wl + 0' (a + t yj —

•

W2
2

p

(a+ w
t+ w2)—0(a+ w

l)= 0'(a + «>i) w2 +,0" (a+wi+e2 w2 ) -tj-&c.

or,

(a + A) — 0a = 0'a. Wi + 0' (a + Wi) w2 + • • • •

. . . + 0' (a + a>i + . . . + w„ _ J a>„

w 2
- w»2

+ 0" (a + 9, Wl) -^- + 0" (a 4- u, + 0-2 w2) _-+..,

. . + 0" (a + wj + w2 + . • • . + 6n wJ -=-•

Now, since w, + w2 + +wn sfe, and 0! a are severally

less than 1, there is no value of x here employed, but what lies between

a and a + h, both inclusive : let C, as before, be the greatest value of

0".r, and let ft be a quantity greater than any one of wx wa .... but

comminuent with them, so that nft is a finite quantity r and* we have

(a + /() — 0a = the first series above written,

ft 3 .ft

+ less than wC —, or Ch- ;

2 ^

so that taking the limits of both sides, it appears that (a + /*)

— 0a is the definite integral with unequal but comminuent increments.

But it is also the definite integral with equal (and therefore of coarse

comminuent) increments: these two methods of integration therefore

give the same result.

A very common case of this process is where it is required to integrate

fx x _, where x is a function of t, and the integration is to be with
J

. dt
}

respect to t, from t = b to t = b + k.

dx
If we suppose x = vR -f

— V'*» this is the same as requiring to find

* The completion of the first series, as in page 100, is not absolutely necessary, for

the additional term is comminuent with ay
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/' + * ftyt • W . dt. Let/^be the primitive function of J'c ; we have

then *

dfx dfx dx
_

dx C dv

dt dx dt

, dx r dv . rd/\x
,f*dt y*Ht di = J -In"
1 -

Now since, 0x + C = fffix . d!x, and 0'# is -y—
-, we sec that

/" + ' . dx ,
/" + » d/.Vf , „ ,

1
fZ0i? .

-;— a# is 0a; + C, and therefore
da;

= /i (a 4- A) —M
supposing « = i//fr, a + h z= f (b + k), a and a + h being the
values of x or Y^ 5

corresponding to b and 6 + & for values of t. But
this last result (fx + C being the same as f£ fx dx) is the same as

J a
+h

fa dx ; whence we have

t/ 6

b+k dx na + h

fx — dt = /a? cfa;,

provided only that b and 6 -f k are those values of t which give a and
a + h for #. If £ and x themselves stand for their superior limits, we
have

J b

fx
dT

dt==
J a

jxdx -

We shall now proceed to some methods of integration ; but first we
shall remark, that though we can differentiate every function, we cannot
integrate every function. Integration is an inverse operation to dif-

ferentiation, and though we found many functions appear as diff. co.

yet it would be easy to name functions which neither appear, nor, in our
present state of knowledge, could have appeared. Imagine, for ex-

ample, a given ellipse, and let a starting point be taken on its circum-
ference, from which measure the variable arc s on one given side of

the starting point, and let A. be the variable area included between the

arc and its chord. Then A is evidently a function of s, at our present

point wholly undetermined. We do not know whether our means of
expression are sufficient to express it or not. We can take powers,
logarithms, sines, logarithms of sines, sines of logarithms, &c. of s or

functions of s, and combine them by addition, subtraction, &c, but we
cannot say whether any finite number of such processes can compose a
formula which shall represent the value of the area required. Suppose,
which may happen, that it is inexpressible, it does not therefore follow

that its diff. coeff. is inexpressible; consequently, we may have an ex-

pressible diff. coeff. with an inexpressible integral. To illustrate this,

let us suppose we had commenced this subject with common algebra

only, and without geometry.
. By common algebra, we mean to include

the operations of addition, subtraction, multiplication, division, the

* We shall not stop to prove that functions which are always equal have the same
primitive functions or integrals. We take as an axiom, that the same operations
performed on equal quantities give the same results.
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raising of powers, and the extraction of roots, together with all com-
hinations of them in finite numbers, that is, entirely excluding all

infinite series. We should immediately observe that our differential

calculus never caused - to appear as a differential coefficient. We
x

should find ourselves able to give the integral of xn
generally in the form

cc
11 + 1 .

_ \- C, but if we attempted to apply this to the case of x~\

-, we should find + C. or-
x —1+1

or

we should find —
1 i 1

+ C, or- + C, an unintelligible form. If

we took the following expression,

s:
x"dx =

n + 1 w + 1 ?i+l

, 1, T, •• •
1-1 0„

we should see that the supposition n = — 1 gives — --, or - lor
~™ 1 —p 1 u

the preceding expression, and should conclude that the integral required

is the limit of the preceding expression, on the supposition that n ap-

proaches without limit to — 1. It would not be very difficult to find

this limit in any particular case. Say that a— 2 6 = 3, and, to get

an approximation to the limit, make n very nearly equal to — 1 ;

say ?i =—1-0001 or n + 1= '0001. We should find the limit

in question near enough for most practical purposes by calculating

O-0001 O'0C01

, which is (with difficulty) within the compass of the rules
•0001

of arithmetic, since a tedious process would enable us to extract the

ten-thousandth roots of 2 and 3 to any degree of exactness. And by
calculating for a number of values of a and 6, we might thus get a table

of values of fb

a x~ x dx sufficiently numerous in instances, and exact in

each instance, for practical purposes. But these tabulated values would
give no information on the properties of the function of a and b in

question.

Now it so happens, that this process has been already forestalled in

algebra in another shape. In looking at the equation y = a", it appeared
that to find y when x is given, is an operation of common algebra; thus,

i 3.

it is not difficult to assign 2 (12)
5 &c, with any degree of nearness.

But to find x when y is given is a perfectly new question ; for instance,

to find what value of x satisfies 3 = 2*. It is true that certain pro-

cesses may be found by which the value of x may be approximated to,

and that these processes contain nothing but common algebra
; yet

whether we consider the question as one of common algebra or not, it is

obvious that we have a new process, not contemplated when we laid

down the most simple relations of magnitude. By giving x a name to

designate its relation to y, by calling it the logarithm of y to the base a,

and by investigating the nature of logarithms, we come to simple rules

of computing them, and to methods of making tables of them. Hence,
when we begin the Differential Calculus, we naturally ask for the diff.

co. of a logarithm among the rest, and having found that (to the base e,
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which is ascertained to be the most convenient base) it is -, we are
x

prepared to assign the integral of — . But let it be remarked, that

this is entirely owing to our having been led to pick out from an in-

finite number of equally possible suppositions, the relation y s= ax , and
to investigate the nature of the connexion of x and y. And this trans-

scendental (as it is called) log x, has an algebraical cliff, co. But it

may happen that there is an infinite number of other relations which
require new names to express them, and yet undiscovered properties of

expressions to compute them, having all the while either algebraical or

known transcendental diff. coeff. If this case ever arise, we are in

/dx— if we

had not previously considered the theory of logarithms.

Our first methods of integration must be the observation of differen-

tial coefficients, and the reconversion of each into an indefinite integral.

Understanding always by f<<t>x dx the integral with an arbitrary, but

given, lower limit, and x itself for the higher limit, we see that if <p lx

differentiated gives 0r, then ffyxdx is 0,:r + C. It is usual to omit

the constant, as an attendant of the integral sign so well known that it

is unnecessary except where we are actually applying the integral cal-

culus, and may be dispensed with when we are merely ascertaining

integral forms. We can thus find the following theorems :

I. f (u -f v — w) dx = fudx -f- fvdx —Jwdx.

To prove that these are the same, observe that differentiated they give

the same result. For — / udx = ?/, consequently,

- I (u + v — w) dx =: (u + v — w)

(fudx+fvdx-fivdx^ ±fudx + ^Jvdx^- ±ficdx

— U + V — W.

d

da

But this is not true for all values of the constants appended to each
integral, but only for such as make the total constant on the second side

equal to the constant on the first side.

2. J'budx = b fudx, b being independent of x. For differen-

tiation gives bu for both.

o- d , •.
dv du . . .

3. bmce -7- (uv) = u- 1 v -—-
, the integration of both sides

dx dx dx
gives

rd {uv) . r dv
, r du .

/ -. dx zz I u — dx + I v -r- dx
;J dx J dx J dx

or (page 103.) uv = Judv + fvdu Judv — uv — fvdu.
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We have thus the following theorem fudv can be found whenever

fvdu can be found. The process is called integrating by parts, and

is of fundamental importance, as we shall find.

The following are evident from differentiation :

r ,
Xn+1 r. i , 2 3 r _1_ 1

xndx = lx- dx = - x* x *dx =. 2x 2

J n+1 J 3 J

x13 x~ 2
1

fxl2dx = — for 3dx=— = - —
2 Jdx=x;

/dx
== log x

f(ax + 6) dx = faxdx + jbdx = afxdx + bfdx = —— + b x
2

4- p.r.

3 2

a b c \ . a b— + — + - -f e d» = - — h c log a; + <?*

x3 x2 x J 2x2 x

„ ;
, „ . ax4

- bx3 ex
f(ax3 + bx2 + ex + e) dx = - - + — + — + ex

K
fa" log a dx = ax — log a fofdx .*. j axdx =

fe
xdx =. e

x
, fcos x dx = sin a? T^sin x dx == — cos x

/' dx [* dx . , r — dx= tan x, = sua.'
1
x, =

cos 2
* J VI —a:2 J Vl — x1

A

cos * X
J Vl — x2 ' J Vl — a?

2

eta

1 + a?
2

tan ' a?.

It must always be observed, that the arbitrary constant must never

be neglected, except in finding forms, and must be applied whenever
we wish to compare forms ; otherwise, an integral obtained by two dif-

ferent methods may give two different results, apparently, bat which, in

reality, differ only by a constant. For instance, we have found by ob-

serving differentiation,

r dx -x r
l == sin x I

-

J Vl - a* ' J VI

dx
- = cos"

But

r dx n ^ dx - f dx -
/ -

—

= / (-1) . = - ,- = -sin \v;
J Vl— a:

2 J Vl —

*

2 JVl-a:2

apparently then cos ~ lx = — sin" 'a?, which is not true. But for the

first take cos
-1* + C, and for the second — sin

-
'a? -{- C, and equate

these, which gives cos
~ lx + sin" lx = C — C. But cos

_1
a; + sin~\r

ig

±= - a constant (p. 60) ; hence this comparison produces nothing ex-

cept the condition that the two constants of integration here introduced

7T

must differ by -.
J 2
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/dx r 1
- or / dx.
I -\- x J 1 + x

x i
dv

Let 1 + x = v, whence — = 1, and we may write the pre-

ceding / - — dx; but by p. 103, we have

Cx
1 dv (? 1

J a vdx
dV = J l + a v

(h = l0S^ + C = log(l+^)+C
;

the difference of the inferior limits may make a difference in the con-
stants of the two, but at present we are only inquiring about the form
of the result. Let v = 1 — x, then

J 1 - x J v \ dx)
X

J vdx J v
dv

= — logw = log^Z

Required J *Ja
2 — x* xdx. Let a2 — x° = v, — = — 2x,

dx

(a2 - x*)i

fta*-* Xdx=pv(^^dx= -\^~v d

£ dx

=-ljjvdv= -y* =

The preceding example belongs to a large class of integrable cases,

contained under the general formjcfrax.a'x.dx, where a'x is the cliff,

co. of ax, and 4>x dx is easily integrable. Let y zz ax, and the pre-

ceding becomes

I <j>y -y- dx, which, p. 103, can be found from f$y dy, by using,

as the limits of y, the values corresponding to the limits of x.

It is not our present intention to enter largely into the mass of

methods by which detached integrals are found ; we shall only give

some examples of the method of integrating by parts, and shall then

proceed to some simple cases for which no rule can be given. The
student may, without absolutely breaking the chain of demonstration,

omit the rest of this chapter.
,

r xndx
It is required to find —— (w a whole number.)

J v a-— x'
2

The theorem to be applied is Judv === uv — fvdu, and the object

is, u and v being so taken that udv is the function to be integrated

above, vdu shall be more easy of integration than udv. For in the

equation last written,Judv is made to depend upon fvdu. Now the diff.

co. of a2 — x % being — 2x dx, if we resolve the numerator of the pre

ceding, namely *n dx, into the two factors, — - a?"
" l and — 2xax, we

have
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C *»jj_ _ f( _ 1 xn-A -2*d.v_ = r( l
x
»\ d.(a*-x>)

= / ( — - x n l

) ^L where V = a2 — a?
2

,2"-
; vf

where, perhaps, for dY we should write — cZr, seeing that we have

not yet used dY alone, where V is not the independent variable, hut a

function of it. But here wemustrecal the theorem in p. 103, in which

it is proved that / U— dx and fUdY are the same, provided we

take such limits for V in the second as are values of V corresponding

to the limiting values of x. By flJdV we mean the limit of 2(TJAV),
obtained in the same manner as in p. 102, where the values of AV
in the several terms are different, but comminuent. Again, since

diff. co. V -h Vv is the diff. co. of 2 VV, or 2 cliff, co. VV , the

last form of the integral is reduced to

Cl-\ x n~ l
\ 2 . tfVV or /( - a

11" 1

) d . VV or

—VV^- 1 - f\/Vd . (— xn~>),

which is

— VV .r"-
1 - f( - vT.TT^l ,r"-

2
dx),

or - VVj,-"-
1 + n—\ f*JTxn2 dx

;

because J c y d x sk cf yd x p. 105.

Therefore,

I
.

'r
- = - /-Va2 - x°~ + tT-^T I vV -T2 xn~*dx.

J Va 2 — x2 J

We have therefore found that the given integral depends upon that

of v a2 — x2 xn
~*dx. But whenever a square root occurs in the nume-

rator of an integral, such as VV, it will generally be found convenient

to remove it into the denominator by substituting V — VV. In the

present instance,

JJa~ - x*xn~a dx = xn~ 2 dx = I- - \

J Wd'-x2 J Va2 -a?2 Va8 -*2
/

Co? xn
~sdx r xn dx C* xn~2dx n x n d v

J \faF-~x* J Va^-T-c2 J Va*-"*5

J Va^Tx 2

Substitute this value in the preceding, which gives

_ = - x"-Wa?-xs + {n - l)a 3

Va2 - x 2 J n a L — .r'
2

;x"dx
Va2 - a;

2
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Let us now signify the integral to be found by U„, ami any other

similar integral into which xm cnteis, instead of xn
, by Um . We have

then from the preceding,

U„ = - of" 1 V^37^ + (n - 1) a2 U„_ 2 — (n - 1) U„

1 -, /-
2= X Vffs

n— 1
whence U„ = x

n Wa2— x* ^ a- U„_2 ;

n n

and we have thus made the integral U„ depend upon an integral of the

same form, but with a lower power of x. Apply precisely the same pro-

cess to U„_ 2 , which gives

which, substituted in the preceding, gives (V = a2 — x-)

tt 1 * , i^r n — 1 , i— (>i—l)(n — 3) ,__

n n (?i —2) w (m — 2)

apply the process to U„_
4
and substitute ; continuing thus it is evident

that the series U„ , U„_ 2 , U„_
4 , &c, ends with U when n is even,

and with Uj when n is odd. But

TT _ C x°dx r dx

J Va2 - x2 J Ja 1 — **

-i x= sin - ,

a

which is thus deduced. We have, from what is known of differentia-

tion, and from p. 106,

J:

dx
. , . , • i , y—•—r = sin l

x, in which let x == -,

vn X' a

f
dx n> l dx _ r a 1

J Vl-*2
=

J Vl-(y-r-a) y d
2/ ' "J V^1^ ' a

C
"

or sin-\z — i.e. sin
-1 - = —- •

J V«2 -
2/

2
,

a J Vrt 2 - if

a • tt f **» 1 P^V /- /Agam
'
u

'
=
J v^f = " 5J v? = -^ = "

-ff - *

Hence, by carrying on the preceding series, in the case where n is

even, which we indicate by writing 2m for n, we find

u,„ = _ i ^-vv - 2 "' ~ '- «< ,<- Vv
2m 2/?i (2m — 2)

(2m -1) (2m -3) „ 4 .,„,_5^
2m (2m - 2) (2m - 4)

_ (2m- 1) (2m- 3).. -.3
2^

2m (2m -2) 4.2

(2m- 1) (2m - 3).. .3.1 , . ,.r

4- i -^ «2m sin" 1-

;

2m (2m — 2) 4.2 a
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Of which the following are instances :

U. = - \<f Jf - ,-± A JV + JL a' sin-
'

it -/_!«. .1,./-— «'^Vv + JJLU«
_
V 6 6.4" 6.4.2 J

+
6.4.i

«D
sin"

.4.2

and so on. When n is odd, write 2m + 1 for n, and

2m (2m -2) 4^_4 ^-

Vv i

(2m+l) (2m— 1) (2m—3)

2m (2m—

2

) 4.2
~~ ~~

(2m+l) (2m— 1) ..5.3

of which the following are instances :

U, = — vV (which is also in the process)

u, = _ lWv - A«Wv -g^Wv ,

u7= -IWv -^«Wv -^,Wv -^A"
and so on. In this way we may see that it will sometimes he prac-

ticahle to make an integral which contains an operation repeated n
times depend upon another which contains the same n— 1 or n—

2

times, in which case, hy continued reduction, the whole difficulty is at

last contained in finding what we may call the ultimate form, which
either does not contain the operation in question at all, or else only

once. The general principle of this reduction is as follows : let A„ and
B„ he given functions of w, and \Jn a function, whether involving inte-

gration or not, of which we know only this, that for all values of n,

U„ =• A„ -f B„ Un _!. Then it is evident that

U„ = A„ -1- B„ U_, = A n 4- Bn (A n_ 1 + B,., U„_2),

= An + B B An_ t + B„ B,., (A n_2 + B„_2 U„_ 8),

= An + B n An_ t + Bn B,., A n_2 4- B ;! B„_, B„_ 2 (A re_ 3 -I- Bn_3 U„_4),

and proceeding in this way, we get

U„ = A„ + B»An_, +B„BS_1 AK_2 + &c. +B„. . .B 2 A! + B„. ..BJJ,,,

whence, U being found, U„ is found.
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But if we have U„ s= A„ + Bn U„_2, this gives

U„ = A
?t + B„ A„_ 2 + B n B n _ 2 U„_4 ,

= An + B„ An_2 + B n Bn_2 A„_ 4 + B n Bn_2 B„_4 Un _c ,

and so on, which gives, according as n is even or odd,

U2m = A2m + B2m A2m_2 + &c. + B2m Bam_B B 4 A 2+B.2m B 2 U ,

U2m+ i
— A2m+1 -f B2m+ , A2m_i+ &c.+ B2mj. 1 .... B 5 A 3+B2m+] . . .B a JJr

As an example of the first, take Jsx xn
dx, which is a\soJ'x

n dsx . In-

tegrate hy parts, which gives

fs
cxndx = xn

s
x— nj's

xxn~1 dx.

Let Jsxxndx = U„ then U = J's
xdx = s

x

A n— s
rxn , A„_, es s*j?"-

1

, &c. B n
— — n, B,,., =2 — (n- 1), &c.

and the negative sign of B„ gives the signs in the series alternately-

positive and negative, so that we have

fexxndx= s
xxn — 7is

xxn ~ l + n(ii— 1 ) s
xxn

~'2— &c.

±n(n-l) . . . 2s
xx^iii (n-1) . . .2. Iff".

As an instance of the second case, we take /sin"*? dd

Un^/sin^ed-C-cose) ——cose sin—'e—/(— cos 0) d.sin""^

(write C and S for cos0 and sine, when not under the integral sign)

= -CS"" 1 + («-l)/cos2
sin

n - 2e

— — CS"- 1 + in- 1) /(sin""2© - sin"<?) dS;

or Un = - CS"- 1 + (n - 1) U„_ 2
- (n- 1) U„

1 n — 1 1

U„ == - - CS- 1
-1- U„_2 , AB = - - CS-,

n n ii

1 « — I ii 3
A„. 2

= -CS-3,&c. Bn ^ -, B_=-i—|,&c.
ii— 2 n n — 2

U =/ sin°0 dd = /rf0 = 0, 11!= /sin d0 = - cos 9.

TJ = CS2'"" 1 — ^ ' Qg 2m-3 ^-c
2m 2m (2m— 2)

__
(2m-l)...3

c§
(2m-l)...3.1

g
2m. ..4.2 2m... 4.

2

1 2m
Usm+1 = ~2^T1

CS2W~ (2m+l) (2m- f)
CS9'"~ 2 " &C<

2m (2m-2) ...4.2

(2ot+1) (2m-l)...5.3

We have already had this integral in another form, as follows. Let

x = a sin 0, then V a2 — a;
9 = a cos 0, and* dx = a cos . dd, which

gives

* It is much more convenient in many instances to write such equations as — =p
ax

in the form dy=pdx. The justification of this process is contained in the theorems
in p. 54, in which it appears that diff. co. have the same properties as if they had
ordinary numerators and denominators.
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xn dx an sin"0 . acos dd
=. an

sin"0 dd.

Ja?-x°- acos0

Verify from p. 109, and the last process, the equation

I:

y^ ft y\ •*»

- = anfsmn 6 d9 when 6 = sin
-1 -.

The method of integration hy parts is almost the only systematic rule

in the direct Integral Calculus. In most questions unconnected arti-

fices must be used, of which we proceed to give some examples.

Jdx— •

. The denominator is the product of a-\-x and a— x ; and
a" x

. . , . , -, 2a 1,1-
it is obvious that.— = 1 , whence

a 1 — x- a-\- x a — x

r dx r dx r dx r dx rd(a+x)
,

J a—x2

J a + x J a—xja+x J a+ x ° '

/dx f*d (a — x)

a-r^-j -a~r-^
~ log (a - x) -

Therefore,

J
-*Lj = JL (log a^x - log a^Tx) = ± ]ogQ±£^

Jdx r dx 1 fa — x\

x*-a2 ~ ~
J cf-x* ~ 2^

°g
V«+*J

os 0.eZ6> rZ. sin9 1
,

/l + sintf= ^ lo
cos -'9 -sin2

<9 2 s VI— sin

Cdd _ pc

f* c?o? ra^\a) 1 . a1 ,. ,.„ . . v
-^ ' = —

-

_ — » == - tan~' - (from dinerentiation)

J * +«2

J *
2

, . a a— -r *

. r (Z.c _1 ,, dx 1 /Va + V6j?\

Ja_6^s ~i U _,,"""
2 Va& °8 Wa — V6.r /

Jdx I ^ dx 1 - /&
T~« = T I

= -jzr tan \ / - . x.
a+bx* b

J
a Va6 V «

The following reductions should be practised till they are easy.

a + fa + c.t
2 =:»-—+ (—-=. -\"Icx\

4c ^2VC y

b
2 / b - \

a + fa — ex2 = a + —-= —Jcx .

To find - Assume —r=r + vc x ~ #', vc cZa? = cZ/,

J a+ 6.r+c^- 2Vc . .
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r dx _ j_ r

J a + bx+cx*
—
VcJ

'dx
r
. 2 ./ 2V*c

tan"

J—+X'z V4ac—

6

a W4ac-
4c

. 2cx+ b
tair 1

V 4ac — 6
2 Viac— ft

2

If V4ac—

6

2 be impossible, that is, if 4 etc be less than J2, this in-

tegral appears to be impossible. But, p. 97, if all the elements of the

form yAv be finite and possible, the limit of 2 (yAx) must be the

same. There can be no real impossibility therefore in this integration,

and we must look to some anomaly in the method for the reason of

this peculiarity of form. In algebra we find that the alteration of a

constant from positive to negative sometimes does, sometimes does not,

produce results possible in appearance, and impossible in reality, or vice

versa : but frequently, owing to the comparatively simple character of

the results, and the closeness of their connexion with the fundamental

definitions, we are able to tell at once what effect a change of sign will

have. In our present subject we are dealing with more remote con-

siderations : and whether we consider fydx as the primitive function

of y, p. 100, or as the limit of the summation expressed by ^yAx, we
cannot in either case pretend to carry with us from y to fydx any such

perception of connexion as will guide us either to the form or magnitude

of the latter. We have already found the two following results,

1 , /Vc — x\ C dx 1 x—— = ~r= tan" 1 —

,

*'+ c sfc Vc

r dx i /Vc - x^ r_

which are only general forms, p. 106, and must, before we be°in to
compare them, be taken between the same limits. But both forms
vanish' when x = 0, and are both therefore taken to the higher limit x
from the lower limit x = 0. The first form becomes impossible when x is

greater than Jc, for in that case the integral becomes the logarithm of
a negative quantity ; but at the same time we see that in this case a

value of x (namely, Vc) which makes the function to be integrated be-
come infinite, lies between the limiting values of the integration. This
case is expressly excluded, p. 98, from the theorem by which the primi-
tive function and the integral are connected ; and we can therefore only
consider our theorem as applying so long as the superior limit is less

than ye, reserving all other cases for future discussion. We now pro-
ceed to another point ; the first of the preceding integrals is changed
into the second, if we change the sign of c, or change — c into + c.

But the second sides of both become impossible under such a chan°-

e
and give

r dx _i__ /v-c - x\ C dx - _J_

J^+c~ 2V~c
E \J—C+J J x°~~ c ^-

tan*

V—
and we thus obtain

S
- l

t -i
* 1

, ( V-c - *
-— ~j= tan -p or— log ( -

:

—
x +e t/c ^ c 2 V— c \*/-c + x

i
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1
loS fj^t\ OT 4= tan-

*

~ c 2>Jc \<Jc+ xJ V-c V—

c

giving a possible and an impossible form for each : the latter sub-

ject of course to all difficulties of tbe passage from possible to impossible

expressions. The only question for us now is this : are the preceding

possible and impossible forms the same in algebra, such as it is to the

student who commences the Differential Calculus, or shall we be obliged

to make any extensions in the meaning of algebraical terms, before we

can consider them as the same ? Let us equate the two expressions for

the first integral, and consider them as identical, that we may see whether

the consequences of such a supposition will or will not be consistent

with those already known.

1 . x 1 , / J
Assume —rz tan

-1 -= = r= log

or tan"

Vc vc 2 V— c \y — c— x

x

Assume x — *S c tan0, and substitute, which gives

1 , //"l — tan
9 = —— loa

2 V-l
& W— 1 +tane,

V^l — tan0 — 1 — V— ltan0

/HI + tan 9 -1 + V— 1 tan

whence tan 6 . J~\ = ( ^^- l) -f (s
29^1 + l)

a result well known to those who have studied the higher part of trigo-

nometrical analysis, and on the method of finding and interpreting

which we shall enter in the next chapter. We shall now return to the

subject, with this result, that so far as we have yet seen, the possible

and impossible forms of integrals are identical, and lead to the well-

known relations in which trigonometrical function s are expressed by

algebraical functions involving the symbol v — 1. The student will

observe, that we do not in this place profess to remove a difficulty, but

only to show that, whatever it may be, it is only such as is found in

algebra. In the integral last found, p. 113, we have the form

VcJ 1

dx' b'
2

1
where C = a = — (4ac— b 2

) :

C+ x'
2 4c 4c

if c be negative, we have already impossibility of form in the con-

stant factor, a case we shall presently mention. Let c be positive, then

C is positive or negative according as 4ac is greater than or less than b\

The first of these two cases has been integrated in a possible form ; in

the second case, where b%
is greater that 4ac, let C be — C, and the

integral then becomes ( C = —- (b % — 4ac)
V 4c '
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L f
dx'

- L_ /V C/— x'\

f-j a/* - -
2N/^

og

vc?+J
^_1 /VicC'— 2^'cx' Y

V& 2-4ac W4cC'+ 2 Vcj//

but & -f 2cjp == 2 \/c ^', which substituted, gives

/.

rf* 1 / V^>
2— 4ac— 6 — 2cj?

s

log
a + 6j? + cj?« Jb*-4ac \ V&2+ 4ac + 6 + 2c*

which is the possible form when 4ac — b'
2
is negative. And in this, it

must be observed that the case where c is negative is included ; for in

that case 62 — 4ac must be positive, unless a be also negative, and
b 2 < 4 ac. But the case where both a and c are negative is treated by
the following reduction

f* dx _ P dx _ P ^x

J — a + bx — ra2
—
J —(a— foc+ca;

2
)

"~

J a — &#+ca;8
'

It makes no difference as to form, whether b be positive or negative.

The most important integrals in practice are those which involve

square roots, and which we now proceed to consider, using various

methods of reduction. We shall frequently, without formal notice,

substitute throughout for one variable, such a function of anotber as is

convenient. Thus, in the first example which follows, we do in effect

say let x — ay, and we thereby find the integral in terms of y, and
thence by restitution in terms of x.

/dx (* d.ay C dy . , . , x
,

= -7
J— = ,

y = sin"
1

?/ = sin"
1 —

,

Va2 — x2 J *Ja2—a2
y

2 J V\ - f
J a

Jdx
-. . Let a2 + x2 = y

2
, whence xdx — ydy, and ydx+xdx

\!a? + x2

= ydx + ydy, whence

/dx Cdx rdx + dy (*d (x + y) . / /-——„\

vV + x2 J y J x + y J x + y

This is a specimen of an artifice of integration for which no rule can be

given. We might have used the preceding integral as a method of dis-

covery, thus :

C d.CrV— l) . ,a?V— 1 C dx 1 . W—

i

— —-

—

= sin
-1

or -——_= ~ — sir"'

J -v^a8—(VZi)8 a J s/a
2+x2 \/-l

But, as will be seen in the next chapter,

in 6 V~l = £-"Vri or — 9 V~l = log (cos 6 — sin 6 >/^T).

a

cos y — sin

x i
— / x8 — ^

Let sin0 — -V-l, cos0— \/l+ — , — V —l=-p

I 2
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. ./W-T\ 1 . .xJ-^1
6 = sin"

1

, or -t--= sin

V a /' V-l a

= l°g (V l + ~i
— ~ (V^l)

2

J
= log ( Ja

2+ x2 + x) - log a,

a result which differs from the last by a constant quantity. It must be

remembered that since (fix and (fix + const, have the same diff. co., we

are liable, in using artifices of integration, to produce results which

appear different, but which in fact only differ by a constant. This dis-

crepancy does not appear when the integrals are taken between definite

limits, since (pa — 06 and 0a + C — (06 + C) are the same.

'—
. Assume £2— a2 = y*, and proceed as before, which will

\
,
x2—a2

give as the result log (a? + V a?
2—

a

2
).

(%£=- = i p
d ^1 - =4^ (»\/=)

JVa-6.r2 V6j V fi_(Ar)
3 V& V V a/

J'

dx 1 f* d ( \/6x) 1 . / ,-
, /—TT-^-r=- = -f -

—

= -7= log (y6* + Va + 6*7
^a+fa« V6J V„+ (jS*? Vb

dx 2\/cdx _ 1 d (b+2cx

Ja+ bx+ cx* V4«c—
6'2+(6+ 2c.r) S! Vc Jlac—

b

i +(.b+ 2cxf

I

J

dx
r= -p log ('2cx+ 6+ V4c (a-f ftx+ az

2

))

da+bx+cx* xc

dx J_ f -rf(2ac-6), - !_ dn-i / ^-JN

dx"

Ja+bx—cx% Vc J V4ac+62 — (2cx— 6)
2

\/c Vv4ac+6y

== log (a?+a+ A/2«.r+ x2
) + log 2. (Omit the constant.)

\
>

2ax+ x2

dx . fx— a\ , . . . . _, a;= sm M which may be written vers -.

J2ax-x2 \ a J a

S

J
We do not say the two last are equal, for they differ by a constant, as

follows :

—

- + sin
-1

(
1

)
= cos

-1 (1 ]
— vers

-1
-,

a \a J \ a) a

J 1 „ f* dx C °^dx
Vo'+a' dx == ft

2 - + . ;

/ r a?dx
_ _ r

d(v^+^) = xVaM^a - fVoM^"2 d^

= 1 cr log (a?+aJ^+x
2

) + ± x ^a'2+ *'2

I J&Ztf<fa - I Va2 — a2 siuVa" (a sin 6) == a2

J
cos d (sin 0)
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y*cos d (sin 9) or J'cosrO dd =2 cos sin —,/sin d (cos 0)

— cos0 sin 9 +fsm*0 dd i=t cos sin + fdO —fco$2
9 dQ

\a2—x2 dx = $ x\a2—x2 + £ «2
sin

-1
-.
a

We shall close this chapter with some examples of the preceding

integrals taken hetween limits. We state again the theorem proved
in p. 100, which establishes the connexion hetween a primitive func-
tion and the limit of a summation. If fx he the diff. co. of 0r, and
if a and b be two limits of which b is the greater, and if we pass from
a to b by n steps, a + 9, a + 29, . . . up to a + n9 = b : then the

limit of \-tya + -ijf (a + 8) + .... + yb) 9, on the supposition that il

increases without limit, is (fib — (pa.

x dx =
,

— = loa; a, i dx — s° — 1

2«"+1

(?i an integer) J+a
a xndx == whenn is odd, r= when nis even.

cos x dx = 1, I cosa'rfo?— 0, I cosxdx=2,
J

sinjc dx— 1

Jo Jo J -f J °

r i dx _rr r+ i dx r i dx _* r* dx _*•

J„Vi^2 "2' J^Vi^?"""*' J 1+I*~~4'J„ i+x2 -2'

I
a

a?" cto (?i— 1) (n—3) . . . 3 . 1 ira"

,
^=? = . («-2)..—2T (" eve,,) :

m (n-1) (n-3).^ra (?i— 1)...5.3

f"K s
xxn dx = + w (71— 1). ..3.2.1 according as n is odd or even.

r*m dx _\ a+m r ,n dx _1 a+m C a dx

J _,» a
2—

x

2 ~~ a s a—m J a2— x* ~~2a a—m J a2—

a

2 ""

When a definite integral is infinite, the product in the theorem in-

creases without limit.

H dd
, 177 H dQ C

a dx v

J c^0-
=1O§ A

J GoT? = * ' J ^=
4^

-=== = -, —= = log (2+ V3>
J o Va2—^ 2 J „ V*2—

a

2
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Chapter VII.

TRIGONOMETRICAL ANALYSIS*.

If we apply Maclaurin's Theorem, as in p. 15, to the determination

of sin x and cos x, we find that they may be expressed by any number
of terms of the following series, the error never being greater than the
next succeeding term, (being in fact that term multiplied by the sine or

cosine of 6x, < 1,)

sin.r^.r-^ + 2-^--^-^— +&c (1)

C0Str==1 __ +___ -^
i
-- +&c (2).

If these series be sufficiently continued they can be made as nearly

equal as we please to the sine and cosine. For the following relations

will easily be seen :

In the first, (n + l)th term = (nth term) x
2n(2/i + 1)'

In the second, (n + l)th term £=: (nth term) x -
;

(2?? - 1) 2n '

in which, whatever x may be, n can be taken so great that the

{n + l)th term shall be as small a fraction as we please of the nth,

and still more the (?i + 2)nd of the (n + l)st ; and so on. The terms,

consequently, must at some point begin to diminish, and from thence

must diminish without limit. But the error caused by stopping at any
term is less than the first term rejected : that is, diminishes without

limit. These series therefore, carried on ad infinitum,, have sin x and
cos x for their limits, and are said to be convergentf. The same may
be shown, as is done in p. 75, of the equation

X^ T
3

X*
s* = 1 + x + — + —— + —-— + &c (3).T

2 2.3 2.3.4
v J

The development of z
x consists then of the terms which appear in the

developments of sin x and cos x, and of no others. If all the terms in

(1) and (2) were positive, we should have sin x + cos^? = s
x

; but as

it is, no simple algebraical relation appears to exist among the three.

But compare cos x -\- k sin x with s
ta

, writing (xn) for xn
-J- 1 . 2 . 3 . . . n,

and we have

cos x+ k sin x = I + kx — (a:
2
) — k (x3

) + (x*) + k (x
5
) — &c.

e
k* = 1 + kx + k

2
(a?) + k

3
(a;

3
) 4- k* (x*) + k

b (x5

) + &c.

Now these series can be made identical, if we can make

k*= — 1, k
3 -—k, fr-l, k

5 ^=k, k
6 = — 1, &c.

* This chapter may be considered as a continuation of the Treatise on Trigo-

nometry. It may be omitted by the student who does not wish to go into the more
difficult parts of the subject.

. f See the " Elementary Illustrations, &c," p. 9, for the usual definition and cri-

teria of convergency.
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of which we may easily see that the first is impossible ; but that if the

first were possible, all the rest would follow from it. For if k 2 =z — 1,

then k
3 — — k, k* = — k2 = 1, &c. If then we assume the identity of

these two series, whatever may be said of the fundamental assumption

/e
2 == — 1, it involves the whole of the question, the identity of the re-

maining parts following from it by the common rules of algebra. Let

us first investigate the algebraical consequences of this assumption, con-

sidered without reference to the truth or falsehood of the assumption

itself.

If we take k* = — 1 or k = J— 1, the preceding series become

identical, that is

cos x + V — 1 sin x — s*
~

' and cos x — V — 1 sin x = £
~ x "•*

.

The second of which may either be deduced in the same manner as the

first, or may be obtained from the first by observing, that the series from

which it is obtained being true for all values of x, we may write — x

instead of a:, observing that cos (— x) — cos x, and sin (— x) = —sin x.

By the addition and subtraction of these equations we obtain

1 («** + e-*^) sin x s= -4= (sW~ ~ r-*cos x =r - g-

2 V J 2V-1

These expressions will be found to have all the properties of the sine

and cosine, but it must not be forgotten that they involve the expression

v — 1, which has no algebraical existence, either as a positive or nega-

tive quantity. They must be considered as abbreviations for the series,

which expressions treated algebraically may be made to give the series,

but which cannot be considered * as algebraical quantities. It must be
remembered, however, that all algebraical expressions are combined
and reduced by rules, which, though derived from notions of quantity,

will produce the same results, if we alter the form of the primitive ex-

pressions in any manner, consistently with the rules, even though the

new forms should no longer admit of being considered as quantities.

Suppose that we have a set of symbols, «, b, c, &c, representing

quantities, and that we are going to perform an algebraical process.

Let us, instead of a, b, c, &c, perform the process on

a -f- */m — 4n , b + ^ in! — *Jn' , c + \ in"— *Jn" &c.

As long as m, n, &c. are positive, the process and result will both be
intelligible ; and if, after the process is finished, we suppose in = n,

m! = n', in" — n", &c, the result will reduce itself to that which it

would have been if we had commenced with a, b, c, &c, in the manner
first contemplated. Now so far as results are concerned, the applica-

tion of rules will have the same effect whether vwt , *Jn , &c, repre-

sent quantities or not, provided only that they be used as if they were

* Of late years these expressions have been considered in a manner which places

them on the same footing as negative quantities with regard to their definition and
use. For an explanation of this method, which is not yet made a part of elementary
reading, the student may consult Mr. Peacock's " Algebra," Mr. Warren's Treatise
" On the Square Roots of Negative Quantities," Mr. Peacock's '' Report on the

State of Analysis" (British Association, Third Report, 1S34), a review of the algebra
of the last mentioned author in the ninth volume of the " Journal of Education," or

a " Treatise on Trigonometry" now in the press, by the author of this Treatise.



120 DIFFERENTIAL AND INTEGRAL CALCULUS.

quantities. If, then, instead of m, ??, &c, we write — 1 at the end of

the process, we shall produce the same results as if we had commenced

with a -f- *J— 1 — v— 1 , &c., that is, with a, &c. (because since V—

1

is to he used as a quantity, V — 1 — V— 1=0). The preceding

is exactly a case of this sort : cos x, which has no real algebraical equi -

valent, is connected with the expression ^ (Vv~ ' + g-^^- 1

) by a re-

lation of this kind, that if in the expression, y — 1 be treated by
rules of quantity, the series for the cosine is the result of developing the

exponentials s
x

, and g-*^- 1
^ an(j f taking half their sum.

The student who has duly considered the theory of negative quan-
tities knows that every problem, the result of which is negative, is

connected with another which has a positive result. To complete the

analogy, we shall show that the sine and cosine, as deduced from the

circle, and which have no possible algebraical equivalents, are connected

with a sine and cosine which may be deduced from the hyperbola, in

such manner that the properties of the two kinds are very analogous,

with this exception, that all the relations which involve impossible quan-
tities in the former, have no impossible quantities in the latter.

OA

OM = x

BM = y

•f !/
? =fl8

O'M-a'

0'M'= x>

B'M'=y'
0' A' M'

xn— y
n ~ a'

2

We have here a circle and an equilateral hyperbola, the equations of

which are as written under them. The sector AOB is \ a'29 in the

circle, where is the angle AOB, (arc BA -r- rad OA,) and if A be this

sector, we have, according to definition, for the circle,

2 A x
- == cos
a

2A a— or0
a2

y _.

a ^°re

Now let us, by definition, create an hyperbolic sine and cosine in

this manner : let the sector O'A'B' be called A', and let 2A' ~- a'2

have its sine and cosine, namely, let us lay down, for the hyperbola,

(remember, however, that 6' is not the angle B'OA' as in the circle,)
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, 2 A' x' (2 A! A,\ y' . /2A' n,

B' = —— — — cos —— or 0' -2-; — sin — -• or 0'

a- a \ a j (i \ a

It will hereafter be shown that the value of the sector O'A'B' is as

follows •

a'2
,

(x' y'\ „ x' y'
A =T'0g

U'
+ aO

°rS "? + £•

\a' a' / \a' «

/

a a

whence, by addition and subtraction,

cos 0> = i (V + £- 9 '

J
sin 0' =

^
(V - £-"'

corresponding to the equations obtained for the circle, namely,

cos 6 =r - f^- 1 + £-ev " 1
sin = . £

sv- - £

2 \ / 2 V— 1 \

We shall now proceed to show that these latter expressions have the

properties of the sine and cosine, on the supposition that we use v — 1

as a quantity the powers of which are

J^l, —1, — V^~l, 1, V"^T, -1, -V~l, 1, &c. &c.

Let us first construct sin cos 0,

sin cos <p = -p= fs^' 1 - s-^A (V V=T + e-*
sl~~>

" W— l \

— /—

-

(2 V^T sin (0 + 0) + 2 V^l sin (0—0) J

=
\
(sin (0 + 6) + sin ty - 0)\

a well known theorem. Let the student take various relations which
exist in trigonometry, and make them identical by substituting on both

sides the exponential values (as they are termed) of the sine and cosine.

We shall now take a couple of instances in which results of more com-
plexity are obtained.

Problem. To expand cos " 6 in terms of cos or sin 0, cos or sin 20,

&c, n being a whole number :

Let* £
eVrr =cr, then£-eV-T = -, cos 6=:-(x +

x 2 \ x

* Observe that we do not escape the impossibility by substituting x for £ .

The equation cos 6 = — I x -\—
j

is impossible, for x -f-
- can never be less

than 2, (which prove,) and 2 cos ( can never be greater than 2.
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s"°
V=i = xn

, then e~*
es/
~

l =:—, cos nO = -
'
*" -l -

a;" 2 \ #'

I / IV 1 / ,1 ,
n-\ 1

cos "0 — —- [ x H— = —
- { x" + too:™ —f- to a;"

-
* —- +.

2" \ a?/ 2" V * 2 a;
2

TO — 1 1 1 1

• • ' + « —7;— & -
T=i + mj? -—^ + —

2 a; x x

Collect together the first and last, the second and last but one, &c.,

which gives

cos "0 = I (* + ±+ .(.*- + L_) + nt-^+L-y ...

= —— ( cos ?i0 + n cos (/i — 2) + ?i cos (TO—4) 0+ ...

If to be an even number = 2m, there will be 2m + 1 terms in

the development, which will give m cosines, namely, those of 2m0,

2(m-l)0 .... down to 20, and an additional term corresponding to

the middle term of the development, which is

2m (2m — 1) . . . (m + 1) , 1 2m (2m — 1) . . . (m + 1)
.

.

— .
<7?

;7n
or __^_———_

11.2 . . . m xm 1.2. . . . m

This term, which has no corresponding term, does not follow the law of

the series, for though we write 2 cos 20 for x2 + — , we cannot write

2 cos 00 or 2 for a; , which is 1. But if n be odd, and. === 2m + 1,

there are 2m + 2 terms giving m + 1 cosines, namely, those of

(2m + 1)0, (2m — 1)0. . . . down to 0, and there is no middle term.

Consequently, we have the following theorems

:

2s>m-i
cos

am Q — cos 2me + 2m cos (2m—2) 9 + . . .

2m(2m-l) . . . (m+2) oa 2m(2m-l) . . . (m+ 1) 1

+
1. 2. ... (m-1)

C°S 26+
1. 2. .

." m~ ' 2'

22m cos
2m+1 = cos (2m +1)0 + (2m+l) cos (2m— 1) 9 +

(2m + 1 ) 2m . . . (m + 2)
... + cos 0.

1 . 2 . . . m

An instance of an odd and even power is as follows :

cos 60= ir(^
6 -!-6*5 - +15tf4 ^-+20r3V+]5^^-+6*4-r- —2b

V x x°- xa x4

1 /,r
8+ 1r- e

r
4+ a?

-4
x%+ x~ 2

+ 6 Z +15—^— + 10
25

V 2 2 2

2\ cos
6 £3 cos 60 +6 cos 40 + 15 cos 20 + 10.

By proceeding in the same way,

24
cos

5 = cos 50 + 5 cos 30 + 10 cos
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These results may be verified by the common method : that is, by

means of

2 cos cos <j) — cos (0 + r/>) + cos (0 — r/>)

2 cos 2 = cos 20 + 1 , 4 cos
3 = 2 cos cos 20 + 2 cos

= cos 30 + cos + 2 cos = cos 30 -j- 3 cos 0.

8 cos
4 = 2 cos cos 3 + 6 cos ~d = cos 40 + 4 cos 20 + 3, &c.

Problem. To expand sin "0 in terms of cos or sin 0, cos or sin 20,

&c. We have, 11/1
sin "0

2n (V-l)"\ *,

which gives four different cases, corresponding to the four forms of

(v — l) n
, namely,

( j~TT = i
, ( V-~i)

4m+l = V=T, (V3T)4m+2 = - i.

(v=nr+3 =-v=nr.
When n is even, the first and last terms, the second and last but one,

&c. are of the same signs, consequently the expansion presents cosines

only ; but when n is evenly even, (of the form 4m,) the sign of the

whole is contrary to that which exists when n is oddly even (of the form
4m + 2). Proceeding as in the last problem, we have, making P, sig-

nify the coefficient of of in the development of ( 1 + x)n :

2*>-i
sin4««0 _ cos 4m0_Pj cos (4m -2)0

+ P2 cos (4m - 4) - . . . -P2m_x cos 20 + iP2m ,

2 4TO
sin

4m+10= sin (4m + 1)0 - P t
sin (4m — 1)0

+ P 2 sin (4m—3)0- . . . +P2m sin0,

24m+1 sin
4m+2 = — cos (4m + 2)8 + P, cos (4m)0

- P2 cos (4m— 2)0 + . . . - P2m cos 28 + £P3m+1 ,

2 4™+ 2
sin

4m+3
8 = — sin (4m + 3)0 + P

x
sin (4m +1)0

— P2 sin (4m - 1)0 + . . . + P2m+1 sin Q

;

a complete set, for the student to consider first, is as follows :

8 sin
4
8 = cos 40-4 cos 20 + 3,

16 sin
5 = sin 50-5 sin 30+10 sin 0,

32 sin
6 = — cos 60 + 6 cos 40 - 15 cos 20 + 10,

64 sin^S = — sin 78 + 7 sin 50 - 21 sin 30 + 35 sin 0.

These may be obtained from the following theorems :

2 sin0 cos<£ == sin (0+0) + sin (0 — <j>) = sin (0 + 0) -sin (0-0),

2 cos 0COS0 — cos (0 + 0) + cos (0—0) ,

2sin0 sin0 = — cos (0 +0) + cos (0 — 0),

Thus, 2 sin 2 s= - cos 20+1, 4 sin
3 = - 2 sin 8 cos 20 + 2 sin0

= — (sin 30 — sin0) + 2sio0 = — sin 30 + 3 sin0,

8 sin
4 = — 2 sin0 sin 39 + 6 sin 2 = cos 40-4 cos 20 + 3, &c.

These results are frequently convenient in integration; for by them,

t
fsin

n
d dd, and fcos"d d6 may be reduced to the addition or subtrac-

tion of integrals of the form fa cos m0 dd, or fa sin ??i0 dd ; but we
have
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ra cos mQ dQ — — cosm0 d(md) = — sin mQ,
m J m

Ja sin mQ dQ =: — sin mQ d (?nQ) =z cos mQ.mj m

Problem. The equation tan = k tan0 existing between and Q,

required a series for in terms of 0. We have

_ sin0 _ _1_ £
W-i _ 6-W~ _ 1 e

2*V~ - 1
_

"

_
cos0

_
V^T fW~+£-W=I "" /^T E

^~ + l'

the last result being obtained by multiplying the numerator and deno-

minator of the preceding by £*V~\ Let £
2*V=T = F, and £

2eVrI ~ T.

Then, using a similar formula for tan 0, and recurring to the equation

of condition, we have

F-l ,T-1 i-^ + ( i + fe)T _ Y +

F + 1
~ R

T + 1
an ~ 1 + k + (1 - k) T ~ 1 + \T

'

(x = j-=^) whence log F = log T+log (l + -^-Y- log (1 +\T).

Now from the theory of logarithms (or from Maclaurin's Theorem,
which the student may here apply, if he be not acquainted with this

series)

, „ tf Xs xi

log (1 + x) S X - - +_-_. + . . . .

log F slflgT -X (t-1) + |(V- 4i)-|(Ts ~~) + &Cl

But log F=log e
2
*v~ s= 20V~l"; log T = log s

^zr
z= 26>J^T,

T* - ~ = £
2"eVri - e-

2neVri = 2V3I sin 2w0 ; whence

2</V^T as 20\/^l — 2X\/^T sin 20

2X!V~i _ 2X3V^TI
.

H sin 40 sm 60 + &c.

X2
. x3

<jt = — X sm 20 + -- sm 40 sin 60 -J- &c,

a series of considerable use in astronomy. When k is near to unity, X
is small, and the series is very convergent. In order, as much as pos-
sible, to verify results obtained by the use of impossible quantities, we
shall proceed to show the truth of this series without them. Differen-

tiate both sides with respect to 0, and we have ( -~~ sin mQ~m cos mQ
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—t = 1 ~ 2\ cos 20 -j- 2a2 cos 40 — 2X3
cos 60 + . • •

do

But,

« ,1 „ n ^0 , ^, „,« d* ^(l-ftan-0)
Ian <>= k tan 0, (1 + tan s

cfc) -£ = k (1 + tan 2
0) , or -L= -~^- -.

'
'

K YJ dO
v " d6 l+#tans

,_ 1— cos 20 . , 1 — k . , 1-X
tairO = and A = gives h = ,

l+cos20 1 + k
b

1 + X'

.... k(l + tan 2
0) 1 — X2

which gives
1 + &3 tan 2 " 1 + 2\ cos 20 + A2

We should have then, if the preceding be correct,

1 — a 2

rT"^ ^TT^TZ = 1 — 2{X cos 20 — \2 cos 40 + X3
cos 60 — &c.}

1 + 2\ cos 20 + \2

Our object is then, to ascertain, without the use of impossible

quantities, the value of the series A cos 20 — A2 cos 40 + &c. This we
may do, in this particular case, as follows : take the general equation

2 cos 20 cos 2n = cos (2?t + 2)0 + cos (2» — 2)0, multiply by X",

and write the series of equations for all values of n from ?z= 1 upwards,
giving a negative sign to the alternate equations. This gives

2X cos 20. cos 20 = X cos 40 + X,

-2X2
cos26> cos40 = -

X

2 cos 60 - X2 cos 20,

2X3
cos 20 cos 69 = X3

cos 80 + X3 cos 40,

—2X4
cos 20 cos 80 = — X4 cos 100 —

X

4 cos 60.

&c. &c. &c.

Let the expression for the series required be called S ; if then we sum
these equations ad infinitum, the sum of the first column is 2S cos 20

;

that of the second is — S + X cos 20 divided by \; that of the third

X— XS : so that

oc oa -S + Xcos20 |A nc<
_ X2 + Xcos20

2S cos 20 = l\— \s or S=- — — —

,

X *

l + 2Xcos20+Xe

1 — 2S = -—— —--—- which verifies the preceding.
l + 2\cos20+X2

Now, as an exercise, let the student substitute \ (v~ + v~s
) ,

^ (v*+v~ i

) , &c, for cos 20, cos 40, &c, v meaning e"
_1

: the series

will then be reduced to two geometrical series of the form

XP 2

XP 2— X9P 4 + X3P 6 - &c, the value of which is AT38 ;
1 + AP

by adding the two fractions thus obtained, the same result will be
found for the series as is given above.

/

—

/

—

The fundamental expressions £±n -1 == cos ± V— ] sinO, lead to

the following relations

:

g
«eV=r_ (g»V~) n

ov cos»0 + V^Tsin n8= (cos 0+\A^~l sin 0)
n
,

£
-K9Vri _ (=-av'~i

)

9

or cos nQ_^^ sin 7i = (COs 0—V^T sin 0)";
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and also to the following : if 2 cos 6 = x -\— , then 2 cos nQ—xn
-\ :

X xn

and it also follows that

2 V— 1 sin d = x and 2V^~1 sin nd — xn
.

x xn

These, which are the same in different forms, are called *De Moivre's

Theorem.

The preceding considerations have led to an extension of the theory

of logarithms. By definition, the logarithm of x (the only one used in

analysis) is the value of y, which satisfies sy :== x, where 6 = 1 + 1

+ o+-a •" " • •
=2 '7182818 . . . and x is given. There is

only one arithmetical value of y, which is accordingly the only real

logarithm. But one of the consequences of admitting v— 1 among the

objects of algebra is this, that every quantity has an infinite number of

logarithms, one of which is the arithmetical logarithm, and the re-

mainder of which are of the form a + by— 1. If in the equation

£
e\Pi _„ cos q _|_^/_i sm 9

} we suppose 6 =r 2nnr, m being a whole
number, positive or negative, and ir (here, as in every other place)

the ratio of the circumference of a circle to its diameter, or 3* 14159 . . .

,

we have then cos Imir =l 1 sin 2rmr = 0, or e
2m 'rN' -1 = I. This

result, which, considered by itself, is one of the most singular in ana-

lysis, draws upon no other principle except the one on which impossible

quantities are used throughout this chapter, namely, that v— 1 is to

be used as if it were a quantity, so far as rules are concerned. Let this

be done, and we have

, -
,

/ 4m2
ir

2 8m 3
7T

3
, , D

£
2m.V-l _ J _|_ 2OT7rV— 1 7r^~* — l + &C *

4mV2
, 16m4

ir
4

. . /
—-/ 8m3

7r
3

= 1 —- — &c. -f V— 1 2rmr -—- +

,

2
~ 2.3.4 '

V 2.3

If the student, taking any value for to, say to = 1, and making
7r = 3* 14159. . . were to calculate the value of each of the series, he

would find the result to be 1 -f v — 1 X 0, true to as many places of

decimals as he took into account. If then y be the arithmetical loga-

rithm of x, or if

sy = x, we have also s» X e>
m^~l = x X 1, or g^2""^ — x

;

that is, y + 2toh"V— 1 is also a logarithm, where to is any whole num-
ber, positive or negative. If then we take log a?, as usual, to represent

the arithmetical logarithm of x, and Log x (with the capital letter) for

the more general logarithm, we have

Log x == log x 4- 2tottv— 1 Log z = log z -f- 2mr<sf—

1

&c.

Log 0:2= log ,T2 +2 (TO+?i)W-l, Log- ±: log

—

}-2(to — «)""V~ 1' & c *

* Having been first given by De Moivre. They are in his " Miscellanea Ana-
-lytica," 1730, but not in their present form.
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Whence we see that if we add one of the Logarithms of x to one of the

Logarithms of z, we have one of the Logarithms of xz, &c.

A negative number has no arithmetical logarithm : but it has a

Logarithm of the kind just found. If for we take (2m + 1) ir, we
find

g (2»l+i)Wrr __ cos (2m + l) if + ^"^1 sin (2m + 1) *

= — i + o xV~i = — 1.

Hence Log (— 1) = (2m + 1) % V— 1> where m is a positive or nega-

tive whole number. We have then

Log(— x) = Log a? + log( -1) = logar+2njrV— l + (2m+l)sV—

1

or Log (
—x) = log x + (2m + 1 ) ttV— 1 ;

for 2a + 2m + 1 may be written 2m + 1
}
since m and m -f- n are

equally indefinite, meaning merely any whole number.
The value of Log ( — 1) gives

(2m + l). = I^=i)
....(A).

V—

1

This result is usually deduced on the supposition that m = ; and

it is said that Log (— 1) — V— 1 — 3"14159 . . . a result which

must appear surprising, if it be not remembered that in using V — ]

by the rules of quantity, the sign = also undergoes an extension of

meaning. We must remember that the result (A) can only be thus

interpreted in the algebra here used : if ever, by the use of a negative

quantity, intentionally or unintentionally treated as a positive quantity,

we obtain Log (—1) — v — 1, then the real process, if the funda-

mental correction had been made, would have given some odd number
of times ir.

L 1

Taking the general equation Log x n = - Log x, we find

i_ , i z!
1
-k \^n

Log V = - (2mir V— l) or 1" = 6
"

2'>mr /
—

. 2?mr
s= cos + v — 1 sin .

n n

1 , 1 £^±i.\/ri

Log (-1) " =-(2m+l)7r V— 1 or (—1)" = s
"

n

(2m+l)7r ,—-
.

(2m + l)T= cos • -f v— 1 sin ;

n n

and thus we have expressions for all the roots of the equations a?*=l,

x" = — 1, or xn — 1=0, xn +1 = 0. It might appear at first as if an
infinite number of roots were thus obtained, since any value may be

taken for m. But if we begin, say with the first, and make m = 0,

m=l, &c. in succession, we have the following :—

-
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1st 772=

2nd 772=1

3rd m==2

nth 772=72—

1

(?i+ l)th 772= 72

(rc+2)th 772= 72+ 1

&c. &C.

1st value of (l)» = 1

2nd

3rd

2- /-T •

2ir

= cos hv— Ism

4t i—- . 4t
. . = cos hV — 1 sm —

ii n

?2th. . . . =cos
(272-2) 7T ,— .- +V-1 sm

(2« - 2)

T

n

, N ,
2?17T / . 2?27T

(72+ 1 )th . . . , . . = cos 1-v - 1 sin —
72 72

(?2+2)th...=cos

&c.

(2?2+ 2)tT

+</—

1

&c.

(2/1+ 2)*

&c.

But since = 27r, and cos 2t = cos 0, sm 2* = sm0,tlie (72+ l)th
n

(2/7+2) 7T 2tt
value is the same as the first; and since z= 2tt -| and

72 11

cos ( 2?r -\ ) = cos — , &c, the (/7+ 2)th value is the same as the

\ 72 / 72

second ; and so on. The first n values therefore recur in periods, 72 in

each; and the 72 roots in each period are all that can be obtained.

The same may be proved for the roots of —1. Suppose, for instance,

that we would have the four fourth roots of — 1. The first four values

of 2tt2 + 1 are 1, 3, 5, and 7, and the corresponding angles are \v, -|7r,

•J7T, and -J*, which, expressed in degrees, are 45°, 135°, 225°, 315° :

and we have

cos45°='-V2 cosl35°s:-iV2 cos225°=- J-V2 cos315° = \ V2,

sin 45° = I V2 sin 135°= 1V2 sin225 =-^V2 sin315°= -W2,

whence the four roots are, firstly, 4-V2 (1 + V — l) ; secondly,

iv/2 (— r+ V"^); thirdly, £ V~2~(—1— V~l) ; fourthly,

\ \/2 (1— V — l). Either of these raised to the fourth power will

give —1,

Square of 1st root is \ . 2 y— 1> the square of which is — 1,

Square of 2nd root is £X -2v— l,the square of which is — 1.

The roots of +1 are of great use in analysis, and possess many
remarkable properties. The method by which they are obtained rests

entirely on this : that a
x undergoes the extraction of the 72th root by
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substitution of - instead of x ; that every whole value of m gives

cos 2tmr + v— 1 sin 2tmr equal to 1 ; that this latter expression is of

the form ax, being g
Sm*v-i

. an(j consequently that one of the nth roots

of 1 is made by writing for 2ni7r in that expression.
71 ,

Every whole power of an wth root of unity is also an nth root. For,

if « be an ?ifh root of unity, that is, if an=l, then (am) = (a")

= (1)"*=1 or «"' is an nth root of 1. This is also evident from De
Moivre's Theorem (p. 125); for if be 2-r-^-n, one ?ith root of 1 is

cos md -j- V— 1 sin mO, the pth power of which is cos mpO -(- V — 1

sin mpd, another root. Consequently, a being one root, a2
, a

8
, a*

(a" or 1 ) are all roots, but it does not follow that all the roots are among
them, for the same root may be repeated twice or more. To explain

this, observe that if wbe a composite number, say 12, which is 6 x 2 and

4x3, among the 12th roots of 1 will be found all the 6th, 4/A and
square roots. Let S be a sixth root of unity ; then c" = 1 and (£°) 2

r= (l) 2=rl, or £
12=1, therefore & is also a 12th root; and so of the

rest. If, then, we take a 12th root of unity from among those which
are also 6th roots, the series of powers of such a root will never give the

complete series of 12th roots; but only a continual recurrence of the

roots which are both 6th and 12th roots. For in such a case the series

of powers will be S, S
2
, S

3
, S

4
, S

5
, S

6= 1, W =s 5, 2
8 = S2, &c. &c. But

there are 12th roots among the powers of which are found all the 12th
roots : to prove which we premise the following

Theorem.—It is impossible that sin x = siny, and also cos x—cosy,
unless x and y differ by a whole multiple of 2ir, or a whole number of

revolutions. For the solutions of the first are all contained in

y — a;±2m7r and y — (2n 4- 1) ir — x, and those of the second in

y r= x + 2m'ir, and y = 2ji'tt — x ; w?, m\ n, n', being whole numbers,
positive or negative. But no whole values of n and n! will make
(2n + 1) 7r — x = 2ii'ii — x, or 2/i+l = 2/i', consequently, the solu-

tions common to the two equations are all contained in y — x db 2mir ;

which was to be proved.

Now, to apply this theorem, suppose = 2?r -f- ??, and let a = cos

+ V— 1 sin0, the powers of which are «2 = cos 29 4- V— 1 sin 2d

i •
t

2mi
. . . «mr=cos mB -f- v — 1 sin m6, and md or cannot exceed 9 or

n
2tt— by a whole circumference, till in = n + 1, that is, the first n roots

must be different, and therefore give all the nth roots (which are but n

in number) . Consequently, cos 9 + V — 1 sin 9 is what is sometimes
called a primitive nth root. Again, let s be a whole number which is

prime to n (or let n and s have no common measure greater than

unity) : I say that «' or cos s9 + *J— 1 sin s9 is another primitive ??th

root. For let its ^?th power be taken (all its powers are also ?*th roots) :

then psd can never differ from s9 by a whole number of revolutions
until p = (n + 1 ) . For if psd — s9—± 2vr {v being a whole num-
ber) and if for 2ir we write its value 7id, and then divide by 6, wTe have
ps — s ~ + vn, all being whole numbers ; which gives

K



130 DIFFERENTIAL AND INTEGRAL CALCULUS.

— — H or — is reduced to lower terms if p — 1 be less than n,
n ~~ p—In *

or p less than n+ 1. Hence s and n have a common measure, which
is against the supposition. Consequently, by the same reasoning as

before, o? is a primitive wth root. If « be a primitive 12th root of

unity, then a 2
, a

4
, «6

, a
8
, a

10
, and or

12
or 1, are sixth roots ; «

4
, a

8 and a 12

are , cube roots ; a3
, a6

, «9 and a12
are fourth roots ; a and a 12

(— 1 and +1) are square roots ; and a, a5
, a7

, and a 11
, are primitive

12th roots.

If we take p+q~?i, or p0+ qd =: nd == 2ir, we have p0 — 2*7r — g0,

cos p0 = cos qd, sin pQ s — sin qd, that is, if cos pB -f- ^/— 1 sin p0 j
be

A+Bv— 1, cos qd+ \f— 1 sin qQ is A-Bv-1, or the first and last,

the second and last but one, &c. of the roots derived from the lowest

primitive root cos 6 + v— 1 sin 6 are pairs of the form A+Bv-'l
A—B V — 1. If n be even == 2nr

, there is a root which is not in

such a couple, namely, when p == n', q = n', which case does not give

two different roots. But this single root is always — — 1, for

w'S =^nd = it, and cos it = — 1, sin ir = 0. A similar theorem may be
proved for the roots of — 1. One great use of this theory is the

resolution of the expression a?" + an
into factors, for the purposes

of integration. It is known from the theory of equations that if an
expression beginning with xn have a

l
or2 . . . ,an for its n roots, that ex-

pression must be identical with the product (x— «i) (x—

»

2) . . .

.

(a?— or„). First take xn— 1 from whence («1} ce2 . • • • an being the n wth
roots of 1)

xn— 1 =i (x~a{) (x—az) O—

a

3) . . . (>—an) . . . (1.)

Now assume ——, = | h • • • H . • (*•)
a; — 1 x— a

r x— a2 x~ an

Differentiate both sides of the first, which gives

„_, _ JProd. of all! f Prod, of all) (Prod, of all) rq .
nx -\butx-a, f

+
tbuta?-«2 j

+ + \but*-«
7i

{•••• Cd - ;

in which when x = «! all the terms vanish except only that which is

free of x — ax , and so on, whence

^""'S^-O^ («r-«s)- -C^l-OCn), ??a2
"_1— («3 -«l)(«2-»s)« '(«2-«n) &C.

n
But «,"= 1, &c, whence ?ia

1

n= -
, &c.

«i

Multiply together (1) and (2), which give 1 as the first side, and as

the second the sum of An A2 , &c. severally multiplied by the products

in (3) ; make x successively = a
l , a2 , &c. and we have,

1 = AiXCa! —

a

2). ,(a
l
— oin)—A l

— or A
t
= — , A2 = — , &c.

«! ii n

n a
l «2 cf„——-= 1 h • • • -i •

x — 1 a?— «i a — of2 a?— a„

If we proceed exactly in the same way with a*
n
-f-l, the only differ-

ence is that Wl" = — 1 («i—

a

a) • . 0"i—

«

2) = — « 4- «i j
an(i we nave

?? «! «2 a„ /«! «2 . . .being values\

a?"+.l a? — ofi a-— »2 a?— «„ \ f(_i)«

a„ / «! «2 « • • oemg values \

»— *« V of(-l)" /
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A real form may be given as follows. Let A ± B V— 1 be a couple
of corresponding roots, as proved to exist in p. 130 ; tben in tbe first case,

A + BV^T A-B V^I _ 2AQ-A) -2B*

x-a-bV^T ^-aTbv^T" 0-A) 2+ b»

So that each couple gives a real fraction. We shall resume this sub-
ject in the sequel. Previously to closing this chapter, we must observe
that, when we take the logarithms of both sides of an. expression, we
must, if impossible quantities be in question, take the general loga-

rithms as in p. 126; so that in p. 124, 2mir \l— 1, 2m' it J— 1, &c.
should have been annexed, the effect of which upon the result would
have been to make

± (wh . no) it $s 6 — X sin 20 -f- . .

but this agrees with the original equation tan = k tan 9 ; for and
± (wh . no) it, have the same tangent. If the nearest values of

and be sought, then nothing must be annexed to 0.

Chapter VIII.

ON THE MEANING OF DIFFERENTIAL COEFFICIENTS, AND ON
THE FIRST PRINCIPLES OF THE APPLICATION OF THE SCIENCE
TO GEOMETRY AND MECHANICS.

On a perfect understanding of the reasoning contained in this Chapter,

it must depend whether the student will hereafter apply the Differential

Calculus to geometry, mechanics, &c, or only its symbols and mechanism.
The derivation of differential coefficients has been sufficiently ex-

plained ; we understand what they are in relation to their primitive

functions, which are algebraical expressions. But when Ave come to

apply the primitives, and make them representatives of concrete magni-
tudes, such as spaces, times, forces, &c. &c, we do not carry with us

any relations between the diff. co. and the magnitudes in question.

Our first question is this : $x being a given function of x, and (f>'x its

diff. co., we know that for any value of x, 4>'x if a possible quantity, is

either positive or negative ; it may for particular values of x, be or oc .

What do these several states denote ?

If we suppose the variable x to pass through all stages of magnitude
from — cc to + ac , that is, through all values, positive and negative,

the function cj>x will pass through all its stages of magnitude ; and we
shall now prove the following

Theorem.—So long as <f>'x is positive, x and <j>x increase together, or

decrease together ; or, let us say, take similar changes : but so long as

4>'x is negative, if x increase, <j>x diminishes, and if x diminish, (fix

increases ; or x and <px take dissimilar changes.

We shall first give an example ; let <px == x2
, <f>'x = 2x, which is

positive or negative with x. That is, when x is positive, x and x~

increase together or diminish together, as is evident. But when x is

k 2
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negative, an increase of x diminishes x- ; for instance, let x increase

from —7 to — 6, and x- diminishes from 49 to 36. Increase and dimi-

nution are to be taken in their algebraical sense.

Let x increase to x+Ax (that is, let Ax be positive) ; then, if the

diff. co. be positive {<p (x+Ax) — (px}~Ax is either positive, or becomes
so when Ax is diminished. For it approaches without limit to <p'x, a

positive quantity, and therefore must become positive before it attains

that limit. But Ax being positive, (x+ Ax)— (fix also is or becomes
positive, that is, (j> (,r+ Ax) is greater than (px for finite values of Ax.

So that x and (fix increase together. But, if A.r be negative, or x-\-Ax

less than x, then <fi'x being positive, and {0 (x-{- Ax) — (px}-±-Ax becom-
ing so before Ax = 0, it follows that (x + Ax) — 0.r must become
negative, or (x -J- Ar) becomes less than 0r, or .r and t? diminish

together.

Considerations precisely similar show that when 0'j? is negative

(x+Ax) — 0c must become negative before Ax =0, when Ax is posi-

tive, or positive when Ax is negative.

If 0a? = tan x, 0',r — 1 -f tan *x, which is always positive : the angle

and its tangent are always increasing together. Let the student verify

this theorem round the four right angles. In the first right angle the

theorem is obvious : but when x — ^7r, tan x = cc , and here, we might
at first suppose, increase must stop ; but the following extension is a

necessary consequence of the algebraical definition of increase and
decrease. When a quantity becomes or <x , it may change its sign,

but it may not. The only restriction is, that it cannot change its sign

for any other values. Now, and oc are themselves of dubious sign

;

where they are accompanied by a change of sign, they themselves

belong to neither sign more than to the other. In the case of <pxz=t&nx,

we have a change of sign when x = \-k ; consequently, tan - is + oc
,

Jt

considered as the final state of tan x in the first right angle, and
— oo considered as the initial state of tan x in the second. At this

point then, there is discontinuity in the function tan x.

In the rest of this chapter, understand that the change of state of the

variable is always increase, unless the contrary be specified.

T . logtf _,, 1— log,r
; Let 0;c= —^— fix = 2 -.

As long as x is less than s, or logo; less than 1, the ratio of a loga-

rithm to its number is increasing ; but from the time when x = s, the

same ratio decreases. Therefore, the number whose logarithm has

the greatest ratio to it is s and that of 1 ; s the greatest ratio. Or, the

number is never less than 2 -

7 1828. . . . times its logarithm.

Definition.—When a function ceases to increase and begins to

decrease, it is said to be a maximum ; when it ceases to decrease and
begins to increase, it is said to be a minimum. These terms must not

be interpreted by their literal translationin to English ; a maximum is

not necessarily the greatest possible value of a function, nor a minimum
the least. The greatest value of the function is the greatest of all

its maxima, and the least value is the least of all the minima. A
maximum may even be less than a minimum ; or the value of a function

where its increase stops in one state may be less than that where its

decreass stops in another state.
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Theorem.—When the diff. co. changes from positive to negative,

there is a maximum : when the diff. co. changes from negative to

positive, there is a minimum (the variable increasing in both cases).

This needs no demonstration after the last.

Let ^.r = x*— 3,r+ 2, <p'x = 2x— 3; there is a change of sign in

(px from — to + when x = f, or the function is then a minimum, its

value being \ — 3.4 + 2 or —{. That is, the negative values of this

function never numerically exceed -j-.

Let tyx—vs-*"", <j>'x = s~
x2

(1 — 2.r
2
)._ There is a change of sign

when x passes through — £v2 and + J-V2
; but in the first case from

— to +, in the second from + to — . Consequently, there is a mini-

mum when x = — \ V2, and the minimum value of the function is

— jjV2£~t; there is a maximum when x = h, v2, and the maximum

value of the function is ^ V2 £~t.

Shew thats
-* is a maximum, and =1, when x = 0.

Let (px s= sin j1

, ty'x— cos,z. The sine is a maximum (=1) when
x = ^ t, and a minimum (= — 1) when x — fir ; a maximum again

(= 1) when x == % t, &c. &c.

Let (f>x == s
x

, sin x, (p'x = e
x
(sin x + cos x) . There is a maximum

(= £
T x i v2~) when x = -| t, a minimum (= — £

T * X \ v2) when
cT = J IT.

What is that number whose excess above its square root is the least

possible ?

—

Ans. \.

We have taken this method because it depends more upon perception,

and less upon mechanical expertness, than the one commonly given,

which is besides defective. We now proceed to the common method.

Tt is obvious that the second diff. co., being the first of the first, is the same
index to the changes of the first diff. co. which the latter is to those of

the primitive function. Now, since a function, which changes its sign,

must either be or cc , let us first consider the cases where <p'x becomes
= 0, and in which also <f>"x is finite, positive or negative. Then, if ty"x

be positive, <p
rx must be increasing ; but an increase through involves

change of sign from — to + : consequently, when <p'x = and ty'x is

positive, <px is a minimum. But when <j>"x is negative, (p'x is diminishing ;

diminution through involves a change of sign from -f- to — ; conse-

quently, when ip'x = and <f>"x is negative, <f>x is a maximum. But it

may happen, that when <p'x = 0, we have also <p"x = 0. If, in this

case, 0"'.r, the third diff. co., be positive or negative, then §'x itself has
a maximum or minimum * value = 0, and does not therefore change
sign; consequently, there is no maximum or minimum when (p'x = 0,
<p"x = and <j>'"x is finite. Suppose <p'"x = and (p

]rx to be finite ;

then (p"x is a maximum or minimum. Thus, let it be

(p'x = 0, <b"x = 0, (p'"x = 0, tf?x is +.

Then <p"x is a minimum (= 0); it is therefore positive immediately
before and after the value of x for which all this takes place, or (p'x is

increasing ; that is, (p'x passes from — to + through 0, or (px is a mini-

mum also. And by similar reasoning, if a certain value of x give

* The value is the maximum of a function when it is negative on one side and
the other of ; and the mininmm when it is positive on both sides.
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<p'x = 0, <p"x = 0, fi"x = 0, fi
vx is—

then f"x is a maximum (=0), is negative immediately before and
after, ty'x is decreasing through 0, and changes from + to — ; that is,

(fix is a maximum. But if fi
vx = 0, similar considerations may be

applied to <p
vx and <f"x; and the total result of all is the following : that

when a value of x makes a succession of diff. co. beginning with fix
severally equal to 0, (j>x is a maximum when the first finite diff. co. is

of an even order and negative ; and is a minimum when the first

finite diff. co. is of an even order and positive. Take, for instance,

fiv == (x—ays?

<j>'x={(x-ay+4:(x-ay}e\ 0"j?={(,r-a/+ 8(j?-a) 8.+ 12(a?-a) !
}s*

fi"x ~ {(.z~a)4+12 0-a)3+36 (^-a) 2 + 24 (x—d)}s*

fi
vx = {(x-a)4 + 16 (x—a) 3+ 72 {x—ay + 96 (x— a) + 24} s*.

Here, when x = a, the first finite diff. co. is the fourth, which is

24 s
a and positive, or is a minimum value of <px. But this is made

much more evident by writing fix in the form (x—a)
3
(x — a + 4) £*,

in which case it is plain that fix changes from — to + through when
x = a. And generally it will be found much more easy to ascertain

whether fix changes its sign, than to determine fi'x for the completion

of the common rule. The necessary process consists, 1. in ascertaining

all the values of x which make fix nothing or infinite (for at these only

can the sign change) ; 2. in finding out at which of the preceding

values the sign changes, and how. In the preceding function we see

that fix als0 = when x s= a — 4, at which (x increasing) (x—a)3 is

— , x — a + 4 changes from — to +, s" remaining positive. Conse-

quently, (p'x changes from + to — , or there is a maximum when
x =r (a— 4), namely, 256 e

a~ 4
.

We now know what we can tell of a function from the sign and
change of sign of the diff. co.; the question follows as to what we
are to infer from its magnitude. In rough language, it is the measure
of the rate at which the function is increasing, or of the quantity of

effect which a change in the variable produces on the function. If x be

dy
changed into x + Ax, then — Ax is (if Ax be small) very nearly the

change made in the value of the function y. This is fix Ax, if 3/ = 4>x
}

so that for given increments of x, the changes in the function when
x — a and when x == b, are in the proportion of fia to fib ; and this as

nearly as we please, by making the changes of x sufficiently small. But
this notion, though perceptible, is not definite ; for we may see that

there is no value of Ax to which it has any particular reference. And
dy~ is itself a variable ; while x increases to x + Ax, it assumes differ-
dx
ent values. We shall presently see that geometry and mechanics
afford instances of the same character, but we now endeavour to give

a more precise notion independently of them. When a diff. co. is

the index of an effect which is being produced, we are easily led to

this method of estimating the relative proportions in which the effect is

produced for different values of the variable ; namely, imagine that

the diff. co. is made to stop at the value which it has for any given

value of x, and to continue the same while x increases from x to x+Ax.
Then the effect produced is that of a diff. co. which remains the
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same, and we are not embarrassed by any consideration arising from

its variation. Now the only function which has a constant cliff, co. k
y

is kx + h where I is also a constant. Let c/jj? be a function which we
are considering at the value x = a, for which <pa is the function, and
0'« the diff. co. At and after x = a, let the diff. co. cease to vary and
remain =0'a, which requires thatc/w should cease to be the function in

question, and 0'a.o; + I should begin to be so. And / is an indetermi-

nate constant ; let it therefore be such that when x = a, the value of the

new function shall be the same as that of the old, namely, <jxi. That
is, let 4>'a.a + I = 0a, or I == 0a — (fi'a.a, so that the new function is

0a + 0'a (x — a)- Here is, then, a function which, when x = a,

agrees with <f>x both in value and diff. co. ; but in which the latter

retains one value, while 4>'xt the diff. co. of <fix, changes value with x.

Now, while x changes from a to a + h, a + 2h, a + 3h, &c, 0a + <p'a

(x—a) changes from 0a to 0a+ 0'a. A, 0a-j-0'a.2a, 0a-l-0'a.3/i, &c,
that is, it receives a uniform increment 0'a x h for every accession, of

value, h, to the variable. Hence 1. The value
<f>

'a, which fix has when
x=a, is thus connected with the increase of the function ; if the diff. co.

retained this value while x increased to x + h, the increase of the func-

tion would be 4>'a.h,for all values of h. 2. That in the function 0r
as it is, and with a variable diff. co., the actual increment made by
changing a into a+ h may be made as nearly equal to 0'a./i as we
please, if h be sufficiently small, as is evident from <p (a+ A)—0a and
(p'a.h having a ratio whose limit is 1.

Tf we take the function (pa + (p'a (x — a) + <j>"ct —, we have a
A

function which agrees with 0* when x == a, not only in value and in
first diff. co., but also in second diff. co. Similarly c/»a -J- 0'a (a? — a)

K oc ObS^
1

Cjc ^— iit

+ 0"a -—
f- (p'"a ———— agrees also in the third diff. co., and

so on. But in the first that second diff. co. remains constant ; in the
second, the third diff. co. remains constant, and so on. We can
therefore take a function, which, for a particular value of x, has its

value and that of all the diff. co. up to the nth, the same as those of
<j)X ; but in which the nth. diff. co. remains constant, instead of varying
with that of <j>x.

Among the words with which we are familiar in philosophical sub-
jects, are direction, velocity, force, density, curvature, area, length,
solidity or volume, &c. None of these terms can be fully defined ; each
is the mere expression of one of our most simple notions. Nor is it our
object here to define them, but to show how to measure them, particu-
larly in the cases in which they are varying from point to point, or from
moment to moment, &c. Though they are the fundamental terms of
very different sciences, yet the methods of measurement of several of
them have great analogy to each other, and to the process last consi-
dered in illustration of the connexion between a function and its diff. co.

We have therefore brought them together from all quarters ; and, accord-
ing to the previous habits and reading of the student, ideas drawn from
the explanation of one will throw light upon those of the rest.

1. Direction. A notion drawn from different straight lines being the
most direct paths to different points. The line of uniform direction, or
the line which has the same direction throughout, is a straight line.
This notion is not one which immediately strikes us in regard to a curve.
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2. Curvature. A curve appears to be more curved or bent in some

parts than in others. The only precise notions we have to start with are

these, that the curvature of a circle is the same in all its parts, and that

a straight line has no curvature.

3. Length. 4. Area. 5. Solidity, or Volume. These terms are

sufficiently well known.
6. Density. This term has reference to the quantity of matter in a

body, our only measure of which is its weight. A body is uniformly

dense when a given bulk, say a cubic inch, from what part soever it may
be taken, has the same weight.

7. Velocity. Quickness of motion : of points, that which moves over

the greater length in the same time, has, on the whole, the greater velo-

city. Uniform velocity exists where any equal lengths whatsoever are

described in the same times.

8. Force ; by which we mean what is called in mechanics, accelerat-

ing or retarding force, namely, whatever increases or diminishes velo-

city. Thus, a cannon ball and a pea moving together, always with the

same velocity one as the other, and therefore with the same changes of

velocity, are acted on by the same accelerating or retarding forces.

We shall take these several terms in order :

1. Direction. A point moving on a straight line retains one direc-

tion ; but a point moving on a curve does not continue for any portion

of time, however small, in the same direction. If it can be said at any

specified time to have a direction at all, it is only in this sense : that let

it move through a very small arc, and it will nearly move as if it

moved over the chord of that arc. AH the preceding sentence becomes

more near to the truth the smaller the arc moved over is supposed to

be ; if then we can find a straight line to which the chord drawn from a

given point approximates without limit as to direction, while it is dimi-

nished without limit as to length, let the curve be said at that point to

have the same direction as that straight line.

%
M N M N

Let PQ be a portion of a curve referred to rectangular co-ordinates
;

and let its equation be y = (fix. Take an abscissa OM, (a particular

value of x) = a, and let MP, the corresponding value of y, be = b,

whence b — $ (a). From P draw a chord PQ, and let a + Ax, b+ Ay,

be the co-ordinates of Q ; that is, let Ax = MN, Ay s= ZQ in the first

curve, AarMN Ay = — ZQ in the second curve. Then will the

chord PQ make with PZ (or with its parallel the axis of x) the angle

QPZ, which, the sign not being considered, has QZ -^- PZ or Ay -f- Ace
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for its tangent in both. Draw a fixed line PT, making with PZ and
dy

with the axis of x, an angle whose tangent is — or fix, that is, for this

particular point, fia ; and let this line fall on the same side of PZ as the

chord PQ. Then as Q is made to move towards P, or as the chord

A?/
drawn from P is lessened, the tangents of QPZ and TPZ being —

Ax
dy

and -j-; (here = 0'a,) and the former varying, with the latter as its

limit, approaches it without limit. Consequently, the angle QPZ has
the limit TPZ \ or the angle QPT diminishes without limit. Hence,
the chord PQ approaches nearer without limit to the direction PT, when
Q approaches without limit to PZ. Consequently, by the definition

laid down, PT is to be called the direction of the curve at P. The line

PT is called the tangent of the curve at P.

In the first curve fia is positive, in the second negative (page 132).

But the angles TPZ drawn in both have positive tangents ; and it would
create confusion to be obliged to divest an expression of its sign. To
remedy this, always measure the angle made by a line with the axis of

x in one direction of revolution, namely, in that indicated by the arrow.

That is, in the second curve let QP and TP be produced beyond P, and
let Q'PZ (an angle with a negative tangent) and not QPZ, be the angle
considered ; also let T'PZ be considered instead of TPZ. A negative

diff. co. will then accompany an angle greater than a right angle, or one
with a negative tangent. Hence, x being the abscissa of a curve, and

dy
y or </>x its ordinate, —— or fix is the tangent of the angle which the

tangent line, or line of direction of the curve, makes with the axis of x,

at the point whose abscissa is x.

Example. In the curve in which the ordinate is the Naperian loga-

rithm of the abscissa, what is the angle made by the tangent line, or line

of direction of the curve, with the axis of x, at the point whose abscissa

is x— 10, and whose ordinate is therefore 2*30258 Here

y = log x
}
~ =s - =5 • 1 at the particular point in question. But * 1

is the tangent of 5° 43', the angle required.

Since the tangent line passes through the point* (a, b) or (a, 0a),
and makes witb the axis of x an angle whose tangent is fia, the equa-
tion of the line, x and y now meaning the co-ordinates ofany point in it,

is (Algebraic Geometry, p. 23) y — (pa = fia (,r— a), or y = 0a
+ fia (x — a) ; see page 135.

2. Curvaturef. We shall consider the curvature of a curve as a
quantity to be estimated as follows : take three points on the curve, the

first being the fixed point in question, the second and third being points

near to it, which we shall afterwards suppose to approach without limit

to the first. Three points determine a circle ; and the nearer the two
latter points Q and R approach to the fixed point P, the more nearly
may the arc of the curve PQR be considered as identical with the arc

of the circle which passes through those three points. Let (x, y) be

* This always means the poiut whose co-ordinates are a and b.

\ The beginner may omit this article.
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the fixed point in question (x',y') and (x",y") the contiguous points.

If there be a circle having its centre at the point (m,?t), and its radius p,
and if X and Y be co-ordinates of any point in that circle, then (Alge-

braic Geometry, p. 36) the equation of that circle is (X — m) 2 +
(Y — ?i)

2 = P
2

- But (x,y), (x',y'), (a", y''~) are to be points in the

circle ; whence the equations in the first column below : those in the

second are obtained by subtraction of the first from the second, and of

the second from the third

—

\T%X hiZS--S- (*'-*)(*;+*-2™)+(2/-30 (y'+y-2n)=o

Subtract the first in the second column from the second, which gives

x"2—2x'2+ x*—O"— 2x'+ x)2m+ y"2—2y'2+ y
2— (if—2y'+ i/)2n=0.

But if P be any function, which on two successive suppositions be-

comes P' and P", then (Chapter IV.) AP= P'— P, AP'= P"- F,
A2P == AP' — AP=P"—2P'+ P- Apply this to the functions x2

, x, y%
y, and the preceding becomes A2

(,z
s
)—

A

2
..i;.2m+ As

(y
2)—Aiy.2rn=0.

Now, if we consider y as a function of x, and suppose x to be-

come successively x' — x + Ax, x" = x-\- 2Ajt, which is the suppo-
sition of ordinary differentiation, we have then A2>r=0. But let us take

a wider supposition. Let y not be given in terms of x, but let x and y
both be given in terms of another variable t, namely, by the equations

x =%£ y = yt, from which, by elimination of t, y = <px may be found.

For instance, in the curve called the cycloid, instead of giving an equa-
tion between x and y, it is found more convenient to express both x and

y in this way, y=a (t— sin t) , x=a (1—cos t). Suppose that x be-

comes x' and x", and y becomes y' and y", when t becomes t-\-At,

and t+ 2At. Divide both sides of the preceding equation by (Ai)2
,

and then, to find the relation between m and n
}
which is perpetually

approximated to by supposing Q and R to approach P, let At diminish
without limit. Then, (page 81) we have

d2 (x2) d2x n d2
(y

2
) d2

y

<L£_ dx d2(x2
) _ /£V d2x d 2

(y
2

) __ /dy\* d2

y
dt

~ Av
dt' dt2 -\dtj + 2x

dt2'~dF~^ 2
[dt) +2y

~dt^

. . d*x d2

y (dx Y /dy\ 2

or (,-m) - + (j,
- „) J + ^_j + (JL) - 0.

Another relation is obtained from the first of the equations in the
second column above, by writing Ax for x—x, Ay for y'—y, dividing
by At, and taking the limit, remembering that x' and y' have the
limits x and y. This gives

, x dx dy
(,_ m) __ +(y _ w) ^ ==0 .

From which last two equations we easily obtain
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IT)
\dy d*x dx d*y\

Xdt ~di?~di ~dPV
m = SI

dxUdx\* AfyYl
\
dy d2 ' v

"~ ~ dt\\dl )
+ \dt)i ~ \di di?

~

*-*{($f+(0+{
jdy d2x

Tt'lW

dx dfy\

di dt*r

dx <Fy\

dt df\

the third equation being formed by adding together the squares of the

first two, and extracting the square root. It might at first appear as if

we might obtain as many different circles as we can make different

suppositions with respect to t : but it will be shown hereafter that

there is only one such circle ; and this circle (by an extension of

the same kind as that under which the curve is said to have a definite

direction determined by the tangent) is said to have the same curvature

as the curve has at the point (x, y), and its radius is called the radius

of curvature of the curve at that point.

Let us make the supposition that t = x, in which case we have

y t= ^ x, x ==J yfsx, the second of which must be made identical, that is,

the function tyx must be x itself, and %x is the same as (fix. We have

also,

dx d2x

dt~~
1

d¥
dy

~dt

dy_

dx

d*y

dt%

>-±{^(0+(r2) - *

<Py

' dx*'

+ (0'*) 2

p.
(p"x

neglecting the sign, which we shall consider elsewhere. Let us suppose
it required to find the radius of curvature at any point of a parabola
whose equation is y

2 — 4cx, We have then

(fix 2jc Vo; cfi'x = \/- , 1 + Qfi'xY ==
X + c

— h\c x 2
P -

X + c

l& X » _ (x+c)i-

neglecting the sign. Hence, since the curvature of a circle is evidently

the less, the greater the radius, it follows that the curvature of a para-
bola diminishes as we go from the vertex, where it is greatest, the radius
of curvature being there least, and equal to 2c.

We may easily give a sufficient proof that the circle thus obtained is

closer to the curve at the point P, than any other which can be drawn.
For if possible, let a circle (A) fall between the circle of curvature (K)
and the curve (C), immediately after leaving P. Then the circle drawn

through P, Q,R, which approaches without limit

to coincide with (K), cannot approach it nearer
than (A), which is absurd. Give a similar proof
that no straight line can lie between the tan-
gent and the curve. More formal proofs of
both propositions will be hereafter given.
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- 3. Length. (Read again the remarks in page 23, and also the pro-

cess in page 30.) We now proceed to find the length of any portion

of a curve whose ordinate is 0x. Let it he the arc contained between

the points which have a and a for abscissae. Divide the portion of the

axis of x which lies under the given arc, a'—a in length, into n equal

parts, each of which is Ax Let MN (figure, page 136,) be one of

these portions ; and let OM = x, MP = y. We assume as an axiom,

that the arc PQ is greater than the chord PQ, but less than PT + TQ.
And we have

PQrr.V(A*)2+(A2/)2 PT=\/(Ax)2+(A.r)2 tan
2TPZ= Ax\/ 1 +(~Y

where* a and Ax are comminuent. Hence we find that

The arc

lies between

Writing 0'x for A and making Vl + (0'x-f «)
2 zz Vl + (0'x)2 + /3,

we see that /3 and « are comminuent, as are therefore /3 and Ax. Re-

peating this process for every one of the parts into which the whole arc

is divided, we see that the whole arc in question must lie between

2 [ Ax (Vl+(0'*) 2 + /6) } and 2 { A* (Vl-f (0'x7~+ «) },

or 2 ( AtVi+(0'x) 2
) + 2/3A* and 2 (Ax Vl + (0V) 2

) + 2«Ax.

Now, when ?i is increased without limit, or Ax diminished without

limit, (« A x = a' — a) a and /3 are in every portion of the arc dimi-

nished without limit. Consequently, A and B may be always greater

than the greatest of the values of « and /3, and yet be comminuent with

At. In that case ?iA and ?jB must be greater than 2« and 2/3,.. and
jiAAx and ?iB Ax greater than 2(«Ax) and 2(/3Ax). Remember that

Ax is the same in all. But nk. Ax = A(a'

—

a) and ?iB A x=B(a'-a),
which last are comminuent with A and B, and therefore with Ax.

Consequently the limits of the two preceding functions, when Ax is

diminished without limit, are both the same as that of 2 ( Ax\Af-J-(0'x)
2
)

,

which (page 100) is Jls 1 + (0'x) 2 dx. Hence the arc of the curve,

which always lies between these sums, is itself the limit just found;
that is, the arc of the curve whose ordinate is 0x, contained between the

points whose abscissae are a and «', (and called *') is

* a. may be reckoned positive, though the expression it represents may be nega-
tive. We have nothing to do but with the fact that its numerical value (indepen-
dent of sign) is comminuent with Ax,
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s = j° v'H (<//x)2 dx = j"s/l + (

d

£j dx -

Example 1. Required the length of the arc of a paranoia whose
equation is y" = 4cr, which begins when x = 0, and ends when x= a.

c ..-/TT-ZTTT, ... . /# + «
0t= V4cr 0'a? = \/- n/I+(0'o;)'2 —

.r

J * J V *2 + ex 2 J V*2 + ex

(*d(x*+cx) e C dx i , c , / , c / n=Jfc= +
2jv??S= '"+-+5

1* (*+5^+»)-

the last being obtained as in page 116. Hence we have,

So
V~-C^= Va2 + ea + Uog (a+ |«+W+ Cfl)- 1 log

°-

i
-T-. c /2a + c+2 \/tf~+^\= V a2 + ea + - log f

J.

Example 2.—What is that curve the arc of which, beginning from

x =0, is always = J2ax ? The cliff, co. of /Vl + ((p'x'f dx is

Vl+ (^)2
; and therefore since

/Vl + (^) 2
da? = *J2aT we have Vl -f- (0V)

2 ——

—

o 2\! x

Wxy or f^Y== £ - 1 or * = x/f^1
.

Let 4 = 2*r
\cir/ 2.e ete V 2j; 2

V = a/t: 1 ctr = I a / 1 dr = dry J V 2x JV i J V2£.r-*2
'

1 f*2£-2*+2& , f rf(2b-/) „. f d.r
= - c/# = — + 2/e -—

2J V2A or-a2 J 2 V 26* — a? J V 2kx - a2

x
2kx — a;

2 + 2k vers"1

--f- constant, (page 116).

Any value of this constant may be used. In fact, if the constant be

made —p, then the curve which has the two first terms for its ordinate is

raised or lowered from or to the axis of x by increasing or decreasing p :

but the arc intercepted between any two ordinate lines is not changed.

4. Area.—The number of square units in a rectangle is the product of

the numbers of linear units in its sides. Let it now be required to find

in square units, the value of the portion of space contained between the

points of the curve y = <j>x which have a and a! for abscissae, bounded
by the arc of the curve, the ordinates of its extreme points, and the
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axis of x. Let the portion a'— a of the axis of x be divided into n equal

parts, each=Aa?, as before. Then (figure, p. 136) let MN be one of

these parts, and draw ordinates (as in figure, p. 30). Hence the por-

tion of the curvilinear area MPQN is composed of the rectangle PMNZ
having the area yAx, and the curvilinear triangle PQZ, which is less

than the rectangle contained by PZ and ZQ, or less than Ax Ay square

units (neglecting the sign of Ay, if it be negative). Hence the area

MPQN lies between yAx and yAx + Ay Ax, and the whole area of the

curve lies between 1,yAx and 2y Ax + 2Ay Ax. But, Ay being com-
minuent with Ax, it follows by the same reasoning as in p. 140, that

*2.Ay Ax is comminuent with Ax ; and thence, that the two preceding

sums have the same limit J*? ydx, which is therefore the area in ques-

tion. That is, the area bounded by the ordinates whose abscissae are

a and a', and the arc and axis of a? contained between them, is f*'ydx
or J'/fxdx.

Example 1.—The area of a parabola, whose equation is «/
2 = 4cx,

contained between the vertex, the axis of x, and the ordinate whose

abscissa is a, is f a 2 v ex dx = •§- c
T a 2 e= §• abscissa a X its ordinate.

In this is condensed the whole of the process in pages 30, 31.

Example 2.—What is the curve, whose area contained between the

x
ordinates to the abscissae a and x, is always (in square units) c log - ?;x . c

ydx^. clog-, and differentiating both sides y 2= -
a a x

or xy = c, the equation of an hyperbola. Observe, that, this area being

an integral between certain limits a and x, must be of the form if/x—y/a,

and we have accordingly assumed it so, in c log x — c log a. The arc is

also an integral, and a similar assumption is required. It was made in

the second example of the last article, for the limits are there, and x,

and a *Jx is as x — a v 0.

5. Solidity or Volume.—The method of finding the solidity under a

given surface must be deferred until we have more developments of the

Integral Calculus.

6. Density.—When any solid (or fluid) contains equal quantities of

matter in equal bulks, from what part soever they may be drawn, the

uniform density which is then said to prevail, may be measured, for the

purposes of comparing one density with another, by the different quanti-

ties of matter (or weights) contained in any one given bulk. If the

same vessel filled with fluid B, weigh twice as much (independent of

the weight of the vessel) as when it is filled with fluid A, tben without

knowing the content of the vessel, we pronounce fluid B twice as dense

as fluid A. But as it is generally more convenient to employ absolute

than relative terms, we obtain the necessary language in the same
manner as in the case of length, by choosing an arbitrary magnitude,

and calling it unity or 1. Let pure water be said to have the density

1 ; then any substance twice as heavy as water, bulk for bulk, has the

density 2, and so on. An accidental relation in our metrical system

makes the descent from the mathematical notion of density to the terms

of common life immediate and easy. A cubic foot of water weighs (very

nearly) 1000 ounces avoirdupois ; so that if we say the density of gold

is 19362, we infer that a cubic foot of gold weighs 19362 ounces avoir-

dupois nearly. Let us now suppose a thin rod of matter whose uni-



MEANING OF DIFFERENTIAL COEFFICIENTS. 143

form density is 1, or a cubic foot of which weighs as much as the same
of water. And let there be another such rod, not of uniform density,

evidenced^by our finding that any two equal lengths of it have different

weights. Let the law of the weights of different portions be this, that

x inches taken from one of the two ends, which is specified, always

weighs x2 ounces; that is, the first -\ inch weighs ^-oz., the first inch

1 oz., the first two inches 4 ounces. In the case of a uniform rod

we might always find k by dividing the weight of any portion by that of

an equal bulk of water : but in the second case we have no definite

measure of density, though it is clear that the weight of equal portions

goes on increasing.

D B C

Let AB be a part of the rod in question = x, and let BC=BD=Ajr.
Then the weight of D B is x* — {x— A.r)

2
, and that of B C is

(x + At) 2— x2
. These are 2xj\x — (Ar) 2 and 2x Ax + (At) 2

ounces.

Let the weight of a bulk of water, such as that of DB or BC (which
must, ceteris paribus, be proportional to At) be eAx, then the density

of BD, if the matter in it be uniformly distributed, is and that

of BC, on the same supposition, is . These two suppositions

are not correct ; nor according to the definition of density, can we say

what the density of the rod should be at B. But we] may see that the

weights of the successive equal portions DB, BC, approach without

limit to equality when /Ax is diminished without limit, and that

2a?
the presumed densities approach without limit to — . Let us say

2x
that the density at B is — ; we have here an assertion which will be

nearly verified by a small portion of the rod taken on either side B

;

more nearly on a smaller portion, &c, and in this sense we may admit

the assertion. Similarly, if the weight of the length x inches be <px oz.,

it will follow in the same manner that the density at the point whose
distance is x will be <f>'x divided by e, the weight in ounces of one inch

of water. And hence it follows that the density being given at the

distance x and called y, the weight in ounces of a' — a inches taken

.

between the points which are a and a1 inches distant from the end is

ifa'ydx.
7. Velocity.—When a point moves uniformly, that is to say, describes

equal portions of length in any equal portions of time during the motion,

it is said to move with a velocity which is measured by the number of

units of length described in a unit of time. Thus taking feet and
seconds, with reference to these units the velocity 10 is that of a point

moving over 10 feet in one second of time, 20 feet in two seconds,

5 feet in half a second, and in the same proportion for every other time.

Hence it is evident that v being the velocity (length in one second) and
/ the number of seconds (called the time) vt must be the length de-

scribed, which call s ; hence s = vt. Hence, knowing the length

described in any time, or knowing s for any value of t, we find v the

velocity by dividing s by t. It may help the student to make him
remember that as t seconds is to one second, so is s the length described
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in t seconds to or - the length described in one second (the velo-

t *

city). When speaking of length moved over by a point, it is usual

(but incorrectly) to call the length space. Thus it is said that one point

moves over more space than another.

Let there now be a point which does not move over equal lengths

in equal times; but suppose it to move in such a way that at the

end of t seconds, it has 'always moved over t feet. Suppose, that in

the last figure, D, B, and C are its positions at the end of t— At, and

t + At seconds. Then the lengths described in the At seconds* (or of

a second) immediatelv preceding and succeeding t seconds elapsed are

t- (t- At)* and (t'+ At)- - t% or 2tAt - (Atf and 11 At + (At)
2

.

For by hypothesis AD = (t - At)\ AB = t\ AC = (* + At)\ If,

then, DB and BC were uniformly described, the velocities (length per

second answering to those lengths per AO would be the preceding

lengths divided by At ; or It — At and It + At. But this supposition

is incorrect. Nevertheless, if we speak at all of the point having a

velocity at B, we must assert that velocity to be It; and this assertion

becomes more and more nearly true on one side and the other of B, as

we take At less and less. Let us then say that the velocity at the end

of t seconds, of a point which has then moved through f seconds, is It

:

not that the point will continue to move uniformly at the rate of It feet

per second for any portion of time however small ; but that the length

moved through in the ensuing At, is nearly as it would be at that rate

if At be small, more nearly if At be smaller, and so on without limit.

In the same way it may be shown that, cj>t being the feet moved over in

t seconds, the velocity at the end of t seconds is ty't ; and if v (a given

function of t) be the velocity, the length described between the end of

a seconds and a' seconds is ffvdt. Moreover, the time of describing

from a feet to a! feet from the origin of the measurement is - ,
it v

%J a V

be a given function of s

ds

dt
a

Example 1.—The velocity at the end of t seconds being ——,what

function is this same velocity of the length described, the length being

measured from the beginning of the motion, so that when t = s =0.

Here we have

— -—- s = a log (1 + + const.

dt 1+ t

But when t = 0, s = 0, or = a log (1) -f const, or const. = :

whence s = a log ( 1 + • Hence we have,

1 dt 1 L ds -L

as a at

Here is an instance of a continually retarded velocity.

* Let the student always remember that under the phraseology of units we

include parts of a unit ;—a feet means also a of a foot if a be less than unity. Let

him also remember the analogy of multiplication of fractions.
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Example 2.—Supposing the point to move with a velocity which is

always connected with the space described by the equation v'
2 = as

;

what is the length described between the end of 10 and 20 seconds, and

what function is the velocity of the time ?

J v J V7w v a J 10 v Va V

Supposing the length and time to begin together, we have const. = 0, as

before. Or,

/s , ds
t - 2V -, .5-1 at\ — = v= £ a*.v a at

8. Force, or accelerating force, is that which changes velocity, includ-

ing the change from motion to rest, or from rest to motion ; or which
would make such change, if there were not to our knowledge a coun-

teracting force. When motion is not produced, the presence of force

is made evident by pressure. We have nothing to do here except

with force, as evidenced by change of motion ; and, therefore, we shall

only state that the connexion between pressure and acceleration is

found by experiment to be contained in the two following principles :

—

1. All other things being the same, the velocities communicated by
different pressures in the same time are proportional to the pressures.

2. The velocities produced by the same pressures upon different quan-
tities of matter, are inversely as those quantities of matter. Thus, the

same pressures acting upon two masses, one of which is double of

the other, for the same time, will communicate to the smaller mass twice

the velocity which is communicated to the larger.

There is in the minds of all who begin to consider forces, a notion of

a something called an impulse, meaning a force which communicates
a finite velocity instantaneously, such as is imagined, for example,

to be the case where a bat strikes a ball. But this notion must be
entirely got rid of in the consideration of forces : and it must be remem-
bered that any pressure however great, requires time (smaller as the

pressure is larger) to produce any velocity whatever.

Force being merely (for our present purpose) that which changes
velocity in course of time, we can only call that a uniform force which
produces equal accelerations of velocity, or equal retardations of velocity,

in any equal times. And such forces may be measured for the pur-
poses of comparison, by the effect produced upon the velocity in one
second. For instance, with reference to feet and seconds, the accelerat-

ing force 10 means that which adds ten feet to the velocity in one second,

not instantaneously, but in such matter that it adds a fraction often feet

to the velocity in any the same fraction of a second. And similarly for

a retarding force. If, therefore, at the beginning of the motion in ques-
tion, a body have the velocity a feet per second, which is uniformly
accelerated by the force b, its velocity at the end of t seconds is a+ bt.

That is,

ds— — a+bt s — at + ^bt~;

there being no constant required if the length be measured from the

L
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point at which the body is at the beginning of the time. If the initial

velocity a be = 0, the length described in t seconds is simply ^ bf.

Supposing the velocity at the end of t seconds to be t
3
feet per second,

it is plain that the velocities at D, B, C (fig., page 143), are severally

(£—At) 3
, t

3
, and (t + At)3

. Consequently, in the interval from t — At

to t seconds, there is an accession of velocity amounting to

f — (t-At)3 or 3 fAt-3t (At)2 + (A*) 3
feet per second

:

and in the interval from t to t+At seconds, an accession amounting to

(t + AO3-*3
or 3*a A*+ 3t (At)* + (At)3

feet per second.

Now, if an accession of Av be made to velocity uniformly throughout the

time At, then the force (corresponding accession in one second) is found

thus. As At is to one second, so is the acceleration made in the time At

(namely Av) to —; or— , the acceleration in one second. If, then,
* J

- At At*
'

the preceding accelerations had been uniformly made throughout their

several times, it is obvious that the forces producing them would be

3t* — 3tAt+ (Atf and 3f + 3t At + (A*) 2
-

But this supposition is incorrect ; nevertheless, in saying that the

force at the end of the time t is 3f , we make an assertion which is the

more nearly true the smaller At is supposed to be. And in a similar

way, if 4>t be the velocity at the end of the time t, <p't is the accelerating

force at the end of that time. Similarly, if / be the force at the end of

the time t, the velocity at the end of a' seconds, communicated in the in-

terval from that of a seconds, is fafdt : so that

Vel. at end of a' sec. = Vel. at end of a sec. + ftfdt

The following are then the equations connected with the motion of a

point which has described the length s (or s feet from the origin of

measurement) and has a velocity v, and is acted on by an accelerating-

force/.

^ds ^ dv ^_
' dt __ d2

s
V ~m H f~"dt~~ dt ~~dF*

dv ,ds dv _v— — i —- orv— = j.
dt J

dt ds J

The last equation finds the velocity directly when / is expressed as a

function of s : for by it we find v% = %ffds + C ; and if we know the

square of the velocity when s is a, and want to find that when s is a', we
have

(vel.)
2
at distance a' ss (vel.)2 at dist. a +2fa

a
'fds.

Let the known velocity at the distance a be A ; and let the superior

limit a' be indeterminate. We have then,

(?p)=A*+2fjfdS t= f
7 ^== + const.

where the constant must be determined by the circumstances of each

particular case.
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We shall end the chapter with some examples of this method : but

we have occasion first to consider the preceding cases in their connexion

with each other, as well as in reference to the distinction between posi-

tive and negative.

1. It has doubtless appeared that terms which seem as independent of

the conventions of our science as direction, density, velocity and force,

have been treated rather as if they were mere definitions springing out of

a process of differentiation, than words which convey common notions,

and were well known to the student, as he may think, before beginning

this Calculus. We have proceeded with common ideas, and common
phraseology, so long as uniform density, uniform direction, &c, were in

question ; but when we come to consider a point which has a varying

motion, &c, we no longer deduce a function, and say, this is the velo-

city, &c. ; but we say, let the term velocity, &c. be applied to such and
such results of the Differential Calculus. Has, then, a point in vary-

ing motion no title to be considered as having a velocity, &c. ? Such
will be the difficulty that must at first occur. But it may easily be
shown that the preceding process is only such a refinement of the rough
Differential Calculus which all people who deal with material objects

are obliged to use, as is rendered necessary by its inexactness. If we
assign a definite direction to the motion of a point over a curve at every

instant, it is because our senses presume that a curve and a straight line

may coincide for some small space : which is not geometrically true. If

we assert a stone falling freely to have a definite velocity at every point,

but one which continually increases, it is because when motion changes
gradually, we think we may take a time so small, that the motion may
be actually uniform during that time ; which is not correct. All these

suppositions spring from one common falsehood (in mathematics) or

truth sufficiently near for practical purposes (in common life) : namely,
that every whole has parts which are such small fractions of it that they
may be rejected without causing any error. To this, the answer is that

there is no such part of a whole; but that since for the last four words
may be substituted " without causing any error greater than one which is

named, which may be as small as we please," the limits arising from
taking the parts in question smaller and smaller must be considered as
the functions to which the terms in common use would be applied, if

those who used them were cognizant of the exact considerations which
form the ground-work of this science. And it is an evident corollary,

that since the common notion is an approach to the more exact one,

the results of the former will always nearly coincide with those of the
latter.

The student must avoid the notion that he is dealing with densities,

velocities, forces, &c. as real things, and must remember that his

symbols stand for nothing but numbers or fractions which are the mea-
sures of the sensible phenomena in question, upon purely arbitrary sup-
positions. For just as owing to the resemblance of certain algebraical
and geometrical terms, nine students out of ten have a mysterious
notion that a straight line multiplied by a straight line is a rectangle *,

which is nothing less than supposing that the addition of numbers
together places two straight lines at right angles to each other, and

* Which ought to mean that if the number of times which one of the sides con-
tains a foot (an arbitrary length) he taken as many times as the other side contains
a foot, the resulting nuviber will be the number of times which the rectangle con-
tains the square whose side is a foot.

L 2
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draws parallels through their extremities
; just in this manner, we say,

many students are perplexed for a long time with such notions as that

the force multiplied by the time gives the velocity, vising the words in a

sense as concrete as occurs when we say that force, if allowed to act, will

in time produce velocity. To avoid this, we recommend our reader perpe-

tually to recur to the definitions of all numerical measures ; for instance,

frequently in using the preceding proportion, force X time = velocity,

to remove the mystery by remembering that it means nothing more than
this ; if that which gives a feet of velocity in every second be allowed

to act for b seconds, then ab feet of velocity must result. Finally, he
should recur to the notion of matter having velocity as implying merely

the being in such a state of motion as would, if continued unaltered,

cause, it to describe a certain number of feet per second.

2. Several of the preceding cases may be considered as belonging

to one general proposition. In the last, treating of force, we have
directly the notion of cause and effect ; and in treating of the diff. co.

abstractedly (page 135) we are easily led to a mode of speaking which
looks somewhat like the supposition that the diff. co. is the cause of the

increase of the function. To avoid the possible misconception of the

words cause and effect, let us speak simply of a precedent and a conse-

quent, the former of which has a numerical value a, which, allowed to

remain the same, makes the consequent = ax, or gives a for every unit in x.

If, then, the consequent, instead of ax, were <f>x, the precedent, if consi-

dered as existing at all, could not be 4>x, unless (p (x + Ax) — <j>x were
equal to a Ax for all values of*, which is not true except for (f)xt=zax.

But

4>(x+ Ax) - (px = <t>'x . Ax + \ 4>" + OAx) . (Ax)2 0< 1

;

and the first term on the second side is to the second as ty'x to

% <p"(x + 6Ax) . Ax, that is, can be made as nearly the whole .as we
please. Hence the supposition

^ (x + Ax)—<px — f'x . Ax,

(which would result if the precedent were <]>'x,) may be made as near
the truth as we please ; and if we should say there is a 'precedent, no
longer uniform, but variable, that precedent cannot be considered as

having any other value than <£>'x.

3. We have to consider what are the negative suppositions which
correspond to the positive ones we have made. In the case of direction

we need say nothing more ; in that of curvature, a purely arbitrary

distinction, if any, must be made; but to this we shall return. The
occurrence of a square root in the consequences more than was in the

premises, is generally the index of a power of selection as to sign. This

applies to the question of finding the arc of a curve ; though here we
lay it down as convenient that the arc should be measured positively in

the same direction as the abscissa.

But with regard to area, we must take care to distinguish the alge-

braical amount of all the rectangles from the arithmetical one, in all

cases where the ordinates are negative. It is evident that (a' > a) if y
be negative from x = a to x = a', fydx between the same limits is

negative also : both from the summation of which this is the limit (p.

100), and from this also ; that iffydx generally be fx + const., we
have

fa'ydx = 0a' - 0a •
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and (f>'x or y is negative from x = a the less to x = a' the greater,

whence (p. 131) (pa' is less than (pa. If, then, y he negative for any

interval between the limits of integration, all the area obtained from
that interval will be negative, and will be subtracted in the result. For
instance, let the ordinate in feet be the sine of the angle made at the

centre by forming the abscissa into a circle (repeating the folds if

necessary) whose radius is one foot ; or let y — sin x. Then the area

from the origin till the whole circle is completed on the abscissa, is

Ja" smx dx: but

y sin xdx = — cos x f£
v
sin x dx ~ ( — 1) — ( — 1) = 0.

or the whole area OMANB =: 0,

which is not true unless we consi-

der ANB is negative, which it is

in the integration. To find the

arithmetical amount of OMANB,
we first integrate from x = to

x= ir giving OMA = 1 — (— 1)

or 2 (square feet) : then integrat-

ing from x = -rr to x = 2tt we find (— 1) — (1) or —2, which, arith-

metically considered, is 2. Therefore the whole area, in the arithmetical

sense, is 4 square feet. But if we remove the axis of x to O'B'
(00' = a) giving for the equation y = a + sin.r. we find 2na for the

area, namely, that O'OMANBB' = rectangle OQ'BB', as is sufficiently

evident. In this case the arithmetical consideration of ANB would
lead us wrong.

With regard to density, we have no idea corresponding to that of

negative density, except when we consider it as immediately connected

with weight. If the weight considered be in air, and if part of the rod

were lighter than air, then the tendency of that part would be to rise,

and the density of the corresponding part must be considered as negative.

ds
Velocity is negative when — is negative, that is, (p. 131) when in-

crease of time decreases s, or (s being positive) when the point is moving
towards the origin of measurement. Hence, if we would solve the

question of the motion of a point which moves towards the origin with

a velocity, which, absolutely considered, is (pt, we must form the equa-
ds , , .

tion — = — (pt, and integrate.
dt

dv
Force is negative when — is negative, or when the velocity diminishes

as the time increases ; that is, when the force lessens (algebraically

speaking) the velocity. This amounts to saying that the force must be
directed towards the origin of measurement, which lessens both kinds of
velocity, for the negative velocity is thus made arithmetically more and
negative, the positive velocity arithmetically less and positive.

B

Example.—A body at rest at B (AB = a feet) begins to be driven
or attracted (according as the cause of motion comes from behind or

before) towards the point A, with a force depending upon its distance,
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so that, when at P (AP — s) the force is ms ; that is, if, being such as it

is at P, it were allowed to act uniformly for one second, it would add

ms to the velocity in the direction PA. In how many seconds will the

body move from B to A ?

dv ds dv— =• — ms, — =: y v —
dt dt ds

_ . av us
The equations of motion are — — — ms, — — v v —

Integrate the latter, which gives y
2 ™ const. — ms*.

But ijsO, when s = a =r const, —ma2
.

ds
u2 = m (a2-*2

) t=JM - v m (a2
s-

(We use the negative sign because the velocity is towards A.)

r=. -7=- = -7=. cos (-+ const. = t

.

JmJ Va2-s2 Vro W
But < — when s — a -j= cos

-1
(1) 4- const, as const.— 0.

Time from B to P = -*== cos" 1

(
-

)

.

1 *
Place P at A, or make 5 = and whole time = -7-=. -.

Vra z

This result is independent of a, that is, wherever the point was

placed at first, it will fall to a in the same time. This result will not

appear strange when it is considered that the farther the body is placed

from A, the greater the force which begins to act on it. If, therefore, a

number of points wer-e placed at different distances, the farthest would

immediately begin to gain on the nearer ones, and all might come

together (as has been shown they would) at the point A. The whole

velocity acquired is Jm . a.

Example 2.—Other things remaining the same, let the force be —

.

1J1) m 2m „ 2m .

v _ — _ — v* == —- 4 const., = 1- const.
V ds~ *

2 '

s a

~^(H) tss -\/LW
f l~ f sds - _l r~ 2sd

J v a—s J Vg.s—

s

2 2J *Jas-

ds

2sds

1 r (a — 2s) ds
4

2 J *!ds- s*
2 J Vik

ds

as — s i

1 a , 2s
= const. * — \as — s

2 4 -vers — •

2 a

* Observe that though this term is immediately multiplied, we simply write const,

as before, because it is as before nothing but an undetermined constant.
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I = const. + \ / — *Jas — s
2 —V 9m

a? , 2s
vers

2m 2 \/2to a

G5

But t = when s ss a, or = const. + ^
— vers"

1

2

;

2v2m

and t ss vers ' 2, whence const.
2 V2m

a a
. 2?

Time (from B to P) = —T=: — V/ — Vm-,s!+-^= vers"1 —

.

2V2m V 2m 2V2m P>

(s =0). Time from B to A = —==.
2V2m

The velocity increases without limit (numerically) as P approaches a;

the reason is that the accelerating force increases without limit.

We now pass on to some extensions, which are necessary in the

further application of the methods contained in this chapter.

Chapter Hi. JJC

ON THE CONNEXION OF DIFFERENTIATIONS OF DIFFERENT
KINDS.

When we propose an equation between two or more variables, it may be
differentiated in as many different ways as it allows of expressing one
variable in terms of others. If we wish to consider one variable as

actually expressed by means of the rest, the equation is written in the

form u — (x, y, z. . .); but if it be merely required to signify that a

relation does exist between such variables, we write
<fi (u, x,y,z . , )=0.

In the first case u is explicitly, in the second case implicitly, a function

of x, y, z . . . .

Certain values of all the variables being taken, which satisfy the

equation, and increments given to each, the permanent existence of the

relation <j> (u, . . . ) = gives an equation between the increments, from
which any one may be determined in terms of all the rest. Thus taking

u, x, y, . . . so as to satisfy the equation, Ax, Ay, . . . may be assumed
at pleasure ; but Au must then be taken so as to satisfy (u + Am,
x + Ax, y + Ay, . . .) = 0. But there evidently exists this mutual
coexistence of the same values of the increments ; namely, that if

Ax = a, Ay = b, . . . . will permit Au = m to satisfy the equation,

then Aw = m, Ay = b. . . . will permit Ax = a to satisfy the equation.

For this condition being fulfilled, it is indifferent which of the incre-

ments is supposed to be determined by the rest. Hence, one equation

only existing, and any admissible supposition being made as to the man-
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ner in which Au, Ax .... shall diminish without limit, the cliff, co.

du dx . ,
'

, , ,— and — are reciprocals, lor whether we suppose the equation to
VL\JC Clll

assign win terms of x, &c, or x in terms of u, &c, any values of Au
and Ax, which are simultaneously admissible on the one supposition,

are the same on the other ; so that Au -4- Ax, obtained on the first sup-

position, is the reciprocal of Ax -f- Au obtained on the second ; and
their limits are, therefore, reciprocals. But it is far otherwise with

d u d^x d?u d3x— and ——, -r— and —-J, &c. The first requires successive increments
dx- dur dx3 au3

of x and a relation between them, namely, that of equality ; x becomes
x + Ax, then x + 1Ax, &c. The successive increments of u are then

determined ; and will not, generally speaking, satisfy that relation of

equality which, by a similar convention, is the foundation of the process

d2x
by which —- is determined ; namely, the supposition that u becomes

u + Au, u -j- 2Au, &c, from which successive increments of x are de-

termined, which, in their turn, are no longer equal. Observe, that we
are considering the 2nd diff. co., not as the diff. co. of the first diff. co.,

but as the limit of the second difference of one variable divided by
the square of the difference of a uniformly increasing variable (p.

80) . Though the two results are the same in form and value, they

are obtained by different processes, and the second process is frequently

the more convenient origin to suppose in reasoning.

The only relation in which successive equal increments to x give equal

increments to u, is any one of which au— bx = is a necessary conse-

quence, and in this case both -7— and 4=- are = 0.
1 dx* dhi

Cvii dn
cc

Let (x, u) = and abbreviate -r~ and-— into u (naccenw and
dx dun

„ (11 accents)
lL •

Let u = <f>J?, x — fu, follow from x, C^j u) — 0, so that u' may be

found as a function of x, or x' as a function of v, namely, v! = 0'r,

x' tz^t'u. And u' and x' are reciprocals (p. 53), whence u' x' or

4>'x . ySu — 1, which will be found to be a necessary consequence of

(#, v) = 0. We can now solve the case in which u' is given as a

function of u (not of x as in common integration). Let

du

d
- = Uj then — = — x — j— which suppose == fu.

Then the solution of x= fu gives u in terms of x.

Example. -7- = sin w : required u in terms of x.
dx

dx ^ 1

du sin u

2 °\l—cosuJ

where C may be any constant whatever.

/du C sin u du _ C* d. cos'u

sinw J 1

—

cos'
2m J 1— cos2w

J
+C, whence u = cos"

1

^g8(C^+ 1J»

_1 Jl+cosu\
, „ _,_ .^_,^ 2C°"*)
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To find the relation between u" and x" proceed as follows :

—

du
__ 1 d*u__ d 1 1 dfu

d.v
~~ >)x — yu dx2 ~~ dx ' y'u

~~
(i//?/) 2 dx

1 df'u du
__ (dv>\ d*fu _ /du\a d2x

(ty'uy du dx \dxj du2 \dxj du2
'

d~u d2x
To remember this, write it -r-= dx3+ -—. du3 — 0.

dx~ du2

Differential equations are frequently written as if the cliff, co. had
dv

distinct numerators and denominators ; thus,——P is written dy = Pdx.
dx

Remember that the second implies only the first ; and that as far as

first diff. co. are concerned, we see in p. 53, that they have the ordi-

nary properties of fractions ; but it would not be safe for a beginner to

proceed in the same way with higher diff. co. For instance, we should
not recommend him to write the preceding thus, dhi dx + d*x du = 0,

though it is certainly true that upon the implied suppositions with
regard to the successive increments, A2u . Ax + A 2x . Au diminishes

without limit as compared with (Ax) 3
. As far as the mechanism of the

operations is concerned, this process is safe enough ; the risk is that the

student should forget, when there are several variables, which of them
received successive uniform increments in order to form the several

second differences.

d?x
Example. u — sin x, what is ~ ?

du2

d2u

d2x dx2 — sin # u

du2 fdu\ (cos a.-)
8

,, 2v-|

rr • • . . dX 1 d*X V- 3

Verification, x = sin
l
u, ~r — .

- -—:=--£ (l-«z*J '
2 (-2u).J du VI -tt2 du2, v '

d2u
Let —: be a given function of u, =i U. Required u in terms of a?„

dx

dru^ dV d*u du __ dV du ^ dY

dx2 du' dx2 dx du dx dx

_ „ du d2u d /dti\2
. . . , „ . dV d en!m

But 2 — —=; — .( — which therefore =2— = — (2V),
dx dx2 dx \dx/ dx dx

or f-^T = C + 2V = C + 2/U du, *= ± Jc+ 2/XJdu.

The sign is to be ascertained by the conditions of the problem, as also

C, the arbitrary constant.
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dx

du

1 C du „,

VC+2/Udu J Vc+ 2/Urfw

d'2a;

di?

and m being found from the last equation, the problem is solved. C and
C are specific constants when the problem implies any conditions for

determining them ; but when the question merely is, what function of

u has a second diff. co. equal to a given function of m, they are perfectly

general, and may be any whatever.

Verification; f- =
l = (C + 2/Vdu)^

du VC+2/Udtt

1 -s d s l/du\~3

. ± (C + 2/U du) T - (C + 2/U A0= -
2^J X 2U

da"
S

Vd*/ du*
*~

dr3

V 2 \dx) )

Example. — s w, U = w, 2 f V du = v?

* = / /—

—

r= log (m + VC + M3
) +C £— c

' = m + Vc+ m2
'

«/ v C+ tr

M=}5f - c'-iCr (
*- c,)

.

This result contains a complication of constants, which is reducible

to simplicity, as very frequently happens in the results of integration.

The preceding may be thus written :

« = irc's"-{Crc'rs
.

But i£~c'may be made anything we please by giving the proper value

to C, and then- C X \ s
-c ' may be anything else we please, by giving

the proper value to C. Hence these two coefficients simply amount to

arbitrary constants, and we may simply say that u — K e
x+ K.'s~

x
.

Example II.—Instance of the transformation of an equation into

another of a totally different form of solution, by the_use of impossible

quantities. In the preceding equation, let x — V— 1. Then u may

be made a function of 9. And we have

du ___
du dO __ 1 du

dx d9 dx V—1 dQ

d*u _ d
f _J_

du_\ dd_ _ /_1_ <fu\ J_ = _ d?u

d?~ dd VV^l dd )' dx ~ VV^l dey V— i dd'
2

'

Therefore - ^^u, or^ + u = gives u k= Ke^~+ K's~^
do u"

(p. 119) = (K+K')cos0+ V^l (K-K')sin6 = C cos d+C sin 0,

on similar reasoning to that immediately preceding this article. We
shall now produce the same result directly.

d2« TT <w TTJ . /, C du

d02 '
.

J J VC - w*
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or flssin- 1 f~)+C, u~ VCsin(0-C /)=VCcosC'sine-Vc
_

sinC' cos0.

Assume

VcTcos C'= K, — vCsin C'rrK', or tan C = — ^, C=Ka + K 1
'2

,rv

and u = K sin + K' cos 0, in form as before.

Example III.—Instance of a more complicated integration, attained

by preserving the less complicated form, but generalizing the constants

cPu
into variable functions. Let —- + u = T, a given function of 0.

air

Whatever the solution may be, it can be represented in an infinite

number of ways by K sin + K' cos 0, if K and K' be functions of 0.

If it were u — 2
, and if we chose to assume K + K' = 0, we can

satisfy the conditions K sin + K' cos = 62 and K + K' = by the

simple method of algebraic solution, which gives

K=:(02— cos 0)-f- (sine — cos0) K'= (0sin 0— 2
)-f-(sin 0—cos0).

Therefore, not only may we assume u = K sin + K' cos 0, but even
then we are at liberty to assign any relation we please between K and K7

,

which does not contradict their being functions of 0. Let us make the

assumption, which gives

-^ = K cos 6 — K' sin + —- sin 0+ —— cos 0.
dd dd d6

'

'. L dK .

" dK'
Let our assumed relation be -—- sm -\—-— cos = 0.

dd dO

Then $-' = K cos - K' sin
dd

dht, „ . n „. dK dK' . n dK dK' .—— -Ksin0-K'cos0+— cos0 — smd—-n+-—cos6 —
- sm 9,

d0* dd dd d6 dO

m dK n dK! . n
or T = -rr- cos — sm 6

dd dd

dK . „ dK'
and Os-rr sm ^ — cos

rf0 dO

< whence

dK—= Tcose

dK' m .

*r=-Tsme

by the ordinary solution of algebraical equations. Hence

K=/Tcos0d0 + C, K'——jTsm6dd+C
u = C sin + C cos + sin / T cos c/0- cos /T sin 9 dd.

The above- solution makes use of the following notion. When T=0,
we have found a solution which contains two constants. It is not un-
likely, then, that a similar form, but with more complicated coefficients

for sin 9 and cos 9 than simple constants, will be the solution of the

more complicated equation. This of course is no argument, but only

reason enough to make it worth while to try u = K sin -f K' cos 0, in

the manner preceding. Our suspicion turns out to be correct in this

case.
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1, i^+u—e M=Csin0+ C' cos 6+ sh\0fd cosd dd-cos9 TO sinB d6
de*

J J

f 9 cos dd — sin 0—/sin dd = sin 0+ cos

fd sinddd = -0cos0+/cos0 dd =-0cos 0+ sin0

u — C sin 9
t
+ C cos -f- which may easily be verified.

2 . ^4. M =cos05
w=Csin0+ C'cos0+ sin0/cosQ0d0-Jcos0/sin29rf0

/cos20rf0-/(i+icos20) d0 = i0+ isin20, y'sin20d0r=-icos20

w = C sin 0-f-C'cos +^0 sin + £ sin 20 sin + \ cos cos 29

= C sin + C'cos 0+10 sin + J-cos

= C sin +C cos +§ sin 0. (Explain this step ?)

3 ^_
M
+ u- s* u==C sin +C cos + sin /Vcos0 d9—cos9 /VsinG d9

dd*
J J

fs
e cos0 dd-S* smd-fa* sin0 d9, fs

9 sin0 dG~ - g
9
cos 0+/s9 cos0 dQ

fs
B
cos dd= i e

9
(sin + cos 0) fs

B
sin 6d9 — \sB

(sin - cos 0)

u — C sin + C' cos + i £
9
.

We shall afterwards have to return to this equation.

d?u
Show, in a similar manner, that -— — u = X (a function of x)

dx*

gives u = Cs* + C s
-
* + i £*/ s-* X dr - i £"*/ £* X da?.

We have placed the first two differential coefficients by themselves,

not only because it is comparatively uncommon to see third, &c. diff. co.

in applications, but also because we are, as has been seen, in possession

of a general method of solving the inverse cases, or those of the Integral

Calculus. That is, we can reduce the solution of u' = U, or of u"— \],

to the finding of a common integral. But we are not in possession of

any such method with regard to u'" = U, u" =. U, &c, and these equa-

tions can only be reduced to explicit integration (with our present

knowledge) in a very few particular cases.

_ d3x dix „ . .dhi d*u „
Problem.—To express —-

3, -r-j, &c. in terms of -7-5,-5-^ , &c.
Clib Clll CLJC (XX1

~ dx\ u'V'V

u"
-

u'*>

d3x

du3
'_

dx" _ m
d f u"\

du ~ du \ u'
3

J

dx 1 \
__

du v!

)

1 dx dx

u'
6

u> u'"-3u"*

N B. In differentiating a fraction of which the denominator is a

power of a function, such as P-r (Q)
n
5 abbreviate the rule deduced

in page 52, as follows :

—

Differentiate as if the function were P-r-Q with these alterations,
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1. After differentiating Q, multiply the term by n . 2 . instead of Q2

in the denominator, write Qn+1
.

d P_
dx Q"

dx
-P

!»

dx eta

Q»+.

dAx

du du
1

f3u"2 -
/5

n'"\
= -(

'3um-n'u"
><

^a?

du4

, u'
5

V^M

_ 1

~~
~u'

'

7/(6«"«'"- tt" u'»-- 7/ «,v

) -bu" (3tt" 2
.

-«'V")
u'

e

uf *uv r 10 it''u"u'" + 15«"3

or-

We leave the following to the student

:

v s= — M,3 ^V~ 15 i//
2 ?^?^— 1 0u' 2

?f
///2+ 105 («' 7/"- t/"

2
) u"

s

The problem which we have solved amounts to this : given u = <px,

and therefore the power of differentiating u with respect to x, required

the diff. co. of x with respect to u, without the necessity of actually

inverting the equation u = <fox, and making it x — i\tu. Hence, when-
ever Maclaurin's Theorem applies, we can from?* = "^not only expand
u in powers of x, but also x in powers of u. For we know that in

every case where an infinite series is admissible, we have (p. 74.)

"" w + U)" + (<^h+ (*?) 573+ • •
(1)

where by (x), f —
J

, &c. are meant their values when 11 = 0. Now,

when u = 0, let x = k ; or let <pk = : then (a;') (x"), &c. can be
found by making x = k on the second sides of the preceding relations, in

which u', u", &c. are all functions of x. Let An A2 A 8 ,&c. be the

values of x' x" a/", &c. when x = k; then we have

1/% 7*
3

7/*.±HAlM.+ A!

:

1 +A3- +A,— f. . . .

Example.—Given u = aa?+6j;2 + cx3+ex* +fx5+ &c required .r in

terms of w.

Here, when u=Q,one* value of .r is a?=03 and we will therefore sup-

pose u and a? to be beginning together from being simultaneously :== 0,

by which we shall produce a series for x, which will be true until we
come to another value x = k, which makes u — 0, after which we

* There may be (often will be, we say, but perhaps the student may not have

come to the point at which this is proved) an infinite number of other values of x
which will make u = 0. The practice of assuming that x=0 is ike value (meaning

the only value) of x which makes w=0 infests elementary works, both English and

French, to a great degree. The consequence is, that when the student has finished

his elementary course, he learns that several of his general theorems are not general

at all.
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must take another series beginning from the simultaneous values u = 0,

x rz k, &c. Consequently, we find

u' =a+2bx+3 ex2 +4 ex3+5 fx
i+...,Al—a

u" = 26 +2.3cx + 3.4 e^+4.5 /a*+ . ... Aa=26

m'"= 2.3c + 2.3.4e*+3.4.5 /c2+ . . ., A3=2.3c

?i
iv = 2.3.4e + 2.3.4.5/r + ...,A4=2.3.4e

uv = 2.3.4.5/ +.. .,A 5
— 2.3.4.5./

&c. &c. &c.

_ A t

2A4
— lOA^A, + 15 A.2

3_ _ 24a2
e — 120a6c + 120 6

3

, N AM, - 1 5 A t

2A2A4
— 10 A^As2 + 105 (A^ — A2

2
) A 2

2

(. )= —
120 a3/— 120 cfbe — 360 a2

c
2 + 420 (6ac— 462

) 6
2

_ _

Substitute in (1) and write the terms in a form alternately positive

and negative, which gives

1 b o ,
26 2 — ac a?e — b abc + 5 6

s
.

a a6
cr a7

Qcfbe + 3a2
c
2— a3

f+ 7 (2

6

2 — 3 ac),62
, ,

a

Thus w=a?+2.z?+3#+.. . gives j?= m— 2m2+5m3— 14m4+ 42m5+&c.

We recommend the student to try various cases, and shall proceed to

observe of this reversion, as it is called, of the series ax + bx* +
that n terms of the series determine n terms of the reverse series, so that

two terms of the latter are given when a and b are given, three terms

when a, b, and c are given, and so on. We now proceed to another

case of our main subject.

Instead of supposing u to be an explicit function of x, let us now sup-

pose u = x^> x — tyU so that u and x are not connected together by a

given equation, but by one implied in the coexistence of these equations,

and which may be obtained by eliminating t. Let accents now denote

differentiations with respect to t, and let the question be to find the

cliff, co. of u with respect to x, in terms of those of u and x with respect

to t.

du ^ du dt _ u' d*u __ d /V\ dt x'u" — u'x"

dv dt dx x' dx* dt \x' ) dx~ x'
3

d?u __ x' (x'u'"— u'x'") - 3J?" (x'u" - u'x")

dx3 ~ x71

#u_x' \x'uu -u'x^—lx'x'Xx'u'" - u'x'") -3(x'x'"-5x"*) (x'u" -u'x")

dx* V7
'

Exercise.—If ut=:al+ bt2+cf+ . .. and x—a
l t+b l

t
s+c1 f+. ..

find the three first terms of u expanded in a series of powers of x.
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The equation u=c/)x can be made to result from two others of the

form u=Xt x=\//t in an infinite number of ways; for assuming x^
at pleasure, yt can be found by determining x from (f>x = xt. But
whatever xt and tyt may be, consistently with u— %t and x=ij/t giving

w=0x, the function (V u"— u'x")-^-xm will always be the same func-

tion of x, being always -— . Thus u sz v x follows from any case of

the following,

u = xt x = (xO
8
,

giving u' = X't, u" =x x"t,

*'= 3 (xO
2

X% <*" - 3 (xO
2

x"* + 6X* (x'O
9
,
or

^ = 3(xty.x't-x"t - x'* |3(x0
2

-x^ + 6^(x'0
2

}

«fa*. {3(x0
2

X^}
8

eh .- x~$, the same as from u eh V^
27 (xO

5 3 3

Exercise. If u be a function of t, t of v, and v of #, show that

d2u __ dg
7< A8 dv* dH du dtf du dt_ d*v

d&~W'dv*da? + dv2 dldx2
' di dv~'dx~

2

and verify this in the case of u — tf, t eh v
3
, v eh ,r

4
. To avoid the

inconvenience of parentheses, it is usual to write -y~l instead of

SduV
\dx)

We now resume the supposition (page 151) of there being several

variables independent of each other. To take the simplest case, let us

suppose u = <p (x, y). We have established all that is necessary re-

specting successive differentiations made on the supposition that x
becomes x + Ax, x -\- 2A x, &c. in succession while y remains constant,

or that y becomes y + Ay, &c, while x remains constant. But we
have as yet said nothing of differentiations in which first one and then

the other is supposed to vary.

die
The diff. co. with respect to x is written — , and that with respect to

dx

y, ~. But we cannot too emphatically remind the student not to

extend the analogies which (page 54) have been shown to exist

between diff. co. and algebraic fractions when all the variables are

connected, to the case where there are variables independent of each

other. In the. present case y may vary independently of x, and x of y ;

the variation of u takes different forms according to the different sup-

positions. Hence Au springing from a change of x into Ax is altogether

a different function from Au which comes from changing y into Ay. If

we have occasion to use them together, we must invent a symbol of dis-

tinction : but since we want nothing but diff. co. or limits of ratios, the

apparent denominator is sufficient distinction.
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When we see — , we know that it was the variation of x which made
ax

the variation of u by which this fraction was obtained.

Similarly, as to second differences, A2m may either represent the dif-

ference (x varying) of the difference (x also varying) ; or the difference

(y varying) of the difference (.r varying) ; or the difference (;c varying)

of the difference (y varying) ; or lastly, the difference (y varying) of

the difference (m varying). In all, A2m is the difference of the differ-

ence, but to each repetition of the word difference a supposition is im-

plied as to the manner in which the difference was obtained. The two
cases in which the variable is the same in both have been already

treated, the only difference being in the notation. For whereas hitherto

there has been only one quantity which does or can vary, we must now
introduce another quantity as a possible variable, but which, so long as

it does not vary, has all the properties of a constant. Thus hitherto we
have included, for instance, lex — x* under the general symbol 0i :

whereas, in future, if we mean to imply that we are at liberty to make
c variable, we shall write it (>r, c) . Thus Af (x, c) = <p (x + Ax, c)

— 0(,r, c) is an equation of the same force and meaning as A0£=
(x + Ax) — (fix, with this addition only, that we remind the reader

of the quantity c, which might have varied, had we thought fit, but

which, in the preceding equation, does not vary.

We shall take A2m where u = <j> (x, y) on the four possible suppo-

sitions

when x only varies Am = (x+Ax, y) — (x, y)

when y only varies An — (x, y+Ay) — 0(,r, y)

x varies twice,

A2«=:0O+2A,r, y) — 20(,r-fAx,y)+<fi (x,y) .

x varies, then y,
A*u=(p(x+Ax

} 2/+Ay)-0(a?, y+Ay) -$(x+Ax, y)+ 0(a?, y)

y varies, then x,

A2u=0(>+ Atf, y+ Ay)— 0(*+ Ao?,i/) -0(x, y+ A?/)+ 0(r, y)

y varies twice

A*u=4>(x, y+2Ay)—2$(x, y+Ay) +00, y),

the second and third of these are the same : that is, in a second dif-

ference, formed from one variation of x and one variation of y, it is'

indifferent which is supposed to vary first. From this it may be shown
that the order of the suppositions as to variations when these variations

are altogether independent of each other, is itself immaterial. For a

moment let D and A refer to x and y. Then A (Dm) = D (Am), in

which it is usual to omit the brackets. Then AADm = ADAm or

AA.Dz* = AD (Am) = DAAm, that is A2
. Dm = D. A2

m, &c. &c. Ge-
nerally Am .D"M = D". AmM.

Let us now expand each term of the differences by Taylor's theorem,

applying the theorem of Lagrange (page 73) at the second differentia-

tion.

Let Ax == h, Ay =: k, and let differentiation with respect to x only,

to y only, be denoted by an accent above or below : while, when there
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are two differentiations with different variables, the one which is made

first has its accent in parentheses. Thus

(js + A.r, y) = O, y) + 0' (a?, y) A + 0" (a + ftft, y) — < 1

A 2

0(*, y-Y Ay) = (.r, y) + 0, (a?, y) k + 4>u (r, y + X*) - \ < 1.

In the first write y-f-Ay for y, and develope the two first terms

00+ Ax, y + Ay )= 00, y ) + 0, O, y) . ft + 0„ (*, y+W -

+A[0' (a?, y) + 0/
,)(*,y).*+0/>Cr, y+M) ^} +0"O+^, y+£) \.

From the last increased by (a?, y) subtract the sum of the two pre-

ceding, which gives AHi (where both x and y vary once) ; or

hk2

AsM=0/" (x,y)M + <f>/
<'\x

i y+ hk)
—

+ | {0" (*+.M» y+ A) - 0" Or + 6A, y)}-

But 0'' + 6A, y+ k)—^" (x+e/i, y) =0/'° (x+eh,y+ vk).k, v<\.

Divide both sides of the preceding by A.r. Ay, and we have

1

= 0/° 0,2/) +W> (*,y+/**)-*+
W"}(*+^ y+ »*) • &*

Ay Ax

in which if we suppose h and A to diminish without limit, we have

,. . n A2w , ,„ . „ d f d . .W °f Ay^
=

'
(*' y) =

rfyU (J
'
y)

If we had proceeded in the same way, with the exception only of

substituting j?+ Ajt in 0(t, y+ Ay) instead of y+ Ay in O + A.r, y)

we should have found

,. . . Aia ,. . N d { d , , A
limit °f

ATAy" = « Gr
' *> = diU * ^' yV '

where in the first we have Asw (x varies, then y) ; in the second Asu

(y varies, then x). But these two are always the same, and therefore

the first sides are identical, being limits of the same function. Hence
the second sides are the same ; or when two differentiations are per-

formed with respect to two variables independent of each other, the

order is immaterial.

t, 2 • du 2 _ *. du 8
For instance u = s

x sm y —- = s
a

. 2.r.sm y —- ~ s . cos yJ dx 7 dy J
.

d fdu\ 2 d fdu\ xi
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du du , _

u — oc" — = yxy l
-r- — 3? log x,

dx 3 dy °

d fdu\ , , , d fdu\ ,

.

.a?

*UJ s + y g " *U) = ** log • + 7--

d2u
Now, as —- is so denoted, because though originally obtained thus

d /du\ . . ,,,../. A2m . ,., i .— T- > it is shown to be the limit of — NO : in like manner let
dx \dxj (Axy

—
(
—- ) be denoted by .

'

, because it is shown to be the limit of
dy \dx J dy dx

Asu
-—-— . And if we place on the right hand the increment of the va-
Ay Ax
riable with respect to which differentiation first takes place, we may
express that the order of the differentiations is indifferent by the follow-

ing equation,

d2u d2u

dy dx dx dy

In a similar way it may be shown, 1. That Am+nif
y
where x varies m

times, and y varies n times, is the same in whatever order the variations

may be made ; and also that m differentiations with respect to x, followed

by n differentiations with respect to y, in whatever order they may be
made, will give the same result, namely, the limit of

Am+nu ....... , dm+nu
which limit we represent by

Ax"1 Ayn ' * J dxm dyn
'

But it will materially facilitate the transition from </>(#) to <\>(x,y),

where x and y are independent, and both vary, if we pass through the

case where y is a function of x. In that case we have the partial diff. co.

(page 91) just considered and the total diff. co. connected together by
the equation

d.u du du dy

dx dx dy dx'

dv
Repeat this process, (remember that — does not contain y)

d2 .u d fdu du dy\ d fdu du dy\ dy

dx2 dx\dx dy dx) dy\dx dy dx)' dx

d2u d2u dy du d*y dhi dy d2udy2
r.

dx2 dx dy dx dy dx1

* dxdydx dy^dx2 '

d2
. u d2u

. „ d^u dy d*u dy* du d~y
or =a h 2 ~\ — ^ .

dx2 dx2 dx dy dx dy % dx2 dy dx*

If we take the simple relation y = ax + b we have the following :

—



d.u _ du du

dx dx dy

d*.u d2u d*u

dx* dx2 dx dy

du .

2a + 71 a
'

dy*

d3 .u d3u d3u

dx3 "~
dx3 dx 2, dy

d3u

dx dy*

d4 .u d*u d*u

dx* ~ dx4 + dx3 dy
'

d4u

dx%dy*
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(A)

3a2 + ^ <
dy3

d*u „ d4u .

dx dy6 dy

the law of which, and its connexion with the binomial theorem, is

obvious.

Now apply Taylor's Theorem with the theorem as to its limits to the

expansion of cf> (x + Ax, y + Ay), y + Ay being a(x-\-Ax) + b, and let

U!^ be the nth. total diff. co. just obtained. This gives (Ax == h).

d.u , d\u h* TT , ,
hn

,.

4>(x+ Ax,y +Ay)=u+ —h +—-+ + \J%eh , y+9ah^ji

(B).

To expand the last, observe that if #$> (x, y) represent the partial

(m+ ?i)th diff. co. in which x varies m times, and y n times, we have

TO*, y+e,k = 0" (x+9h, y+eah) + 0,- 1

(fi+Oh, y+6ah) na -f-

Substitute in (B) from the set (A), which gives, making ah or Ay—k,

du, du , l/d*u 19i d*u „ 77 d?u ,.\«»** y+Ay)=u+ £*+ Jy
k + ^-k°+—2hk + - *

j.

1 /d3w
7 , d3u „,„, d3u „ 77 „ d3u, \~

+ o(.i?* +lMy 3h'k+^ 3hk +^ k'}

i a*
4m

7 , . v i (dn
-^u,„

, \
+ OT^S?*'+••>•+ M^TA35n

*^+
"V

+ the result of writing x+ 6h for x, y+6k for t/, in

1 { d"u , <i
ra

?f , , c?"m
-A" + -

—

-—-nhn^k +.
2 . 3 .. .% * do?" daf 1

ofy

« it
, 1

which equation contains x, y, h, and k, and not a or b. But it is true

for all values of a and b, that is, true for all values of y and k. Con-
sequently this equation is always true whether y be a function of x or not.

A theorem of the same sort may be found for a function of x, y, and z,

by making y= ax-j~b, z= ex+f, and proceeding in the manner above.

But the following consideration will tend to fix the method in the

memory, as well as to introduce a remarkable view of the subject.

If there be a number of operations successively performed upon u,

denoted by A l5
A 2 , &c, and if they be all of what is called the con-

vertible kind, namely, if A
x
performed upon Am gives the same as A2

performed upon Aji ; and also of the distributive kind, by which we
mean that A! (« + 6 — c) is the same as A x a + A

x
b — A v

c, &c. ; we
M 2 •
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may for every such set of operations invent a new algebra, or show that

the old one has been more than necessarily limited, as follows. Ifwe exa-

mine the processes of algebra, we find that, so far as the juxta-position

of letters is concerned, whether by multiplication or division (which is a

case of multiplication) it is the convertibility and distributiveness of

the operation denoted by ab which gives the form of all processes after

addition and subtraction. Let us suppose we know that a, b, &c. are

magnitudes, and that we assume addition, subtraction, and the rule of

signs. But let us not be supposed to know anything of the meaning of

ab except this, that whatever it be, it is the same as ba, and also that

a (b db c) and ab ± ac must mean the same things. That is, let us

assume ab to be 1., some magnitude in its result 2. obtained by a double

operation of a convertible and distributive character. Again, of - let

us know nothing, except that -zb or 6 — means a. Then all the rest

of algebra follows in the same forms of expression as when ab means
multiplication. For instance,

{a + b) (o + d) means (a + b) c -{- (a + b) d
y

of which

(a + 6) c means c (a + b) or ca+cb, and (a+ 6) d means ad -f bd,

and so on. Now among the operations which are convertible and dis-

tributive we have 1. successive differentiations with respect to the same
variable,

dm fd"u\ __ dm+n u _ da (dm u\ dm . _ dmu dmv

dxm\chf') r~ dxm+n ~ dxn \dx^J ' dx™
^U + ^ "~ d^ +

dx™

'

2. Independent differentiations ; for instance,

d du d du d fdu dv\ d-u d-v

dx dy dy dx dx \dy dxj dx dy dx'1
'

3. Differentiation and multiplication by a constant,

d dv
, , , 7 , ,

d , N dv , dw
-<ihv) = h~, h(v+.v,).- :hv+hw

i
-(,+wj)== - + _,

and the same for finite differences. Now consider the theorem

du , dhi, /t
2 d3u h3

u + Au = u + — . h + 1- -r-= f-
dx dr* 2 dx3 2.3^

We make a step, the details of which the student cannot follow,

further than to show the coincidence of some of its results with those
already obtained. We assume all the formulae of common algebra in the

case of convertible and distributive operations. The last equation (looking
merely at the operations performed on u, and considering differentiation

with respect to x as an operation whose symbol is — , which for a mo-
dx

ment we call D) is

l+A = l+Di-fD^- + D3

o
-
Q + = £

D-\
Jk J, * •J *
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the last symbol must be to the student at present a symbol of abbre-

viation, derived from looking at the expansion, and remembering what
it would be if D were a quantity. That is, if we treat A and D as

quantities, in the equation (1 + A)?f = £°-H ,u, until the expansion of
both sides is made, and u replaced after A and D, D 2

, &c., and if we
then restore to A and D their meaning as symbols of operation, we have
a true result. Now let A' and D' imply a difference and diff. co. with
respect to y, and we have accordingly (Ay = k)

u + Au + A' (u + A?/) =m -f Aw, + D'(w + Am) k-\- . . .

or collecting operations as before,

(1 + A') (1 + A) u = s
D '- A

(£
D
-*) u = S

D '* + D*'.7/
;

the last result being that which would exist if D and D', &c. were
quantities. Let us try the same mode, namely, treat D, A, &c. as quan-
tities until the development is completed, and then restore the original

meaning. We thus have

(1+A)(1+A')«={1 + (DA+ D'k)+%(Dh+T>'ky + ...}u

==u+KI)u+kWu+%(h?I)*u +2MDD'm+A2D'2m) +..

which evidently agrees with the expansion in page 163.

We shall now Yollow the preceding method freely, in order to show

that its results are true. Firstly, what should A-1 mean, or -
, consi-

dered as a symbol of operation ? By definition A (A-1 x) means x, or

if Au sr z, u— A~ l

z.

But Afx = (j> (# + Ax) — $(x), and if A<fix =r fx, we find that

the following is one solution, if not the only solution, of Acfix = ijsx.

<f>x = C + f (x — Ax) + Y*-
(x — 2 Ax) -J- . . . . ad infinitum,

which, by changing x into x + Ax, and subtracting, gives A<p x — ijsx;

C being any constant whatsoever. This we have introduced merely
to show that the relation in question is capable of being satisfied ; what-
ever the general solution of the equation A4>x = tyx may be, let it be
denoted by (fix = A-1

fx. We proceed by assuming that the form in

which the binomial theorem enters remains true when we make the
exponent negative and = — 1, and we obtain the following, in which
the first side of the final result is a symbol to be explained, the second
side (if the peculiar assumptions we are considering lead to no error)

admitting of explanation.

A = £
D"— 1 A" = (s

DA — 1)" A" 1 = (e
D"— l)- 1

,

or A~ , M= (s^-iy'.u.

If our process be correct, the expansion of the second side, in powers
of D as a quantity, and the subsequent restoration of the meaning of
D"//, should give an explicable result. That it will do so, we shall show
in a subsequent part of the work ; at present, we shall take an instance
we can more easily verify.

Since

1 + A = £
u
\ we have Dh=z log (1 -f A) h Du = log (1 + A)iu



166 DIFFERENTIAL AND INTEGRAL CALCULUS.

On expanding the second side, and restoring the meaning of An
u, we

have

h— e= Au—±A2u + l-A3u— iAHi +

We may easily verify this result on particular cases. Thus when
u = x3

, Au = 3 aflh + 3 xh* + A3
, A2u = 3A (2,rA + A2

) + 3A3
, A3u

=== 6A3
, A4m = 0, &c.

Au — i A% + I A3u == 3A a;
2
, which is also h -£-.

ax

We may now consider ourselves as having advanced hy the route of

analogy to a theorem which we should never otherwise have suspected,

but of which we have not yet got demonstration. But having the

theorem, it is easy to furnish a demonstration. Firstly, we shall show
du

that — may be expanded in a series of the form of A Au + B A2m +•••

The accents denoting differential co-efficients, we have

A2 h3

Au ~ u'h + u" 1- u'" 1-

2 2.3
T

Take the difference A of both sides, which gives A2w = h Au' +
iA2Aw" + . . . and in place of each term write its corresponding

series derived from using the theorem just given with u', u", &c. This
gives for A2 u a series of the form

A2m = u" h° + M u"f h3 + Nwiv A4
-f- . .

Repeat the process, writing for Au", &c. their values, and we have

A3u = u'" h3 + M'u™ A4
-f N' mv A5 + . . .

and so on; where M,N, M', &c. are specific fractions determined in the

process. Substitute every one of these in the series A Am + B A\ +
C A3u -f- ..... and we have

A ( u'h + u" % + u"> ^-|k)+B (m"As+ Mu'"h3 + &c.)

+ C(u"'h3

-f- )

du
which can be made identical with h— by A = 1 , i A + B = 0,

dx

A-f-MB + C-0, &c. It is not necessary to determine any

term, for as soon as we know that any form of hu' can be expanded

into A Au + BA! ?(+ .... where A, B, &c. are independent of the

function chosen, and of A, we can immediately find a function which
shall point out what these co-efficients must be. Let u = (l + a)*, and

let h = 1 ; then we must have Am =r (1 + a)* .a A2u = (1 + ay .a%

&c.

(1-r-c)* log(l + «) = A(l + a)*.o+B (1 -\-a)
x
a? + C (1 + a)'. a3

+....

or log (l+o) = Aa+Ba2+ Ca3

-f — a— %a? + i a3 +
whence A == 1, B = — ^, C = £-, &c.



ON ALGEBRAICAL DEVELOPMENT. 167

Let the student now interpret the following, and verify the second.

d d d

<P(x+Ax, y+Ay, z + Az) = tfx
"°+% f* .#(*, y, z)

By D~ l
or

(
j-

J
, we are to mean, by definition, a function such

that D (D _1
w) = m, or— . -pJi = u, whence

( y J
M is J udx.

Let us apply this to the last, and see whether we can derive a verifiable

theorem from

or /ft.* = , {P-_+_(r
_fa i

^

This may be immediately verified by parts ; thus

Jr/
P r7 P Trf2P

a* cm; J dar

We shall conclude, for the present, with another remarkable instance.

Taking Taylor's Theorem, and changing h into — h, we have

h? h3
h*

cj>(x— h) = <t>x - <t>'x h + cf>"x - - <t>'"x — + ft
vx —-— — &c.

As A may be anything whatever, let it = x, and a simple transpo-

sition gives

(f)X = 0(0) + <j>'x x — (p"x - +.cj)'"x —— &c.

or , . du d2u x* d3u x3

U= (u)+
dJ

X -d?2 + d?273~ &C ->

where (w) is the value of tt when <r:=:0. As this is true for all functions,

substitute the wth diff. co. of u instead of u, and we have

dnu (dnu\ dn+l u dn+2 u x2

dJn ~\dz7') + dx^r *~dx1^r 2
+

Try this when n = — 1, on the suppositions hitherto employed.

Then

r , , r i -> d°u du x2 dhi x3

Udx = ( Udx) + -r-R 0C — — + 71
—— — &CJ J ' dx° dx 2 da* 2.3

d°u
Here we must ask what -?—. means ? Since in the method by

dx° J

which these extensions are made the symbol D is used as a quantity

until the end of the process, D° will not occur except where it is unity,



du x°= UX :— - +
dx 2

du x~ dht Xs

= vx r — + -7—, —— — / -j-^ :r-^- cfo:, &c.
eta 2 c/cr- 2.3
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when considered as a quantity. Hence u itself is D°w ; but we will

make the theorem just obtained the test of the correctness of this, so far

as one instance can be a test. If we assume the point, we have on one
side fudx — (fudx) or fvdx — its value when x = 0, that isffvdx.
And thus

/. , du a;
2

, d'u xa

l*iidx — ux
; -f- &c.J dx2 dx* 2.3

which is called John Bernoulli's Theorem. It is verified thus:

Judx =. ux — fxdu — ux — / —— xdx,
%J (XX

/x* d du

2 dx dx ' '

rd3u x3
,

We have not yet applied the great principle of the convertibility of

independent differentiations in any problem ofprimary importance ; but

we shall now proceed to establish what are called Lagrange's and La-
place's Theokems. They are contained in the following :—Given Rr,

4>x, and fx, and the condition that u must be such a function of x and

z as is implied in the equation

u — F (z + x 0m)

Required the development of ^tu in powers of x.

Since tint is to be developed in powers of x, and since it must be
(with u) a function both of x and z, the co-efficients of the development
will be functions of z, and considering x alone as variable, we have
(page 74)

where the brackets indicate the values when x = 0. The determina-

tion of these is the point on which the solution now depends ; and the

consideration by means of which we succeed is the following. When
a function is to be differentiated with respect to x, and x is then to be
made = 0, we have a result which can only be indicated, unless the

function be explicitly given. For if we made x = before differen-

tiation, we should only have a particular value of the function, or a con-

stant. But when we have to differentiate, and then to make a constant

= 0, these operations are convertible, and either may be done first.

Thus to differentiate 4>x + c^x, and then to make c= 0, is to take

4>'x + cx'x, and then <p'x. If we invert the order, we first reduce

4>x + c\x to (px, and then take <f>'x. Accordingly, if we can express the

diff. co. of u with respect to x in terms of those with respect to z, then as

in the latter case a? is a constant, it may be made = before the dif-

ferentiations. We proceed with the problem as thus reduced, which is

simply this :—Given

u= F (2 + x4>u),
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to express in terms of cliff, co. of U with respect to z only, U

being any function of u (remember that x and z are independent).

Let

, ,
du d Fv dv du d Fv dv

z+ xou =2 v : then u = vv, — = —: :— , -— = —
; r.

dz . dv dz dx do dx

dv d6u ,
' d4>u du— = 1 + x —— = 1 + x -r- -,-,

dz dz du dz

dv . d4>u ,
dxj)H du— =:cpu+x -7— = <bu+ x — r-,

dx dx du dx

du „, ,, , ,
du\ du F'v

or — = F'v (1 -f x6u-r- , -j- = , T7—^—

>

dz
r dz J dz 1 — j?0 m F'u

dw _. ., ,, dw\ du 0m FV— — F'i> ((pu+ x<p'u— ,
— =s 3—r^— ,

dor do;/ dx 1 — xq>u]i'v

, . . , . , <^w j dn
whence it is plain that -7— = 0m -r—

,

1 dx dz

a result independent of the function F. See pages 63, 64, where it is

shown that an equation between partial diff. co. may be true for a whole

class of functions.

T „ du . du , dU du , dXJ du dU , dU
If -r~<PU -j-., then -—r- = 0m —- —- or— = 0m— •

dx dz du dx du dz dx dz

<j>u -r— is a function of u ; and is therefore the diff. co. of some function
du

of U, say of V ; then

dU
dx

, dU d?/, dV du

du dz du dz

dV
dz

'

d2U
~d?

_
d dY

.

dx dz

d dV _ d

d;s dx dz
f 0M

dV\

d7j »

d

dz

/ dV du\
__

\ dw dz/

d /, . N9 dU rfu\

d-z[
((puy

du-dl)
=

d
:

dz
((*)'

for the e<quation
rfU , dU . „-— r= 0ii —— is true of all fun<
dx dz

;tions of?/.

d_U\

dz"y
;

T 4 . , dU dV . d2U d / dV rfM \ d d,Y
Let (0m) 2 -7- = -7-, then -7—- = — —

;dM du dx" dz \ du dz J dz dz

d?U_(FV dy _ d rf*V _ d 2 dV
dx2 ~ dz1 ' dx3 ~ dxdz1 ~ d?' dx~

d*
frK

dY\ d*
(a. dV du\ d 2

/, . N3 dU d>/\
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, , , dnU d"" 1 /_ x dU\
To give the general law, let -^ =—^(^-—J.

'

N dU dV , d"U d""1 /dV diA dnV
Assume (0 «)• — = ^, then— = ^{^ ^J =^

dn+1U d d"V d» dV dn
(^ dY

d#n+1 do; dz"
""

ds"* dx dz" \ dz

- **" I,
*" d^ d*; dZ» ^

w d« dZ; <k- v
w d^ y

*

or if

*s = .piUwm then^ = £-(w»¥)

.

dxn dzn~ l y ' dz J dxn+l dzn \
v ; dz J

But this law has been proved to hold true as far as the third diff. co.

:

therefore it is true for the fourth, &c.

We have now expressed diff. co. with respect to x in terms of those

with respect to z ; and making x = on both sides, and taking fu as

the function represented by U, we have

dx11 (£{«*£(
but on the second side we may make x =s before differentiation. Now
when x= 0, z + x<fiu becomes z, and u or F (z + xcpu) becomes Fz.

Consequently,

Qfu) is fFz and f
—'-—

J
or I <pu -±—

J
is fFz .

-

dz
'

and generally

d"W\ / d
1 or' S{<«"^0 »SW*rdx" / \dz

Hence by substitution in (1) we have

„ diuFz df „ dfFz\x* d2 /' ^ N,d^FzY^Fa+fF. i- .*+-£- (*Fz) 2-£- .- +- ^Fzf-^-
ijtf^T—/ dz /2 ' &"v

s
wr"

::
"/

#* y2.3
+

&c.

which is Laplace's Theorem. If we take the particular case of

Fx = x, or tt == z + #0i<, we have

i/,M=^2+0z.^.^+ ^(fayy*)l + ^((0z>v*))^+ &c -

which is Lagrange's Theorem. The most simple case of this is

where ^uz=.u,
\f/

fu=:l ; in which case u=z+x(f)u gives

u=2 + cpz.x+ ~ (0z)2
.
°t + -g&ty . 2-3 + &c-
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Taylor's Theorem is a particular case of that of Laplace, as follows :

let 0w be a constant = «, and let if/u= u; then u=F (z+ ax), and

dFz ^d2 Fzx2 ,d3 Fz x3

dz dz2 2 dz6 2.3

and making ax = /t we have the well-known development of F (z+ h).

Example 1 . u — sin (z+ x s
u
) ; required log u ?

F#=sin,r, <j>x=s
x

, i//j?=log x 0Fz=£ sin %
dip Fz d (log sin z)

dz dz
= cot z,

d x* d2 x3

logtt=logsin2+£8ins
.cot z>x+-r (s

2siaz
cot z) — +-r^(s

38inz
cot z) h

(xz A dz 2 . 3

and the differentiations only remain to be performed.

Example 2. u = z + x sin w; required 2 tan
-1

(a tan w).

This is a case of Lagrange's Theorem, or Fu=u
; $w=sin u,

Yrz= 2 tan (a tan z), \{/ z = —— . — = — '

.
'

l + flTtan 2
* cos 2z l + (a2— 1) sin

2
^

_i , x ^ w x 2a sin z
2tan (atanw)=2tan~'(atanzH - . #

l+(as— l)sm*a

d / 2a sin 2* \ ^c
2

d^Vl + (aa—l)sinV 2"
+

' " '

Example 3. u—z + a; sin m ; required u

d . . . x* d2
,— (sin 2z) — + — (sin *)

3
.

dz K
' 2 dz*

K
' 2.3

ut==z+$mz.x + -r (sinV) — + _(sii)~)
3

.
—- +

The student must not believe that theorems have been invented or

perfected by the methods in which it is afterwards most convenient to

deduce them. The march of the discoverer is generally anything but
on the line on which it is afterwards convenient to cut the road. Wallis
made a near approach to the binomial theorem in trying a problem

which we should.now express by the question of findingJ
a
(a

2—x2

)
n
dx.

Newton, following his steps, did what amounted to expanding the
preceding in powers of x, and afterwards found that the expansion of
(a+x)" was involved in his result. In the case of Lagrange's theorem,
Lambert (of Alsace, died 1*777), in endeavouring to express the roots of
some algebraic equations in series, found (for his particular case) a law
resembling that which we have just developed. He published his

results in 1758, and Lagrange generalised them into the theorem which
bears his own name. Finally, in the Mecanique Celeste Laplace made
a still further extension.

We now proceed to the consideration of singular values.
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Chapter X.

ON SINGULAR VALUES.

By a singular value we mean generally, that which corresponds to

any form of the function which cannot be directly calculated ; and the

only way in which we shall say the function has a value at all in such

a case is this : if x = a give a singular form to the function, then the

limit of the values of the function when x approaches without limit to

a, is the value of the function. That it cannot have any other value, is

readily proved by the process in pages 21, 22, and perhaps a proper

method of considering the symbols and cc, as bearing a tacit reference

to the manner in which they are obtained, might render it easy to say

in absolute terms, that the singular forms of functions have values*.

But with this question we have here nothing to do; our object being to

find the limit towards which a function approaches, as we approach the

singular form. The language used will, for abbreviation, be that which
calls the limits so obtained values of the singular forms.

The most obvious singular forms are,

0°, , oc , cc , cc — cc , 1 , &c.

Thus with reference to forms merely, x — a gives

cosec (x — a) cc

• cc

«J X « >
—
cc

=: -
,

{x — a) cot (x— «) - X x ,

x3 — a3 ' cot (x — a) cc

(x .- a)
x*- a

*=z 0° O3— 0?)*=* = K
,

x — a

— rr-.O

1 V ~ a = cc * cosec (x — a) — cot (x — a) = cc — cc .

v — a)

These forms are easily settled, when there is no compensative effect
i

in the various increases or decreases. For instance, in
(
—

j
where

x diminishes without limit, it is evident that a continually increasing

* Much discussion has formerly taken place as to whether the fraction -,for

instance, has value ; which seems to have arisen from previous neglect to ascertain

whether all parties agreed in their meaning of the term value. If it mean value

derived from the application of the ordinary rules of arithmetic, it is clear that such
a fraction has no value, er any value whatever, according to whether we reject the

absolute 0, or employ it as a number. In the former case, it is an inadmissible

symbol, in the latter may contain what times we please. But if an expression

he said to have a value when we can by reasoning of any kind prove that we can

answer a problem in numbers by means of it, then — may have value. In any case

it is clear that the only way of avoiding confusion is to define value previously

to entering upon the discussion whether this symbol or any other has value. Even
numbers are values in one sense, and not in another. Thus 2 is no value if we
understand concrete value ; it represents no length, for instance, in itself.
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number, raised to a continually increasing power, increases without limit.

And in this way we briefly express the following

:

x re =QC, oc- a =0, + tt — 0, 0~ c = cc
y

or PQ increases without limit when P and Q do the same ; P " Q or —

diminishes without limit when P and Q increase without limit; PQ

diminishes without limit with P, and still more when Q increases, since

the raising of a power diminishes quantities less than unity; and P" Q

/ 1 \Q . . ..,,,.
or

( FT when P diminishes and Q increases is included in the first

case. But of the rest we can say nothing. For -, see Introductory

Chapter; and the rest not hitherto mentioned can all be reduced to this

form.

Let 4>x and "tyx both become nothing when x=a, then, page 69, if

the diff. co. 0'« and i//« be finite, we know that

<t>(a+h) = 0' (a + eh)
e l

y(a + h) yia + OK)

Now, h diminishing without limit, the first side approaches the singular

(pa . .

form — or - ; but its equivalent continually approaches the limit

4>'a

"

— , which is the limit required. If 0'a only be = 0, then the function

in question diminishes without limit: ii^r'a only = 0, it then increases

without limit : but if both <f>'a and f'a = 0, then by the theorem already

cited we have

(a + h) 0"(a + 0A) ,0"a. . .. .

——z——t? = —7T7 -7T ana -— is the limit,

f (a + A) y (a + eh) y"a '

subject to similar remarks. But if 0''ec = 0, f"a=0, then <fi"'a and

~ty'"a must be used, and so on. Hence the rule is, to find the value of

a function in the case where its form is -, substitute for the nume-

rator and denominator the first diff. co. which do not, for the value of

x, assume the same form.

-r. i 1
— cos x

i ^ sin x
Example 1. where x = = ——- = or is commi-

x 1

nuent with x.

x 1
Example 2. ——-. (when a? =0) = — = 1.

s*— 1 s*

_, _ 2a? sin .r— it/ ?A 2 sin x+ 2x cos x
Example 3. x — - = — = - 2.

cos a; \ 2/ — sinx

(x — ci)
n

Example 4. —j when x = a is either 0, s~ a
, or cc according

as n is greater than, equal to, or less than, 1.
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Remember that in the relation which produces the form - any

letter may be treated as the variable. For instance,

x* — V
s

i o • -i 4a?
3 — 2y „ . ,. .— — when w s= x has either —— or —f- for its limit,

x2 — y 2a; — 1

which are the same when y= a;
2

; that is, we may either suppose x to

approach towards y ox y towards x, and the relation which produces

- makes the results of both differentiations agree. But if, as in the

case of (8a?
3—2xy— 2) -4- (3a?

2 — y) we observe that without assigning

any general relation between x and y, the form - occurs when x — 1

y =3, we are not to expect the same result by substituting 1 for x, and
making y variable, as we should have if we substituted 3 for y, and

then made x variable. The two processes give

6-2« , _ , 8a;
3 — 6a? — 2 . .

always = 2, and ——— — having Jimit = 3.
O — 7J \jjC —— o

Let 4>x and ikx be functions of x which severally become and oc

when x = a : then 0a; X %tx is d>a?-= , in which fraction both
' fx

teVms are = when x = a. This case is then treated by the last as

follows :

4>x 0'a?

yx {f$y
f'x

It must be observed that any finite value of x which makes fx in-

finite, makes all the diff. co. infinite : for oc can only arise, in such a

case, from the denominator becoming m ; and page 65, no deno-

minator is ever got rid of by differentiation. There is then the form —
*

oc

in the denominator of the preceding. To this form we proceed.

Let 0a? and i^a? both become infinite when x—a; their reciprocals

then become nothing, and we have

1

1[fX

1

0a?

i//a?

4>x

fx

(yxf
0'a?

/0a?\ 2 y/x
~ \fxj 0'a?

(0a?)
2

0a? a?

or — = —- :

fx f'x

the rule for this case is then the same as in the first, but 0'a? -f- i[/'x

cc

also has the form — . It will however frequently happen that a factor

disappears from the numerator and denominator, or that some other

reduction may be made, by which the value of the original ratio may
be more easily found. Some instances will show the mode of pro-

ceeding.
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Example 1.

1 — log x
(when

1 / - l^ *

Example 2.

xn , , „ nxn~ l n(ji—l)xn~* n(n— l)....l— (when*=oc)= s= ... =
,

£
xK '

S
x £°°

£
x '

which last is = when x — oc . That is, as x increases, the ratio of

af to s
x

continually diminishes, and without limit.

When an expression becomes = x for a finite value of the variable,

all its diff. co. do the same : consequently the rule can only be applied

in such cases in order to see whether the fractions formed by diff. co.

exhibit any circumstance by which the process can be closed.

The cause of the singular form is the existence of a factor which
becomes nothing or infinite, and is common to the numerator and deno-
minator : differentiation may remove this factor in common algebraical

expxessions : but it frequently only exhibits the factor, and allows it to

be removed by division.

In the case of 0°, oc °, and l
±cc

, remember that P Q
is s

Q]ogF
, and

Q log P takes the form X ± oc in all these cases : namely, in 0°,

Q = 0, log P = - oc in oc °, Q= log P = oc ; in l
±cc Q = + oc

,

log P = 0. Hence, in all these cases log P ~ — is either — or -,

Q oc

P' / Q' \
and is determined by the ratio of the diff. co., or by — -f- 1 — ^- ), that

Q8 P'

is, when PQ
is 0°, oc°, or l

±c
% its value is that of £ PQ '

.

Thus, x* when x = is £~ x -H?.* 2? , or s~^ x
, and = 1.

b_ f £2 / I s

(1 + a^)* when x = oc is * log
-1

\
2
x a-+- ( 1 -f ax x — —

) I

= log-(_^y 1;° \1 + ax J
but when x = 0, the value is s

ab
.

In the case of P — Q, where P and Q both become infinite when
x = a, remember that

P—Q = log — and —r is — when x*~ a and is r= nn , .

sH sH oc sQ Q'

Hence P - Q = P - Q + log
?'

.

* To avoid exponents of considerable complexity, remember that just as sin -1 a;

means the angle whose sine is x, log _1a- may mean the number whose log is x, or s*.
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P'
Either then P — Q is infinite, or — = 1. In the latter case P—

Q

may have a finite value when in the form cc — oc . The value may he

determined hy reducing it to one of the preceding forms. Thus
sec x — tan x, in which the preceding condition is satisfied when

x :s= - x, may be written in the form (1 — sin x) — cos x, the value of
z

which, when in the form — is = 0.

We shall novv proceed * to the cases in which it is customary to say

that Taylor's Theorem fails, as it would have done if we had not taken

notice of the limitation, namely, that in the expansion

h2 hn

(a + h) = (pa + 4>'a. h + <f>"a — + + <£" (a + Gh)
2 2. 3.. ..a

all the diff. co. up to <f*

na inclusive must be finite. But suppose it

happens that the diff. co. next following 4>
nx (and, page 65, all which

follow it) become infinite when x = a. This implies that a factor is in

the denominator of 4>
n+l x which was not in that of <fi

nx : this constantly
5

happens in differentiation. For example, take Px*, whose first diff. co. is

5 — — 35L L L
-x* P -M 2 P', its second is --a:* P + 5a, 2 P' + & P", and in the
Z — Z

13 5 _L
third differential co-efficient we have ---a: 2 P + &c, or powers of x

Z Z A

begin to appear in the denominators : and generally, if u = V'P, we
find

w'=mVm- 1 PV'+V" ,

P', w"=7n(m— l)Vm- 2 PV'2+2mVm- 1 P'V'+&c.

uw=a Vm-kPV ,k+a
lVm

-k+ l
]?

lV l!<- l+ + &c .

where a , a lt &c, are functions of m. If m be negative at the outset,

V is in denominators from the beginning : if m be positive and in-

teger, V never comes into a denominator, since the differentiated term

previously disappears by introduction of the factor : if m be positive

* The beginner may omit the rest of this chapter, and it is perhaps necessary to

give the more advanced student some reason why this subject is treated at such
length. Until very lately, all analysts considered functions which vanish when
x—a as necessarily divisible by some positive power of x— a. This is only one of

a great many too general assumptions which are disappearing one by one from the

science. It appeared to be true from observation of functions, and is so in fact for all

the ordinary forms of algebra. But observation at last detected a function for which
it could not be true, as was shown by Professor Hamilton, in the Transactions of

i

the Royal Irish Academy, some years ago. The function in question was e **,

or log -1 /
-J, which vanishes when x is nothing, but is not divisible by any

positive power of x, as can be independently proved. From this hint I have been
led to the classification of functions which is here deduced, and of which I will not

undertake the unlimited defence. But I feel disposed to maintain that the con-

clusions of this chapter are more rigorous than any demonstration which has been

given of Taylor's Theorem, except only the one in Chapter III., which is founded
on that given by M. Cauchy.
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and fractional, then the series of exponents m, m— 1, . . . has no

term = 0, but in time negative fractions appear. If then a par-

ticular value of x make V = 0, say x = a, then the diff. co. may be

either infinite from the beginning, or become infinite, according as we
have the first or third cases.

Theorem. If a certain value of m give P=z<j>x-r-(x — a)
m

a

finite limit when x — a, then every greater value makes P infinite, and
every less value makes P vanish ; and if two values both make P either

infinite or nothing, then every intermediate value does the same ; and
if any value of m make P infinite, so does every one greater ; while if

any value of m make P vanish, so does every less value. And there is

at most but one value of m which will make P finite (m is supposed

positive throughout).

All this will immediately appear by looking at the following equations,

and remembering that when x — a is small, division by any positive

power of it increases, and multiplication diminishes, any expression.

<f>x

(x-a)"

"We must now consider the various singular forms of a diff. co. ; and
we shall confine ourselves to singularities which are created by differen-

tiation, and did not exist in the original function. If x = a make any

diff. co. assume the form -, then we must presume that the factor

which the numerator and denominator contain in common, existed in

the original function ; for differentiation introduces no new factors into

both. And the same applies to ° X cc , and to all the other forms.

Moreover, an exponential never appears in a diff. co., unless it were
in the original function. All this is to be taken as very insecure reason-

ing, for the purpose of pointing out the cases which, as our knowledge
of functions stands, require or do not require a particular consideration.

It has been of great disadvantage to analysis in general that there has

existed a strong disposition readily to take for granted theorems which
appeared to be generally true, only because they were true of the most
ordinary functions. For instance, it is only very lately that the follow-

ing proposition has been doubted :
" If 4>x become nothing when x=a,

then 4>x can be expanded in a series of positive powers of x, such as

axa + bx3 + ....;" and the reasoning was as follows, sanctioned by
the name of Lagrange* : let 4>x be expanded in a series of powers
of x (the possibility of which is assumption the first) ; then if there be

negative powers, there are terms which will become infinite, and the

series will become infinite (demonstrable when the number of negative

* Perhaps the object of the Theorie des Fonctions has not always been fully com-
prehended. Did not Lagrange simply say to his contemporaries, " You found your
Differential Calculus upon a mixture of the theory of limits and expansions ; 1 will

show you that your algebra, such as it is, is sufficient to establish your Differential

Calculus without the theory of limits." This appears to us sufficiently apparent,

when he says '• it is clear" that radical quantities in a development must spring from
the same in the function. What makes this clear ? Certainly not native evidence
in the assertion. It must be then the ordinary algebra to which he appeals. And
those who are acquainted with the controversy upon this subject know that the
opponents of Lagrange (Woodhouse, for example) are at the same moment those of
that part of Algebra to which he appeals under the name of the Thtorie des Suites.

N
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terms is finite, but the truth of this when the number is infinite consti-

tutes assumption the second) : this is against hypothesis, therefore all

the exponents must be positive, in which case the series is evidently

= when x= 0, because all its terms are nothing (this is assumption

the third). The third assumption is demonstrably true when the co-

efficients, a, b t &c, are such as to render the series convergent for

small values of x. But in the case, for instance, of 1 + 2x + 2.3a;s -r

2.3.4a;3

-f- &c, it is easily shown that the summation of terms gives an

infinite result when x has any value, however small. It must be proved

then, and not assumed, that the equivalent expression for this series

becomes when x = 0.

We shall point out some instances in which distinct singularity of form

appears, without denying the existence of others. Taylor's theorem

readily applies, as has been proved, to all cases except those in which

a diff. co. becomes infinite. But there is a possible case in which all the

diff. co. vanish, in which case the following theorem (page 13) must be

true :

—

4> (a + h) ±e & (a + eh)
2 3

y
9 < 1;

in which there is nothing like expansion in powers of h. We shall now
'give the instances.

1. sin x, x -j- (1 + <£')> tan x. All the even diff. co. Vanish when
x — 0.

2. cost, a;
2
-J- (1 -f x2

), e
x~

. All the odd diff. co. vanish when
x = 0.

3. x~ (1 -f xn
). All the diff. co. vanish when x == 0, except the

1st, the (n + l)th, the (2/t + l)th, &c. In these three cases there

is no singularity ; certain powers of x disappear from the development
called Maclaurin's theorem.

4. (x — d)
z

-{• (x — a)"a. The first and second diff. co. vanish

when x = a ; the third is then = 6, and all the succeeding ones are

infinite.
10

5. (x — a)T . The first three diff. co. vanish and all the rest be-

come infinite, when x = a.
i

6. s~^. This, and all its diff. co. vanish when x = 0. For the

nth diff. co. will be found to have the form,

-If a b
S ml — -f — + ...

V Xp X3

the several terms of which are of the form

as~ ~i azp
.— , or — , where z = oc when x = 0,

x? £

which may easily be shown (page 175) to be = 0, when x = 0.

Theorem. If x — a make 4>x infinite, it also makes <fi'x infinite.

This was matter of observation in preceding chapters ; we now prove
it for all functions.
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For if possible, suppose (p'x not to increase without limit as x ap-

proaches a. Say then, that however near a, shall be to a, ^>'a, shall

not be greater than A, while by the hypothesis 0'a, may be made as

great as we please. Divide h, the interval between a,

—

h and a lt into n
equal parts, each = Ax, and take Axcfr'^a^— h) ^ Ax c^'{fly— h+ Ax)-\-..

up to Aj?0'(a L

—Ax). This sum is therefore (as in page 100) always

less than Ax .A X n, since each term is less than Ax .A; or it is less than

liA. Its limit consequently does not exceed hA; but this limit is

f<p'x dx from x = a t—h to x—alf or (j) (a x) — (a,

—

h). Now that

<j)X increases without limit as x approaches a indicates that whatever

0(«i — A) may be, (pa x
may be made as much greater as we please, or

4>(.ai) — 0(^i— A) may be made as great as we please, which is absurd,

it being less than hA. Consequently (p'x is not always less than a given

quantity A as x approaches to a in value, or <p'x increases without limit

in such case. And this is our primary signification of the phrase
"

ty'x = oc when x = a."

Corollary. Hence, if (px=cc when oasza, every diff. co. is infinite.

For 0'a being infinite, its diff. co. 0"a is infinite, and so on.

A function which has some diff. co. finite, preceding the nth which
becomes infinite, can have all the difficulty of its development reduced

to that of another in which all the diff. co. preceding the ?tth, and the

function itself, vanish when x= a. Let the function itself, and its first

n — 1 diff. co. be A A! . . . . An_ x , all or finite. Then the

function

A A
4>x - A - (x — a) A, — (x— ay £— - (x— a) n~l -

2.3...„_,

vanishes with its first n — 1 diff. co. when x = a, while its nth diff. co.

is <jfx, and becomes infinite when x — a.

Theorem. If 02 be or finite when z = a, and increasing from
z sa a to z = x, but if 0'a be infinite, then / (02 — 0a) dz must be

greater than - (<j>x — (pa) (.a? — a), or at least must become so if x be

taken sufficiently near to a. For by definition of a diff. co. (02—0a)

-r- (z — a) increases without limit as z approaches a ; let then x be so

near to a, that from z = x to z = a the preceding function shall be

always increasing ; that is,

02—0a 0x—0a , ... ,. ,, , . .> or (x

—

a) (02-0a) > (<px—0a) (z-a),

consider these two last as diff. co. with respect to z. Then, since they

remain finite from z = a to z = x, and since, from the process in page

100, it follows that P being always greater thaii Q within certain limits,

fPdz\s greater than jQdz, both being taken within these limits: it

follows also that

(x—a) fifiz — fya) dz >(0£— 0a) f(z— a) dz from z—a toz=x,

(x — a) f(<pz — (pa) dz> ((px—^a) X - (<r— a)
2
,

n 2
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and ,/*(0~ ~~
ty®) dz > — (fx — fa) (x — a).

a

(d)x — <j>a) (x— a) . . , _ „ . - ,

Hence —^—

;

, „ ,
— is less than 2 for any value ol x, now-

f(<pz — 0a) rfs
J

ever small.

As x approaches to a, the last fraction approaches the form — ; for

the denominator being f" J*dz is of the form fx — fa. But being

always less than 2, so must be its limit (at least it cannot exceed 2) ;

and this limit being determined as in page 173, by the ratio.of the

diff. co. (the denominator being considered as a function of x) we see

that the limit of

4>'x (x—a) + <f>x—0a <fi'x (x-a)
<"

;

: does not exceed 2, or — -; < or == 1.

<px—(pa <px—(pa

Hence, if <f>a = 0, the limit of does not exceed 1.
<j>x

If <j>a be finite, then f'x (x— a) — fx decreases without limit : for

f'x(x—a) f'x (x—a) <px—<pa

fx fx—<pa 4>x

the first factor of which remains [finite, the second diminishes without

limit.

Also since fz— fa<. fx—fa,J
>

(fz—fa) dz <(fx-fa) Jdz, or less

than (fx— fa) (x— a). Hence

(fx—fa) (x—a)
, , .. . . f'x (x— a)

r, \ , > l and lirmt of -

—

> ° or positive.

J {cj)z—fa) dz fx—fa '

Theorem. If everything remain as above except that <p'a — 0, then

the limit of cj>'x (x — a) -f- ($x — <|>a) must be greater than unity.

For everything is as before, except that ($z — 4>a) ~^~ (z
~ a) dimi-

nishes without limit ; that which was the less of the two integrals is

now the greater, and the final result is that

,. . ~§'x (x—a) . . . . . . .

limit or —

:

t is sweater than, or — 1, which was to be shown.
4>x— <$>a

&

If <$>a == x and therefore <f>'a= x , let <$>x X fx = 1. Then

4>'x f'x (b'x
, N f'x

,

T~ — — T~ ~,— (x—a) — — J— (x—a),
4>x

, fx $x v '
fx

and the limits of these are the same with different signs. But fa = 0,

and therefore one of the preceding cases applies to it. And the limit of

f'x (x—a) -±- fx being always positive when finite, that of <j>'<r {x— a)
— §x is always negative when finite ; and can never be = 0, because
the only case in which this limit = for fx, is when fa is finite,

which cannot be if <pa = x .

Theorem. H> §a, §'a, * . . . up to $
na be severally = 0, but if

4>
n+1a and all the rest be infinite, then the limit of §'x (x—a) -i- §x
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lies between n and n + ], or at least is either n, or n + 1
5
or some

fraction between. For by differentiating the numerator and deno-

minator of this fraction, which takes the form - when x = a, we find

limit of^^>= limit of
*"* <*- a

> +4^ i + limit **?!*£$
<px y'x p<7?

(repeat the process)

&'"x(x-a) .. , 9
n+1J?(j?-a)= 2 + lim. of -

—

\-
f

.... = n + hm. of - £- ;

<p"x fJ!

but because $
nx =0, and §

n+ix=cc , this last limit does notexceed 1

;

whence the theorem.

Hence it appears that the more remote the diff. co. which first be-

comes infinite the greater the limit in question ; or if the diff. co. ad
infinitum be = 0, this limit is infinite, or §'x (x — a) -f- §x increases

without limit. When all the diff. co. are = 0, then by the usual pro-

cess <\>x— (x — a) m is = when x = a (0 -f- 1 . 2 . 3 . . .w) for every

whole value of m, and therefore for every fractional value (page 177).

And it will immediately be proved independently, that if tyx {x—d)-~ §x
had any finite limit, this could not be the case.

Theorem. If fpx be nothing or infinite when x~a, and if its diff.

co. be all infinite (as must be when 4>x= oc ) or all nothing up to a

certain point, and then all infinite, it will follow that, p being the limit

of <t>'x(x — a) -r-<f>x t
the function 4>x itself, divided by (x—a)

p
, will be

a function which does not vanish when xz=a.

4>x cc
In this case —

> which call iUx, is - or — , for when cpx= oc
,

(x-a) p r oc

p is negative, as was shown. We have, when x~a,

log <bx—log -fyx cc ., <b'x(x-a) ,. f'x(x-a)
p r= —

a

^-— E2 — —: hm. ^- - hm.
log (x

—

a) cc <px fx

observe that, the first fraction being always p, a finite quantity, and its

denominator increasing without limit, so must its numerator, therefore

even if log fa = cc , the numerator cc — cc , must increase without limit.

Without this remark, there would be a tacit assumption of the question

;

namely, that fa
fc
is finite. But by hypothesis, the preceding equa-

tion is

f'x(x-a) f'x(x—a)p^p — hm. or hm. = 0.

fx fx

Therefore fa must be finite : for of all suppositions, this is the only

one on which the preceding limit = 0.

Consequently, when the (n + l)th diff. co. becomes infinite, make
the preceding diff. co. vanish by the method in page 179, and suppose
the function then becomes of the form <j>x—(f>a— (x—a) 0'<z- &c. This
then may be written (a? — a)p ^x, where p is the limit obtained from
4>x — <f>a — . . . and %x does not vanish for x s= a. We have then

(p lying between n and ?i+l)

4>x = <pa+ (x—a) <j*'a +. . . . + (x-a)'1
"

+ (x-a)" XJ?.
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The development of 4> (a + h) becomes (x=a+h)

<f>x=:<$>a + <t>'a.h + 0"a -+...+ V'a—-
1

+ hp
x O + h)> ..

or the (n + l)th diff. co. becoming infinite when #=«, is a sign that the

development of 4> (a -\- h) contains fractional powers all higher than n.

The. process must be repeated with yx, if any diff. co. become infinite.

But if 4>a = gc , then at once determine <j>'x (x — a) -f- 4>x, and its

limit, and we have then <f>#
= (x— a)p yx, where p is negative, and ya

finite. Hence 4> (a + h) — hv
x(a> + h), and negative powers occur

in every term of the development. Proceed in the same way with

X(a + h).

But if all the diff. co. become nothing, the development of <p (a + h)

cannot be made in the form hitherto specified, which contains ascending

powers, and nothing but ascending powers, whether whole or fractional,

whether beginning from or from a negative power. The only re-

maining case is that in which the development is in descending powers,

that is in ascending powers of 1 -J- h, in which way therefore all func-

tions can be developed in the case in which all diff. co. are = 0, or in

no series of simple powers whatsoever.

The formal application of the preceding theory will not be necessary,

since the instances to which it might apply are generally such as are

easily reducible by common methods. But its use is to complete the

theory of development, and to prevent the student from imbibing the

notion of the universality of the common form of Taylor's Theorem.

In the case of \xz — d\ for example, which is to be developed when
x = a + h, we see that 4>a = Q 4>'a =z cc : and the function may be

1 i .11
written (x— a) 2 (x + a)'

2,

; when x=a+h this becomes h 2 (2a+h) 2

the second factor of which can be developed in the common way, and

the whole development will then be in powers of h of the form n +-,

where n is a whole number.

When ~ is expressed as a function of x. it can only take the form

.

-, in consequence of factors being both in the numerator and denominator

of the original function. But if this diff. co. be expressed as a function

both of y and x, its appearance in the form - is a sign of its having

several values,"as"follows : Let

dy <i> (x, y) . dii

ax y (x, y) ax

and let x = a y=b, make
<f>
= 0, \p = 0, it being understood that

the ' arbitrary constant of integration must be so assumed that in the

original function i x = a, when y = b. Differentiate both sides with

respect to x, of which y is a function : then

^ + ^^_ f^- + ^t cll\^. „ t/,^-0 . . (A)
dx dy dx \dx dy dx J dx " dx2
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Let p be the value of -/ sought : then making x — a, y~b, ty—O,
dx

in the last, we have

© +{©-©}- (g)'-*

where (
—

) &c. are the values of — , &c, when x = a y = b. If

\dx J dx

these he finite, there is an equation of the second degree giving two

values for /). But if p as determined from this equation he -
, dif-

ferentiate (A) again, and it will he found that the terms containing y"

and xj" disappear, leaving an equation of the third degree to determine

p, which has therefore three values : and so on. There will he further

illustration of this point in the sequel. We now pass to the considera-

tion of differential equations.

Chapter XI.

ON DIFFERENTIAL EQUATIONS.

All that we have yet done has been in one sense or other on dif-

ferential equations ; but this term is more particularly applied to rela-

tions between diff. co. and functions, where we wish to find the primitive

relation between the functions. We have already (p. 154) in the course

of investigation come so near to some very important diff. eq., that it

was worth while to stop and solve them. A differential equation is

considered as solved, when it is reduced to explicit integration, as in

p. 155.

Firstly, how does a differential equation arise ? By differentiating a

function, no doubt. But our present question is, how does that dif-

ferential equation arise which belongs to one stipulated function, and to

no other whatsoever ? Not always by simple differentiation ; as in the

case of y= ax, which gives -f = a, certainly a differential equation,
J ° dx

and certainly true of y = ax, but not in the sense of being true of

nothing else ; for it springs equally from y = ax + b. And it is clear

that since integration always introduces a constant, there must always

be at least as many more 'in the primitive equation as we need inte-

grations to pass to it. If then we would have a diff. eq. which belongs

to y = ax only, we must so differentiate that a shall disappear in the

process ; or if not, we must eliminate a between the primitive and the

differentiated equation. Either

?/ 1 / dy \

1. Write y == ax' thus a — J- = -
g
U j^

—
y

J

; or.
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dy dy
2. y^ax, - = a;y=-x.

dy
Both give the result y — —• x = 0.

Example 1. y = e
ax a— -^ =-(--/ — log y).J x x2 \y dx ,

dv log 7/ , , dy .

Or -- = e"* . a = y —— ; both give x -? — y log y = 0.

Example 2. y — cx — c
2
, 2c= —x ± Vx2 — 4y ,

*-2
ĉ?.r ~dy

,
,

—
0= -1 + . tf-2-f-=±Va? — 4y,

square both sides, to avoid ambiguity, and we have

dy* dy

dy dy di/
2

, „
Or, 7/r= ex — cr, — = c, y = -~- x ~. as before.J

a,r dr dx-

We see thus how it happens that we introduce one constant at least

in every integration ; but may not an integration introduce more than

one constant ? We are not to conclude that because differentiation

destroys only one constant, and explicit integration introduces only one,
JfTT

that therefore elimination of one constant between U = and —— =s
dx

will never eliminate more than one. There are cases enough in algebra

in which two quantities so enter two equations, that one cannot be eli-

minated without the other. Where is the evidence that no such thing

can take place in the two equations just mentioned ?

Assume y= <p (x, e, c'), c and c' being two constants, and let the

common diff. co. be denoted by <?!>' (#, c, c').

Let y = (x, c, c') give c = y (,r, y, c'), consequently direct differen-

tiation makes c disappear ; if possible, let it also make c' disappear.

Now since ty contains x, directly, and also through y, direct differentia-

tion gives

d\ff

^p, *t* or ^ = _^
dx dy ax - ax d*b

dy

which answers to the way in which — is obtained without c, above.

Compare it with Example 1., thus :

J,(a? «) = —- — = — l0g V ^ = — — logy
+ _L ^ —

x ' dx xs ' dy xy* x* xy dx
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Now the fraction (A) can only be independent of c 1 in two ways, 1. by
neither numerator nor denominator containing c! ; 2. by their both con-

taining the factor C, a function of c', and not containing c1 in any other

dy
way. In the first case, since — does not contain c', then y must

have the form a (x, y) + /3 (y, c') (a and /3 being functional symbols)

for c' can only occur combined with terms which disappear in diffcr-

dy
entiating with respect to x, that is, with functions of <y. And since -re-

does not contain c', y must be of the form y (x, y) + o (x, c'), for

similar reason. Hence

^ (*, y) + /3 (y, c') = 7 (x, y) + c (x, c')

or (3 (y, c') — 8 (x, c') = y (x, y) — a (x, y), a function of x and y only ;

consequently /3 (y, c') and § (x, c') can only contain the same function

of c', disengaged of all functions of y and x respectively, for if c' could

enter combined with a function of y in the first, it could not disappear

by subtraction of the second, which must not contain y. That is,

the preceding forms must be /3 (y) + C and S (j?) -f- C, C being a

function of c'. Or y has the form f(x, y) + C. But y (x,y, c'),

or y, is = c, or the equation between x and y may be reduced to the

formf (x, y) = c — C, in which the two constants are in reality only one.

But if— and — have a common factor, a function of c' only,
dx dy J

which call C', then y must have the form C'a (x, y) -f- /3 (y, c') and

C'y (x, y) + 8 (x, c') for reasons as before. Hence

* O, V) + ^7 £ (^ C) = y (*, 2/) +
J7

*"(*. c')
;

the second terms of which are only other forms of f (y, c'), and

/ (x, c'). The same reasoning applies, the two sides can only have the

form f(x, 2/) + C", and y can therefore only have the form C f(x, y)
+ C" C', which being c, we have

c — C"C
J(x, y) = --, , which is equivalent to but one independent con-

stant.

But may not both numerator and denominator in (A) contain a factor,

which is a function of c', x, and y; c' not being contained in the other

dy dy
parts ? If possible, let -~ — MV -±- = MW, M containing c', but

V and W not containing c'. Then we have

d l

y _ dM d2
4< _ dM

dx rfc' dc' ' dy dc do'
'

from which we find, putting for V and W their values,

_d dy _ 1 dM dy _ d dy 1 dM dy _
da-dc' M d^Zc ~

' dydc7 ~ Md7dy ~ '

d d\'r dy d dy dy _
dy dc' ' dx dx dc' ' dy

'
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the last of which (by the lemma in the next page, proved independently

dVs
. d\p

of this) shows that -r—
f
must contain x and y only through vj/, or ~ =

OiC etc

fWi giving

• , , ,. • 1 dM „ , 1#
which, with the preceding, gives — —— = filr. But 4?. S£ 1 :

1 D & M dc' •

r
ff dc'

dlogM f'Vsdty- dlosftU
, „, , ,, „

whence_^ = /_|Jl = _^1, or log/ (W =logM+ Z,

where Z is a function of x and y (or may be, since x and ?/ are the con-

stants of the last integration)

.

Hence M is of the form/i^'^i
?
where Z, does not contain c'. And

thus we have

and neither VZ, nor WZ, contains c'. Let J' (fi[/)~
l

dys?=x k

{
f> tnen

VZ! and WZ! are its diff. co. with respect to x and y. But neither

contains c', hence^ itself can only have the form F (x, y)-fC. But
since the original condition gave c =± iff, we have therefore

xc=F (x, y) + C or xc - C=F (*, y),

so that the two constants are equivalent only to one.

Before we proceed further, we must require the student to remember
that there will be between the diff. co. employed a distinction analogous

to that of known and unknown quantities in algebra. If we actually

assign a function of x and y, say xy2
, we shall never need anything to

remind us that its diff. co. are given, for we absolutely write them,

namely, y
2
, and Ixy. But when we reason upon a given function which

is not specifically given, but merely assigned or laid down as given

(like the known letters of an equation in algebra), we are in danger of

confounding the diff. co, of a given function a (x, y), which are given

without an equation, and which we can specify as soon as we specify

the function—we say, we are in danger of confounding these with such

..„ du du '

. 7 , 7 . ,. ;

dirt. co. as —
, which have no existence except under an implied

dx dy
equation. What are the diff. co. of xy2

? Answer, y
2 with respect to

x, Ixy with respect to y : this question is answered without an equation

expressed or implied. What are the diff. co. of u ? Answer, with

respect to x and y both equal to nothing, for u is not a function either

of x or y. But what are the diff. co. of u when it is meant that u is

always =xy-? Answer, -— = y
2
,
— = 2xy. Hence then we see

ii -i (.1 U

n c du dP
that such an assertion as u r= F, therefore -—- = -7-, &c. is not use-

dx dx
less tautology ; for it implies that we have u, a given function of x and

y, with diff. co. which can be found, and the second equation of the last
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pair is a symbolic imitation of the process of finding the unknown on

the first side by means of the known on the second side ; an imitation

which cannot be rendered real till we specify P, in which case an alge-

braical result takes the place of the symbol of differentiation on the

second side, but not on the first.

Lagrange, in his attempt to reduce the Diff. Calc. entirely to the

principles of common algebra (in the Theorie des Fonctions), adopted

the following notation : f (x, y) being a function of x and y, its diff. co.

with respect to x and y were denoted by f (x, y) and f
y
(x, y). As this

notation will be frequently convenient in functions of two variables, we
notice it here. In like manner u' and u

t
may be the diff. co. of u.

We shall adopt the following notation. ~Ltf^{x, y, c)=zO, give y~
dy

4>(x, c) when solved with respect to y ; and let -— = ^ (x, y) be the

resulting diff. eq.

T -m , n i •/- du dp da dp
Lemma. It p = a{x, ?/) and it ~— — - — — 0, then itr J dx dy dy dx

cannot be any function of x and y other than some function of p (the

converse appears in page 97). For if possible, let u =f(z, y), such

that finding y in terms ofp and x from p=a(x, y) we obtain u=F(p,x),
where x as well as p appears. Then u contains x directly, and through

p ; but u contains y only through p. Hence

du ^ dF dF dp du ._ dF dp

dx dx dp dx, dy dp dy

du dp du dp dF. dp '

,

and l-T1 — 3-7 ™ T~-j =° (bY nYP->dx dy dy dx dx dy

But — is not = if p be a function of y ; therefore — = 0, that is,

dy dx

F is not (as was supposed) a function of x directly, or F (p, x) is only

of the form of some function of p.

dy
Theorem. The equation — = % (x, y) cannot result from two

different primitives y = (p(x,c)
, y —tv (x, k) of different forms, with

an arbitrary constant in each. For. let both the second and third be

primitives of the first; and let y—4>(x, c) give c= $(x, y), and let

yz=izr(x, k) give k=U{x, y) ; then the diff. eq. of these primitives are

d$ d* dy dtt dU dy

dx dy dx dx dy dx

dy dy
which are both satisfied by — = ^ (x, y), or-^ is the same in both.

Eliminate this, which gives

<z$ dn <£*rfn
: —, -r- = 0, whence $(.r, y)— some f ot II (x, y)

dx dy dy dx 3 3

or, c = f {n (v, y ) } , k = II Or, y) ; let c = /z give z = /, c.
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Then j\c == II ( x, y) which gives y = rs (x, fx
c) one primitive,

c ~ Tl (x, y) y = -m (#, c) the other,

or the two primitives only differ in the form of the constant.

Consequently, a differential equation of the first degree cannot have a

primitive with more additional constants than one, nor two different

primitives with the additional constants entering in different manners.

It only remains to ask, may not some one particular case of another

primitive, made by giving its constant some one particular value

(and thus making it cease to be an arbitrary constant) solve that diff.

eq. whose primitive, with the constant, is y = <j> (x> c) 1

The preceding case includes this as well as any other, for whether k

be supposed to have a particular or a general, but constant, value, the

investigation is the same. (The student must always remember the

difference between " let A- be 10, or 11, or any other assigned constant,"

and " let li be anything whatever, but let it not vary" which is the

character of an arbitrary constant.) It should seem then that the

question is answered ; but here we are obliged to remember the con-

dition which runs through all our reasonings, unless the contrary be

specially mentioned, namely, that diff. co. must not be infinite. And
it is essential before we proceed to show why we did not find it neces-

sary to allude to the possible case of $' or *
y
being infinite in the last

theorem.

When we differentiate a simple function of x, specific values of %
may make y' (y = 4>x) infinite, as already discussed. But when we
come to functions of x and y, not only specific values of x, but specific

forms with unlimited numbers of values of x and y, will produce the

same effect. Instance,

u = \fx2 + y
2- 1 -^ = -;— ' — co if y =Vl — x2

dx >Jx2+ y*-l

du y .„ ' i-

-T- = ,

' = cc if ?/ =V1 — Xs

dlJ \fx2 -\-y2-l

This was immaterial in the preceding theorem, for since $ (x, y) was
d<&

without an arbitrary constant, so were its diff. co., and if-— had had a

denominator a (x, y), then a (x, y)=0 could not have given a value of y
in terms of x, with an arbitrary constant, which was necessary to every

case then under trial. But now, when we are considering the possibility

of some specific case of another primitive satisfying our equation

j- =: x {x, y), we are bound to consider those relations between x and y

d$> efc& ._..,- , , ,

which make —-" °r ~r~ infinite, for they may now (that we are con-
dx ay

sidering relations without arbitrary constants) be the cases in question :

and no others can be such, since the preceding theorem is conclusive as

to all the cases which it includes. Returning then to the preceding

theorem, it appears that we must devote our attention to the cases in

which the diff. co. of <&, or any of them, are nothing or infinite, and to
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the relations between y and x which produce that result. But having

thus defined the question, we have a more easy method of proceeding

than direct investigation of its several cases, as follows :

The equation y= (a?, c) may be changed into any equation what-

ever y = -arx, by making c, not a constant, but such a function of x as

will be obtained by finding c from (x, c) = wx. Let us then suppose

c a function of ,r, and lety = -mx thence obtained be the particular case

(if there be any) of another primitive which satisfies

dy . dy
-r- = x (x > 2/)> obtained by eliminating c from y=(fi(x, c), y^=<f.'(,r, c).

Bu, y =^,c)(oaPof ,) gives g'=* +£ |..„. p,
i . d(f> x

d0 ,

where, since — supposes c constant, — = f {x, c),

and since
-f.
— X (*» y) satisfies (1 ), % (ff, y) = 0'(x, c ) + j~ T", •

But x (#, y) = 0'(^5 c) i s satisfied independently of c by y = (t, c),

because y =<£(>, c), y'=0* (*, c) together give y'= x(*, y) by

elimination : so that y^x, y) = 0'(#> c) is made identically true 2/

y = 0(cr, c). From hence it is immaterial whether in y = (a?, c)

. „ , dxp dc
we suppose c constant, or any function 01 x. Consequently — — must

U L/ iXJL

dc= in the case supposed. Either then —- = (or c is constant,
dx

which reduces (x, c) to the usual primitive), or -~ = 0, that is, a
dc

certain function of x and c is =0, from which c may be determined

in terms of x.

For instance, in y=x+(c—x)~, we have, to form the diff. eq.,

-.- = 1—2 (c

—

x) : eliminate c, and -— = 1 — 2v y — x .... (2).
ax a#

If c were a function of x, then* -— = 1 — 2(c- j) + 2(c

—

;r) — .

Now required c so that (2) shall still be true, or that

(y being x-{- (c — j?)*^

1 — 2^y— ,r = 1 — 2(c-a?)+ 2(c—«r) ^ .

a.r

and either c is constant, or else c=.r, in which case y=x+ 0=x. And

Observe that 1 — 2\fy—x is 1 — 2 (c-x), therefore 2(c-.r) — = 0,
dx

* Though the following caution appear rather trivial, yet some difficulty to the
student may be avoided by it : the sign = includes all the moods and tenses* of the
phrase " is equal to." In the present case read it, would be equal to.
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y=zx satisfies -rf- = 1 — 2sy~x :a dx •

but is no case of the primitive yz=x+(c—xf, c being constant. It is

then the only particular case of any other primitive which satisfies (2),

the primitive of (2), which has a constant, being y = x+ (e — %Y-
This new kind of solution has been called a singular solution, a par-

ticular solution, and a particular integral. We shall adopt the first

title.

The point of view under which the singular solution takes its most

remarkable form in geometry answers to that of a species of connecting

function between the different cases of the primitive, such as arise from

giving different values to the constant. Thus y
r= x (#> y) is true for

y=<p(x, c), whatever the (constant) value of c may be. It is equally

true therefore of y— <t> Or, c) and of y=<p (x, c+Ac). Now <£(#, c) and

<p(x, c+ Ac) are generally of different values; but there may be specific

values of x for which they are equal. Let us consider then the case

i, ; dd> t <F0(Ac) 2
!

00, c)=<j>(x, c+Ac) = 0(*, c) + £ Ac + — ^- +
d<P

,
c/

2
.

or ~ -f ~f Ac + . . . . =0.
dc dc-

If Ac be very small, then the resulting value of x is very nearly that ob-

tained from — ==6: if still smaller, still more nearly; and so on without
dc

J

limit. But if Ac=:0 absolutely, then 0(z
3
c)=0(,r, c+Ac) foraZ/values

dcf>

of ;r, and of course among the rest for those obtained by —- =0. StillJ dc

the solutions of the last equation have this property, that the values of x
for which the two functions have the same value when Ac is small, ap-

proach nearer and nearer to them without limit, as Ac diminishes. For
example, in the equation y=x+ (c—x)° already discussed, if we inquire

for those values of x which make

x+ (c-xY = £ 4- (c+Ac—?) 2 or 2(c—ij Ac + (Ac) 2 = 0,

we find that 2 (c — #)+ "Ac =0, or x =. c+ -'Ac, which approaches

nearer and nearer to x — c (the supposition from which the singular

solution was derived) as Ac is diminished.

We return to page 186, in which it is shown that no case of any
other than one primitive will satisfy a diff. eq. so long as the suppo-
sitions implied in the demonstration exist; that is, so long as none of

the diff. co. employed have singular values. Whence it follows that

the singular solution really obtained must belong to a case in which
diff. co. have singular values.

. , . d ,
'* dy d$ d$ dy

And since — $ (<z, y) ~ $'+ <£. — or 1 -,
dx dx dx dy dx

we cannot have, by one supposition, both $' and 4>
;
= ; for that sup-

position (say it is y == fx) would show that * (x, y) is by y =fx re-
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duced identically to a constant, and this case is therefore included in the

primitive y = (x, c) or c= $(x, y). We cannot have €>'= and <!>,

infinite, for if we suppose c=-thx to be the value of c which gives the

singular solution above, we have then

ra-,r=<3> (a?, y) and tu'x=<&'+ <&, x(a?, ?zx).

But *, is cr x , and -m'x not being generally infinite for all values,

of x, we can only have x (#> &x) — ° or
/
= °> wnicn *s not um_

versally true ; for the singular solution, as well as the ordinary primitive,

eives — a function of x and y. Neither can we have <fr'= cc and <I>
n dx

=0, for then w'o; = oc, whicb cannot be generally true. There only

remains then the case where $' and *
y
are both infinite, so that (remem-

bering that algebraical quantities, upon finite suppositions, only become

infinite when a denominator is made = 0) we have the following

theorem.

If y = 0(a?, c) give y'— x (x, y), and c = <*>(#, y), then the sin-

gular solutions of y'=\ (a?, y) will all be found among such equations

f(x, y)= as make $' and <I>
y
infinite, or a common factor in their de-

nominators nothing. Observe, we have not proved the converse. There

may be values which make #' and <&, infinite, but which are not singular

solutions.

Example 1. y = x + (c - x)'2
,
gives c=x+ lJy — x , which dif-

ferentiated with respect to x and y, has only 2v y — x in the denomi-

nator. Therefore, if there be a singular solution, it is y — x.

Verification. This is the singular solution we found.

Example 2. Let y= c- — lex, c^x+vy+ x*. As before, if there

be a singular solution, it must be y — — x'K Treat this by the other

method, and we have

d<t>
0(a?, c)==.cz— 2cx, — = 2c—2x=z0, c~x, or y=ix~— 2a?

2= — x~.

As yet, we have only found the singular solution from the primitive

itself. We now proceed to show how it may be connected with the

diff. eq. From y=(fi(x, c) giving c=$(x, y), we obtain

, dy dy <&'
,

°= + *' dx
°r

dx
~ ~ * ~ X (r

'
?y) Y reductlon -

But if we prefer the direct elimination of c, we take y = (p(x, c),

dy d(j> .— — -t~j a function of a? and
dx dx

F I x, —
J

, then the diff. eq. is

dy d<f> _•,_ . .

and -p £3 — , a function of a? and c. Let this last equation give

y- ( a? , F f a?, -|
j
j

equivalent to ^ = x (a?, 2/)

;
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du
so that the substitution of y for -~ in 0, as last written, would make

dx

y=-4> identically true, independently of x and y. Or we have 3/=0 (x, c)

is made identical by c = F [ x, -j-
)

, if— he made = x(^? 3/)-

This equation, then, on these suppositions, may he differentiated par-

tially with respect either to x or y, and thus we have

d0 d0 dc

d<b dd> dc d0 dc dy . . dy dx dc dx0= —^—

|

^- [ —- ^
, dvino-, — =

dx dc dx dc dx dx D dx d<p dc

dc dx

d0 dc dy . . dy 1

dc dx dy dy d0 dc

dc dx

As an instance of this process, we take y=x+ (c—xy=<p(x, c)

l=1- 2(c-,)= f, , c=^^l+;=F (,,l)

which is rendered identical by -r^=l — 2\y — x — ^(.r, ?/),

d0 d0 dc

dx dcdx_ I-2(c-i )+2(c-j)xl 1 1 _ dx
d0 dc 1

~ c-x Jy—rx ~dx
dc dX

-2(c-*)X--

1 1 1 1 d%

dcdx
AC *'*

2

Now, returning to the general expressions, we know that the sin-

gular solution requires c to be such a function of x as will make— = 0,
dc

dy dy
and therefore — and ~~ infinite, unless it happen at the same time

dx dy

dc d<f>
'

. _, dy . d<p

that — is infinite, or else~ nothing. But -~ is ~ m both cases; the
dx dx dx dx

dc
last therefore cannot be : and to. suppose -y— infinite would be to sup-

_ , . . ... d(b . dy .

pose that F (.r, x) = c, re-mverted into x — -jr» gives — = 0, or that

X does not contain c, or that yzz$ (.r, c) must be of the farm y=fx + e,



ON DIFFERENTIAL EQUATIONS. 193

a case we presently consider. There remains then only this case ; that

— being = %(x,y), all the singular values of y make ~ and -~

both infinite.

In the preceding, we have supposed x (,r, y) to be really a function

of both x and y ; but if it happen that the diff. equ. be of the form
y''= xC^)' we may see at once that the primitive is yt=.fyooAx +c;

while if y' = \V, we have x = -

—

\- c. The singular solutions of

these are only such as can be derived from x r — x an(^ X2/— a
i as v,c

shall now show.

Theorem. If ever we imagine a letter to be a variable, and differen-

tiate with respect to it, while under our implied conditions it is a

constant, then the diff. co. which we expected to find finite, will be

found infinite.

Suppose, for instance, x—a-\-kft, which we imagine to vary with t,

but which does not, because, as we afterwards find, k= 0. If we then

differentiate y with respect to x, we have (y being really variable with t)

dx dt ' dt ky'tdt

If — = yXy aild if x—a make x^=cc 5
then — = cc ; and a; == cf,

or a constant value given to x, satisfies the differential equation. But
this is an extreme case of singular solutions, and will be satisfactorily

illustrated when we come to apply the subject to geometry.

Example 1. — = wx% —y* . The singular solutions, if any, are

y— + x, or y— — x : but neither of these is a singular solution, for

neither satisfies the diff. eq. : they give — — + 1 or — 1, while

xn
~ - ?/

2=0 gives £ — 0. But ^ = 1 +Jx^f has y~ -f x for its

singular solution : it is usual to add, unless it happen to be a particular
case of the primitive ; and certainly the not being a case of the primitive,

which contains the arbitrary constant, is the fundamental definition of
a singular solution. But as it may happen that a particular case of

y =?. q(x, c) may have, with the single exception of being such a par-
ticular case, all the characters of a singular solution, and particularly
all the geometrical characters, we shall not attend to this distinction.

Example 2. y -JL =rvW?/*~^-a\ The singular solution, if

any, is y— ±War — x z

, and this does satisfy the diff. equ.

We are now in possession of all the possible forms which can satisfy

an equation of the first degree y'=x(x, y). We shall now take several

o
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leading forms which admit of complete solution, reserving those which
require particular artifices for a future chapter, or specific application.

1. — = /(^)- This evidently gives y —ffa dx + c.

2- ^=/(y); x-i^+c or y=^(a?-c) where,
J -^

being ay, tyx is such that ay = x — c gives y = yjs(x-c).

v dv *
* *

Example. -^ = ?r, a: = c , w = .

cfa
J

2/ c — a;
r

Example, -j1 = „ry, log y = - x- -{ c, y ~ s'

4. ~ = ^y (
-

]
. Under this general symbol is included every

homogeneous function of x and y, meaning either rational and integral

functions, all terms of which are of the same degree, or any functions of

them made as follows. The number or fraction n, positive or negative,

is the degree of the function.

f v v"\
x~ + xy -\- y~ or x%

y 1 -f-
- + ~ \ is of the degree 2,

x + y „ l+2/-r«J- or x° ——J- 0,
x — y 1 — y — x

~ '0+9* ?^/a? + y or x*
( 1 +

x — ?/ _ £ 1 — w~ a; 3— 3
or j;

2 •

Vo;5 + ?/
5 Vl -f (y-f- a?)

5 2

Assume y — .r?*. Then we have

u -f- x -r- = a?" /«,
ax

which is immediately reducible to integration only when 1i = 0. Sup-

pose this, and

1 du 1 C du
r = -

, -s — log x + c = log ex,
<i—u dx x J ju~u

id of c, which is perfectly arbitrary, we may write. lo£

== fu, and let fu^v give u^ty^v, then y— a;^""
1
(log or).

for instead of c, which is perfectly arbitrary, we may write log c. Let

/m—u
Here by i//~Hj we mean the function inverse to fii^ so that f(^~

lu)=u



ON DIFFERENTIAL EQUATIONS. 195

We have thus integrated
j
J- ==/( -

J
to which P + Q j|

= may

he reduced, if P and Q be homogeneous functions of x and y of the same

degree.

dy dy y
% — x2

y x
Example, x2 -4-xy-r = y

2 gives — = =
,

xy x y

1 C du c ,
1 2

u J fu—u J 2
log ex,

u or — =v— 2 log ex : or y = v2. x,\/log( — J.

Verification.

-r^= ^2 J- log ex +^2x . - (— logcx)"*( --)d"--.
ax 2 \ xj x y

dy
5. -—h Py = Q : where P and Q are functions of x.

Ox

Let y = ?/u, which may he satisfied in an infinite number of ways,

and we are at liberty to assume one equation between u and v, or to

assign a value to either, the other remaining to be determined by the

cliff, equ. We have then

dv du T. _. fdv \ du _
u— + v — + P«u=Q or m (

— + Pu
]
+ v -j- = Q.

— + Pv=0 or f— = — /Pdx + c or » ~ £-J™*+<a g«
.
g***»*

ox J v

Let

Or

ox

for which we write c£
-/Pdj:

, since e° is merely an arbitrary constant.

ttt 1
du _ dw 1 _ „.

We also have i>
—

• — Q, or -7- =: - Qs/r<a .

ax ax c

Hence « = -I Qs11'^ dx + c' , c' being another constant,

y = £
-/p^

#|Q£
/Pdx

rfa; + fefg-yp* (writing c' for c' X c)

in which one constant has disappeared, and only one distinct constant

remains. We may verify this result as follows

:

d
l- c= g-^ ( - P) . /Qg/™* dx + s

_/PdJ;
. Qs/PdI + c's-w* (-P)

a _ p (e-W'fQsV** dx + c'£-^
p^) + Q = - Py + Q.

Example 1. -~ + ay = Q gives y = e~
aI
fQs

ax dx + cs~
a
*.

Example 2. -^ + Py = P gives y = 1 + cs~SVix.

o2
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Example 3. Let -% = x -fy, P= - 1 fPdx = - a? Q= *,

jars
-1

cto = —#£"* — S"* ,
2/=—x— 1 + cs*.

6. y = — x + f( — ), /being any function whatsoever. The

dy . ...
integral evidently is y = ex -f /c, which gives — = c. This primitive

is remarkable for its singular solution, found from x+ f'c == 0. If this

give c = 4^> then y=xfx +f(fx) is the singular solution.

Example 1. y = -^-x + sin
-1

-f gives y = ca1 + sin
_1

c. Its sin-
3 dx dx

gular solution found from

X #2 1 .

x + =0 or c
s = —— , is y =vf- 1 + sec~ Ja.

Example 2. ».«=*« + (*)' P» » = - B
(j)%

the sin-

gular solution.

We are now in possession of the means of integrating equations

enough to illustrate their theory ; and particular instances can only

acquire an interest in connexion with problems which produce them.

civ

The most general attempt to integrate P+Q^ = 0, where P and Q

are any functions whatsoever of a; andy, is one which fails by requiring

the previous solution of another species of equation ; but its principle

is highly instructive. We return to

eZ<3> cM> dy
y = (a, c) giving c =$(x, y) and = — + — -^

,

which latter is in fact the differential equation, since it does not involve

c. But if #' and fy have a common factor M, so that #' = MP,
(111

<E>, = MQ, substitution and division show us that P+Q^ = 0, which

may be the diff. equ. in the form in which it is first presented to us by

a problem. Now, how are we to know whether a factor has or has not

disappeared ? By the following simple process. If

dy , ,, d<& eM> dy
V + Q

di
=z0 presented t0 us

'
be r y dx

+
Ty Tx

= °'

to which direct derivation from the primitive would bring us, then, he-

cause

d dd> d d* . ,_„ . , dP dQ
— — — — — (pac;e 162) we must have —-=—.
di/dx dx dv dy dxdy dx dx dy

hu

CO.)

Thus, in x" -f y'2 -p = 0, we see that~ = ~- ~ {partial diff.
J dx dy dx
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„ . „ dy d (x -I- y")
. dx z

But in x + y* -t x" -f , - - _
- ''- — 2w is nol^ — — 2x.

ax dy J dx

In the first, therefore, we have no factor to look for, in the second a

factor has been lost. This equation -7— = -=— is called the condition
ay dx

of integrability, and we shall see that integration can really be per-

formed without farther preparation when it exists.

d P dQ dy
Let -— = — , then in P + Q -j- > P is a diff. co. obtained by sup-

posing y constant. Integrate on this supposition, then jYdx + const,

is the primitive. But since y was a constant in the integration, the

latter term (const.) may have been a function of?/ ; for such a function

may have disappeared by differentiation with respect to x. Let there-

fore fVdx +fy be the primitive: then, because Q is the diff. co. of

the primitive with respect to y, we must have

^ (fPdx+ fy) = Q or j- (fPdx) +fy = Q.

T ^, ., , t, dV dP d dN d dV
Let [Vdx — V, then P = — , — = — -j- = — 3-

;

J dx dy dy dx dx dy

or j^yx-w ' *
= ¥ =^Pdl)i

so that, in like manner as the order of independent differentiations is

indifferent, so is that of a differentiation and an integration with respect

to independent variables.

The latter integration is made on the supposition that y only is

variable. This might appear to require that a function of x should be

added ; which, however, must not be, because by such an addition the

condition already satisfied, namely, that the diff. co. with respect to a: is P,

would be undone again. Hence, the function whose diff. co. with re-

spect to x and y are P and Q (which call U) is

V^fVdx + J^Q-J^dx^dy.
:

Differentiate for verification, remembering the theorem just proved, and

Tv
= P +K§ - If)

dy = P
'

because% =
SJ

'

dv rdp Cdv—- = — dx -f Q— — dx = Q.
dy J dy J dy

Example. From what function springs

x + 2xy-\-(x- +yi
) -j-i : — 7

1' J dx \ dy ax J
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fPdx =zf(x + 2xy)dx = |: + **y
s

Q "/^ dx = *2 +y* - /fcd* = f , ^Q -J^ da) dy = f

,

and the function is - x2 + x*y -\— y
3

;

2i o

from which we infer that the solution of

x -f- 2^y + (xs + y
2
) -^ = is c == - x* + x2

y + - y
3

.

(XX £ o

In the preceding operations, observe that none of the signsf imply

the addition of constants, those having been considered in the pro-

cess. And also that the term annexed to y, though it appear to contain

x, is really a function of y only, since

dv
In P + Q -j- we have hitherto supposed that y is some function of x,

it is not known what. If we make the preceding = 0, then y is the

function of x defined by c=U.
We have reserved the notion of differentials (which we may abbre-

viate into diff
u
.) as distinguished from difF. co., till we have come

to a point at which the occasional rejection of the latter in favour

of the former will produce an advantage more than compensating the

liability to inaccuracy which the former are said to involve*. (Read
here pages 14, 15, 38—41 of the Elementary Illustrations.) If

u == (#, y) give Au cs 0' Ax + <f>,
Ay + &c. (page 87) we write

du == 0' dx + 0, dy as an equation 1, which approximates without limit

to truth, as dx and dy are diminished ; 2. as one which gives the limits,

so soon as ratios are formed by division, upon all suppositions. The

* The author takes this opportunity, once for all, to dissent from notions which
have been lately promulgated in English works, relative to the rejection of differen-

tials. To such a point has this been carried, that the very striking and instructive

analogy between ~2y&x and fydx, as compared with that which exists between

— and — , has been lost to the eye by the introduction of fx y to stand for
Ax dx » »

fydx. But has this great sensibility to notation been accompanied by a similar

feeling with regard to the assumption of principles or theorems ? Have those who

imagined they were more accurate when they wrote j- = p instead of dy = pdx,

rejected the assumption that f (x +A) can always generally be expanded in whole

powers of h, or the attempts at a priori proof, after the manner of Lagrange, that

fractional and negative powers cannot enter ? And have they been equally attentive

to phraseology ? Have they rejected the expressions about the failure of Taylor's

Theorem, which would imply that the said expansion, not having the process by
which it was declared universal before its eyes, but being moved and instigated by
the vanishing of a factor, did wilfully and of malice aforethought, refuse to be true

in Chapter II., the same being against the proof in Chapter I., its truth and
generality ? Until these questions can be answered in the affirmative, we are

reminded of differentials by the relative sizes of a gnat and a camel.
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only warning necessary is, never to separate a partial differential from
its denominator without making a proper distinction, since the removal
of the denominator removes the existing distinction. Thus

. du , ,
du . , . .

, ,

du 3= — dx + — dy cannot be written au r= du + du, though we

have

du (when both vary; = du (when x only varies) + du (when y only

varies).

Which might be written du s= dx u + dy u, but — dx + -v- dy

will be found more convenient.

We shall now suppose that in Pdx + Qdy, the condition of inte-

grability is not satisfied. Let M be the factor which has been lost, so

that MPdx + MQdy is a complete differential.

Then
rf-^>- = HM«! „«.,« eMf«».ff),

dy dx ay dx \dx dy/

Thus, if we wish to render ydx — xdy complete, we have

t. dM dM

or we have to solve a partial diff. equ., namely, to find M, a function

of x and y, between which and its partial diff. co. the preceding relation

shall exist. This we cannot do generally, but thereupon, seeing

that this proposition is true :
" given the solution of all partial diff.

equ. that of all common diff. equ. follows, both being of the first degree,"

we may suspect the converse, namely, that we shall be able to solve all

partial equations, so soon as we can solve all common ones. And this

we shall find true, with just enough of variation to remind us that the

assumption of converses is dangerous.

Theorem. If N be a function of x and y, giving dN = pdx + qdy,

then the equation du == Vc/N is incongruous and self-contradictory,

except upon the assumption that u is, as to x and y, a function of N ;

or only contains x and y through N.
Let N = y(x,y) give y = x(N, x), and suppose, if possible, that

the substitution of this value of y in u gives m= /3 (N, x), x not disap-

pearing with y. Then, x and y varying,

d8 dN , dB dN
7

dp
,du =—

T
— dx + -— -r- dy + — dx,

dN dx dN dy * dx

or du = -4
T dN + ^p dx = VrfN,

which equation being universal, is true on the supposition that x does

not vary, or that dx == 0. This gives —- s= V ;

or du = Vf/N + d
-l

J
- dx = VdN,

jq
because —— and V beina; independent of the variations (as are all

dN s r
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diff. co.) whatever relation exists upon one supposition exists upon all

dB
others. Hence —— = 0, or B does not contain x directlv, hut only as

dx "

it contains N. We have purposely introduced this demonstration here,

because it gives the opportunity of dwelling on the point most likely to

confuse a beginner in his first use of differentials. In the equation

c/N = pdx + qdy, which is true of dN, dx, dp, not in the ratios which
they ever can have, but only in those to which they continually approach

as they diminish, we can no more suppose dx = absolutely, than dy
or dN, except only on the supposition that x does not vary at all. The
smallness of dy, if it be supposed small, is no reason for the rejection

of qdy as compared with pdx. Or let dt be a comminuent with dN,
dx, and dy, and let

dN,- . ... . , , d/3 dN dB dx dN '— &c. be. limiting ratios as usual, whence -=r= —

—

\- — — == V —

—

dt
°

, dN dt dx dt dt

is absolutely true, upon all suppositions. If then x do not vary, we
have

dx n d/3 TT , TT dN d/3 dx TT dN— = 0, ~ = V and V— + -f--=:V —

,

dt dN at dx dt dt

dx . d/3
which being true independently of— , must give — — 0, as before.

CI I (Li*j

Again,

dx dy dy\dxjdx\ dyj

dV dN TT rfrfN dV dN TT d dN dV dN dVdN
-J---J- + V T" 1~ = T--T- + V T^-' 0Y T-1 J—T = °>
ay dx dy dx dx dy dx dy dy dx dx dy

whence (page 187), V, as to x and y, must be a function of N. Let it

be/N, then du = /N.dN , u =
t

/'/N.dN -f const., a function of N.

Hence, du = VdN requires both V and u to be functions of N.

Theorem, du == Vdx + Qdy, u being a function of x and y, cannot

IP

dy
, , • • , , ,

dP dQ
be true, x and y being independent, unless— = -j—

du . du
, ,— a.r + T" dy = rdx + Qaw,

dc ay

. , dM dM . . dP dQ
and unless —- = P -— = Q giving -j— rr -r—

.

dx dy dy dx

we may easily show that no given function of x and y can be = u,

unless upon a supposition ivhich connects x and. y. Thus, in the case

of du — dx + xdy, we cannot, for instance, have u — <z
2 -}- y

2
, unless

we have

_ . _ . , . dy 2x — 1
2xdx -f 2yd?/ = dx 4- xdy or — = -—

,J J J dx oc — 2y
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which is only true where y is one particular function of x. Similarly,

we can only have u—xy Jry, where y is another function of x, and so on

for every function of x and y which u can he. But in du = xdy~\-ydx,

we have u = xy, whatever y may he. This latter sort of connexion

between u and a function of x and y is therefore impossible in the pre-

ceding case : which was to be proved.

Where one equation only exists between two variables, as in y c= (fix,

or f (x, ?/) — 0, there is one independent variable. But there is one only

when there are two equations between three variables, three between
four, &c. To take the former case, let us suppose 0(.r, y, it, c) = 0,

^ (x, y, u, c') — 0, each equation containing an arbitrary constant.

If we differentiate these, we have

-P-dx + -j- dy + -r- du = -^ dx + -^- du + --— du = 0,
dx dy '

J du dx dy du

from which four equations we may eliminate c and c', leaving two equa-

tions between x, y, u, and their differentials, or when more convenient,

the diff. co. of any two with respect to the third. We may also in the

same way obtain singular solutions, satisfying the diff. equ. by substi-

tuting in the equations the values of c and c' in terms of x, y, and u,

derived from —r- := -~r — 0. All this will be also true when both
dc dc

equations contain both c and c, except with regard to the singular

solutions, which we shall have to consider hereafter. And the diff. equ.

may be obtained directly (as in page 184), by explicitly obtaining c and
c' from = f — 0. Let these give c = $ (x, y, u,) , c' = ~^{x,y, u,)

from which we obtain diff. equ. of the form

Mdx + Ncty + Pdu = M'dx + Wdy + P'du s= 0,

where M, N, P, do not contain c or c', and are either partial cliff, co. of

$, or cliff, co. stripped of a common factor. And the same of M', N', P',

and ^P. But we are not to conclude that these will always be the diff. equ.

presented by a problem of which the result is that
<f>
= "^ — 0. For

if we multiply the second by V and W successively, and add the results

to the first, we have

(M + M'V) cfa + (N-f N'V) dy+ (P+P'V) du = 0,

(M +M AWj^+ (N+ N'W)dy+(P+ P'W)du= 0,

the truth of which implies, and is implied in, the truth of the first pair.

And these, with some particular form of V or W, may be the conditions

at which we arrive-

But now suppose we require, not that the preceding equations should
be both true, but that v, x, and y, should be connected in such a way,
that either of them will be true when the other is true ; that is,

either is to be a necessary consequence of the other. Supposing the

equations to be so combined, if necessary, that the restoration of a factor

shall make the first side of each a complete differential (say the first of

<I> and the second of *"), then our requisite condition is this, that d®
shall = 0, when df = 0. This will be true if such an equation as

d<b =VcMr exist, that is, if $ be made a function of ¥. Hence, we have
this
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Theorem. If the diff. equ. of (u, x, y, c, c') = 0, and f (w, x, y,

c, c') = may be so connected that either shall follow from the other,

then $ and °$r being the values of c and c' deduced from — 0, ty =: 0,

we must have <&=f(ty): and conversely, (it may be shown from

d^—f'ir gMO that $ —f(ty) makes either of the diff. equ. deduced

from 0^0 \J/
= 0, follow from the other.

Though we have shown that Mdx + Ndy + Vdu z= is incongruous,

except only in the case where

M N
du — — —dx — - - dy is a complete differential

;

yet two such equations existing together, have meaning and rational

results. For by eliminating du we obtain a relation between dx and dy,

which implies that y is a particular function of x ; as also appears by
eliminating u between the primitives = ^ — 0. This is a sufficient

sketch of the theory of simultaneous diff. equ. for our present purpose.

What function of x and y is w, so as to fulfil the condition

x s +^ = u o)

where each of X, Y, and U , is a given function of the three variables

x y y, and u, all or either. To begin with a particular case, let us take

du du __
n . . . „ .

x ——\- y— = u. Now u being a function of x and y, gives
CLOD Ctu

du — -r- d.r + -r- dy (for all functions) = — dx + -
( w — #--

) d?/
dx dy J dx y\ dx) J

(for the case in question).

du
That is, ydu — ?/d?/ ss — (ydx — jdy) .... (2).

This immediately shows us that u must be of such a kind that ydu -

vdy = follows from ydx — xdy =0 : of which the first gives u — cy,

the second y = c'x. Hence, in the theorem preceding, c or$, or u-^-y,

must be a function of c' or ^, or y— x, and therefore

..die du . ..... /./V\
it x— + y — = m have a solution, its form is u — y f{ - 1

.

The next question is, will any form of / be a solution, or does this

require any particular forms, and what ? To try this : observe that (2)

may be immediately reduced to

yJ y
1 dx \x "w-e> m*d)

then should - £ p = f'(y) or & = - t ff»
y* dx J \xj dx x'

2 J \x

which, u being y f(y ~x), is true for every form of f. We now pro-
ceed to the general case.
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du
In the value of du substitute — from (1), which gives

(111

Ydu - 1% = — (Ydx - Xdy).

Consequently, u must be such, that Xdv— \Jdy =a 0, and Ydx — Xdy=
shall follow one from the other. If then their primitives can be found,

and the two constants deduced in terms of x, y, and u, the value of u
must be among those derived from making the expression for one of the

constants a function of that for the other. It only remains to show that

the one may be any function of the other. Let c = $ and c' — ty be

the values of the constants above mentioned; whence $ = fty is the

form to be tried.

We know that (by the manner in which <I> and ^ are obtained)

d$ , d* , d$ . dV . dW . d^r
,—

- du -J-
-7— dx + -=— dy — , -=— du -f — dx -f ~r~ dy = 0,

du dx dy du dx dy

may be transformed into, and imply and are implied in

Ydu- Vdy= Ydx - Xdy = 0.

If then we use the two last, and eliminate dy and dx from the two first,

we produce (eliminating a quantity from equations which are the same
in different forms), identical equations. These are

TT d$> r/$ ^ T d$> n TT dV _ ^P
,

^cfrV
JJ — + X— +Y 1~ = 0, U—+X— +Y— = 0.

du dx dy du dx dy

These results are necessary consequences of the manner in which <I>

and "¥ were obtained. Now I say, that the supposition of $ =fty,
makes these render the equation (1) true, whatever j may be. For,

differentiating the last with respect to x and y separately, we find

d<& du d<& „, T (d-ty du cM'\
1 = f'V 1 •

)du dx dx \du dx dx J

. . . .(A)
d® du d$> „, /cM' du d¥\

1 = / *" —•
1

du dy dy \du dy dy J

Multiply the first by X, and the second by Y and add, remembering the

preceding equations. We then have

du \ dx dyJ du J [du \ dx dyJ du )

Consequently, whatever /may be, we have either

d<S> „. d^ ,„ du ,T du/'¥ -
, orX — +Y-r--U = 0:

du du dx dy

of which we shall show that the first not only requires a relation to

exist identically between 4> and ''P, but is even then only true of one
form of f. Assume the first, then from equations (A), we have the

following additional equations

:



CO

204 DIFFERENTIAL AND INTEGRAL CALCULUS.

d$ _, d¥ <Z* . a7lP~y ^ anci = y^p
<x.r a.r ay ay

which three relations imply that <& and f"% are identically the same,
or at least only differ in constants, or in quantities not containing either

v, x, or y. Now <E> and XT? contain nothing arbitrary, being entirely

determined when X, Y and U are given : the one therefore cannot be
made identically a function of the other; and even supposing that we
had obtained a case, in which $ was a certain function of ¥, the first

could only be one definite function of the second; that is,/ could not

be, as was supposed, of any form whatever. Generally, therefore,

& =: f\r gives equation (1). And we have thus obtained the most
general solution ; for if not, let the more general one be vs (x, y, u)= 0,

which is such, that when we substitute values for x and y in terms

of v, <£>, and *, from <±> = <i> (x, y, u), *& = ^(x, y, u), we do not find

u disappear also, but suppose we find % (u, <S>, ?ry=0 giving $=y(^, u)

instead of the former solution. The equations (A) then require the ad-

dition of terms to the second sides arising from /containing x and y
through u, which enters directly, as well as in ^F : that is, terms of

. . df du , df da _, , . .. . n in . . ,

the form -—— and -f
——. 1 he multiplication and addition then

du dx du dy
makes the final equation become (f^ meaning now the partial diff.

dv,

\du duj \ dx dy J du\ dx dy

and this does not satisfy the equation (1); for the admission of ihat

df
equation gives = — U -—-. Now, if U be finite, this gives

— = 0, the very equation which denotes that u does not enter where
du

it was supposed to enter : but if U = the preceding equation is then

reduced to

\du du du J \ dx dy J
The first factor does not vanish, by reasoning similar to that already

given. The second factor therefore vanishes, or the equation (1) is

satisfied ; but our new supposition <3> == /(M*, u) still exists, as a solu-

tion; has the equation really a more general solution when U= than

in other cases ? If we return to the cliff, equ. we find that U =
(Y being finite) gives du = 0, Ydx — Xrty = 0, and one of the pri-

mitives must be u = c ; that is, u itself is either $ or ^P : be it either

;

still <&= / (.'*', *") or §=f(ty3 $) show, either directly or by deduction,

that <I> is a function of ty.

Thus an arbitrary function is in partial diff. equ. what an arbitrary

constant is in those which have only one independent variable, a neces-

sary part of the most general solution of any one, however simple. We
now give some examples :— *

1. —=:U. Here X = 1 Y=0 and the diff. equ. become Udy=0,
dx
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Xdy — 0, or y ~ c satisfies both. In fact, owing to only one variable;

being differentiated, this is a common diff. equ., in which the other pos-

sible variable is constant. The arbitrary function is one of y.

2. — =: -r—. X=l Y = — 1, U = 0, and the equations are
dx ay

du = 0, dx + dy r= 0, the primitives of which are u = c x + y = c',

and u —f(x + y) is the solution. (For the converse, see page 62.)

du du c , s . du
,

. du
3. -—- -I—r- — 2,'ives w = / (a; — y) and a \- b —- = a

dx dy a J J dx dy

hv
gives u =f(ay - bx) + —

.

Co

du du . j,
du du

gives m = (a?
2 — ?/-)•

5. Let X, Y, and U, be severally a function of x only, of y only, and

of u only. Then the solution is the value of u derived from

fi = /I + f(S
d

i - J¥
du du . „ r (y

6. a; — + y — = ?m gives w — a?
71

/ -
da? dy \x

7. Explain the following assertion :—If/may be any function, then

f(P — Q) -f P, and /'(P — Q) + Q are the same inform; and so are

We have thus completed what it is necessary the student should

know on equations of the first order (of differentiation), and of the first

degree (as to powers or products of diff. co.) both for two variables (one

independent) and three variables (two independent). With regard to

those of the second order, we have already integrated (in page 154, &c.)

by far the most important of those which occur in practice. Those of a

higher degree than the first are not of primary utility. Without making
further application than is necessary for elucidation, we shall content

ourselves in this chapter with pointing out the most important general

considerations connected with them.

Let there be an equation y — (x, c ly c 2 , . . . ) containing n ar-

bitrary constants ; three will be sufficient for our purpose. We may
then form n different diff. equ. of the first order, according as Ave eli-

minate one or another constant. From any one of these we may elimi-

nate a second constant, and thus we shall have equations of the second

order with only n — 2 constants in each. Proceeding in this way, we
may by means of the primitive equation, and the n equations imme-
diately deduced by n differentiations, eliminate all the constants, and we
shall thus have an equation of the nth order containing no arbitrary

constants. For instance, suppose y = c. x* + <'* x3
-{- c-6x'

2 (A) whose
differentiated equation is if = ic

x
xz + 3c2 a?

a + 2cs o?, from which
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Eliminate c x
giving 4y — xy' = c2 x

s + 2c3 X' Bi

. . . . c2 .... 3y — xy' — — c x x* + c3 x
2 B

a

. . . . c3 .... 1y — xy' = — 2c x x* — c2 x
3 B3 .

The differentiated equation of the first is

3y'— xy" = 3c2 x°- + 4c3 x,

from which, and from either B l} B2 , or B3 , another constant may be

eliminated.

Proceed in this way, and show that the first equation in which all

the constants are eliminated, is

x2 y'" - 6xz y" + \8x-y
1 — 24y= 0,

which equation has (A) for its complete primitive. It might be sup-

posed that there are 12 equations of the second order, namely (denoting

by B/ the differentiated equation of B! , &c), two from each of the fol-

lowing pairs, according as one or the other constant is eliminated B^^,
B 2 B'2 , B 3 B'3 , and one from each of the six other pairs B

x B'2 , B 2B'i, &c.

But four of these twelve contain c
x

only, and are identical, and the

same of c.2 and c3 . However an equation containing c x
only may arise,

it must be, with one order of processes or another, the result of elimi-

nating c2 and c3 between A and its differentiated equations A.' and A".
Hence there are n ways (supposing n constants) in which one constant

can be omitted, or n diff. equ. of the first order ; ^ n (n — 1) ways in

which two can be omitted, giving as many of the second order ; and
finally, one only in which all can be omitted, or one of the ?iih order.

Thus, in one equation with 4 constants, there are 4 equ. of the first

order, 6 of the second, 4 of the third, and 1 of the fourth.

Hence, n is the least number of constants which an equation of the

7ith order can have in its complete primitive, and also the greatest. This
last point is one of which a complete and final proof cannot easily be
given ; we shall therefore (here at least) content ourselves with remark-

ing, that as our only method of reducing an equation to the next lower

order is common integration, which introduces one constant only at

each step, we know that a primitive with n constants, independent of

each other, is the most general which we have the means of finding.

We shall now proceed to consider the general properties of the expres-

sion

where P„ , P„_! , &c. are any given functions of x and y, and V = is

the general diff. equ. of the nth order and first degree. If for y we
substitute any given function of x, then V becomes a given function of

x, and is integrable, or supposed to be so : we shall hereafter show that

approximate integration, at least, is always possible. But there may be
cases in which this function is what is called integrable per se, that is,

whatever function y may be of x ; that for example, in which Q + Vy'
is such, has been already investigated. But what we have at present to

show is this, that excepting only in the case last instanced, or in that of

Q + P y + Piy' 5
the preceding function cannot have arisen from

direct differentiation. Nothing more is necessary to show this than
actual differentiation of a function of x and y. Let the function be U,
and let U', XL , U", U 7

/, U//} &c. be its partial diff. co. with respect
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to x and y. We have then, y', y", &c, heing the difF. co. of y, the

following results for the diff. co. of U, considered as a function of x,

both directly and through y.

1st diff. co.,

= U'+U,y' 2nd diff. co. = XJ"+2W
/
y'+U

ll
y"2+ \J

J
y",

3rd diff. co.,

=U'"+3U/y+3U
/
/7/'

2+U///2
/'

3+2U'
/2
/"+2U

//!
/'

2/
"+(U/+U

//2/0y'
/+U

/!
/"'.

It appears then that the nth diff. co. of u, thus obtained, contains not

only y' y" , &c, but powers and products of them : so that V cannot

be such an nth. diff. co. when P„ , &c. are simple functions of x and y.

The only exception is the first diff. co., since Q + P y + P,y' may be
identical with U' + U

y
y'. But if we are at liberty to suppose P„ , &c,

functions of x, y, y\ y" , &c, then V may, in particular cases, be an
exact diff. co. independent of any specific connexion between y and x.

We shall proceed to ascertain when this is possible.

By integrating fNdx by parts, we can now attain the condition (for

there is only one, as will be found) under which this operation can be
performed independently of specific connexion between y and x. Let
us take the general term

fV,
dm y i . -i • rV. 7

dm ' x

v x,
dm~ l

y Cd^yJp^^wbch.Jp^.^or Pm—̂ -j^J rfPm .

\Axm~*J'
rlP

Write dPm in the form —- dx, the diff. co. being total (throughout

this process, y is an implied function of x) and continue the process,

which gives

A"' y A (Am_1 y)
For, A.r being constant, Ax == — r^= A

A*m A*m_1

/
_ cfr'-'y dPm d

m~*y rd*Pm dT-*y
m
dxm

~ l dx dxm~*
+
J dx* dxm ~ 2

= P
*"~ l

y dp™ dm~2
y ^pm d

m-s

y rdTm dm
-3
y

m
dxm

~ l dx dxm
~'2 dx1 dxm

~ s

J dx3 dxm
~3

X'

p dT-'y dPm d
m~s

y d*Pm dm
-3

y ATP
dx dx dxm z drs do?"

1 3

J dzmJ

am,
f
P,
ai

=

p, 3 -£& + «i y _ r** „,
J efo

3
dar dx dx dx1 u

J dx3 J

Substitute these several terms, up to m = n, in J*Vdx, and we have

fvdx=fQdx+ fp ydx
+^y-J

c^yd^+^£- d

^+J
(^2

ydT
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_ d2y dP8 dy d lP3 Cdz?3 ,+ p
*d? --diTx + ^-y-ju ydx + &c -

f_
,

/_ dPj
,
d*P2 d3P3 ,

d"Pn\) .

_ dP, d2P3 -d^PA dy/„ dP3 L d"-
2
P,

d# dx2 " dxn x

J dx \ dx " dxn

d>y / __ dP4 d»-*P,\ d-y
dx*\ ' dx

T
dx"" 3 / ' ' d*

But the integral in the first line is not attainable without specific

connexion between x and y, unless we suppose that Q, y, P , &c, are

so connected, that the multiplier of dx is a function of a' only : let it be

yx, whence the following theorem, obtained by equating that multiplier

to yx, and substituting the value of Q thus obtained (we leave out yx,

because yx dx alone is evidently integrable ; and if the whole be inte-

grate, and one of its parts, so is the remainder). The expression

r„
dny

i ru
dn
~^

i .... i r,
dy

l y (
dPl d*p

*
i ±—"

" dxn
n~ l

dxn l "" 1

dx \dx dx2 dxn

is integrable per se ; and its integral is

P^+fp Ji^i-i+w - )
d-y-+ +vfp-

d-^+ )V'+V 8"1

dxJdx»-*
+{Fn-2 ""I dx»-^--

+y
[
Fl

dx*'"'

dy dP, dhi dy /dP
t d2P,\

Examples: P,- +2/— , and P2 -^ + P,- + y I — -—
J

are integrable ; the first we know well already ; the integral of the second

is P2 ^- + f Pi r^ ) V j which may easily be verified.
dx \ dx J

These are the conditions upon which one integration is possible ; we
might apply the same method to ascertain those upon which a second

integration is possible; and so on up to n integrations ; but as this

would not be useful, we shall merely give the results of one case as an
exercise for the student. What are the conditions which make

V = P3 ^| + P2 ^~ + P, ^ + P y ... (A) completely integrable ?

dP d2P, dap.
That first intes;". may be possible P = —r- — H —

3 y i ° dx dx* ^ dx*

^ • i. ™ diy (^ dP.\dy / dP, d'-P'\
First integral 1S .... P3 -£ + P3 - —*

) / + ( Px
-—2+ —

^

3

) ydx- \ dx J dx \ dx dv'2 J

Condition of 2nd integration,

dP2 d*P3 d? % d*P3 d 2P3 dP2 d 2P3
1

1 r + -TT = -j r^ rr >
or p

i
—

~

2 j 3 -3—
>cu rfx- dx cu- d#- d.r d.r-
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. Second integral Pa% + (p, -^ -^ ^ y ,° dx \ a dx d* /
*

Cond".. of 3rd integ". Pa
- 2 ^-3 = ^-3

, or Pa = 3 -

;

dx dx dx

Third and last integral Pay.

Show, from the conditions, that

Y^a+s^fi +B^ + ^v.'3
dx3 dx dx* do?2 dx dy3

The student should attend particularly to this process, as it is of

importance in the Calculus of Variations, to which we shall come.

Suppose now that V, instead of being integrablc one step per se, is

not so because it has lost a factor, as might have happened if V = be

an equation given. We shall confine ourselves to the second order of

diff. equ. Let M be the factor ; consequently,

™^ d*y ^^ dV ™t, • • ,, ,„n d(MP,) d2(MP2)MP2 -^, + MP,-^- +MP
ft
?/is intestable, andMP ^=

, -r~
dx- dx dx dx'2

From this last, if M can be found, we can integrate V= one step.

But this is itself a cliff, equ. of the same degree as V=0, and we there-

fore appear to have only reproduced the difficulty in another form. Nor
have we done more relatively to the order of the diff. equ. ; but at the

same time observe that all that is necessary to M being a factor fit for

our purpose is that the last equation shall be satisfied. We do not

want its general solution, or even a solution with an arbitrary constant

;

any solution will do. For the preceding process makes it evident that

the mere existence of the condition, arise how it may, is sufficient to

destroy, or to render a function of x only, the indeterminate integral

part offYdx. We have then made a particular solution of one diff.

equ. the only condition necessary for a step towards the general solution

of another. For instance, I propose the equation

**% " 2X% + 2y ~ ° P2 = *
2

Vi = -^> Po' = 2.

Let M be the factor ; then 2M = 'lill
2^! _^fM)

,

dx ax2

winch may be reduced to x2
r-r-r + 6x——i- 6M = 0.
\dx% dx

Now suppose by trial, or other means, we arrive at the knowledge
that M = 1 -7- x"- will satisfy the last, which it will be found to do.

Then

d*y 2 du 2y . .
',

. . du 2
j-7. r ~i—r 1S mtegrable : it gives — . y — c.
dx* x dx xl ° ° dx x

Consequently, page 195,
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y -- SJl:
dX

J c i S J~x
X

dx + C' I = — CX + cV ,

which is the complete integral of the given equation.

This method can only be applied with success to cases in which

P« 5 Pti-i ? &c -j are an functions of x. Let the student apply it to

-^ _j- Pw = Q, and show that the factor which makes the first side
dx

integrable, is log
-1

(fPdx), whence let him deduce the solution which

was obtained by a particular artifice in page 195.

When P„ , &c, are all constants, the equation

dn
y dn

~\i dy
,

_ , „. „ _

admits of complete integration. We shall take the third degree as a

case. Let M be the factor which makes the first side integrable ; then,

taking the equation of the third degree, the condition for determining

Mis
dM , #M cPM

aM ~ °
l

~dl
+ a

*J? ~ a
* Htf

= °'
L*H/ LLAr %A/tAJ

A particular solution is readily found. Assume M = £~kx
; then we

have
£~k%av +a,k + a, lc* + a3 /e

3
) = 0,

which is satisfied if A; be either of the roots of a + «i^ + &c. es 0.

Let ki , k2 , k3 , be these three roots ; use them one after the other,

and we determine the three primitives of the second order belonging to

the given equation, as follows (multiplying both sides by £~kx
, inte-

grating by the formula, and then dividing both sides by £~ kx
)

;

d~y , , ^ dy
s
-~ + (flr2 -l- aje ~ 4- {a

x+

a

2 &!+ a3 kf) y—e¥f Xe
-V dx

,

fl'^lJ (III

as j~ + («2

+

ajca) j-+ («;+ ajc3+ ajt3
l
) y== £VfXs

_V eta

.

It is unnecessary to integrate further; for the elimination of y' and y"

between these three equations will give y in terms of the three explicit

integrals, each of which contains an arbitrary constant. To perform

this elimination, determine \ ju, and v, from

A + p. + v = 0, ^X + ^ju + ^v — 0,

which are satisfied by A- = k2— kz ,
^i=&3— &! , v = k^—h?,

.

Multiply by A, ju, r, and add, make \k^+ plci + vk£— K ; then
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If X = the integrals are arbitrary constants, and we have, writing

Ci , c2 , ca , for the complicated coefficients, which are in reality arbi-

trary and constant,

ys Q^l" + C
2
£
l2* + C3S

k
3
x

.

If two of the roots be equal, say k
x
= Ar2 , then v = 0, and one of the

preceding terras disappears, whence the solution not having three arbi-

trary constants, is not complete. In this case two of the three primi-

tives of the second order are identical, so that having only two distinct

equations, we can only eliminate y" ; do this from the second and third,

giving

But a2 + a3 (kz+ka)— ~a3ki , in all cases, by the theory of equations

;

or the first side of the preceding becomes a3 (Ar2— Ar3) f kxy J
; the

factor which renders this integrable is e~V; multiply by this, and
integrate, which gives (since k

x
= Ar2),

a3(k2-k3)y&-
k
*
x ~fdx {/Xs-^dx} —/{dxeVt-V'fxe-** dx} >

which, involving four integrations, may seem to introduce four arbitrary

constants ; but this is only in appearance. For the second side of

the preceding differentiated twice successively, gives

fxs~hxdx - s(*3-*sP» fx£~hx dx and (k2-k3) g^ir-V- /xs"V dx
t

whence a3y £~V': as f{dxf(dx. £<**-**>* fxe-**dx)} t

in which there are three integrations only. (It is always possible to

make a single integration appear two or more; thus

fPQd* = PfQdx - f{^- fadx 1 dx

When X=0, the first integration gives a constant, say c ; the second

gives

_-^ s
(*3-* 2)* 4. </, and finally a^s~kiX^ °

gC*a-*a)* + cfx+c",
K3—K>2 . V.^3

-' "'Sj

or y = CsV + (C'x+ C") s*** .

When all three roots are equal, the three primitives of the second
order become identical ; and we should then integrate the primitive of
the second order twice successively. But the form to which we have
reduced the case of two equal roots does not lose a constant when & 2

— k
a)

and gives (with three integrations), k being the root, .

a® ,s-
h* = f{dxf(dxfXs-kx

dx)},

p2
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when X = y- (Ba? + C'x + C") i\

The most important case is that of the second order, or

dry dy

and proceeding as before, we find that the factor is either i~*i" , or s
-
^*,

k
x
and k.2 being the roots of Oa h? + a, It + a — : the two primitives

of the first order are

°*
dx
+ ^ +^ y ~ £h*fXs

~h* d r
'

ffs

dx
+ (ai + "^ V ~ s"ffXs

~hzdx
>

giving cr2 fa-k*) y = g*i*/Xe-*i* dj? — ftftt** dx (A) .

If both roots be = /;, the integration of either of the first pair gives

(remembering that a2k + a x
— — a2^ 5

and that the first side becomes

a* (
— — /i.r

) , of which the factor is s
-1

')

a,3/e-*
a;=^|yX£-te^} (B) .

when X = 0, y = c
t s

1^ + c2 £*** , or e
Ux

(c, + c.2x) ,

according as the roots are unequal or equal. But let us suppose in

(A), that k
x

is a variable which approaches to ks as a limit, in which

case the value of y in (A) approaches the form - . Differentiate both

numerator and denominator with respect to& 13 remembering that (x

d fdP
and ki being independent) — Jl?dx = -j-dx, and the value of

dki J dk
x

a
± y will be f since — (k

l
— h)=l

CLiy——— Xs-*i* dx+&' X——dx=£kx [xfXe-!iX

dx-fXx£-''
xdxy

dft
l J J .a/e, J '

To which (B) is immediately reduced by parts.

If the two roots be impossible, we have

(k == a + /V^I &2 == a - fij^l) ,

s
k
>x/Xs-k

>xdx= s" (cos fix+ V^Tsin /3j)/{ cos #c-V^Tsin /3j?}s—'Xda?

£*2*/*Xg-iaidj?=s"(cos /Sa7-V^Tsin^x)/{cos /Sx+V^Tsin^}s-fla!

Xflfa;

2eaV^T sin fixfXtr** cos Azdr - 2s"V^T cos fixfx?rax
sin /3j? d.r

o22/£~
ax=sin fixfXs"

1* cos #2 rf>r — cos fixfXe*"* sin /to rf.r.

If « = 0, we have the case already considered in page 155.
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The following theorem is the synthetical construction of the solution

of such equations : If y be multiplied by gV , and the product dif-

ferentiated ; the result multiplied by gC*2""*P* and the product differen-

tiated; the result multiplied by gC*8 -^)* an(i differentiated, and soon

up to multiplication by £
(i«

~

fc» - i
)x and differentiation : and if the result

be then divided by £
(<r
«
-

*n-i)x
; the final result will be

dn

y d"
,
~ l

y dy

where «„_!=: A, + A
a +... a„_ 2 = &i& 2 + kih +•••• &c. ['« — £ 1&2 •••#»•

We now come to equations of higher degrees than the first. It will

be sufficient here to consider

(©v(10Vq(|) +r=o....(i),

where P, Q, and R are functions of x and y. This equation gives three

dy
distinct forms for ~, answering to its roots, considering it as of the

third degree : let them be

% " Al % ~ Az % = As (A" As
'

A
*'

f!
"
°f *

and V) '

If we can find the primitive of either of these three, we have a solution

of the equation. Let the primitives of these be "V\ = 0, V2 = 0, and

V8 = ; either of these then satisfies (1) ; but no others satisfy

Vj V2Vs = : consequently, let V, , V2 , and V3 , be combined by mul-
tiplication, and let y be deduced from the product. This value of y will

contain three arbitrary constants, contrary to what is proved in page 184.

But it must be remembered that in what we have just said we have

tacitly extended our meaning of the term differential equation beyond
what was allowed in the page just cited. The equation (1)^ gives a

dy
choice of three forms for -~

, and may be written
dx

'' -A3 ) = 0. . . . (2).@- A0(!- A°)(!-\>

And ¥1

V

2 V3=0 gives a choice of three primitives. If we choose Vj=:0,

dy
we satisfy (2) by means of the factor -j- — AxSsO, which follows from

Vx = 0. But y as obtained from V, V2 V3 =:0 being differentiated,

and Cj (one constant) being eliminated, will the result be the equation

(1) ? To try this, suppose the three primitives to be written c
t
= Wj,

cs = W2 , c3 = Ws , when (c, - W,), (ca—W2) (c,— W3) =0 is

the complete primitive, as far as we have yet gone. Differentiate

this, and we have
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(C2-W2) (^-W^+Cca-WeX^-W,)^

+ (Ci
_Wl)(c2~W2)^ = 0.

dx

Eliminate cx from the original, which can only be done by making
ck :== "W

-

! , and the preceding is reduced to

(c2-W2)(c3-W3)^ = 0,

which is not the diff. equ. (1) or (2), but has a factor in common with

it, so that both are satisfied together by c, = W\. For by supposition

dy
Ci = W, and Vx

— are simultaneous, and the latter gives -.—

A

t~ 0.

But if we make c x
~ c<z— c3 so as to have only one arbitrary constant,

the elimination of c: will lead to the equation (2). Suppose (to give a

more simple example) we take the form (1) but of the second degree,

everything remaining as before, except the suppression of A 3 , V3 , &c.

Then (c - WO (c —

W

2) = gives

dW d W„
Eliminate c; then (W, — W2)

2 -^ -—^ - .... (3)
dx dx

But

d.Wt dW
t

dW, dy ,dy
k n , „ _ d.W

—r-^ = —— + —r-1- -r and -f -^=0 follows from —— r= 0.
dx dx dy dx dx dx

whence

dWl . rfW, <Z.W>_ dW/dy \ ...
AjS=

:
-— or —-—= —-— -— Ai and (3) becomes

dx dy dx dy \dx J

dy dy \dx )\dx

which is the primitive diff. equ. affected only by factors not containing

dv—
. Hence the real primitive, in the sense used in page 184, is the

product of all the primitives with the same arbitrary constant in all.

For example, let ~
2
— (a+x)-—±-ax==0, which is satisfied either

n
dy dy ,,...„,., .

by — =:«, or -j- =x
3
the primitives of which are y — ax — c=0, and

y — ^x2 — c=0, and

f - {ax 4- la;2+ 2c)y 4- {ax+ c) Qx*+ c)=
is the complete primitive.

The student must here remark a distinction which has no specific

name, but is of considerable importance. The ambiguity which exists
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in algebraic expressions arising from the occurrence of the radical sign,

has two characters, 1, when the root in question can he extracted in a

more simple algebraic form ; 2, when the root cannot be so extracted.

An example drawn from geometry will do better than anything else to

illustrate the difference. Let y=V and ?/=W be the equations of two

curves, V and W being functions of x. Let it be required to find an

equation to both curves in one; or 0(a?, y) =0 is to be satisfied when x
and y are co-ordinates of a point in either curve. This may be repre-

sented by means of the ambiguity of P+Q 3
; let P+vQ =V, and

P—vQ=W, and we have

P=£(V+W) Q=|(V-W) 2 y=KV+W)+£(V2-2VW+W2A
which is either V or W, according as we take one sign or the other

for the square root. Thus, under the appearance of an ambiguous
single form, y may have either of two perfectly distinct forms. But if

we now consider y=za+x^, we have two varieties y=z.a+vx, and

yrra

—

\x, belonging not to two different curves, but to two different-

branches of the same curve ; where by the same curve we mean the

same to common perceptions. We can get a circle and a parabola

into one equation of the first kind, but y=a+^Jx and y=a — ,Jx belong

to two different branches of the same parabola. Thus the equation

y=(x 2+c) z exhibits an hyperbola, or +wx%+c and —\x^+c are

ordinates of different branches. But let c become =0, and we have

yt=L (x*y% ; that is, y—+xory=— x, and these two branches together

form two straight lines. It is true that this system of two straight

lines is an hyperbola, according to every definition that can be given

of that curve : but it is equally true that this is an extreme case of

the hyperbola, which presents a peculiarity of its own ; namely, that for

this single case, the hyperbola degenerates, as is sometimes said, into

two other lines which, both together possessing the properties of an
hyperbola, are yet each complete in itself.

The last diff. equ. we took was one which belongs either to a straight

line or a parabola; but let us now consider one which cannot rationally

be resolved into factors, 'sayf -—
j
^=y. We have then either

—=Vy or — = -\^ andVy = la?+c ox —\fy-^x+c,

the complete primitive is

(£*+c-VS)(£a:+c+VJ):=0 or y-^x+cf,
the equation of one parabola, each factor being that of one branch.

We shall now proceed to applications of the differential calculus

which are valuable in themselves, as well as for illustration of prin-

ciples. We have before us the fields of algebra, geometry, and me-
chanics, which we shall take in the order in which they are mentioned,

placing a chapter of examples on the subjects of all the preceding chap-
ters between those on algebra and mechanics.
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Chapter XII.

FURTHER APPLICATION TO ALGEBRA.

A function of two variables may have a maximum or a minimum

;

that is, it may be possible to assign x=a, y—b, so that 4)(a-\-h, b + k)

shall be always greater or always less than 4>(a, b), or become perma-

nently so from certain values of h and A; to anything short of h=0 k=0.
The law by which these values are to be determined is obtained as fol-

lows : such an absolute maximum or minimum remains if we suppose y
any function of x, subject to the single condition of that function being

=6 when x—ct. For if all species of values of h and k satisfy any

condition, so do those which arise from supposing Ar=:«(a-|-&) — aa

;

and conversely, k may be made = any given quantity, a and h being

given, by choosing a proper form for a. Thence <p(x, ax) is to be made
a maximum or minimum, whatever may be the form of a ; that is

d.(j)(x, y) s d<fi d<j} ,

j
^

, (y~«x), or -f + ^fa'x
dv ax ay

changes sign, whatever a'x may be (page 132), in passing from x^a-7i
to a-±h; and this, however small h maybe. That there may be a

maximum this change must be from + to — , or the last function must
be decreasing ; for a minimum, it must be increasing ; or,

for a maximum ) dQ
<f> . „ d%

4> , d~4> , . .„ d<f> ,, (must be

-

for a minimum J ax2 dxdy ay* ay (.must be +

We shall confine ourselves here to those maxima or minima which
arise when ,+

/
.«'

<r=O, (it must be either or oc ), and since this

must be true independently of ax, we must have 0'srO 0,=O. Making
^=0 in the last, which is thereby reduced to (p"+24>/a'x+(f)JJ

(a'xy,

we know that this cannot be always of one sign whatever a'x may be,

unless the values it would give to a'x, when equated to nothing, are

impossible or equal; that is, unless ^/'^ be not less than (0/)
2

. In
this case <£" and

y/
must have the same sign, and this sign determines

that of the expression. Consequently,

determine all the values of x and y which give -r-=0 —-= 0,
dx dy

then for any pair which give^ -^ -
\j^fy)

a positive sign,

(p(x, y) is a max. or a mm. according as — and—— are — or +.
kjLju / CtlJ

We also exclude the possible case in which <£", 0'
y , and (f>u vanish

with 4>' and 4>/ .

Example. 4>(x, y)=x2
~\-y

2—xy— 3>r, $—2x—y— 3, cfi^2y—x,

0"=2
5 //=2, ^/^-lif^X^^O and^=0givefl?a=2,y5a'L

Consequently <£ is a minimum (—— 3) when x~2, 3/=l.
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We have introduced this method here as subservient to the demonstra-

tion of an important theorem in algebra ; namely, that every function

of z, whose diff. co. cannot become infinite for any finite value of z, can

he made —0 by giving z a value of the form a+b \ — 1, where a and b

are possible quantities, positive, nothing, or negative, finite or in-

finite. The assumption made with regard to impossible quantities is,

that the processes of differentiation may be applied to functions con-

taining them, and all general conclusions applied to them. This being

premised, expand f(x-\-y*J—\) and f(x—y V— 1) by Taylor's

theorem, which gives

f(x+y V=l)=rP+Q V^T P=fx-f"x |!+/^^r &c.

r , , dP dQ dP dQ
Whence we find that — =-r-, —— — -r- (A)

;

ax ay ay ax

dx2~~dxdy~ dy^ dx2 dxdy dy"'

whence P' / P//
— (P^) 2 and Q"Q// — (Q^)

2 are necessarily negative; that

is, P and Q are of a class of functions which cannot have absolute

maxima or minima.

Theorem. If P and Q be real functions of x and y of the form just

given, and if f'z can never be infinite for any finite value of z, then

P 2+Q2 cannot have any minimum value unless there be simultaneous

values of x and y, which make P— 0, Q=0.
Firstly, since f'z can never be infinite, and since

neither can P' or Q' become infinite; for such a supposition would
make

f (x+y*J~l)+f (x-yJ^T) v f (x+yJ^T)-f (x-yJ=T)

one or hoth infinite, which cannot be. Nest, if P2+Q2 be a maximum
or minimum, it must be when x and y are such that (for their particular

values)

„ dP _ aJQ „ dP n dQ
ax ax ay ay

Now, if P and Q be neither of them =0, these equations will give

!P\ /dQ\ {dP\ SdQ\ ,,,,.,— 1 -r- — -r- -7- ) =0, the brackets denoting that we do not
ix)\dyj \dyj\dxj

assert this of all values, hut only of those in which for x and y hava
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been substituted the particular values which satisfy (B). But equa-

tions (A), true for all values, show that the last is equivalent to

UJ +UJ =
°'

whlch reqmres ~d^ ~dy"
°s

and also from (A), -— = 0, -—==0.
ax dy

If Q be =0 and P be finite, we have — =0, —=0, ^~0, -^=0,
dx dy dx dy

from (A) and (B), and, similarly, if P=0 and Q be finite.

Finally, if P=0 and Q= 0, the equations are thereby satisfied.

Let P2+ Q2=m- form u", u[, and u/n we have

„ „ /<ZP
2 dQ2 „ d2P „ d2Qw"=2 f h—+ P 1-0—

V dx2^ dx^ dx^H dx'

\ dy dx dy dx dx dy dx dy

)

Hence in all the preceding cases, except where P=0, Q=:0 (since

P'=rO, &c), the condition of the minimum requires that

P
dx
2+Ql

c/*2AP
<¥
+Q

dy*)

rf2p

+Q J?Q-
dx dy dx dy

y

should be positive or nothing, for the values of x and y in question.

But, using P", &c, for abbreviation, this is

f(p /, p
//
-p;2)+q2 (Q"q

//
-q:2)+pq(p// q//+p// q// -2p;q;) ;

the first two terms of which are necessarily negative, and the last

vanishes, for, from (A),

FUz+Py/Q'^P/QZ+P/Q/.

Therefore there cannot be a minimum, unless there be one when
P=0, Q=0.

If we suppose P = 0, Q— 0, and if P', &c, be finite, then

n"M//- ?/2=4(P'3+Q'2)(P
/

2+Q/

2)-4(FP
/+Q'Q /)

2=4(FQ
y
-P

/
Q') 2

i

and is necessarily finite and positive, being 4(P'2+ Q'2

)
2
.

Now, since P2+Q2
is always positive, there must be some one value

which is less than any other whatsoever, or a number of equal values

which are each less than any other whatsoever. And with regard to

these equal values, they must either be separated by finite intervals, in

which case each is a real minimum, or there must be such a relation

possible between h and k in
(f>
(x+ h, y + k), where <j> (x, 2/)—

P

2+Q2

,

as will by taking h and k accordingly give 4> {x
l+ h,y

l+ k)= const.,

where x
x
and y v are values which give

<f> Oj, y{)= the same constant.

That is, writing x and ax for x
t
\-h and yt

+k which is determined by
it, there is some function which gives d) (.r, ax) = const. In this case

dx dy dx dx \ dy dyj
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But since the values included under f (x, ax) are less than any others,

it follows that every value of <t>(x,y) in which y—ccx has the pro-

perties of a minimum for every change in x and y, except only that which

makes Ay= a(x+ Ar) — ax.

But if <[>'+ <$>, fi'x must change sign for every form of fix, except only

fix— ax, we must have 4)'+ (j)
ifi'x—0 independently of fix, or <£'=:0, ^=0

for these values ; and the other conditions of a minimum must hold.

Hence by the same reasoning as before, P=0, Q=0, are the necessary

conditions ®f this case also. But a minimum or a collection of consecu-

tive minima there must be, which there can only be"when P=0, Q=0

;

consequently P and Q can be made equal to nothing for some possible

values of x and y. Hence P+Qv — 1 or /(a?+y v — 1), and

P—Qv— 1 or f(x—y\ — 1) can both be made =0 by the same
possible values of x and y.

From hence it follows that every algebraical equation of the form

A 2"+A
1

2!

n" 1

-i-. . . . -f-A^jZ+ AB^O, (n a whole number,)

has n roots, either possible, of the form z=a, or impossible of the form

zz=a+b\— 1. The common proof of this, granting that every equa-

tion has one root, we presume to be familiar to the student. Supposing

rt r2 . . . . r„ to be the roots of the preceding, it is then the same as

A (z— r,) (z — r2). . . . (z— r„). If two of these roots be equal, say

ri=:r2 , then r
x

is also a root of the diff. co. of the preceding with

respect to z, for that diff. co. has either z— r l
or z — r2 in every term.

If (fix be an integral and rational function of x, of the form A o;
n
-|-

Ar
xn~ 1+&c, and if its diff. co. tyx be made a divisor, and the common

process be followed for finding the highest rational divisor, we have a
series equations of the following form : remembering that the remainder
is always one degree at least lower than the divisor, so that we must at

last come to a remainder which is"not a function of x, but of A , AM &c,
only, if the expression have no equal roots. Let the quotients be Q 1}

Q2 , &c, and let the rth remainder be that which is constant. We have
then a set of equations as follows

:

<f>x=0'a;.Q 1+ R„ ^=R!Q2+R2, R
1
=P 2 Q3+R3

Now suppose the same process to be thus modified; let Vi be the

first remainder with its sign changed, with which proceed to the next
equation, and let V2 be the next remainder with its sign changed, and so

on. That is, suppose

^=0'^-^, ^V.Q.-V,, V1=VSQS-V3

V
r_ 2=rVr_ 1 Qr-Vr ,

where Q I5 Q2 , &c, are the same as before, or differ only in sign. We
shall give the result of both processes, in the case of Xs— xs— 4x-\-3—<$>x,

3x*-2x-4=4>'x. Observe that, in the same manner as in the common
rule of algebra, we may multiply any dividend or divisor by any number
or fraction, without affecting the sign of any subsequent quotient or

remainder, or the conditions under which it is nothing. We omit the
quotients as immaterial.
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Common Process.

3x2—2x—4

(X3)

(X3)

x3— x% — 4#-f-3

3x*-3x2—12x+ 9

3a;
3 -2^s- 4x

- x2- 8.r+9j

-3^-24*4-27
-3x?+ 2x+ 4

-26tf+23)3£2-2#~

(X26) 78a;
2- 52a?-

\ 78jc
2 -69*

4

- 104

(X26) llx-

442*-
442*-

- 104

-2704
- 391

-2313

Signs of remainders changed.

First remainder —26*+ 23

Sign changed 26*— 23

26*-23) 3*2-2*-4
Second remainder —2313
Sign changed 2313

4>* = xs— *2—4*—

3

<{/*=3.t;
2-2* -4

Vl
=26o:-23

Vs=2313

V r
and y2, as written, are not the expressions which would satisfy the

equations above, but multiples of them : this is of no consequence, as

our only concern is with the sign.

Now the theorem* we are going to prove is this ; that in all cases, the

number of real roots, if any, which lie between x=a and *:=& (greater

than a) can be determined as follows. Note the series of signs which
x—a gives to the series <fyx, §'x, V x , V2 , &c., and compare it with the

series of signs which x~b gives to the same. Then the number of

variations (from + to — or — to + ) which is found in the last falls

short of the number of variations which is found in the first by the

number of real roots which lie between a and b. But if no real roots

are contained in those limits, the variations of sign are the same in

number in both series. For instance, in the preceding, x~2 gives to

4>*, <j/*, Vj, and V2, the signs r- + + (one variation), and *=3
gives + + + + (no variation). Consequently, there is one real root

* This theorem was presented a few years ago to the Institute of Paris by
M. Sturm, and is published in the Mem. des Sava?is Eirangers. It is the complete

theoretical solution of a difficulty upon which energies of every order have been em-
ployed since the time of Des Cartes. ' A translation has been published by Mr.
W. H. Spiller. John Souter, St. Paul's Churchyard, 1835.
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between 2 and 3. If we wish, to know the total number of real roots,

we substitute for x, —a and +«, both so great that they shall render the

three first of the same signs as their first terms, and that anything greater

than a shall have the same effect (the possibility of which is a common
theorem of algebra). The signs will then be \- 1- for x——a
and + + + + for xt= + a. There are then three real roots.

This theorem is demonstrated by showing that if we suppose x to

increase from — oo to -[- cc , through all magnitude negative and posi-

tive, the series of signs of 0r, fix, V 1} &c, will always lose a variation

when oo passes through a, a root of <fix, and will never either lose or gain

a variation in any other case. We suppose there to be no equal roots of

(fix, so that 0j? and (j>'x cannot vanish together. (If there be equal roots,

the equation may be cleared of the factors belonging to them by com-

mon methods, and the remaining expression treated by this method.)

And no two consecutive ones of the set (j)X, <p'x, &c, can vanish together,

for then the equations show that all which succeed would vanish, and

there would be equal roots, since the vanishing of the last remainder

(which is no function of x) shows a common factor in <px and cp'x.

Firstly, let (pa=0, and let V
1
V

2
..,. be all finite. Then however

.near a may be to a root of fix or V x , &c, <z + m maybe taken so near to

a that all shall remain finite, and with the same sign. And (page 132)
0(a+w)— 0a has the sign of fia, while 0(a-w) — 4>a has that of

— fia. And fii=0 ; whence («+ ?/) and (a— u) have different

signs ; that is, (the other signs all remaining the same, since u is taken

so small that no root of fix, Yu &c, lies between a-\-u and a — u,) the

order of signs for <j){a—u), &c, is either —H, &c. or H , &c, and
that for (a+ ?/) is + +', &c. or , &c. : whence a variation is lost

when x, in its increase, passes through a root of <px.

Secondly, no change of sign can take place in any other part of the

series except only where either fix, or V^ or V2 , &c, becomes nothing.

Let V fc
=0 when x=h; then, as before observed, both Vk_i and VA.+1

are finite. More than this, they have different signs ; for V>t_ 1
=

Vfc Qfc —

V

A.+1 , from the hypothesis of formation, in which V^O requires

Vfc_i—

—

V/c+i- Take u so small that no root of either of the last shall

lie between h+u and h— u; then whether Vt change from -f- to — or

from — to +, we see that the part of the series of signs arising from

Vfc_i, Yk , Vj.._i is changed, when x passes through h, either from
•\ to H—

1

, or from -f- + — to -\ , or from \- to—r- +» or from —1~ -f- to —- +; in all of which we see a variation

and a permanence, so that no variation is then lost. Consequently the

number of variations in the series of signs is neither increased nor

diminished by any of the changes of sign of fix, Vl3 &c, but all the

effect produced is, to remove a variation from one part of the series to

another. Hence the theorem follows immediately ; for if 4>a give n more
variations than (a-f-6), there must have been n epochs between x=a
and x-=.a-\-b, at which fiv=0. The number of impossible roots is

determined by finding the number of possible roots, and subtracting that

number from the dimension of the highest power in fit.

The following instances are from the Memoir cited (remember that

"Vi, &c=, here given are multiples of their values in the system of equa-

tions) :

0*=x3-2*-5, fix=z3x*—2, V^lx+15, V2=-643.
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There is one real and positive root.

0a?= ^+11^-102*+ 181 ] ... ,

'

0'*=3.r2+22*-lO2 1
All the roots real; two positive,

.

V1=854*-2>J51, V3=44lj
both between 3 and 4.

The method of approximation to the roots of equations called after

Newton is based upon the theorem <£(a +/?)==0a +0' (a+6A). h. If

we have found m, which is nearly a root of an equation, and if the real

root be a, let m= a+h, and we have 0(m)=0' (m — (1 — 6) /i).A. If

h be small, we have 4>m=(f>
rm.h nearly ; in which it must be observed

that <p'm must be considerable when compared with 0m ; for if not,

4>m~4)'m, or h will not be small.

We shall now proceed to the theory of series, and to the consideration

of the conditions under which we may speak of an infinite series as

the subject of algebraical operations. The subject of their arithmetical

consideration has been discussed in the Elementary Illustrations, (pages
8— 10), in which will be found the development of the following asser-

tions.

Definition. The series a!+ a2 -{-a3 -\-&c. ad. inf. is said to be con-

vergent (and by an arithmetical series we mean only a convergent

series) when there is a limit L to which we continually approach by the

addition of terms of the series ; and this limit is called the sum of the

series.

Theorem. The preceding series must be convergent if an+l-~an

approaches to a limit less than unity, when n is increased without limit

:

may be either convergent or divergent (that is, one series may be con-

vergent and another divergent) when unity is the limit of the pre-

ceding ; but must be divergent if that limit be greater than unity.

Theorem. The series a -\-al x+a2 x
2 -\-&c if an+l-±-a„ have

any finite limit A when n is increased without limit, must be conver-

gent for all values of x lying between — (1-J-A) and +(1-^A); may
be either convergent or divergent (in one series or another) when x
has either of these values ; and must be divergent if x be numerically

greater than (1-^-A). And if an+l-±-an diminish without limit, the series

must be convergent for every value of x, however great, while if

an+.i-7-a„ increase without limit the series cannot be convergent for any
value of x, however small.

In convergent series, we include those which begin divergently, but

afterwards become convergent. Such, for instance, as the development

of £*'. Here the direction to form the (n+ l)th term from the nib. is :

multiply the nth. term by x, and divide it by n. If a?=1000 the terms

continually increase until rc=1000, and the 1001st term is the same
as the 1000th : but the term after the millionth is only the thou-

sandth part of the millionth term, or at that part of the series the

convergency is rapid. And since we are not now speaking of methods of

summing series in practice, but only of the way in which we can satisfy

ourselves as to the fact of there being or not being a finite limit, great or

small, we do not weaken our reasoning by the supposition of a million

of million of terms being divergent. For a million of million of finite

quantities is a finite quantity ; and if all the remaining terms have a

limit to their sum, so has the whole series.

When the terms of a series are alternately positive and negative there

is certain convergency if they diminish without limit. For any even



FURTHER APPLICATION TO ALGEBRA. 223

number of terms of a b+ c — e+.... must be less tban double the

number of terms of a — b + b—c+c- e+ ...., which is either a— 6 or

a — c, or a— e, &c, that is, less than a. Consequently, in the series

«i — «v,+ a3
— a

4+ .. . , the remnant* ain+l — a2n-f- . • . is less than ain+l ;

that is, diminishes without limit. But in the case where «„, an+I , &c.

approach a finite limit, and diminish, we cannot, by pure arithmetic,

assign a finite limit. For instance, in 3— 2^+2^-— 2^+ &c, the limit

of the individual terms is 2, and counting from the first term we see that

no subtraction is ever compensated by the next addition; consequently,

if there be a limit, it must not exceed 3. But counting from the second

term we see that no addition is ever compensated by the next sub-

traction ; so that, if there be a limit, it must be greater than 3 — 1\>

Then between ^ and 3 lies the limit, if there be any, which is all we
can now say. We cannot show by the preceding process that the

remnants diminish without limit.

By considering a series algebraically, we mean that we do not inquire

for any arithmetical limit of the sum of the terms, but only treat the

series as the result of applying rules of algebra to algebraical expres-

sions, or formulae. And though the algebraical consideration includes

the arithmetical, yet the converse does not apply. All arithmetic is

algebra, but all algebra is not arithmetic. For instance, suppose an
algebraical problem gave as a result x—l + ax, an equation which has

its arithmetical cases, and its cases which are not arithmetical, the

latter when a is >1. We proceed to solve this by the method of suc-

cessive substitution, the principle of which is to suppose the required

whole made up of parts, and to endeavour to find these parts suc-

cessively by any steps which given relations point out. This notion

of the whole made up of parts is at first purely arithmetical ; and
we proceed accordingly. If our process be such as if its own nature

cannot have an end, we cannot thereby completely attain x. And one
of these two things will take place : either our method will give us con-
tinually smaller and smaller parts, whose sum converges towards a limit

which we can ascertain, and in this case we have arithmetically found
the unknown quantity; or we shall at last come upon a part (a supposed
part) which more than completes the whole required, in which case the

next process is not arithmetical. Our first notion would be that the

next part should turn out to be negative, a result we should immediately
comprehend. But it may happen that we choose a process which gives

us continually greater and greater parts without end ; are we then to

conclude that the quantity sought is infinite? We shall immediately
show that, sometimes at least, it indicates that the quantity sought is

negative, and that we have proceeded to determine it as if it were
2)ositive.

Let x=l + ax, and, presuming a: positive, it must be >1; for it is

1 + ax. Take 1 as the first part; then 1+axl is still too small; for

since x is 1+ax, then 1 +a X less than x is less than x. For a similar

reason l + a(l+ a) is too small, or 1+a+tf2
. So, therefore, is

l+a(l +a+a2
) or l+a+a2

-f-a
3

; that is to say, l + a+a2+ .. . . is

* The term remainder being constantly used iu connexion with subtraction, and
the word ( rest/ answering to the French rente, being of too general signification in
our language, I have borrowed this phrase to signify what is left of a series, when a
certain number of its leading terms is removed. Thus, in a—b-\-c—e+. . .,—e-r/— . . , ,&c. is the remnant after c.

'
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always too small, however far we may go. Now if a—^ this is intelligi-

ble; 1, lh, It, 1-jj-, lyl", &c. &c, are all too small. The reason is evident;

the answer is x=2 (2= 1 +-J 2), and our method is of a character which
cannot terminate. But if a=2, then proceeding as before, 1, 1 + 2,

1+2+4, 1+2+4+ 8, &c. &c, are all too small, or x is infinite. This

result is wrong; the fact is, that x—— 1, (— 1=1+2 x — 1), and the

fundamental supposition a/>l is incorrect. When, therefore, we write

— 1 r= 1 + 2+ 4 + 8+ 16+ &c. ad infinitum,

'

the student must not think we intend to assert any arithmetical equality,

or other arithmetical resemblance or analogy of any sort or kind what-

soever, between —-1 and 1 + 2+ &C. Every attempt to establish any

idea of such connexion must end in utter confusion. But we mean this :

we assert that 1 + 2+ 4+ 8 + &C. is the result of an attempt to procure

an arithmetical result, upon an arithmetical process, to represent a quan-

tity which is net arithmetical ; and = means, as in every other similar

case, that the two sides of the equation are thus connected : the first

side is the quantity which was attempted to be found by the process

ending in the second side. And this result being obtained in strict

conformity with algebraical rules, the first side and the second will be

found to have every property in common, if we consider the infinite

series as an infinite series, dropping every notion of its numerical

character, and considering it as a whole. It has no connexion, for

instance, with 1 + 2+4+ 8, though the latter expression' contains some
of its terms ; nor are we to be considered as making any approximation

to its value by stopping anywhere ; such idea being reserved entirely

for arithmetical series. And in a similar manner, we consider the

equation

~l +a+«s+a3+&c. ad inf., arising from x=zl-{-ax.

We shall now apply the ideas here laid down to methods, by which we
shall in various instances return to the finite algebraical expression from

which divergent series are produced. And, firstly, we shall apply the

series just obtained. Let

u=a -\-a
l
x-\-a2 x*^-a3 x^-\-ai x

i
-\-. . ..,

where au a2 , &c. are not functions of x. Multiply both sides by
(1

—

x), which gives

w(l

—

x)~a -{-Aa x-\-Aa
l
x1t+Aa.

2
x3

-{- ....

Let w,=m (1—a?)—a ; multiply by 1—'X, which gives

u l (l—x)= x (A« + A2
ff £+A s!

G5 1
ar

!+A2
tf2 cr

3+ );

let Uz—ii^l— x)—Aa .x; multiply by (1

—

x), which gives

m2 (1 —x)=zx i (A2 « +

A

3 a x+A3 al <r
2+ ) ;

let vz—u 2 (1—• x)—

A

2 a *2
; and so on. We have then a set of series,

the first of which, u, is the one in question, and u ly v2 , u3 , &c. are con-

nected with u (or v ) by the general equation

. ?/„,, &n a xn

un+l~un {\—x) — An a xn, or vn=i--^—\-— . .,

1—-# 1— x

We now invert the process, and apply successive substitution to the last

equation to determine u. We have, then, making 1+(!—o?)=X,
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v-a X+ v
l
X=a X+(Aa .xX+v 2 X)X

= a X+Aa .xXi+uiX2=a X+Aa
<
,xXi+A2 a .xi X3 +v,X''

=ff X+Afl0lrX2+AV ,t
! X3+.... + A"a xn X'

,+ l+ vn+l Xn+1
,

/
(ft fl$

\

or cr +«, x+a* a?
2+. . .

=-
(
a +Aa - +A2a -+. . . ... (A)

If a , o ls &c. be such that all the differences vanish after the nth, that

is, if ctv be a rational and integral function of v of the nth degree, we
then see from the method of formation that ?/fl+1=0, and it is expressed

by a finite number of terms. We thus obtain

1/ x \ 1

l + 2^+3^2+ — - 1+:1—.r\ 1—xj (1— x)

,, 1 /, So; , 2,r
2

\ 1+x
l

2+ 22 a:+3V+ =- 1+- +;\-x \ ' 1 -x (l-xyj (1-aO

If we change the sign of a?, we have

X* X3

Let us now take u= a +

a

t x+a*— -{-

a

3
—— + ....

Jt — . •>

.r
2 a3

Multiply both sides by s
-j:
=:l — •£-!- -7:— x—

- + . . . .,

a:
2 j

3

which gives ue~
x—aa+ Aa x+ A2 a—+ A3« —- +

x2
f x% \

a +a
i
x+ a2 —-r ...,=sx (a +Aa x+ A2 a ~+

J
(C),

ao-a^+ao—--. ...=£-*( a — Aa x+ A*a — — ....
J

(D).

By integrating the expressions A and C with respect to x, we obtain,

provided we may suppose the right-hand side to vanish when x= 0,

(see p. 157, note,)

x2
, xs

f'
x dx . C x xdx

a x+ a
l
~ + ai

-

J+ . ...=«„
J ^—^j,—^+.., .(E),

X* X* X*
a^x+a, ^-+ a2§-^+ «3^Y-^

+• • • =a fx
s
x dx+Aa fx

e
x xdx+ . .(F).

We have thus obtained a large number of cases in which ecpiivalent

series may be found, and which become finite expressions if all the

differences of a , a„ &c. vanish from and after any given difference.

To these we may add all the cases which can be expressed by the deve-

lopment of/(«+*) by Taylor's theorem. We shall now consider

u == §x+ fix .h+$"x h* -f <f>"'x .h
3+ ,

which is the evident result of successive substitution applied to the

du
equation v= (px+h-—, which gives (p. 195)

f. 1 fL C -1
U=C £ h j-S h £ >'4>xdx.

Q
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Let Ua be the value of the series when a?s a,

tzi \ ± r* --
<px+<t>'x.h+(p"x.h2+ =U„s* r e h s h <bxdx

h J a

(px-<p'x h+ </)"x h?— . ...=Va £ * + — £ A g''<j>.zefo;

Va being the value of <|>a— <}>'«&+
Though all these reductions may occasionally be useful, yet our prin-

cipal object in making them is to show that there is an abundance of

series, including every variety of form, which are by the common pro-

cesses of algebra, or otherwise, reducible either to convergent series or

finite expressions, or definite integrals ; or, at least, can be shown to be

precisely what would arise from the process of successive substitution

applied to an equation. Wherever there is anything like successive

operation following a known law in the coefficients a , au &c, then

a -t- aY x + &c. can be materially altered in form.

With regard to series, all whose terms are positive, we can only make
arithmetical use of them when they are convergent; and the limits of

the value of x within which they are so must be determined as in p. 222.

But when the terms of a series are alternately positive and negative,

it has this remarkable property ; that if it converge for any number of

terms, and afterwards diverge, the convergent part makes a perpetual

approximation to the arithmetical value of the original function. For
example, let us take the series

ttfi iT^ T*
log (l + x)=x-—+———+ &c.ad. inf.,

of which the individual terms sooner or later increase without limit when
a: is anything greater than 1. Let us suppose tf^l'S, in which case

the series becomes

1 -3- -845+ -7323 — '7140 + • 7426—(increasing terms.)

Now so long as the terms are convergent, the error committed by taking

convergent terms only will not be so great as the first term thrown away ;

for instance, 1 "3— "845+ '7323 will be too great, but not too great by
* 7140. The sum of the first is 1

" 1873 ; and the logarithm of 1 + 1 • 3
or 2-3 is -8329, and 1-1873 exceeds • 8329 by less than '7140.

The general proof of the proposition is as follows. Assuming
a — #! x+ a2 x

s— &c. to have a definite algebraical equivalent, <px, we
know that <j> (0)= tf

>
4>'(Q)= ~ au & c - 5 f°r by p. 75, the only series of

whole powers of x which can be algebraically identical with <f>a? is

<f> (0) + <f>'(0) x+ .... And since a , a 1} &c. are all finite, we have

4>*=<Ko)+<Ko)*+...+0»(O)—-:— +4>"+1(^)Q f
+1

_,_,
<Ki.

2 . 3 ... n 2.3... n-\- 1

Now since (p
n+2x begins (when x= 0) with a contrary sign from

$
n+i

x, as long as it preserves that sign, (j)

n+1x must be in a state of

decrease if <p
1l+2x be positive, or of increase if negative, when considered

algebraically ; that is, in a state of numerical decrease in both cases.

Consequently, if x lie within the limits in which 0"+2(x) retains its

first sign,
(fr

n+1(6x) must be numerically less than (j>"
+l

(0), and
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<f>"

+1
(djc) jr-5 XT numerically less than f+' (0)— -—

,

or + an+1 x"*
1

:

that is, at any point whatsoever of such a series the arithmetical value

of the remnant is numerically less than that of its first term. The
student must always remember that the above can only be applied to

cases in which no diff. co. of
<f>j?

up to <p
n+lx becomes infinite between

and x, and where (j)

n+"2x preserves one sign within the same limits. This

will be the case in most of the necessary applications. And the theorem

is not untrue in the divergent part of the series, but only useless, since

the convergent part alone gives a surer approximation. It is also true

when the series is altogether divergent. Nor need the terms be alter-

nately + and — . If the series have only one negative term, the theorem

is true, within the proper limits, if we stop immediately before that

term.

Theorem. Whenever the series a -\-a l
x-\-ai x

iJ
r&.c. is the deve-

lopment of a continuous function, the value of that function, when
v=0, is ct , even when the series never becomes convergent for any value

of x, however small. For if, o
v
and at being positive, we suppose x to

be negative, then the diff. co. being all finite for x=0, the value of

the invelopment* will lie between a and a -\-a Y
x, if * be taken of

sufficient numerical smallness. And its limit, when x diminishes with-

out limit, is therefore a . And whatever may be the signs of au &c,
the theorem may be proved by taking x such that two consecutive

terms may have different signs.

The theory of series is both difficult and incomplete; but the

difficulty is not of the kind which a student perceives, and the deficiency

is also unseen, because, in fact, the imperfect theory which is first pre-

sented to him is more than sufficient for all the series of which he has

any experience. He grows, therefore, in the conviction, that whatever
series may be proposed, or may occur, the theory may always be made
satisfactory. Now it is my present object to prevent the growth of such

a conviction, by showing the difficulties of the subject.

A complete theory of series would be contained in the answer to the

following question : Given a series

Ao+ A 1+ A 2
-
r-A 3-l-A4 -r-A5 -r'&c. a<i infinitum,

in which the terms are connected together by known laws, so that any
one of them, A„, can be assigned, required the finite algebraical expres-

sion which may in all cases be substituted for the series, and from which
the series may be obtained by development. But if there be no such
expression, or if different expressions be necessary for different sets of

values of any variables contained in A x , A s , &c, required a criterion of

determination of these several cases.

The preceding question is one of almost as great a width as the follow-

ing :
" Required a mode of solving all algebraical problems whatsoever."

This is the first point on which most students will find they have a wrong
notion. Instead of being an isolated branch of algebra, the theory of

* The inverse term to development : thus is the invelopment of

Q2



228 DIFFERENTIAL AND INTEGRAL CALCULUS.

series is an infinite subject, in which, as in geometry, every question

answered will point out questions to ask.

We shall first consider such series as arise from successive substitution.

Let /j,x, vx, px, be functions of x, and let fi (px) be abbreviated into

jj?x, (j, (p (px)) into pp\v, and so on.

Let 4>x be a function of x, which is ascertained by the following

equation,

<f>£
—

: y,x+ VX . (j>ax

;

or <})jc is that function of x, which is such that a similar function of ax is

reconverted into the simple function of x, by multiplying by vx, and add-

ing px. We have then the following series of equations :

<$>X— yx+ vx . <j)ax, <pax—pax-]- vax.(fia
s
x,

<pa*x= u.a?x-{-va
2x . §a3

x, <$>a
3x=pa3x+ va

3
x.rf>a*x, &c;

which give by substitution

(J)X—[jsX+ vx .pax + vx . vax . fa^x

—px-\- vx ,pax-\-vx. vax. pa\v -\-vx. vax. va?x .<pa3x, &C.

:

so that the function (px is composed of, 1. the infinite series

px+ vx . yax+ vx . vax , pasx+ vx . vax . va2x . pa3x -f &c.

2. the limit of the set of products vx.<j)ax, vx.vax.fa^x, &c. &c, which
we may denote by

vX . vax . va?x va* x.tya* x.

Let the limit of the series ax, a?x, a3
x, &c, or a™ x, be denoted by L

;

and let tyx be any function which satisfies y^xz=.vx "if/ax. Then by a

similar process of successive substitution, we shall find ij/x=vx .vax .fa~x
z=.vx. vax. va9

x,i}/a
3x=:vx.vax.va3x . . . . va^x.fh, or the limit above

mentioned is

Vsx
~.0h ; so that we have
t^L

0L
<px— tyx ——

=

px -f- vx . pax+ vx . vax .pa x+ &c.,

where L is as yet wholly undetermined.

Now it is not uncommon, in the theory of series, when such a case

occurs as px+ vx.pax+ &c, to observe that it satisfies the condition

4>x=px + vx<j)ax, and having ascertained what appears to be the solu-

tion of this equation, to equate such solution at once to the given series.

For instance, suppose

<f)x=x—x3+ x (x*—x*) + x* (xi -x 12)+x7 (xB—x!A

) + &c.,

which appears at once to be equal to x ; being x—x3+x 3—x7+

x

7— &c.
But it also satisfies the equation <f>x=Xr-

x

3+ x(j) (x2
), and 4>^== ^-{- x

'~ l

is a solution of this equation as well as (frx—x. Though, therefore, the

series satisfies the condition (j)X=px+vx^ax, yet when this equation
has more than one solution, nothing but attention to the preceding pro-
cess can preserve us from error.

With respect to the equation (jix—px+vx4>ax, it can be shown that
its most complete solution is as follows. Let tsx be one solution, and let
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xx be one solution of the equation fx—vx fax, and let znx-\-xx. tx he the

most complete solution. Then we have

nrx-{-xx.^x=[j.x+vx (jzax-\-xav.£ax) ;

but by hypothesis '&x—u,x-{-vx.'Z3a.x
i

and xxz=vx .kclx, therefore

Zax=%x, or with the particular solutions above mentioned, nothing more

is necessary than to find the most general function which remains un-

changed when x is changed into ax. In the same manner it may be

shown that xx.%x is the most general solution of (j)X=vx.fax. We
have then

<f>x rarx-J-'/cr . £<r 4>a"x ixra"x+ xa"x . %x

fx xx . %x
'

fa"x xa"x . %x

%x being the function which is absolutely unchanged by changing

x into ax. If n be increased without limit, we have then

— = —
, (px-fx—T=wx—xv — ;

fh xLgx fL, xL

so that the ecpiivalent obtained for the series is the same, whatever

solution of the equation was taken.

"We have thus obtained the absolute arithmetical sum of the infinite

series ; for the process was equivalent to finding the sum of n terms, and
then increasing n without limit. Whenever the series is divergent, the

term xx.-arh-z-xh will become infinite. Thus if we apply the process

to x-\-ax+ a*x+ &c., which is obtained from (j>x=x+ (
fi (ax), where

[j.x= x, vx~l, ax=ax, a"x—a"x, we shall find as the sum of the series

x (I—

a

ra

)-r-(l—a) which is finite only when a<l, and infinite in all

other cases.

The preceding is literally nothing but a modification of the method of

taking n terms of the series, and then increasing n without limit ; but
it will lead us to the following conclusion ; namely, that the algebraical

expression for a convergent series may be discontinuous, or not always

the same function of x. This we shall show if we prove that L may
have different values for different values of a-; or that a"x, when n is

increased without limit, is not always the same for all values of x. For
instance, let ax^x3

, thena'^^.r9
, a

3x=x'27, &c., as to which it is obvious

that they increase without limit if x >1, remain always the same if

x=l, and diminish without limit if <r<l.

As it is here my object to prevent the formation of an opinion, and not

to establish any general method, one example of every difficulty will be
sufficient. Let us now consider the following series :

x* a2 x* ae x8

a^x* a8—

x

s al6—x' 6

Looking at this series, we should suppose it to be one which we
might safely use as a common algebraical quantity, for it is always con-
vergent, except only in the single case of x=a, when every term
evidently becomes infinite. To prove this, form the. ratio of each term
to the preceding (p. 222), and we have

a*x* g\x* <#»£

«*+ **' ^+^' a^+79 ' ! '
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which must diminish without limit ; for every term may he written in

either of the following forms :

and either x—a or a-^-x is less than unity (with the exception above

cited) ; so that one or the other form explicitly shows the diminution

without limit, when p increases without limit. Now observing the

terms of the series, we may readily see that it is derived by successive

substitution from

X* , f X*
<px=——-+<P —

ar—xt \ a

of which a particular solution will be found to be 0a?=l-f-(a2— a?
2
).

Applying the result of the preceding pages, we have tyx—l, a particular

solution of fx—f (x*-r-a) ; px=x i-7-(ai—x*) ; vx=l ; and

_ fh _ __1_ _1_

x1
1 /,z2 \ 2 X4 Xs

, _
Now ax—— , a2x—— — =— , a3x—— , &c. : so that L must be

a a \a J a? a7

the limit of xp-$-ap
~ 1

, when p increases without limit. According as x

is less than, equal to, or greater than, a, this limit is 0, a, or cc ; so

that 11 x2

when x<a, the series is?— -, or —— ;
a — x* a" a2 (a2—x2

)

when x=a, — -— oc, or infinite

;

a

—

x9

1 1when j?>a, ~i -— 0, or .

a2—x% x*—a?

The terms of an infinite series must be connected by some law, other-

wise the series is not given and distinguishable from others. A finite

number of terms may be written down, and each is then given; but an
infinite number of terms cannot be written down, and can only be said

to be given when a law is pointed out, by which, when r is assigned, the

rth term can be found.

Let us now consider the ordinary algebraical development, namely, a

series which proceeds by whole powers of a variable quantity. Let the

(r+ l)th term of such a series be F (x-\-rl) ar
; so that the series is

Rr+F (x+ l).a+ F (x+2l) a2+ F (x+3l)a3+ ;

which is derived by successive substitution from <fix=Fx+ a4> (x + l).

We have now this question to consider :— 1. Can the equation

(px=~Fx-{-a<t> (x+l)

always be solved by a continuous function vsx, when F is a continuous

function ?

This question will, as we shall see, bring us to the following : Can
a continuaus curve be drawn through an infinite number of points sepa-

rated by finite intervals? We know that through any finite number of

points, however great, an infinite number of continuous curves can be
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drawn : it is quite certain, for instance (as will appear in a subsequent

chapter), that if we had ten million of given points, nothing hut opera-

tions of impracticable length would lie between us and the power of

obtaining as many continuous curves as we please, each passing through

all the given points. As an instance, suppose the equation of a curve is

required which, when x=a, gives y equal to either A, A', or A" ; which,

when x=b, gives y either B or B', and when x = c gives y= C. Let

%y be any function of y which does not become infinite when x is a, b,

or c, and find y from the following equation :

(y-A)(y-A>)(y-k")(x-b)(x-e) + (y-B)(y-B>)(x-aXx-c)

+ (y-C) (x-a) 0-6)+X2/ (#-*) O" 6 ) O-c)= 0.

Here, when x—a, the equation becomes

(y-A) (y- A') (y-A") (a-b) a-c)= 0,

which has three roots, y=A, y=A', and j/=A", and so on.

Seeing, then, that through any number of points, however great, we
may draw a continuous curve, it may appear that we can do the same
through an absolutely unlimited number of points. On this postulate*

the following considerations rest : let it be granted, that whatever is true

of any finite number of points, however great, is true of an infinite

number of points.

We now return to the equation Qx—Fx+ af (x+ l). Observe, that

we do not want a solution of this equation for all values of x, but only

for x=k, ,r— k+ l, x~k + 2l, &c, ad. inf., where k is some value

assigned to x. Multiply the equation by a*^
1

, and let ax^ l

<px be called

X#. Then we have
X X

XX—aJ Fx+x(x+ 0> or X^

—

x(.x~^0 ==a ' Fx—fx.

Draw the curve whose equation is ?/— a^'Rr, and on the line of

abscissae cut off k, k + l, k+ 2l, &c.

Let A, B, C, &c, be the points of the curve ?/— ax -

' Rr, whose
abscissae are k, k + l, &c, and let MP betaken for%&. Take Na=AP;
then Na=MP-MA= x&-.A= x(ft+ 0- Similarly, take Qb= Ba,
Rc= Cb, Sd=Dc, Te=zFid, &c. ; we thus obtain an infinite number of

points, and the curve drawn through them, if it be y=\x, satisfies the

equation xx~~fx== X(x ~\~fy-

* Several other methods which I have tried of obtaining the same conclusions

end in the necessity of the same postulate.
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^Assuming then the existence of zvx, a continuous function which

satisfies <pxz=:~Fx+ a4> (r-M), we find fx—a l to be a particular solu-

tion of kjfx=afy (x+l) : whence the arithmetical sum of the given
series is

Zf.'&(x+ 7ll)
vsx—a l

t
, or wx— cC'w (x+ nl) ;

**-• B a~~r *

in which n is to be made infinite : it being always remembered that t»x

is a function of a as well as of x. If we assume x-\-nl=z, the pre-

ceding becomes
' X z

-mx— a ' x limit of (aJmz) {z=cc}; $

and the limit in question may be nothing, infinite, or a function of

a, which, for anything yet appearing to the contrary, may be continuous

or discontinuous. And upon this limit depends the convergency or

divergency, continuity or discontinuity, of the series. It is my object

now to show that discontinuity cannot take place without the series

becoming divergent at the epoch of discontinuity. Let us suppose the

series to be convergent for every value of a, from a-=.a! to «= a", both
inclusive.

The continuity of law of a function is not to be presumed from the

simple continuity of its values (page 45.) To return to the geometrical

illustration : two different curves may join in such a way that the value

of y increases continuously in passing from one to the other through the

point of junction. If they have a common tangent at the junction,

— may also vary continuously in value; if they have there a common

(]°y

radius of curvature ~-
a may do the same. And two curves may be dis-

tinct, though the value of y and of any finite number of diff. co. increase

or decrease continuously in passing through the point of junction. But
if all the diff. co. increase or decrease continuously, then the second

curve is only the continuation of the first.

Now if tax satisfy rf>x=Fx-\-a<fi (x-\-l), it follows that -ns'x satisfies

4>'xz.-~F'x+a'p'(a--t-l), and so on ; and whether we differentiate the result

f X z

tax— a l X Lim.(« /
'zzr.i)= F lr+ F (x+ l).a+ ....

n times, or whether we treat the equation (m)
.r=F (m)

a,
,

-r-«0
("o

(<*'+O by
the method of this chapter (and by pages 172—175) we find the

following

:

urW.r-a^/'-!^ f X Lim.(a^z)= F(m)
*+ F<"%r+0 .a+ . . . . ;

so that the convergency, &c, of every differentiated series depends upon
the same function as that of the original series; namely, Lim. (a*~'mz).

If, then, the first be convergent from «= «.' to a=a", so are all the rest.

Name any number of them, m, which may be as great as you please. We
have then m-\-\ convergent series. Let t be a number of terms so great

that for no value of a between a' and a" can t terms of any one of the

m+ 1 series differ from its arithmetical sum by so much as 6, where 6 is
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a definite quantity, as small as you please. This is evidently possible,

though to bring some series a little within the limit it may be necessary

to take t so great that others shall be very much within it. Let the

sums of the t terms of the several series be represented by 1, 1', 2", &c.

It is clear that 2, 2', &c, are a set of continuous algebraical functions,

finite, rational, and integral with respect to a. And the values of wx—
(the limit in question), and of its m diff. co., do not differ by so much
as 6 from those of 2, 2', &c, for any value of a between a' and a". But
if there were any discontinuity of value in any one of these expressions,

this could not be the case ; for the discontinuity must take place at some
definite point, and be of some definite amount. If possible, let a be the

B
'^^"^^, S

A^<Z^^^~^
P
'££-—

a

abscissa of a curve, and let ot (
"\i*— &c. be discontinuous in value

between a=a' and a=a". Let AB be the arc of the curve 3/=2 (,,)

,

contained between those abscissae, and let PQ, RS, represent the dis-

continuity of value of y=^v)x — &c. Take less than the half of the

discontinuity QR ; and let the dotted curves be those whose ordinates

are always greater by 0, and less by 6, than those of AB. Then PQ,
RS, by what has been shown, lie entirely within the dotted curves,

which is impossible, since QR is greater than 29. The supposition,

therefore, of discontinuity of value in any one of the diff. co. of

zux— a 7Lim.(a'OTz)

is inadmissible as long as the series which it represents remains con-

vergent; whence we have the following

Theorem. If A, B, C, &c. be coefficients independent of a and
following any law, the series A+ Ba+ Ca2+&c. ad. inf. can never

change the function of a which it represents, in passing from one
value of a to another, without becoming divergent in the interval between
those values of a.

Hence we have no further occasion to consider the possible discon-

tinuity of such a series ; for if it become divergent for any one value of

a, it is divergent for every greater value; and the discontinuity, if any,

takes place in a function, of which all the values are infinite. But in

periodic series (see next Chapter) we shall have occasion to use this test.

We now see a reason for the appearance of discontinuity in series of

other forms, which does not exist in those we have just considered.

Looking back to the general expression

TXX-XX Lim.f —— )=[tx+ vx.pax+yx.vax.pa.ix+&c. ad. inf.,''

we have seen that oc"x may have different limits for different values of
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x. But in the case before us* ax^=

x

-f-Z, a9x=zx+ 2l,. . ,a
nx~x+ nl,

and cc is the only limit. In the example of page 230, the discontinuity

arose from (x~-«)" being or cc, according as a; is <a or >a. I have

now carried this subject far enough for the purposes of this work ; but the

same conclusions might be extended further. It is always true that a

series cannot change its equivalent function without passing through

divergency, or some other singularity of form.

I now come to the question of convergency or divergency, considered

apart from the connexion between a series and its algebraical equi

valent.

Theorem. If P!+P2+ .... and Qi+Q2+ .... be series, of which
the terms continually approximate to a finite ratio, so that by making n
sufficiently great, Pn-J-Qre

may be made as near as we please to the finite

quantity c ; I say that these series are either both convergent or both

divergent.

Begin from the terms P„ and Q„, and let PM-r-Q„=f„; then P„+PK+1

+ . . . . — cn Q„+c„+1 Qn+1+ And since n may be so great that

cn, c„+1, &c., shall be as near to c as we please, they may all be con-

tained within c + 0, where is as small as we please. Certainly, then,

cn Qn+cn+1 Qn+l+ lies between (c+0) (Q„+ Qn+i+ ) and
(c— e)(Q„-r-Qn+1+ ); orP„+ lies between (c + 6)(Qn 4- . . .)

and (c

—

0)(Q«+....). If, then, either of the two, PB+ . . .... and

Q»+ . . . ., increase or diminish without limit, or approach a finite limit,

so does the other ; which was to be proved.

Let two series, in which the limit of P„-i-Qn has a finite ratio, be
called comparable ; those in which the same limit is nothing or infinite,

incomparable.

Theorem. If 0rc be a function of n which increases without limit

with v, then <f>n-~n
e may have a finite limit, but only for one value of

e; every higher value giving diminution without limit, and every lower
value increase without limit.

The first part of the theorem is well known ; the second is thus
proved. Let (/m-f-w" have a finite limit L ; then if f be positive,

0«-f-n
e+/

is (4>n—iie

) X ?rf, and its limit is L X or ; but (<frn-±-n
e~f

)= (0?i-^-ra
e

) x nf, and its limit is L X oc , or infinite.

The value of e is easily found ; for since ne
~-<pn takes the form

cc-4-co, when nzzoc, we know that its limit is the same as that of

ene~ l-^-0' n, so that the limit of 7i4>'n—e4m is unity, or e is the limit of

7i(p'n-^-(pn. If this be infinite, then ne
-^-<pn has the limit for every

finite value of e ; but if it be nothing, then ?i
e
-r-0?i increases without

limit for all finite values of e. The properties of the limit of ne
-i-(j)?i,

when «= cc, may be readily deduced from those of <fix-±-(x— a)" in

Chapter X.
Definition. If P„-f-Q„ have the limit c, let Pi+. . . be called higher

than Q[ + . . . . , when c is greater than unity, and lower when c is less

than unity. But when the ratio increases without limit, let the first be
called incomparably higher than the second ; and when it decreases with-

out limit, incomparably lower. If, then, a series be divergent, all com-
parable series are divergent, and all incomparably higher series ; but if a
series be convergent, so are all which are comparable, and also those
which are incomparably lower. And any divergent series is incom-

* Also vx—a, px=z¥x, xx= a~xrt.
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parably higher than any and every convergent series. All this readily

follows from the last theorem but one.

Theorem. The series 1 +—+— + .... is convergent when e is

(no matter how little) greater than unity; and divergent when t is

equal to or less than unity.

Firstly, let e be less than 1 ; then the sum of n terms of the series

being greater than n times the least of them, is greater than

n x ri~
e

or than n l~\ But this increases without limit with n ; con-

sequently, the sum of n terms of the series increases without limit, or

the series is divergent.

Secondly, let e be equal to unity ; the series then consists of

l+_+r_ +— J + ^_ +—+_+—J + f eight terms ending with

—
) +( sixteen terms ending with —

)
+&c; which is evidently greater

than 1 +—+2X— +4x— +8X— + 16X—+ &c. But this last is
2 4 8 16 32

the divergent series 1 +-77+ 77 +T7 +"?T+"o" +••••» which, being ex-

ceeded by the series in question, the latter is therefore divergent.

Thirdly, let e be greater than unity ; make parcels as before, and the

series is

l+^+f—+— J+ (^4 terms beginning -^j+( 8 do. do. — J+&c,

which is less than

and still more less than

12 4 8

12 4 8
1+ ?+ v+ i-

+ F+-"
or l+sr+ „l=I+^r,+srT + &c., or 1 + 2- + v + »* + &c, where

/ i Y"
1

v—\ — ]• In this case, therefore, the series is convergent.

Theorem. If §n be a function of n which increases without limit

with n, the series

^T)+m+m+
-

+
4^)

+
iirT)

+
-
• • ad- inf-

may be convergent. To ascertain whether it is so or not, find e, so that

n°—^n is finite when n is infinite. If, then, e be greater than unity,

the series is convergent; if unity, or less than unity, divergent. But
if ne—4>n be infinite for all values of e,jthe series must be divergent; if

nothing for all values of e, convergent.

To find e, ascertain the limit of n<p'n-r-<pn, when n increases without

limit: but n'-^-fu increases without limit when nf'n-r-fn diminishes

without limit ; and diminishes without limit when u4>'n-i-<pii increases
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without limit. So that the complete test of convergency or divergency

may be stated as follows :—the series whose terms are reciprocals of

<pn is convergent when the limit of n(/)'n—(pn is greater than unity

(infinity included), and divergent when the same limit is unity, or less

than unity (nothing, negative quantity, and — cc being included.)

The proof of the preceding is obvious. If ne-—ipn have a finite limit,

the two series 2 — and 2 -r- are comparable, and are therefore con-

vergent or divergent together; that is, convergent when e>l, divergent

when e= or <1. But if the limit of ?i
e

-±-(fin be always infinite, or that

of -7

—

':
, then, taking e<l, the given series is incomparably above a

divergent series, and is therefore divergent ; and in this case the limit

of tt<f/n-^0/j is nothing. But if the limit of n'-^^n be always nothing,

or that of -.—
\
—

-, then taking e> 1 , the s:iven series is incomparably
<pn n J

below a convergent series, and is therefore convergent ; and in this case

the limit of ?i(p
rn-—(pn is infinite.

If tyn, the term of the series, be used instead of c/m, its reciprocal, we
have

1 d)'?i ijjhl
V/n=— , n—=-n-—

.

<pn cpn yn-ill
Example I. (x-l) + (x 2 — l) + (x 3 — l )

_|_ (^T— l ) + . , ..

i

Here U/?i=x n — 1, and —n — = 1r fn ?i(x»— l)

The limit of the denominator is logx, whence that of the fraction is 1,

and the series is divergent.

Example II. 1 + x -f x3
-f- x

3+ . . . ,ihn~x"~ l

, —n—=— nhgx.

If j? be <1, the limit is + cc
, and the series is convergent; if x=l or

be >1, the limit is or — cc , and in both cases the series is divergent.

A negative limit denotes that sort of divergency which is shown in the
series 1 +2e+3e+ . . . . , where e is positive.

Example 111. x-\ 1- . . . . ; $«:= .

2 2.3 v xn

It will hereafter be shown, that when n increases without limit,

1-2.3 n and 1.3.5 (2/t— 1) approach without limit to

Jinn 2 s~
n
, and 2" ¥ ?i"

£" n
, from which the application of the rules

shows the series to be always convergent.

Example IV. F (x+l).a+F (x+2l) a2+ fn= F {x+nl)an

But logF(x+^+Z)==logF(J:+^0+^^^J (0<I)5
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F '(r+"
/ F * x4-(ii4-V\l\

whence the limit of sn*+*n is that* of '1, ,V • If this be
F (x+ iil)

finite, the series is convergent when the limit of aV (x+(?i+ 1) t)-r-

F (r+ ?iZ) is less than unity, and divergent when it is greater. But
when that limit is unity, the convergency or divergency of the series

depends, agreeably to the rule, on the limit of

F(a?+(«+l)Q l

F(x+nl) J'

Example V. ^——b
+ ~_^- + . . . is always divergent when

a is unity, or less, whatever may be the value of b.

d/'n
The expression —n 2— , the limit of which is greater than unity

whenever 1.^71 is convergent, may be written as

—

n X cliff, co-log^m.

The limit of this, when n increases without limit, is not altered by
writing e" for n ; in which case

iU'n d— n— becomes —— (logVs*)

.

f

n

dn ° T J

The result may be stated as follows. To ascertain whether the series

2tyre is convergent or divergent, take the function if/n, or any more
simple one the ratio of which to ^ni neither increases nor diminishes

without limit when n is increased without limit, and find the most
convenient of the following expressions :

n dtyn n dtyn)'
1 dlog^/i d . . 1 d(m{tri)

~ iff?i ~dn' (fn)-
1

d~ti '

~ U
dii ' "drS

°°^£
''

~
-fn dn

If, then, the limit of the result be greater than unity, the series is con-

vergent; if unity or less than unity, divergent. But first examine
if* (/i+l)-r-V7? i

since this test can only be necessary when the limit

of this is unity.

As to series of the form Pi—

P

2 -f-P3— . . . . we have seen that

they are necessarily convergent when the terms diminish without limit.

Consequently, the series is convergent, all whose terms are positive,

provided they can be represented by P,—

P

2 , P3—

P

4 , P5
—

P

c ,
&c, where

Pi>P2>P3> &c. But this last is not altered by adding the same
quantity to both of every pair ; that is to say, the series

P 1+A-(P 2+A) + (P3+B)-(P4
+B) + (P

S
+C)-(P

6+ C) + ....

seems convergent whenever Pp P2 , &c. diminish without limit. Thus a

* The reasoning here given is correct only on the supposition that

F(*+»/+tf) F'Qr+wQ
F(ar+ »/+4L) { ^ ) " F (x+nl)

approach the same limit when n is increased without limit. »

For accounts of the tests of convergency up to the proposal of the present one, see

Professor Peacock's Report to the British Association, in page 267, &c. of the second
volume of their Reports ; or Grunert's Supplement to KlugePs Wirterbuche, vol. i.

page 41 f>. I have another proof of the correctness of the test, founded on entirely

different principles, which will appear either in the sequel of this work, or elsewhere.
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series of alternately positive and negative terms may apparently be con-

vergent, even when the terms increase without limit; and if A=B==C
&c, we have then a series, of which the nth term (independent of

sign) is P„+A; and because P„ diminishes without limit, this has the

limit A, And we might certainly suppose that the preceding series can

mean nothing but Pj—P 24-P3
— .... in a different form. Is it

possible that there can be an error in the following reasoning ?

If P L
—P2+ P3

— . . . . be a series, which may by summing its terms

be brought as near to M as we please, then certainly the sum of

P t—

P

2 , P3—

P

4,
P

5
— P6 , &c. can be brought as near to M as we please.

But P!-P2 is the same as Pi+A-CPa+ A), and P2—

P

3 as P2+A—
(P3+ A), and so on. It follows, then, that P-4+A— (P2+A) + (P3+A)
— &c. can be brought as near to M as we "please ; or that if such a

series as the last should occur as the answer to a problem, we may con-

clude that M is the answer required.

I say we have no right to draw any such conclusion ; and the

reason of this is contained in a principle which cannot be too

often remembered by the student of this subject. Whenever a deduc-

tion is made from purely arithmetical principles, by means of purely

arithmetical premises, it must not be extended, without proof, to cases

in which the premises, or any of them, cease to be the objects of arith-

metic. In the preceding series, P x
— P2+ P3— • • • • approaches without

limit to a fixed arithmetical quantity, and an accession to the number
of terms taken always brings us nearer to a certain limit. The same is

true of (P
t
—

P

2) 4- (P3—

P

4)+ • . .
. , each term of which is compounded

of two of the terms of the preceding series. The same is also true of

the series whose several terms are

_first, Px-f-A— (P2
+A), second, P3+A-(P4

+A), &c.

;

which is, term for term, identical with the preceding. But the same is

not true of the series, whose terms are first P,-l-A, second P24-A, third

P3+ A, &c, alternately positive and negative. For since P 15 P2, &c.

diminish without limit, the series may, by proceeding to a sufficiently

distant term, be represented as nearly as we please, from and after that

term, by A—A+A—A+ . . . ., which has no arithmetical signification.Ill 2
Thus, if we take 1—?T+"T 3-+ &C.J which has the limit -, and add

i * r , n 3 , 5 9
one to each of its terms, we find 2—— -1 —-4- ....

Let the terms of the first series be collected, and we find the set of

1 , 1 ,3 5 11 21 ,
results 1, — , -r-, -—

j
—

-, — , &c, alternately greater and less than
2 4 8 lo 32

2— , but perpetually approximating to it. Treat the second series in the
o

1 7 5 27 21
same way, and we find 2, — , — , — , — ,

—
-, &c. ; of which the even

2 4 8 lb 32
2 5

terms only approximate to —
-, while the odd terms approximate to —

.

If, then, we were asked which is the arithmetical limit of the preceding

2 5
series, we should have no mode of deciding between— and —

-.

3 3
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In the preceding theory is contained all that the student needs, to

enable him to apply the theory of series to questions of geometry and
physics ; and I shall now recapitulate the principal results, desiring

the reader's attention to the summary, as distinctly marking the point

at which we have arrived.

1. An infinite series, even when arithmetically convergent, may be

the arithmetical development of different functions, of one for one

value of x, or set of values, and of another for another. Or, the con-

tinuity of any series must be proved, and not assumed, (page 230.)

2. If the series be of the form a+ bx+cx*-^ . . . ., or developed in

whole powers of x, it must represent one function of x, and one only,

throughout the whole range of values of x, for which it is convergent,

(page 233.)

3. When a series is given, and nothing is known of its invelopment,

it cannot yet be used in any case in which it is divergent. But when
the series is produced from a given function, the necessity of absolutely

considering a divergent series may be avoided, as in page 226, by using

the theorem of Lagrange on the limits of Taylor's series.

I shall, in a future chapter, consider this subject further, and shall

conclude the present one by giving some theorems which may be con-

sidered as instruments of operation merely, not giving any proof to their

results, except in cases to which all the preceding reasonings will apply.

Theorem. Let 0^=a+ «i x+a2 x*+ . . . .ad inf.

fx=-ab + a
x
b x x+ a<L b2 x'

2+ . . . .ad. inf.

Then fx=b(j>x+Ab.(p'x.x+A2b.(]>"x.^-+A3
b.(j)"

rx.—+. . .,
2i 2.3

where Ab, A2
fr, are the successive differences of b, obtained from b,

&!, 62 , &c.

N. B. We have already had cases of this theorem in page 225.

From page 79 we have

b
x
= b+ Ab, b2-b + 2Ab + Ai

b, 63=& + 3A&+ 3A2
&+A3

6, &c.

Substitute these in the second series, which then becomes

b («+«! x+ a2 x--{- . . . . ) + Ab (a
l -\-2a.2 x+ 3a 3 x

2+ . . . ,) x

+ A>b(ai+3a3 x+ 6ai x*+ . . . ) .t
2+ A3 b (a3+ 4a4 x+l0a 5 x*+ .. . .) x3

+
Now 0x=fl+fl,j;+fl2 a;* + aa x

3
\-ai

xi +a
5
x5 + ....

7 <p'x— «! + 2ai x +3a3 x
2+4a

i
r
3+ 5«

5
x*+ ....

<b"x—= as + 3a3 x +6ai
x2+l0a

5
x3 -{- . . . .

4>"'x

~lf= «3 + 4a
4
x2+ 10«

6
x*+ . . . , &c.

;

and the results of this set, substituted in the preceding development,

will obviously give the theorem in question.

Example I. =l+cr+;r-+a:3 +.i 4+ (page 225.)
1 —x
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Let fx =6-1-6! x+ b2 x- + b3 x
a+bt x*+.. • •

b Ab.x A26.*2 , A36.x3

,

Then fx =- +- -+- -+--—-^+1 1

—

x (1— a?)
2 (1

—

x) (1

—

x)*

Example II.* log (1 + ,?)=£ rr+~o— T"^"
'

*
'

'

62 j?
2 ba x

3
64 *

4

A6.r 1 As6..r
2

, 1 A36.*3

(6= 0) fx =—- -- tTTT^+q'1 + a? 2 (l+,z) s 3 (l+x)3

Example III. 6 4-?j6,x+7t—

—

-bs x*+7i— — 63 a
3+...

?z —

1

= 6 (1 +x) n+nAb (1 +X)"-
1 j?+w-—- A2

6 (1 +x) n~z *9+ . . .

.

«(!+.) {»+nA6-^ +,==1 A*
(^-J+

. . .}. ,

Example IV. 6+ 5
t
x+62

— + 63^+64
-

4
+

= £* {6 + A6.*-f-A2
6 |!+ A36^+ . . . }.

a:
3 x5

Example V. b
l
x—

6

3
—— +6
2.3 5 2.3.4.5

= cos x|a6..t—A36 —+ . . . }+sin#f6—

A

26^-+ ...)

and 6_ &2 |.+&4 _|l__..,

= cosa- <6—

A

2
6— + . . .

f
— sin an A6.#—

A

3
6 —- + .

where the differences must be taken from the complete series 6, 6„ 62 , 63,

64 , &c. We shall see more of this when we come to treat of interpola-

tion.

This theorem enables us to give a finite expression for \\tx, whenever
4>x can be expressed in a finite form, and 6„ is a rational and integral

function of n, (page 83,) in which case Am6 is nothing, for all values

of m which exceed the degree of bn .

The theorem itself will afford an instance of the truth of results

obtained by separating the symbols of operation and of quantity, as in

page 164.

The symbol for bn is (1 + A) n
6, and the whole train of operations

performed on 6, to produce ab-\-a
l
b

l
x+ aJ).2x

i+ .... is

{a+ a 1
(l + A).r+ff,(l+A) 2 x2 -|-....}6, or <f> {x (1 +A)} .6,

* Let the student apply this example to the case of A&—

]

;
AS6=L A86= l,&c, and

explain the result.
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or \<px-{-4>'x .xA+ (p"x—- A9+ . . . \ b,

or \b(J>x+Ab.(p ,x.x-\-Aqb(p"x-?-+ .. . k

I now apply the preceding theorem to the transformation of

b+ b
l
cos0.x+bi cos29.j,

2+b3 cos39.x
3+

and bi sinO. x+b3 sin 20.

#

2+&3 sin30. l*
3+

The first series, writing z for s" , (as in Chapter VII.) may be thus

written

:

1 {-M-&I zx+h z*x* + • • • • }+l {
b+h Y+&* jt

+ .. .

J
:

or, by the use of the theorem,

A6—
U 6

i

Ab - zx
+ 1+1 _?_+ L-+

2 ll— *j? (1— zx) 2
'

'

* J
T

2
] l_£_^f1_fy I

'

and the two, collected, give a series of terms, each having the form

x"

I z
m xm

But 1

—

zx—1—xcos9—<zsin0.v— 1,

, x I

1 =1—,.rcose+ ,zsine.v— 1.
2

Assume 1

—

x cos 9—.r cos 0, x sin 6~r sin 0,

a; sin 9
which gives r-=l

—

2x cos9-\-x*, tan0=-°
1—X cos

and (A) becomes (since 1

—

xz—r cos0+rsin0.v — 1, &c.)

1 .

7 f
(cos??i0+v—lsinm9)x

— A"1

b
2 \(cosm+10—V— 1 sinw+l^)rm+1

(coswiQ—v— 1 sin«20) xm
j

(cosm+l<£ +V— lsinm+1 0) ?-
m+1

j

_, coslc±v— lsinju, , s ,
#

. ,

But _
— -=cos (^+ v)±V— 1 sm(/A+v);

cosy + v— 1 sin y

whence the preceding is

Ambxm c #-— . .

m+1 jcos (m0+m+ ] 0)+v— 1 sin (do. do.)

+ cos (do. do.)—V^T sin (do. do.)},

R
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Amb . cos (m9 fm+ 1
<f>) . x"

(1—2j?cose+a?2
)

2

Hence, making m successively 0, 1, 2, &c, and adding the results, we
have the following Theorem :

—

•

f oo sin \

If r=(l—2.rcos6>+ tr2)
2

, and ^tan" 1
!

)' \.l—#cos0/

. , fx sin 0\ . /1— x cos 0\=sm \^-)~™* f—;—J '

then &+ &
1
cos0.<z+ &2 eos20.,z

e+ &8 cos30tf8+
1 9

= ocos<£— +A&cos (6»+ 20) —
S
+A?b cos (20+30)^

+A3
6 cos (30+40)^+

For instance, let 6—

6

1
=62 z= . . . . =1 ; whence A6=0, A?6=0, &c.

;

we have then cos 0-f-r, or (1

—

x cos 0)-r-r
2
, for the sum of the series ; or

i _ x cos
:l+cos0.o;+ cos20.;c8 -fcos30.£

3+. . .;1—2^cos6+ ^2

which may he verified by page 125.

The transformed expression may be discontinuous, for (p, or tan
-1

{,zsin0-4-(l—a;cos0)} has an infinite number of values, one of which
may apply for one value of 0, and another for another. We have shown
that no discontinuity can be produced by a change in the value of a;

(page 233.)

As long as our conclusion preserves its present form, we are warned of

the circumstances which may produce discontinuity by the explicit

appearance of the ambiguous symbol tan
-1

. But if we take a case in

which the ambiguous symbol disappears, we may be led to a false

result, if we do not take care to retain all the ambiguity of the original

form. Suppose, for instance, a?=l; then sin 0-?-(l— cos 0) is cot g 0,

or tan (itf— 1=?0); and <fi is therefore tan
-1

tan (^#— J0); that is,

any one of the angles which has the same tangent as \i(— \Q. All these

angles are included in the formula mit-\- \ it— ^ 0, where m is any
whole number positive or negative ; whence we have, by substitution in

the expression for the transformed series, (since r== +2 sin^ 6, when

6+ &i cos + Z>2 cos 20+ 63 cos 30+

__6cos(m77, 4-^(7iJ—#)) A&cos (2mit-\-ir)
""

±2 sin 1 +
4~sinrp

A26cos(3m+itf+ J; (rf+0))
+ ± 8 sin3p ~

+ '

in which A'6 is multiplied by cos (i+ 1 m+ ^rf+i— 1 ^ 0). Now it

will be found on investigation, that these cosines, beginning from the

first, are
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+ sin(—£0), — 1, ±sin£0, 4-cos0, Zfsin|-0, —cos 20, &c;

the upper sign being used when m is even, and the lower when m is odd.

We have then an ambiguity of sign in both numerators and denomi-

nators of the alternate terms : but returning to the original equations of

condition (which become 1 — cos 0=r cos <j>, sin 6=r sin f, in the case of

tr=l) we see that if r be positive, sin and sin have like signs, and

cos <p is positive ; that is, lies between and \tc, if lies between

and if, and lies between and — \<gt
if lies between it and 277". All

these conditions are satisfied by making m~0, or any even number, and

the final result is as follows

:

_ b Ab A96sin£0 A»b.co&0 A46sin|0
b+b

l
cos6+ "2~_

4 Sm*ie+ 8sin 3 £0~+ i6sm4i0
_
32 sinH0~ *

*

An easy verification presents itself when 6— if; the preceding then

becomes

, . , ,
b Ab A*b A3

b A4
b

b—bt+ b*—. . ..= 1 -+ .. ...;12
2 4 8 16^32

which is a case of (B) in page 225.

An analysis of precisely the same kind, it being remembered that

2 V— 1 .s\nmQ=zm— z~
m

, shows that we may substitute sines for cosines

in the series obtained ; or that (r and being as before)

1 x
6, sin 0.o?+62 sin 20. x* 4- =6sin0.

—

\- Ab sin (d +20) —
r r*

+A5
& sin (204-30) —. + ,...

If b=b
l
—.... — 1, as before, we have sin^-f-?' or rsinO—r2 for the

sum of the series ; or

#sin0 . „ . „
sin . a+sin 29 x%

-\- sin 30 x3
-\- ;

1— 2x cos d+ x

and, in the case of iTt=l, we may find

b, sin + b2 sin 20+ . . . .
=-L cot \0-^^

2 *
8 sin8 J

A36sin0 A4£cos|-0

16 sin
4 10 32sin 5 i0

the terms of which, after the first pair, are positive and negative in

alternate pairs. An instance of verification, though not so simple as

the former one, may be found in the case of Qz=.\<k. This gives

. . , . b (A% A% , A46\ (A*b A'b A*b

which we leave to the student to verify by means of the separation of the

symbols of operation and quantity. He might, however, be perplexed

by the reduction, if I did not call his attention to the equation

A2 \ / A5\ A*

Theorem. If (px=a -$-a
l
x-{-a2 v

2+a3x
3+ ....

R2
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Then -\<j>(zx)+(j)( — )}~ao+ a
l
cos6.x+a.2 cos,2d.x

i!

+. ...

\<f> (~#)—01 — lr= <2i sin0.«+fl., sin20.a?2
-f-. . .

.

2^31 i V * P
where 3=s. The student can easily prove this for himself, and

also the following :*

1 1 / 1\ .
, „ 0"o\cos20 , (b'"cccos36

-0(tf±*)+-0( *±-)^±f*.cos0+- 2~^ ± 2^~'+ "

If / INI , . 0" 1z.sin20
,
0"'a;.sin30

57
={*(»±»>*(.±-)}=±#W+2-r-±—2T3-+-
Let </>,r—logo1

, and let the upper signs he used : we have then

1, , ,
1, / 1\ , cos cos 20 cos 30

^(rt*)+^\*+-)=*x*+——^-+ "3^-i— ;

(.r
2+2.T cos 0+ 1)5_ cos 0_cos 20 cos 30 cos 40

or log. - — 2^~ ~§^i 4r*~
'

1 . tf+z sin0 sin 20 sin 30 sin 40
and „iog__=____+______+ ....

a?+s9 l _o?+ cos0+V

—

lsin0 COS0+V— 1 sin 0__ 2fX/n .

±$tlt —

—

. =
.

'—

£

j

a?+£~9V
~ 1

o;+ cos0 — V — 1 sin0 cos0 — v— lsin0

• • j / sm ^ \
in winch x+ cos 0=rr cos 9, sm0~rsmp, or 0— tan and

\tC+COS0/

(page 126) log

s

2*^-1— 20V — l+2nirV— 1, n being any whole num-
ber, positive or negative. This gives

. / sin \
,

sin sin 20 sin 39
tan +?z7r= __l__— ....V+ cos0y x 2a,'

2
3a;

3

If #=r — 1, then is tan
-1

(— cot \ 0), or tan
-1

tan (t—\ 0) ; so that

, . „ sin 20 sin 30
it—^O+mir+mr^z—sm0 . . . .,

in being =* + any whole number. This simply amounts to

1 „ . „ , sin 20 sin 30
%d+mrt=smd-\ —+—~—+

The meaning of the undetermined quantity m may easily be shown.
The second side of the equation is periodic, giving the same values for 0,

+ 2tt, + 47T, &c. It also vanishes with 0, and becomes 1 --3--H-- • • •

»

or ix, when 0=^-, and changes sign with 6; and it becomes again

when0 — 71- . This requires that m should =0, where lies between
— x and + 7T ; but that in all other cases m should have such a value

as will make d+ mit lie between —k and +ir.

I now proceed to some developments and examples, part worked at

* These theorems are due, I believe, to M. Poisson.
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length, part merely sketched out, and part proposed for exercise with

their ansAvers. In considering these, the student should read again

carefully those parts of the preceding chapters which are cited.

Chapter XIII.

MISCELLANEOUS EXAMPLES* AND DEVELOPMENTS.

1. Required the successive cliff, co. of Psx
, P being a function of x.

Am. The first is s*(P+ P'), the second s
x (P+2P'+ P"), the third

e*(P + 3P /+ 3P"+ P"'), and so on: the wth is s* (P+nP+ w 2 P"+
?*3 P 3+. ... + PW), where 1, n, w 2 » w8, &c. are the coefficients of the

i • f n— 1 n — \ n — 2 .

several terms m (1 + x) , or 1, n, n——— , n—

-

— . —;— &c.

2. Find the diff, co. of PQ the product of two functions of x. Ann.
The nth diff. co. is PQ<"M-rcP'Q c 'l~ I)+ rc2 P''Q

Cn~2)+ +PW .

3. Diff. co. of Pm Q" is p-^Q"-* {«iQP'+ nPQ'}.
pm pm-1

4. Diff. co. of — is_ {wQP'—nPQ'}.

5. Diff. co. ofsp .Qisg 1,

{Q'+QP'}.
It will he worth while to retain the three preceding results in

memory.

(

6. (Page 63.) What is the diff. equation of y—x
<f>

(co:) ? This
gives

|=«^w<^+f4^(-§)}=/(>)
where fx means x+ xcjj'cjj^x, and _1

o; is that function which gives
<p~ l

<fiX~X.

7. y=xecx
gives -r~—( 1+ log—

J.ax x \ ° x J

8. Eliminate the functions from z~$ (y+ax) +f (y—ax) by
means of partial diff. co.

jx =ct<fi' (y far) -ay' (y— etc), j^pa* 4>" Oj+ax) + a" f"(y - ax)

JL= 0'(y + ^) + f'iy-ax), ~= ^(y+ aa?)+ y"(y-aX);

therefore £l~a?
(El

%

clx2 a\f

* Many theorems of primary importance are deductions of so immediate a
character from the principles before laid down, that they are here introduced, con-
trary to the usual practice, as examples. They are so far developed that no student
who has found himself able to follow the preceding portion of the work, will find
any great difficulty in completing what is left undone.
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9. Eliminate the functional symbol from —=0( —
dy \dx

dhi_^ Ydu\ d-u d2u ^,Ydu\ d*u
^

dy%~~ \dx) ' dxdy' dxdy \dxj ' dx2 '

d2u dhi ( d'hi V
therefore 3-5 .—,— I

-7—
-7 }

=0.
dx* dy- \dx dyj

10. (Page 65 and Chapter "V.) What relation exists between the

two cliff, co. of u, when u is that function of x and y which is obtained

by eliminating a between

u—ctx->r<fia.y-}-ya

. du .

= x-\-0 a.y+Wa, or —=0
da

du__ du da= <^M_ r
du da

dx da dx ' dy da dy

du /dus

dy ' \dX;

11. Eliminate the functions from z— <£ (y+ ax).ijs (y— ax).

,, , a ^d
2 h%z ,d2 \ogz dh

9
<F« 1 (dz% dz*\ n

12. z—Cx+yY^^ — y*) gives y-—\-x—~az.
dx dy

ds
z

13. z^cbx+ Vsy gives -

—

r :=0.TU ° dxdy

, , , . d~z 1 dz dz

= , . ,n^ • <Pz _/ 1 \l dzdz

dx dy \ log z) z dx dy'

15. Required the expansion of tan,r in powers of x, by Maclaurin's

theorem.

T , 1 du „ dhi „ du . k ._

Let w^tan,.? : then—= 1+^, -r^— 2z<—=2u+ 2w8

eto oaf dx

-7-==2+ 87i
2+6MS -—= l6u+ 40u3+24u !i

dx6 dx4

—=16-1-136m2+24(M4+120w6

dx5

d6u—=272w+ I232u3+l680u5+120u7

dxs

^=272+ 3968.,°+.... gftWftfc+.-i.. £«=WM+...

.
,

a3
2o? ita* 62a;9

T
3
T

15
x
315 ^2835
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x
16. Required the expansion of -

„

This expansion (which is of great importance) may be facilitated by
the following process :

—

CO

Let 0#=——: ; then (j>x— '/> ( — <r)= — x; consequently <j>x can have

no odd power of x except the first : for every odd power which appears

in the expansion of (fix must appear in <f>x—(j>(—x)', and every even

power in 0a;+ (—j?). Let u=<px; then

ue*=x-\-u, e*(u+ u')= 1+u', e
x (u+2u'+u")=zu'\

&
x (u+3u'+3u"+um)=u'", s

x (ic+nu'+ )=#,
Make x=0, and let the values of the function and its diff. co. then

become U, U', U", &c. The preceding equations then become U= U,
U=l, U+ 2U'=0, U-f-3U'+ 3U"=0, U+4U'+ 6U"-f4U'"=0} &c.

Or, generally,

\J+ nTJ'+n^—- U"+ n -— Uf-^-f-nU'-^O (A),
2 -j

the labour of using which is diminished by our having proved separately

that U"'=0, U v=0, U vii= 0, &c. Let ?i=2m+l, which gives

„,. , 2m-l TT ,
_ 2m-l 2m-2 2m-3 TT „ A

2m+

1

This series exhibits the dependence of the terms on one another, after

U'
v
; but the series (A) is more easily used. It gives

U+2U'=0, or U'ss-1; U+ 3U'+3U"=0, or ^"=\-y

U+ 4U'+ 6U"+4U"'~0, or U"'=0 ; U+ 5U'+10U"+5U iv=0,

orU--^;

U+ (

JU'+21U"+35U iv+1U vi=0j or U T,_—

;

42

U+9U'+36U"+ 126U'v+84U vi+ 9U viii=0; or Uvm==-—

:

30"

U+llU'+55U'/ +330l] iv+462U vi+165U viii+HUx=0; or U*=—

:

66

U ~ 2730'
U ~6' U - "510 *

U -"798~J&C -

Hence, if [n] denote 1.2.3 ??, we have

x _ 1 «l"j£ 1 A4 1 j» _ 1 g
£*—1~ 2*+ 6 2 30[4]

+
42[6J 30 [8]

+

The values of U, U7
, &c. are called the numbers of Bernoulli

,
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and though they do not follow a visibly regular law, yet the con-

nexion between them is simple. We shall in future call them B
,

Bj, B 2, B3 , &c. : thus

B =l, B1= --, B 2=^, B3=0, B4
=-— , &c.

1*7. Required the development of - by Bernoulli's numbers.

x x 2x

S
x -\ £*+l £*x -l

:B +B l
a;+B a -$- + &c.-(Bo+B l

.2j?+&c.)
g*+l s*-l ff

to -l ° * 2

1 =-B 1
-3B2

^-(2*~l)B4 -^-(2«-l)B 6
^:-....

JB-+1- -' ""»2 v ' [4]
v y 6

[6]

— 1 1 x la? 3i5

~2~
2 2

+ 2[4]~~2 [6]
+ "

18. Required the development of tan x by Bernoulli's numbers.

tanar==
V-l rv-i+5-*v-i V-l i

bV-1+i

-4= A I—)

^(l+aB1+^2^+>C«-l,B1^5.t .,..)

tBD*a:*-a«(2*-i)B^+a, (a,-i)B-^-
in which the law of the terms is sufficiently obvious. Reduced, this

becomes
a* 2xs 17a-7 62*3

tan tt— x-\ 1
1 1 H ....

3 15 315 ^2835

19. Required the development of cot x by Bernoulli's numbers.

cotx^sf^l (l + = )

—J-T(l I

2B "
I "P. 4-9R

2^ V:rT
4.9R ^UlLu \

1 a? a:
3

2j:s ,r
7 2a;9

a? 3 45 945 4725 93555

2
20. Required the development of— ——w.

5 -\-S
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/ n—

\

7/th diff. co. uex — s
x

( u+ nu'+n u''+ . .

.

mhdiff. co. „.-=+ E-(t«-»'+»^,/<-....) {+;;*}

asm (10.) V+n£p u"+«
"'J

1
. "^2

"~3
U"+ . =0,

which is true for even values of w, and there can be no odd powers of a;

in this development.

U=l; U+U//=0
) orU"=-lj U + 6U" + U iv=0, or U iv=5;

U vi— -61, U Tiu=1385, U x=— 50521, and so on;

9 — _ - 5*4 61*S l385j;8 50521a; 10

s* fsT 2 [4] [6] ' [8] [10]

21. From the last it readily follows that

a?
2 5a:

4
61a:6 1385.i;

R 50521a? 10

seca?=l +y +-+—+—
]

-+-
Tr
—+....

2j?

22. Required the development of _x—u.

[Why do we not attempt to develope l~(sx— s~*) by Maclaurin's

theorem ?]

vex—us~x=i2x
i

s
x (u + u') + s'

x (_u~u')~2 U=l.

71— 1 T„ 71—171—2 71—3 __..

After which U + n-— U"+ n -= g j- IT+ ....=: 0, which

is derived from odd values of n, and gives the even diff. co. No others

can enter, for reason in (20.)

U-fc3U"=0, orU"=-Jj U+ 10U"+ 5U lT=0, or U iT-^
3 15

u ,,= _3i 0-=an
21 45

2a; _ 1£ 7 or* 31 a 6 381 a;
8

s
x-s'x 3 2 15 [4] 21 [6] 45 [8]

23. From the last it follows that

11a' 1 x3 31 a 5 381 x7
C0Bec *==-+--+-_+-_+__+....

(24.) What is the best formula for approximating to an arc of a

circle by means of its chord and the chord of its half, and what is the

error, nearly; the arc being supposed not very great?

Let be the angle (in theoretical units) subtended by the arc S, and

a the radius (unknown) : let C be the chord of the arc, and C that of

its half. Then S~a9, C=2asin -9, C'=2asin T fl.

2 4
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Let^C+^C be the formula required; then

=-{(l+i)Kl+s)l<i^)4--}-
Assume

f*f=|,
g+^-O, or^=--, frttj

8C-C _/ e< \
=S 1—r^rr , nearly.

3 V 7680/ J

Ans. The third part of the excess of eight times the chord of the

half over the chord of the whole is nearly the arc : the result is too

small by a proportion of the "whole, which varies nearly as the fourth

power of the arc, and is about 1 -7680th
for an arc subtending an

angle of 57i°.

25. If C" be the chord of the quarter of the arc, then

C+256C-40C J
ffl- |

45 ""I +
20643840

j"

26. In <f>(x+h)= <j>x+<fi' (x+6h).h required an approximate value

of (p. 73.)

Assume 6 =A+Bh+ C/t2+ ....

Then <$> (x+h)^4>x+<l>'x.h+4>''xMi +4>"'x.
6
^--\-< .,»

B0"«r+A8^V
+lC<t>"x+AB<f>n,x+

1 r//"r rh'"r
A^'x-^^'x, B^+A2^=^

A3 V

if*)** %<

A 3
r/>

ivr
C0"z+ kBV"oc +y f

v
0?S^

fl
_i J ^£ h

.^x^x-(^xy
y~2+24^ ft+ iT^"^ * + - ••

If A be small, and fi'x considerable when compared with h, 9=z-

nearly: or

tj>(x+h)—<fix+4>'( x+- \h nearly. (Seep. 74.)

27. Required x in terms of sin * (s— sin x),

vl —sin2
a;
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1 „ 1.3 . 1.3.5

, 1 s*
, 1.3 5

5 1.3.5 s7 , •

Integrate; x=s+- y+— y+g^ y+ . . . .(A.)

No constant is necessary, since s and * vanish together. But this

conclusion cannot be universally true, for the first side may increase

without limit, while the second is periodic, going through the same
cycle of values from x—2'W to x=<iif, &c, as are obtained between
x=:0 and x—lrf. Some error then must exist in the preceding process.

On looking through the process of page 100, it will be seen that the

definition of an integral cannot be made intelligible if the function

integrated become infinite between the limits of integration. This is the

case in the present instance, if we suppose the result to be true from

a'=0 to x—rf; since, when x — ^Tf, (1 — s
2)~5 is infinite. Between

a;=

—

\t! and a?— +^#, the preceding is unobjectionable, there being

no value of x between these limits which makes (1— s*)~~5 infinite.

There is another objection to the preceding result, as soon a-s x

becomes greater than \ it. When x increases, after becoming r=^ 7T,

then s (and consequently the second side of the equation) begins to

diminish ; or an increasing quantity is always equal to one which

diminishes, which is absurd. The reason of this is that

„„_i ,
rf.sinj; cosx.dx

( 1 — 5
2
)

'2 as, or
V(l-sin 2 *)' VC 1— sin

'2
^)

should have been taken negatively when cos x becomes negative. Con-
sequently, after x—^tf, we have

lf_ 1.3 f_

the constant it being introduced because x=it when s=:0.

Denoting the series (A) by A, our final result is that when x lies

between — ^it and + ^it, x—A; but that when x lies between \it

and fit, x=#—A; when between -f-ir and \<tC\ x 2= 2*+ A, &c. ;

which may be all included in the following

:

When x lies between f n— — \it and ( 7i+- jit, x=zmt-\- ( — 1)" A.

28. If x^^ir or s— 1, we conclude that

1 , 1 1 1.3 1 1.3.5 1

2 ^23 T
2.4 5

T
2.4.6 7-

We proceed to ascertain whether this series is convergent or divergent.

29. Granting, as will afterwards be proved, that

1.2.3 n H- Vj^ n"+* £-"

has the limit unity when n is increased without limit; required an
expression which may be made as nearly equal as we please to

1.3.5.. . ,2n— 1, on the same supposition.
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Let 1.2.3.... n—\2it n"^ s~
n .$n, so that <f>/t has the limit unity

when n increases without limit. Then

1.2.3.. 2?i=1.3.5.. (2n— 1). 2.4.6.. 272=1.3.5. .(2/1-1). 1.2.3.. n.2n
;

.\l,3.5....(2n-l)= 7=^—1 Z—-r+*nn
s-n ?-±,

T.JZitn71^ s~
n .$n 0»

and 2
n+5

ft
?I £~

-
" is the expression required.

30. The series at the end of (28.) has for its (/i+ l)th term

1.3.5.. ..(2/i— 1) 1 2
n+

^?i"g~" 02/i4-07t 1

2.4.6 2w * 2/7+1'
°r T J2v.nn+ * rn .4m 2*1+1*

J_ 1_ 02/i 1
°r

V^V'(^) 2*2«+ 1'

which (since 02/2 and 072 have the limit unity) has always a finite

_3
ratio to n *, Consequently, the series is of the same character as

3

2/i~ 2
, and is convergent. (Page 235.) But it may be shown in a

similar manner that the original series is divergent when s>l, in which

case x is impossible. Here, as in many other cases, a series becomes
divergent at the moment when its algebraical expression becomes im-
possible.

31 . When x lies between nit and (7/+ 1) it

f 1\ / ,.,f 1 cos
3
.r 1.3 cos

5
a? \^+_jx_(_i).|cos ,+___ +____+...,}.

Prove this, both from the preceding, and also independently.

32. Required x in terms of tan x. (tana?^),

d . tan x
dx==- — = (dt—Pdt+i3 dt—....)

1 + tan 2 x

X=S
3
+ ~5

l""
1
"*""

the constant being nothing, since x and t vanish together. This is true

1 1
from x=—— it to x~— ir, or from t=— x to i= + x , though the

series is convergent only when x lies between it and A tt, the44
former exclusive, the latter inclusive. Generally, when x lies between

( 7i—— W and f w+— Jit, £=727r+tano;—— tan
3 #+ . . .

.

33. The following series may be so easily deduced from some of those

which precede, that they are left to the student

:

1 x* 1 x* 2 a:
5 1 xs 2 x'°

loo; sin #=:log,
3 2 45 4 945 6 4725 8 93555 10
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, __ _ jt 1_ x* __2_ ^_ 21 ^ G2_ xxo

sin *^.l*

Verify these by log—-—=rlogsin tf+logcosir.

I now give some examples of finite differences. (Chapter IV.)

34. A sin .t= 2 cos [ x+— Ax ) . sin— Ax :

\ 2 J 2

Acos#=— sin( x+— Ax J.sin — Ax;

253

A2
cos <z= —4 cos (a;+ 20) sin

2

A3
cos j?= 8 sin (a?+ 30) sin

3
6

A4 cos^= 16 cos (x +40) sin
4

35. Let A#=20

A2
sin <r= — 4 sin (x+ 20) , sin

2

A3
sin x= — 8 cos (<r+30) sin

3

A4 sin x~ 16 sin (a?+ 40) . sin
4

36. Let n be any whole number
;

A4" Binars 24" sin (x +4/10) sin
4"

A4nfl sin.r= 24" +1 cos (^+ 4?j+10) sin
4n+1

Ain+
* sin j?= - 2 4 "+2 sin O+ 4?t+20) sin

4n+2

A4"+- sin x— - 24"+3 cos O+ 4rc+ 30) sin
4n+3

A4" cosx= 2
4 " cos(j;+ 4n0) sin

4n

A4n+1
cos x— - 24"+1

sin (*+ I/t+10) sin
4n+1

A4"+2 cos *= -24 "42
cos (a?+4w+20) sin

4n+2

A4,!+3
cos x— 24"+ 3

sin (r+ 4n+ 30) sm4n+3 0'

3*7. Required the successive differences of the first term of the series,

0"!

, l
m

,
2'", 3m , 4m

,
(mapositivewh.no.)

01=1 A.0=1 A2
.0 = A3 .0=: A4 .0 = A5 .0 =0 &c.

m=2 A.02=1 A2 .0
2= 2 A3

.03=0 A4 .0 2= A5 .0'2=0 &c.

m=3 A.03=1 A2 .0
3= 6 A3 .03= 6 A4

.0
3= A5 .0 3=0 &c.

m=4 A.04= 1 A2 .04=14 A3
.04=36 A4

.0
4=24 A5 .0

4=0 &c.

38. The following table contains the differences for the first ten

powers, and the same divided by 2, 2.3, &c.

m

10

A A2

1022

A3 A4 A5 AG A7 A8 A" A 10 m

1559S0 818520 5103000 16435440 29635200 30240000 16329600 ..3628800
9 510 18150 186180 834120 1905120 2328480 1451520 . . 3628S0 2
8 254 5J96 40S24 126000 191.320 141120 .. .40320 3 3
7 126 1806 8400 16800 15120 ...5040 6 7 4
6 62 540 1560 1800 10 25 15 1

1

b 30 150 240 ••••120 15 65 90 31 6
4 14 36 ....24. 21 140 350 301 63 1 /

3 6 ....6 28 266 1050 1701 966 127 1 8
a ...2 36 462 2646 6951 7770 3025 255 1 9
l 45 750 5880 22827 42525 34105 9330 511 1 10

m A 10 A9 A8 A? A6 A5 A4 A3 A2 A
J

m
1
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The upper half of this table, including the dotted lines and all above

them, gives the differences as marked at the top, of the powers as marked
on the left. The lower half shows those same differences (read as in

the bottom line, the powers being on the right) divided by 2, 2.3,

2.3.4, &c. Thus A5 8 — 126000, and A5 .08
-f-

2.3.4.*5= 1050.

The following will not be found in the table : A2 .0 2-^2, A3 .034-2.3,

A4 4
-f-2.3.4, &c. ; but (page 83) each of them must be unity; for

xn being a rational and integral function of the 7ith dimension, we
must have A". #"=2. 3. . . .?*, for all values of x. And for the same

reason A".0'"=0 when n is greater than m.

x—l
39. (Page 79.) xm=z0m+ x.&.0m+x—-— A2

.0m -f-

X ^x
x2—x-b- x(x— l)

x*-x+ 3x (*-])+ x(x—l)(a?-2)

x'—x+ lx (x- l)4-6.r (x-l) (x-2) + x (x- 1) Or -2) (x -3).

40. We leave the following notation, much used by the German
mathematicians,* to be explained by the student

:

x=xl]a x(x+a)—x* [a x(x+ a)(x+ 2a)= x^ a &c.

tf-*1 '- 1 x^x-V-x^-1 x(x-l)(x-2)=x3 i~ l &c.

l^.S^l 3
'
1 1.2.3.4= 1

411 1.2.3 n=l"' 1

1.3.5.7.9=:1512 1.4.7.10.13. 16=l e|3

xn ^
nz^x (x+ n) (x+2n) . . . ,{m factors) .... (x+m— 1 n)

41. (Page 84.) 0'"+ l
m+ 2w+ . . . . +(x-l)m is 2xm

,

^xm—x.0m+x?^&.Qm+x?^?^&l m+
2 2 3

2x^-x(oc-l), 2x*—-x(x-l) + -x(x— 1) (x— 2)

2x*z=\x (x-l)+ x (x- 1) (x-2)+]x (x-l) (x-2) (x-3)
£ 4

2xi=-x^- 1+-xsi - 1 +-x^-'l+-x^-1

2 l
r-A^i-i+ 5;c

3i-i+^^,-i+2x5i-i_
1

_I^i-i
2 4 6

42. Calling such expressions as x(x+a) (x+2a), xmln , &c. factorials,

. t is required to deduce x% x3
, &c. to factorials, without the use of any

general theorem.

1. Let x, x—l, x— 2, &c. be the factors; then

x*=x (x— l)+ x : xi
=x'* (x— l)+<r2

* The only English work of which, we know, in which the student can find in-

stances of the use of this notation (which has not found favour anywhere hut, ia

Germany) is Nicholson's "Essays on the Combinatorial Analysis," London, 1818.



MISCELLANEOUS EXAMPLES AND DEVELOPMENTS. 255

= x(x-2) (x-\)+2x (x-l)+x*=x+3x(x—l)+x(x— 1) (r-2)

x4=x 3(x-l)+x3=xXx-2)(x-l)+2xXx-l)+x3—x(x-3Xx-2Xi;-l)

+ 3x(x-2)(x-l)+ 2x(x-2Xx-l)+ 4x(x-\)+x+
3xCx-l) + x(^x-l)(x-2)=x+7x(x-l)+ 6x^x-lXx-2)+x{x-l)(x-2Xx-3).

2. Let x, x-\-a, x+ 2a, &c. be the factors, then

x z—x(x+a)-ax, xa=x2(x+a)-ax2=x(x+2a)(x+a)
—2ax(x-\-a)—ax(x+a) + a2x

~x(x+a)(x+2a) — 3ax(x+a) + agx

x*—xila- Gax* I
a+ 7a? x^ a- a3x

afe#« I «_i0a*4| M-25aa
.£
3|a- 15a8 x^'+ ctx.

If a be negative, all the terms will become positive.

43. Required the law of the table for An n
, (page 253.)

n— 1
A\0"'=nm-n (n-l)

m +7i —— (n—2)m - ±n.lm^Om

A''-
1

.l
m- 1 = 7l

'i- 1 -(/i-l)(n-l)"- , + (;i-l)^(»-2)m- 1 -..±lm- 1
.

But the first series is n times the second, and by the nature of differ-

ences A"-1 .

1"1-1
is A"~ I .Om_1 -J-A".

0'" -1
; so that we have the following

simple law
An

.0
m=n (A"- 1 m- 1+An m- 1

)

for the upper part of the table ; and for the lower

An .0m An_1
.O

m_1 A".0W_1

2.3 ?f~ 2.3... ~i—i + n
*2.3...~n

This we may verify from the tables as follows :

240=4(36+ 24) 1800 = 5(120 + 240) 126=2(62 + 1)

350= 4.65+ 90 301 = 3.90+ 31 63= 2.31+1

44. To form the differences, and the divided differences, of U
.

Taking those of
10 from the table, we have

A .0
,0= 1

A2
.0 10=1022

A2
.0 10= 1022

A3
.0

,0= 55980

57002
3

A3
.
0" = 171006

A3 10=: 559S0

A4 10= 818520

1023
2

874500
4

A2
.0

n= 2046

and so on up to

A4 u 3498000

A10 10= 3628800

Au 10=
3628800

11

An.0
ll= 39916800

Let the divided differences be signified by attaching accents instead

of numbers to the letter A. Thus A'"0" means A3 m-+2.3, Aiv m
is

A4 0",-+2.3.4, &c. Then
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Aw 0'"= A("- 1} O"
1- 1* >;AW Q'"-1

A'
10= 1

2A"0 10 =:1022

A"0ur=1023

and so on up to

A"'
!0= 9330

4AV l0= 136420

Aiv oll= 145750

A" 10= 511

3A"/010—27990

AW U=28501

A* 10=1
HAxi 10=0

Axi u =l

45. To find the law of the series for xm , expressed in factorials of

x, x—a, x — 2a, &c. In (39.) substitute x+-a for x, and multiply both

sides by am
,

xm— am
-xx

+

A" m
a'"-

2 xs
'

~ a+A'" 0"'"
. a"

1'3 xs
'

~a+

A

w m am
~i a4 '

~a+
—#« - a

_]_ A(m_1) m .axm
- i

I -°+

A

(W!_2j m a2
.t"'

-2
'
_a

-f

46. Let the terms of a series be, c (#+ 6) («+26). . . . (a+,r6)

the first, (a + b) {a + 26). . . . (a + (# + 1) 6) the second, and
(a+('/i— 1) 6) («+ w&) . . . .(«+(#-!- 7i— 1) 6) the nth; required the

differences of any term, and the sum of any number of terms of the

series.

Aa=

b

Aa(a-\-b) = (a+b) (a+2b)—a(a+b)=2b (a+b)

Aa (a+b) (a+ 2b)-Sb (a+ b) (a+ 26).

Aa (a+6) (a+26) (a+36) =46 (a+ 6) (a+26) (a+ 36)

Aa(a-b) (a— 26) (a-36)=46a (a-6) (a- 26).

Thus, denoting by [a, a+ a?6] the product of a, a+b, a+ 2b, . . .

.

a +xb, we have, on the supposition that successive terms are made by
changing a into a+ b,

A [a, a+xb]= (x+ l)b[a+ b, a+xb] "I

j-YNo. of\ x /'Coram. DiffA x fProd. of all the factors^

\factorsy \ of factors. / \ except the lowest. J)

A [a+yb, a+ xb]— (x—y+l) b[a+ (y+ l) b, a+ xb]

A*[a+yb,a+ xb]= (x-y+l) (x~y) 6
2
[a+ (y+ 2) 6, a + xb]

A*[a+yb,a+ xb']= (x—y+ l)(x~-y)(x~-y-l)b3 [a+ (y+ 3)b,a+xbl
i

47. What is the sum of the series

[a, a+yb] + [a+ b, a+ (y+l)b] +

.

t . . +[a+ xb, a+(y+x)b].

This (page 82) is the function whose difference, when x is changed
into x+ 1, is [a+ (x + 1) 6, a+ (y+ x+ 1) 6], and whether xhe, changed
into x+ 1 or a into a+ b the result is the same in any single term. It

is also denoted by 2 [a+(x+l) 6, a+(y+x+l)b]. Now

(y+ 2)b[a+ (x+I)b, a + (y+ x+l)b]=A[a+xb, a+ (y+x+l)b],

or S[«+(*+ l>, a+(y+,+,l)q=C+
[ffi+^^+ C

|)

+
;
+1^;
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but by the hypothesis, 2 [a, a+ yb]= 0, since there are no terms pre-

ceding [a, a-\-yb~\ ; whence making #= — 1, we have

o =04.fc^±y3.
(y+ 2)b '

so that the final result is as follows

:

{*•**]+. . .+[o+*M+(*+*)i]=^±A^^]

[a-b, a+ yb]

(7/4-2)6

48. The following instances should be completely solved by the

preceding process, as well as by its resulting formula.

2.3.4+ 3.4.5+4.5.6=^^^-^-= 204
4.1

5 6 7 123
2.3+ 3.4+ 4.5+5.6= ' ' —^-^-=68

1.2.3+2.3.4+.. . +,. (,+1)Cr+3)
=5<£± 1 )<-+2)(-+3 ) •>•»•*•<»

1 + 2 +3+.. ..+*=

2.4.6.8+..+2r.(2.t+2)(2x+4)(2a'+6)=:

4

tf(a;+l)

2

2tf(2a'+2)(2a?+4)(2j?+6)(2j:+8)

5x2
49. Required l"

!+2m+.. . . + xm , or 2(tr+ l)
m

.

^+l)^(,+ l)+(,+ I),2(,+l)-=
^- i)

f+1V^+C.
But 2.1*^0, C=0, and2(T+l) i= a(j+ 1)

e
(2j+1)

.

o

Again, (39.) (oc+ l)
m= A 1" (x + 1) +^- (o?+ 1>

A3 m

+¥^" (";+1) ";(tl,~ 1) + • , ••

?(»+l)-a^.<x+l)»+^-(.+l)»(»-l)

A3 m

+g78^&»+i)*(*-i)(*-»)+-.

Compare this with (41.)

50. Required the successive differences of l+-[a, a+£&]. As an
instance, take

L I &c
a (a+ b) («+ 26)

5

(a+ b) (a+ 26) (a+36)'

1 1 1

a(a+/>) (a+ 26) "(a+ 6) (a+ 26)(a+ 36) a(a+ 6)(a+26)
S
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36

a(a+b)(a+ 26) (a+ 36)'

Similarly, if uu w2 , uZ) &c. be in arithmetical progression, b being the

common difference,

. 1_ 1 1 -Ut—Un+j

U v M2 . . . .U~U% M3 . . . . ?/„+1 Uv
U.2 . . . . W,,"

-
W x W2 M3 . . . .Wn+l

; whence Z — r. 1-C

1 1 1

UiVs . . ,.un (n— 1) 6 Uiiiss. . . .m„_i

51. Required __+___+....+

-C.

2

2.3.4' 3.4.5' a'0+l)0+2)

1 1 111 1

0c+l)O+2)O+ 3) 2 0+1)0+ 2) 2 2.3 2 0+1)0+2)

for C must be such that 2 vanishes when xszl.

52. Required ^—+^—+^-J— + ... ,ad inf.

The sum of x terms of the preceding is

1 111 1
-, or

0+1)0+2)0+3)0+ 4)' 3 1.2.3 3 0+1)0+2)0+3)'

which, when x is infinite, becomes -

.

Verification.

I _l_-f_J \-J\J-A L_V
3 1.2.3 V3.1.2.3 3.2.3.4/^3.2.3.4 3.3.4.5/^*'

+W^ +
1.2.3.4 2.3.4.5

1 1 1
53. 1- 1 {-.... to x terms is

1.3.5.7^3.5.7.9^5.7.9.11^

1 111 1

(2*+l)(2ar+ 3)(2jj+5)(2a?+7) 61.3.5 6(2jH-l)(2a+3)(2;r+5)

and the sum ad infinitum is -
6 1.3.5

54. Required a'"+(a+b)m+ . .. +(a+xb)m, or 2(a+0+l)6)"
T ,^~ -, a+ b-\-bx . . . . -

A x , . # ,

In (39.) write for x, which gives (44.) making t==&j

0+*+ 1 )
mrrA Om(k+x+ 1)+A" Om(&+a?+ 1)0+^)
+A///Om O+*+l)(&+*)0+a;-l) + ...„

the sum of which, made to vanish when x~ — 1, is
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1 1— AOm (k+ x) (k + x + !)+— &"Om(k+ x -l)(k + x)(k+x+l)+ ..

.

-yAOm (&-l)/e-^. A" (T(/<-2)(/<;-l). *-....

Restore a—b for k, and multiply by 6
m

, which gives for 2 (a+(x-\-\)b)m

— A0m b
m- i

(a+ bx) (a+ bx+b)

+—^"Om
b
m-Xa+ bx-bXa+bxXa+ bx+ b)+ ....

—— A0 ,n
b"

1-2 (a-b) a-\- A" m
b
m~ z (a -26) (a-6) a-

Thus for l
m+3m+ + (2p— l)

m
, (a*=l, 6= 2, x=p— 1), we get

— A0'rt 2"1 " 2 (2^-1.2p+l)+4-A'/0"l.2"-3
(2I;-3.27"^1.22;+l)+ . • .

_— A0m 2m
- 2 x(-lxl)--vA// m 2

m- 3 x(-3x-lxl)-...

55. From the preceding l 2+32+ +(2p-l) 2
is ^-^——

,

C4»2— IV —

1

and l
3+33+ ....+(2^-.l)3=Li ii i

}

o

which may be thus more simply deduced :

(2p+l)^(2p+ l)2p + 2^+ l= (2p-l)(2p-|-l) + 2(2p+l)

2 (2p+1)?:= (gpr 3)(2p-i)(2P±i_) m-M£m+v
K

F

J 3X2 ^ 2x2 T

This must vanish when p= Q, that is C= 0. Again,

(2p+l)3
=(2p+ l) 2.2p+(2p+ l) 2=(2^-l)(2p+ l).2^+ 2.2p(2;;+l)

+ (2p-l)(2p+ l) + 2(2p+l)= (2p-3)(2p-l)(2p+l)

+ 3(2i;-l)(2p+ l) + 2.(2p-l)(2p+l)

+ 2(2p+ l)+ (2p-l)(2p+l) + 2(2p+l)

= (2p-3)(2p-l)(2p+l)+6(2p-l)(2p+ l)+ 4(2;;+ l),

the sum of which, made to vanish when p=0, is

(2p-5)(2p-3)(2p-l)(2p+ l) 6(2p-3)(2p-l)(2p+ l)

4.2
+

3.2

4(2p-l)(2p+l) 1
~

i
~

2.2 8'

Both of these expressions give the same results as before.

56. Required expressions for A00 n+* (that is for A" n+p
-r-2.3. • w)

in terms of n. We have (43.)

^w 0"+? A'-"
-1

'1 B~1+P—nAw n-1+
?.

Let Aw n+J? be <£ («,p) ; we have the

S2
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&cj)(n— l,p)= ncjj (?i, p - 1 ),

where A refers to n. This gives A0 (n,p) =(«-f- L) (?i+ l,p-- 1).

Now p=0 gives A^'O", which (page 84) is =1, whence

A0(7i,l)= (n-fl)xl, or *(«,l)=g«^+l)+C,

Rut A.01+p
is always =1, whence all these expressions become unity

whennsrl. Hence C=0.

A0(n,2)=Oi+ l)0(n+l,l)-i(/i+l) 2(?i+2)

^ ^ «(w+l)(w+2)
,
Q-l)n(n+ l )(tt+ 2)W 2)= 273"

+
^A

u/ " (w+ l) 8
(n+2)C»+ 3) yf (w+ l )«(w+ 2)(w+3)

A0 (n, 3)= — + — _
,w ON_[n,n+3] [»~l,n+ 33

,
Q-2, w+ 3]

57. From the last it appears that <j>(n,p), or A(n) K+P
, when divided

by the product of all numbers from n to n+p, both inclusive, consists of

p terms of the following form

:

AW 0*+p

A,+A1 (7i-1)+As (w-1)(«~2)+ ....

+Ap>![w-1, w-p-j-1],

Required the law of the coefficients A , A l5 &c.

These may be easily expressed by means of the following p quantities,

A(1) 0' (or 1), A (2) 2+p
, &c up to A (p) 2

". Assume n in succession

to be 1, 2, 3. . . .p ; we have then

A(i) 1+p A(2) 2+p A (i) 2+p A (1) l+p

:Ao> ,„ .o , -,—A +Al, AttS;
[I, 1+p] °'i2,2+p] °7. *' ' [2,2+p] [l,l+*>]'

^(3) Q3+P ^(3) Q3+p 9^ (2) 2+P A(0 l+J'

= A +2A
l+ 2A23 2A,=--—-_=——-+___,

[3,3+p] ; ;'
2
' * [3,3+^J [2,2+p] [1,1 +p]'

^W Q4+P ^(3) Q3+p ^(2) Q2+p ^(1) Ql+j)

3,2,As=
[474T7i"

8
[^+pl

+3
D2T2+p]" [1.1+p]'

giving a law in which the. coefficients of the binomial theorem will be
always found. We have then (& not >p)

„ . „. A(y 0*+' Af^O^ .J-IA^O^

58. Apply the preceding to express A ("->0*+4
,

. _ 1_ , _ 31 1_ _ 25__
°~2.3.4.5 M"~2.3.4.5.6

—
1.2.3.475~lT2T3.4.5.6
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301 _ 31 ,1 .105
'3.4.5.6.7 2.3.4.5.6^1.2.3.4.5 2

[2,7]

1701 301
,
_ 31 1

3.2A8- , . „ , ^ -3 „ „ „ — +3
'4.5.6.7.8 3.4.5.6.7 2.3.4.5.6 1.2.3.4.5

630 ,
105

-; or A 3
—

.

""2.3.4.5.6.7.8' 3 2.3.4.5.6.7.8

Aoo «+4_I^±i] {336 + 1400 (n-l) + 84o!
7l

~H+105<7i-2ii.
[1.8] [

hi— 2) [ti-3)\

59. In the preceding, it is found, that if

U„=A +A lw+ Ag?i(7i-1)+ +Ap-i[n t n—p+2],

then [1,'ifcI.A^Ufc-AU^+A^-U^-....,

provided k<p. This also is an obvious consequence of page 79, which

gives

U,,^U -fAU .7*+^ rc(rc-l)+

the first and third series (k<ip) contain the same number of terms, and

are identical : we have then

60. To expand (g*— 1)" in powers of t, n being a whole number.

n— 1

In £'" - nsP-1*+ n -—- s<"-
2*.-

. . . . + >/s< + 1

the coefficient of f*-r-(l . 2. . . . m) is

n—

1

n"—n (n— l)
m+n-^- (n-2)m— . . . ±111"+ 0".

But the last series is An
.O'"; and this is =0 whenever ??>?«:

whence
A".0" A\0B+1

., A".0n+2

K }
2.3 ...?i ^2.3....n + l

+
2.3....n+ 2

+'"

61. Required Y
p =J^n—- —

. . . ,(p terms). . . ,d?i,

fldn=l f\ndnzz- j)>n—-^dn———.

These are easily found by multiplication and integration : thus

yw
W-l «^H dn=?

.ly.
(n8_gn8+2M) dn=

1_(^_^^\
which, taken from ??~0 to ?&— 1, is
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iG-i+iK (
°-o+o),m

a-

But at every step the difficulty of the reductions increases, and the

following method is given to show the manner in which the process of

finding a large number of successive results may be shortened.

/ (1 + #)" e*n= (1+ #)
re4-iog (1 + #)

-
=

1 + x 1_ ^ x
J o (1 +'*>* rfn

-io^r(i +7) ~ log ( 1 +.r)
~

log (1 +^j

n— 1 n—

1

n— 2 „

(l + #)'— l+ nx+n—-x*+n—^ — a?
3+.., ;

:.fl(l+xydn=zl+V 1x+V2 x*+Vs x
3+ ,

or Vm is the coefficient of xm in the development of a:-Mog (1 + .r), or of

•^l + Vltr+V2 a;
2+V3 ,r

3+ ....1—ix+±x*—
Clear this equation of the fraction, and make (l+V^^- )

(
1—- x + . . . .

)
identical with 1, which gives

VJ^i^ v'4s0 v-- Wo

v
5
4v4+|v3

-lv2+|v1-4^o v* A
v,-4v5+4v4-4-v8+4-v2-4-v1+4-=o v

6
2 ° ' 3 * 4 8

5
a

6 * ' 1
6 60480

and so on.

62. Required An$x, in terms of cliff, co. of 0.r, the series from
which the differences are derived being <f>x, 4> (x+ h), (x+ 2h), &c.

It may be shown, as in page 166, that &n
4>x can really be expanded

in a series of the form afy^x .hn+a i 4>
<-
n+^x.h^l+l)+ . . . ., where a,. ffls

&c. are independent of the function chosen. It therefore only remains

to assume the function by which they may be most readily found.

Assume
&n

<f>x— a(j>Mx . h
n+a^^x . hn+l+a^+^x .h

n+2+
Let <}>0=£*, then A<$>x=ex+h-ex~(eh-l)ex

; &(f>x==(s
h-lXex+h'-sx

)
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= ({''—\ysx
; and so on: -whence A"0.t=(/'— i)

n
£
r

. And 0'"^

r=0(n+1)
lr, = s* : whence

(g
/'-l)"= «/i"+ « 1

/i"
+,+ a2 /i

n+2+ . . ..,

or (60),

A» nn+l A" 0"+2

[1,W+1] [l,?i+ 2]'

A2

A0x=0'jc .A +0'' j?
— + 0'"a;^

A*<t>x-<J>"x.hs+ <J>"'x.h
3

+ft
vx ^ f

+ 0"'a;
/i
3

273

+ iv
J?

+ T^
5/i5

4

+ vi
.r

13A'

~6~

3A4

&<j>x=</)'"x.h
3+ ft

vx — + T* -^ +

A4
cf>x—4>

wx . A4 + V
a: . 2/i5 + v

'\r -^- + . . .

.

A^r=4"*.* ,+*Ctf6*n?^ +^"+p^-
(8W' +

Q

W)

|

;t
'^

+ • • •
•

it - <J . 4

63. Required the inversion of the preceding process, or the expan-

sion of <ji
wx in terms of A^r, A2 ^».r, &c.

As in page 166, it may be shown that a series may be assumed of the

following form, in which a, al3 &c. are independent of the function

chosen :

hn . 4j("\v— «A"0.r+

a

t An+1^^+ a2 An+2
(px+

Let 0.r— £*, and we have, as in the last,

/i"=a(g*— l)
n+ a, (g"-l) a+1+ a2 (g

ft-l)n+2+ ....

Let £
A— 1= 5;, or A=log(l+ z) ; whence

{log(l+«)}"=a^+a 1
^+1+ a2

2"+2+....,

whence a, al} &c. are the coefficients of the expansion of the 7ith power

of log (1 + ~), or of the ?*th power of 2-.-':s+ ....

64. Required the expansion of (l+ bx+cxa+ ex3+fxi+ . . . )
n

Let u~¥ n
, then P -^=»m— ; or if «=1 +B.r+C.r2+E 1z

8+
ax ax

we have

(l + 6x+c.r2 +.... )(B + 2Ct+ )=w (1+B*+C*2+ . . ..)

(&+2ca?+..,.)-

Develope the mutiplications, and equate the coefficients of corresponding
powers of x. which gives

Bz=nb

2C+B6s:2ne+»6B; C= nc+ ?i

?-^ b\

Proceeding in the same manner, and making
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n— l n— 1 Ti— 2
n —-——n2 n— — s= ?i3 , &c &c, we have

B-nb
C=znc+n2

.b*

E— rze+7? 2 .26c+n3 .6
3

F

=

nf+ n 2 (2be+ c2) +n8
. 363

c

+

n4 b
4

G=ng-\-n2 (2bf+2cc) + n3 (3b
2
e+ 3bc*)+ niAb*c+n5

b»

R=nh+nz (2&g+2c/+e2
) +na (3&

2/+ 66ce-f c8
)+ w, (46

3
<?+ 662

c2)

+ n
5
.56 4

c + n
6
66

.

Though this is a good exercise in the method of indeterminate

coefficients, yet the preceding coefficients (as far as Hr6
) will be found

more easily by actual development of

l+n(bx + )+n 2 (bx+ )
2+ . ,. .

65. Required (l + | x-\-^+ m . , . .Y, or f*2SiLz£>Y

6~2 3
C=

3'
e==

4'
/=

5' *=6' 7^7
1

2
n

n 1 1 3n+ 5

t,
1

L l 1 «(«+2)(n+-3)

4 3 8
3

48

_ 1 13 1 1 15n4+ l50w8+ 485na +502?i

5 36 4 16 5760

_ 1 11 17 1 1

6 30 48 6 32 5

„ 1 87 59 7 5 1

H=7 W+
2T0^+ l^"8+ 2l"4+i8^+ 6l

n6 -

1—Br+ Cr2—E.t3+Fr4 -

Changing the sign of x, we have

'logCl+aQY

Verify the results of (61.) by making n—— 1.

66. From (63.,) and (65.),1111
(h'x .h =£x —~Ax4r— A3r r&4

x-\ A5x— . .

2 3 4 5

II ^ 1 ^T
4>" x . A2=

A

2x— A3
.c+— A4r A5r+— A8r— .

.

3 7 15 29
4>"'x . h3z=A3r A4r+— Asr &«x+— A7x— .

.

2 4 8 15
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17 7 967
^"x.h'— A*x— 2A\r+— A«.r— - A7

.r+ A8j:—
6 2 ^40

67. Required fl*yx dx, in terms of y , y$ , y,Q . . .

.

/- ya <fc==/*2 y. dr-f/f y, cZ.r+ . . . +f%. l)t y, dx

Let x-k9+ vd /["+ l)9

yx dx-f\ yk9+v , 6dv

yk+vi-yM+vtyke+v -— A 2
?/M+—

,

the differences being taken from the series yM , y^i^. ... By (61.)

f
l

o yk0+v9 6dv or] f 1 I
a I

'

19 , 1

y&£ dx= }{*•+! Aj
"-I5

A8y
»+ii

A,^»-
7-Fo **•+ • • • • I

e
-

Applying this result to the several intervals into which nO is divided

above, we have

fl y* fo=(yo+l^-~ *v.+5i
ASy

°~~^d
A^° + ••••) d

fVy,dx=z^yB+-Ayg
-—^y9+— tfye

--JL A*ya + ...\ Q

ffn-^a y* dx=y in. iy>+ - Ay(n_ 1)9
— ....

The addition of which gives

fl'yx &={ Syn8 + 1 2Ay„ -i SA2

yne-f^ 2A8

y„a
- . . . . }

2A ?/„,=:A 7/ +A^+ +Ay(B . 1)9
= y„ e—

y

2A2

y ;i)
= A"y + A2

y9+ . . . . + A^.^Ay,,,—Ay &c.

,, 9

J%
3

yz &r=02y„,+- (y..—y.)-^ (Ay„.-Ay
(1
)+— (A2

yn9-AJ

y ) - .

.

68. As an example of the preceding, let yx=x,

2yn9=O+e+20+ . . . . + (tj-I) 0=- w (ti—1) 9

Vno—yo=w0— 0=710; Ayn9=0, Ay
o=0, A?

t/s9=0, &c.

fl°yx dx--n(n—l)0*+-7!02+ O=-?! 2 2

3

which may easily be verified.

69. Required S?/x in terms of yr and its differential coefficients.

From (67-), making nB—x and 0=1, it is obvious that if the values

of Ay„ &c. be substituted from (62.), a series will be obtained which
may be reduced to. the following form :

2y,= fly, dx+V (y,-y ) + P 1
(y'-y' )+P, (y"*-y" )+ ,

where y'a=diff. co. yx and y' - is its value when x=0, &c. And P,, Ps ,
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&c. are independent of the value of x and the form of yx . We must

therefore choose a function "by which they may be determined.

£"—

1

Let yj=f, then 2£M=l+ £
fl+ .... +£<-»•:=——

f* e"dx=——, ^-2/ =£a*-i, ^-y =«(£--i)

y"s-f ^d? (£
a*-l), y'W''o==a8 (s

a*-l), &c

Substitute, multiply by a, and divide by £"— 1, which gives

——= l+~Pa+ ~P l a?+Pza
3
-i-~P3 ai+Pi a

5 + ~P5 a6 + .,.,

1 la2 la4 1 as _(16.)-l--a+--
-§o[i] +

42[6~]
""

Hence

"^42 2.3 6 30 2.3 8 66 2.3.... 10

This is the series alluded to in page 165, and it might be obtained

from A- 1 m= (s
d*-1)- 1

m.

2 (2J?+1)'=
(2J+

6

1)'~ 1

-| (,(fe+lV^-l)+|*.

The following are examples on the subject of Chapter V.

71. £=0 (#,?/), ?/=0 (z,#), or z is the same function of a: and

y, which y is of z and # : required all the cliff, co. of this system.

There are three variables, and two equations ; consequently there is one

independent variable.

First, let the independent variable be x ; let </> and <\> l
denote the

function of x and y, and of z and x.

dz d<fi dcf) dy dy dfa dz d4>
x

dx dx dy dv dx dz dx dx

dy fd<t> x
dcj) dfi\ t

/ d0
t
d<\>

dx V dz dx d.r J
' \ dz dy

dz fdfjt
x
c/0 dj>\ . / dfa d(f>\

dv \ dx dy dx] ' \ dz dyJ
Secondly, let the independent variable be y.

dz _db dx f/0 _ e?0, dz d$i dx

dy dx dy dy dz dy dx dy
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dx / . djfct dtf)\ ./dfa dj> £$0A

dy~~\ dz dy) '\dz dx Ufa J
dz (d$ (tyi (l<p\

t
/r/0, d<f) dfi \

dy \dx dx dy) ' \dz dx dx /
Thirdly, let the independent variable be z.

, d<£ dx d<t> dy dy _#, d$
t
dx

~~dx dz dy dz' dz~~~ dz dx dz

dz \ dz dy) ' \dx dy dx J
_(dj\ dj> d<j>\

t
/df d(p d^A

\ dx dx dz ) * \dx dy dx )'

dy

dz

72. ze-x*+y, y=z 2+x.

1.
cIl=2x+^
dx dx

dy „ dz ,
-^=r2z r-1
dx dx

dz_ 2.r+l dy 4xz -f I

dx~ l^-~2z dx 1— 1z
'

2.
dz^_ dx

dy~~ dy

dz dx

dy dy

dz__ 2x+\
dy 1 + 4xz

dx _ l— 2z

dy l + 4xz'

3.
^ dx dy

1= 2* T +/
dz dz

*k~2Z +^
dz dz

dx_ l—2z dy __ 1 + k$z

dz~~ 2~r+7 dz 2a,+ 1
'

This example is given at length to illustrate the fact, that when
there is only one independent variable, whatever the system of equa-

tions may be, the algebraical character of the diff. co. pointed out in

page 54 remains : thus in the present instance

dz dx , dz dy , dy dx ,

dx dz dy dz ax dy

73. <fi(x, y, -0— 0, which requires that s should be a certain func-

tion of x and y, implied in the preceding equation : required the first

and second diff. co. of z with respect to x and y.

When there are (as in this case) two independent variables, and two

only, the notation of Lagrange is sometimes convenient : or

t
_dz _dz d2z _,__ dqz ^z

.

z'~
dx

1
' dy dx*' ' dxdy " dy2

but when a function has several variables, as <j) (x, y, z) the partial diff.

co. are expressed by Lagrange thus, 0'(^), </>'(*/), and 0'(5), which is

objectionable. The notation used by Arbogast is as follows ;
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When there arc several variables, this may be modified* as follows

:

D,0 for ^, D«„0 for /£-, DJ for% &c.
dc s dccdy dx*

Leaving the student to employ either of these notations as an exercise,

T will suppose
d0s=M<l;£+Ncfy+Pcfe=6.

„ nn dz M dz N
Page 96 -=- = —— 7-——^5dx P dy ¥

dz* dz P \ «o? dz /

I \dr dz dx) \dx dz dxji

r„/rfP MdP\ „/<M M<iM\\
={M U-F&J- p l^-p*r,Fp

= |Mpf-p.^+Mpf-M4Up
I da; dz dz dz)

={MP^ +*!Vp«MfLp
I \d.r ' ds / a.r dz J

d(/)d(f> d2 fd(j)\d,
2
(j) fd<l>\*d

2

(j)\ (d<$>
2
dx dz dz dx \dzj dx* \dxj dza

) ' \di

dH_ _ __d M__ __(L_ N
dx dy dy P dx P

_ J d0 /d0 _d5

0_ d0 d 2 \ cty d(j> d*(j> /d£s*jF$ \_j(<fy

\dz\dxdydz dydxdz) dxdydz 2 \dz/dxdy\ ' \dz

d*z_ __d N
dy*~ dy P

~
\ dy~dz dzdy \dz~J dy* \dyj dz*) \dzj

'

74. Show from the preceding that

(df\Ud?z #z
f

d>z Y\ x /d0\«
Y /rf0V

. y^V
\
s^y (tZx2

'

efy
2 ^do? d?// J V dx)

+
\dy /

"*"

\dz )

* The system alluded to in page 198 (note) consists in writing dxy for -j , &c.

The confusion thereby introduced as to the fundamental meaning of the symbol <l

is reason enough against this system : had the capital letter D been substituted, as

by Arbogast, it would have had some claims to be used coordinately with the old

system. I should recommend the student always to use the common system in

expressing results and reasoning on principles ; employing the one now explained
to shorten mere processes, when the common notation becomes of troublesome
length,
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+2X'^+2Y'^^+2Z'^^-
dy dz dz dx dx dy

1

X'-—- -^- — d—
dz dx ' dx dy dy dz ' dx*

dx dy ' dy dz dz dx ' dy*

<fcj> d*<p / d*0 V d2 d2 _^_ d2

^
d„t2

' dy2 \dxdyj dy dz' dz dx dxdy dz2

^0 d*0 / d2 V
dy2 '

d,s
2 \dy dzj

Y
_d*0 d*_0 / dV V

dz2
dj?2 \d2 dx/

75. Show that R=p£>Q^ gives P^+Q^R^o.
dx dy dx dy dz

76. Given c[> (p, q, r) ==0, where each of the three, pt q, and ?; is

a function of all the three, x, y, and z ; required —- and —

.

J x dx dy

d« fd(j> dp d<p dq df dr\ fdf dp dty dq d<p dr\

dx -Kdp dx dq dx dr dx) ' \dp dz dq dz dr dz/

in which x may be changed into y throughout.

The following are examples of methods subservient to integration.

77. What is the value of the cliff, co. of (x— a)'".0x, when x—a;

(px and its diff. co. being then finite, and m being a whole number.
D'

c standing for the A'th diff. co., we have

I)
k {(x—ay\(px}= cpx.I>

k (x—o)m+ k<p'x.I)
k- 1 (x-a)m+

+ kcp(
k- l\v.j) (#—a)m+(pikyx.(x— a)m;

When ,rr=fi, D"(x — a)'" is =0, whether v be >m or <.m, and only

has a finite value when v=.m, in which case Dm .(x— d)
m

is [m] or

1.2.3. .. .m. Consequently, when A- is <m, the preceding always

vanishes; but when Ic is m+ v, v being a whole number, we have

(when x~a)

D"'+"{(o;-g)" i

.0.c}=[m+t
r

,

J"
+ 1]

. [w] .
0Wa= |>+ 1, v+m].^a.

The preceding result may be thus confirmed : by Taylor's theorem,

and multiplication by hm
,

hm+2

hmcp (a+ A)= <pa . hm+cp'a hm+1+ 0"a—-+

But by Maclaurin's theorem, A , A l5 &c. being values of hm d>(#+ A)

and its diff. co. when h—0,

h2 h
m

hm <p(ia+ h)=A +A1 h+A2
~-+.... +Am y— + ... .,

(u,a
whence Am+ „= [m + r] x -7-=-= [y+ 1 , v + ni] •

(l
°a.

for /i write #— a, and we have (<r — a)"
!

<j>.r; and A= when .r=a.



270 DIFFERENTIAL AND INTEGRAL CALCULUS.

78. For O — a) 3 0x, A =0, A, = 0, A2 1= 0, A3= 1 . 2 . 3 0a,
Ai=z2.3A.<p'ai A5

=3. 4.50% A
6
=4. 5. G<t>'"a} &c.

19. Required the values of the successive cliff, co. (,z=a) of

^={A + Ax (x ~a) +A
2
(x-a) 2+ . . . . +Am (x-a)m+ } 0.r.

Apply the preceding rule to the several terms of the form A„
t
(x— a)

m
fx,

and we have

fa =A
o 0a

fa r=:Ao 0' a+lAxfpa

Y'"a=Ao0"a+2A 1
0' a+1.2A2 0a

f'"a^=A 4>'"a+3A 1
4j"a+2.3A2 <j>'a + 1.2.3 A z <f>a

y ?a=Ao0iv a+4A 1
0'' /a+3.4A2 0'

/a+2.3.4A8 0'a+1.2.3.4A4
0fl,

and so on, the law being very obvious.

80. Having fx and (j)X, two rational and integral functions in which

fx is of a lower dimension than (a?

—

a)m <j*x, it is required to expand

fx-t-(x— ci)
m

<t>x into a set of m-\-\ fractions of the form

V* A„ A l ,
Am._! /or

(r

—

a)
m
4>x (x—a)m (x — a)

m~ l x—a <px

This equation, cleared of fractions, is

fx={A +A l ix-a)+....+Am . 1 (x-a)
m- 1 }ijix+fx.(<x—ar;

and every cliff, co. of the last term.fr (x — a)m, which is under the mth.

order, vanishes when x=a. Differentiate m— 1 times following, and

make z—a in the results, and we have thus m equations for the deter-

mination of A ....Am _ 1} precisely of the form obtained in the last

example; namely,

A , V^
fa ==A <pa, or A r=-^-

<pa

fa
f'a=.A (^'a+Al (ba or A^f'a—7— 0'«, &c.

(pa

One differentiation more gives

f^a— {A 0t*)a+

m

Ai
(m- 1^ +.... }+ 2.3.... m/a

,

whence /« is finite or nothing. Consequently fx is an integral and
rational function of a?; for it is the difference of two such functions

divided by (x

—

d)m , which cannot be finite or nothing unless the numera-
tor be divisible by the denominator. And fx may be found by the opera-

tion just indicated.

81. It is required to perform the preceding process upon the fraction

(a;
3 +l)-!-(tf-l) 4.02 +l). Here

fxz=xs+l, (px—x2+l, a=l, m=4,

^3+l A A, A 2 A3 , fx
r-TZ—TT5 +t-—7T, +1—r +:(x-l) 4(^4-l) {x-Xf (x-iy Gr-1) 2 x-l -a?+l
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2=A .2 A =l

3=A .2+A 1 .2 A,=-

6=A 2+A
l
.4 + Aa .4 A,=i

6= Aj.0+A,.12+A,.W ^=-4

fx—-(x—])

x3+l I 11 11
(x-l) 4 (x2+ l) O-l) 4 2 (x— l)

3 2 (x— l)
2

1 1 1 (*-!)

4x-l 4 x2+l
'

82. To perform the same process on

(a,
4—fa?)^(a_2)'(ff-»l)*(g—3)(«--5).

The labour of such a process, which is considerable when there are

many factors in the denominator, maybe lessened by previous reduction,

as follows :

x*—6x3 P A , B
(x—2)

3 (x-l) 2(x—3)0— 5) (f-2)"(x— 1)" x-3 x-5

Multiply both sides by x— 5, and then make x=5, which gives

125X-1 „ „ 125

"27X6"^"^
B'°rB=: ~864-

81
Multiply both sides by x — 3, and make x:=3, which gives A—-—,

8

p (a,_3)(a,-5)= x4-6xM^x-2) 3(x-l) 2|— (x-3)-— (x-5)
J,

and the first two diff. co. of the latter term vanish when x=2.

Assume T—-^r—rr* — , L, +7~~rr2 +~H +;
'

(x-2) 3(x— l)
2 (x—2)

3 (x-2) 2 x-2 ' (x— I)
8 '

then since we need only two diff. co. to determine A , A 15 and A 2) we
may use x4 — 6x3

instead of the second side. To determine A , &c, we
shall have to differentiate P twice, and make x—2; we have then,

neglecting the terms which must vanish,

P (x—3) (x- 5 )= x4 - 6x3+
P'0-3)(x— 5) + P(2x-8)= 4x3-18x2+

P"0—3)(x— 5) + 2P'(2x— 8) + P.2=12x2-36x+. . ..

Or making x=2,

3P= -32, 3P'-4P=-40, orP'=—~,

3P"-8P'+ 2P=-24, P<'=-^.2"
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Hence, to determine A , &e , we have fx— ¥, 0.r=(x— l)
2
,

32
(79.) —=A

2008
:A .2+A,4+ 2A2 A2=-^

27
' a *

27

32 1 56 1 380 1 /ar

(a—2) 3(z-l)2 3 (x— 2)
3 9 (a;—2)

2 27 tf—2 ' (x-lf

P B„ B
t />

Again, assume ———

—

—

-

2 + 7 j\ +: "

{x-2)\.x—\y (x-iy2 ' < -i) ' (x-2f

When a>rsl, the latter term of P and of its first diff. co. vanish ; and
proceeding, as before, we have (when x— 0) fx=P, <j>x=(x— 2)

3

,

P.8=—

5

P'.8—P. 6= -14 F=--^i

(79.) --|=B„<-1) B,=-|

_!2=B .3+ B,(-1) B,^'

~5"
"qo" ~ t ^ (I o\s

.

•
• (/')•(a—2)

3 (.r— l)
2 8(.r-l) 2

' 32 a?— 1 (a?—2)
3

But since (/) and (/,) are identical, the form makes it obvious* that

the indeterminate functional part of each is the determined part of the

other: putting these determined parts together, with the two fractions

which were separated at the commencement of the process, we have,

as a final result,

x*—6x3 32 1 56 1

(a?-2)3(a'-l) 2(a'-3)Gr—5) 3 (x-2) 3 9 (x—2) 2

3S0 1 5 1 131 1 81 1 125 1

27 a:—2 8 (a-— l)
2 32 a-— 1 8 a;—3 864a;-5

83. Given <px-=(x — a)(x—b)(x—c)...., where no two of a, b,

o, . . . . are equal, required ^x-—(px in the following form,

X_=sWJ?+ + -+ + ....,
<px x—a x— o x— c

rsx being the integral part, if fx be of higher dimension than <px.

If <fix be also given in its expanded form, Xn-j-px'
1' 1+ . . . ., common

division will ascertain ^x better than any other method ; but \£'4>x be

no otherwise known than as the product of a?— a, x—b, &c, the process

* That is, when «^x is in the first instance of a lower dimension than the deno-
minator. Were it otherwise, fx-^-{x— I) 2 and/Jar (a?— 2)

3 would each contain the
integral portion, besides the fractional portion of the other. This integral portion,

if any, may be found as in the next example.
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of involution* will be more convenient. If ^x=Mxm+M l
xm

~ l+
M,x'"" !+ division by x—k will give M^-'+ CM^ + M,) af»-

a
-j-

(M/c9+M 1
&+M 2)x"

,~ 3+ . . . ., whicb gives the following rule for suc-

cessive division by x— a, x— b, &c.

M
M,
M 2

M
Ma+M,=N,
N

1
a+M 2=N il

M
Mft+N^P,
P.i +N^P,

M
Mc+ P.^Q,
Qic+ P2=Q2

Go on in this way until the divisors are exhausted, taking only so

many terms in each column as there are coefficients in the quotient to

be determined.

Thus, to find the integral portion of xa— a-3—x divided successively

by x— 1, x— 2, and x— 3, we have

Ans. x*+ 6x'2+2bx + 89 : the first column
contains the given coefficients ; the second,t those

after division by .r— 1; the third after division

by x— 2 ; and the fourth after division by ,z — 3.

The blanks show where work is needless.

For the fractional portion, multiply both sides by x~ a, and then

make x=a, which gives

1 1 1 1

1 3 6

1 7 25
-1 14 89

-1

A= 7 JT7 >; > similarly, B=- -~—-
(a— b)(a— c).. . .

•" (b— «)(6-c). ...

C= yc

(c—«)(c— b). . .

.

, &C.

84. Required the decomposition of (x7 — 4a;
8

-f- 3x
i - Sr1

) divided

by the product of x— 1, x— 3, x+ b, #-|-7,

1 3 -5 -7

1 I 1 1 I

-4 -3 — 5 -12
3 25 109

-2 -2 2 -127 — 890

V(l) V(3) 81

(l-3)(l + 5)(l + 7) 48' (3-l)(3 + 5)(3-f7)' 80

* See the Penny Cyclopcedia, article Involution.

f It is an advantage of this process, that the use of the divisors in a different
order will serve for verification.
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y/ (-5) ___L^^. Vf(r-7) _ 674681

(-5-l)(-5-3)(-5+7)~ 48
;(-7-l)(-7-3)(-7+5)~~~80~~.;

whence the final result* is

x7—ix6+ 3x5 -2xi .',..'„ 11
=x3 -12^+ 109^-890+-

(*— l)(a?-3)(a;+ 5)(ar+7) '48 07-1

81 1 75625 1 674681 1+—~
80 x-3 48 x+ b 80 x+ 7

85. Such an example as that in (82.) may he reduced to a succes-

sion of such operations as the preceding, in the following manner.

f

First,

x4—6xs ,51 32 1 81 1—=H u_
(x— l)(ar-2)(a?— 3)(a?-5) 8x— 1 3 x—2 4 a; -3

125 1

~~2i x-5

Divide both sides by (x— l)(a?— 2)
2
, and take the resulting fractions

separately.

First. s=
(a?—l)(a?-2) x-2 a?—

1

1 1 1 111
(a?— 1)0?- 2)

2 (£-2) 2 (a?— l)(a?-2) (a?-2) 2 a;—2 a;—

1

Secondly.

1 1 11
(x— iy(x-2Y (x-2Y(x— 1) (a;—2)0— 1) (a?— I)

2

1 1 1 1 1 J_
"0-2)2 ~~2 +^_ i ~x~^2 +x-l +

(a>-l)2

* The calculations of •v/- (3), ^ ( — 5), ^ ( — 7) should be performed by involution

:

and the safest plan is to put down every step of the work. Thus, for $ ( — 7), the
complete calculation is as follows :

1

X-7
-7--4=-

X-
-11
- 7

r3r=80
X-7

77^

-560--2=-562
-7

+3934
-7

—27538
-7

+192766
-7

^ (— 7) = — 1349362

f This example, though prolix, is introduced as a succession of simple examples
of the preceding case.
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5 1 5 1 5 15 1 5 1

+ 7 7 tt^+t-80— 1)
2(>-2)2 8 (x—2)

2 4x-2 8 (x— I) 2
r4x— I'

_,. ,, 1 1 1 1
Thirdly. r = -, +•

0-l)(o:-2) 3 (x— 2)
3 (a?—2)

2 (x— l)(j?— 2)

32 I_ _32 1_ 32 1_ 32 1 32 1

'3 O— 1)(>—2)
3-~Y (a— 2)

3
+

~3~(tf— 2)
rIx-2

+
3 *-l"

Fourthly.

(X--1)0--2)*0-3) 0-2)%r— 3) 0— 2)(.r--3)-* o-DO-3)

1 1

a;—

3

1

x—2
1 _1

~~2~a

1 l

2r-

1

(*-2)0--8)- -1)0-3) -1

1 1 1 1 1
1

3 j

1

(*-2) 20--3) 2)
2 O--2)0'-3)~ 0--2) ;

B—

2

1 1
4-1

l 1 1

o--!)(*•-2) 20—3) O—2)
a

' 2x—

3

2 X— 1

81 1 —

,

81 1 81 1 81 1
*

4 (r— 1)0— )
20—3) 4 0—2)? 8 x— 3 8 x— 1

i ill
+-

O—1)0-2) 20— 5) O—2)
20— 5) O—2)0— 5) O—1)0— 5)

i __i_i i i i_ _I_L i i

0-2)0-5) ~3.r— 5 3^-2 (x—fJO- 5)
-
4x^5~4 x— I

111 1

r- f>\ q r*._0\2
"*

(x-2) 20— 5) 3 0-2) 2 3(jf—2)0-5)

1 1_ 11 11"^
~ 3 (x—2) 2 9 a;—2 ~^9 x~^5

1 11 2 11111
0r-l)(x-2) 2(x-5) 3 (x-2) 2 9 x-2 36x— 5 4a?-I

125 1 125 1 125 1

24 (x-l)(x-2)*(x-5) 72 (x—2)2 108 x-2

_ l^L —— 125 X

864 #-5 +864x^T

For a moment let P„ P2 , P3 , and P5 stand for x— 1, x—2, &c, and
collect the five results, which gives for the original fraction

^P24Hp_^p ,ii5 P* i^ P - 125
P4-

125
P

4.
±Vf 8^8

8
^1+

72
r
'"l08

r
' 864

Fi+
96

Pl

T2



276 DIFFERENTIAL AND INTEGRAL CALCULUS.

—!H 56 380 5 131 ,81p_125p
~~

3 * 9
3

27
i+

8
1+

32
1+

8
8

864 "

the same as before.

86. It is required to decompose tyx-i-(x:
n— 1), tyx being a function

of a lower than the nth degree.

Let a be a primitive nth root of unity, (page 130,) then all the roots

are 1, a, a2
. . . .a"

-1
, and by the preceding method (with page 130)

V# V* 1 aVa 1 a"V«2
1 an~ l

^cc
n~ l

1

a.'™— 1 n a — 1 n x— a n x — o? ' n x—a"' 1

Let V^—

C

+Ci #+.... +C„_ 1 a;"~
1

, and let cosyu-fv — 1 sin ju and

cos /i—v — 1 sin ju be two of the nth roots of unity, jj. being a multiple of

2ii'—n : call these roots r and r'. The two factors belonging to these

roots are then

r^r 1 r'tyr' 1 _1 (r\ff?*+ i
J
fr') x— ?r'(Vr+ Vr ') _

w ' x— r n x— r' 11 x2—(r+r')x+ rr'

2(C cos/i+- • •+C„_, cos 7^) x— (Co+CiCos/i-f. . .+C„_!Cos(?i — 1)^)

74 tf
2— 2 008/^.^-1- 1

87. Required (2-(-x
2
)-f-(x

6-l).{27r-H6 is in degrees 60°},

Co=2,Cs=l, cos 60°= cos 5. 60°=
J,

cos 2. 60°= cos 4.60°=-^
1 2

2+ a2 _l 1 1 1 1 1__ 1 1_

a-
8— 1 ~2#-l 2j;+1 2 a*— ,r+l 2x2+ s+l"

88. Every thing being as before, except that the denominator is

it

xn+ 1, /lz must be one of the odd multiples of -, and we have

V# «Va 1 /3V/3 1 "V" 1

x"+l w # — a n x— (3 ii x—v

where a, (3. . . .v are the n nth roots of —1. These nth roots are odd
powers of any one of the. primitive roots : for instance, if

TV
/ . IT

&:= cos -+ V — 1 sin -,
n

the other roots of —1 are a3
, a

5
. . . .a

2"-1
.

89. Every corresponding pair of roots of the form cos/x+ V — 1 sin/i

give in the decomposition a fraction of the same form as the last in

(86), with its sign changed : thus (jj. denoting tf-^-ii)

xm 2 cos (m -f 1 ) jj, . x — cos ra/i 2 cos (3m+3) f.i.x- cos Zmp.

1-1-j?" ii x — 2 cos /i . ,z+ 1 n ,t
2— 2cos3/t.a:-f 1

the number of such fractions being half of n, when n is even, and of

n— 1 when n is odd : but in the latter case there is the additional frac-

tion ( — l)
m+1

-7-n (#+1) arising from the real root —1.
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6x* V3 .j;- 1 _2_ V3.J+ 1

The following are exercises in the methods of integration *

9L
J (0+6*)"^ J («+**)""" («-l)K«+^r'

J (3-2j) 8 10(3~2.r) 5

J a+ bx b
oV

92. To integrate xm (a-\-bx)" dx, in all cases which present an

obvious method.

First, let 11 he a positive whole number, as in x* (a+bxydx,

fxi (a+bx) a dr=/(a3 *4+ 3a2
ta;

5+3a&2 £6
-f 63 a?) eta

_ a3 Xs a? bx6 3ab° x7 b* x°

5 B 11

-j. N0 , 3«2
j;3 3flj?» . 3x a

Jx?(a~xydx^—- — +—

/^(l+afl'ta-^i -^+3loga:+ tf.

Secondly, let mbea positive whole number, as in xs (a + bx)~ 2 dx :

assume a+ bx=zy ; then

x*(a+bxy*dx=(^-\\y-\^~^(y-ayy-*dij

(a+ &x/ 3a (a + &r)
,

a3
, 3s

!
.

'

= — \--— los( a+ox)
2b* b*

+
&*(a+fo) 6*

oV ^ ;

2 14 i. 2 H
fx**lx— adx—~cr(x—a)*+-o(x— ff) 2 +r(a.— «) a

2r 3 2eu?
a

8flftc 16a3 \
=VJ a

7 35 105 105 J

Thirdly, when both m and n are negative whole numbers, as in

x~v (a-\-bx)~q dx. Assume a?=l-j-y, which gives

/ ?/ V dy V+«-
a a«

\ay + bj y
% (ay-\-by

which falls under the second case, since p and o, and therefore p-\-q— 2,

are positive whole numbers.

J x {a+bx) J ay+ b a oW
' a s a+ bx

* Throughout these examples, meruly the primitive function (page 100) is found,

without any reference to the limits of the integration.
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J'

dx 1 1 fa-\-bx

x(a-\-bxy a(a+ bx) a? °\ x

93. To investigate methods of reduction for the following formula

:

fxm (axp+ bxqY dx, or fxm+np (a+ bxq-npY dx,

the form of which is fxr
(a-\-bx')

f dx*
Here r and s may be supposed whole numbers ; or if not, assume

x=.yk
, k being such that rk and sk are whole numbers. Thus for

x~* (a-\-bxz)*dxi
let x==-z

12
, which gives

x~Ka+ bx*)% dx—12zz (a+bz9)* dz,

a form in which r and s are whole numbers.

Let t be the fraction v~^ ; assume a-\-bx
s—v\ and we have

xr (a+bx°)
sdx=xr.v\—-dv^-v^- 1[-—-

I do.
sbx l

so \ b J

which is integrable by common expansion, if (?-{- l)—s be a positive

whole number; and this whatever r and s and t may be.

Again, xr (a~\-bx
sy~xr+st (ax~s+ b)' dx, which by a similar process

may be shown to be integrable whenever (?'+ s£+1)-t-(— s) is a

positive whole number ; that is when

r+ 1 — t is a positive whole number.

The following functions, therefore, are immediately integrable, whatever

s and t may be, provided k be a positive whole number :

x*
s~l (a+ bxsy dx and »-CHO-i (a+ bxj dx.

94. Any function yfrx dx-i-(px, in which fx and (j)x are rational and
integral, can be integrated in a finite form.

1. If yffx be of higher dimension than <px, divide the first by the

second, and let Q be the rational and integral quotient, and R the

remainder of the same kind, which is of a lower dimension than <f)x.

Then

j>x 4>$
;±- dx—fQdx-\- — dx,

<px
J

J <px

and the difficulty is reduced to that of integrating the last term, in
which the numerator is lower in degree than the denominator.

2. Let tyx be of a lower degree than <px, and let the roots of $x?=.0
be a, b, c, &c. : whence <f>x=A (x—a)(x—b) (x— c)...., where A^is
the coefficient of its highest power of x. We have then various cases
according as the roots are all unequal, or there are one or more sets

of equal roots. After the decomposition is made, as in (82.) and
(85.), the difficulty of integration is overcome, since each of the decom-
posed fractions can be readily integrated. Thus, let it be required to

find fPdx, where P=(x*+ x+l)-±-(x— l) 2(x-2),

x-+ x+l 3 6 7
+ -

(x-l)Xx-2) (x-iy x-1 ^x-2
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05.
f

*>** =^±? log (*-«) +M±^ ,og (_6,.
J (#— «)(#— o) a—

6

o

—

a

96. It is, generally speaking, most convenient to integrate simple

rational functions by transformations which a little practice will suggest.

The following is an example, the fundamental integrals in Chapter VI.
being assumed

:

-Aa) dx

'+ 69

f\Ax+ B) dx _ rA(x+a) dx C (B-A i

J (x+ a)*+ b~* ~J (x+ a)~+b*
+
J (x+ a)*

log (x+ a + b
2
) -\ — tan

B— Aa
, x+ a

X

2
DV

'
' ' ' b b

A*+B A, , , „—

—

7 =— log (or

—

2 cos ij,. x-4-l)
x*— 2 cos fjL-x+l 2

&v r ~ J

B+Acosu , x—cos a
+—+ "tan" 1

sm ft, sm /x

f* x
m dx

97. Required -
n
(m<,n.) From (88.) and (89.) it appears that

J 1 + ,r

cos t + v— 1 sin t being a pair of roots of x"+ 1= 0, the integral will

consist of a number of terms of the form

2 Ccos (m+l) t.x—cosmt
,

i—~ ; dx,
nj x*—2cos£.<z+l

COS (7/1+1) t, r „ n
or log (,i — 2 cos t . x+ 1

)

n

2 {cos mi—cos (m+l)£.cos t\
,

j?— cosi
+-* A- ' -tan" 1

. ; or
n sm t sin t

J cos (m+1) t.hs: (x2— 2cos£.a+l)— 2 sin (??i+l) i.tan
-1 —

:
>:

n { smi J

together with a term ( — l)
m+1

log (tf+ l)+-?i, when ?i is an odd
number. The angles denoted by t are the odd multiples of tt-^-ti,

stopping at («— 1) times or n— 2 times, according as n is even or odd.

The following are examples of integration by parts (page 107.)

98, Assumey (log o?)
p a 7 <£r=V

Pj q
, log,z=L,

5+1 q+l

From this suppose it required to integrate J^U x1 dx—Y4l7l

at - 1
s v -Lx* I

xr _Lj?8 *
8

V* f -8- '
,,7~T ~8 Vo

* 7 -"8"~"8^

_L"a* 2L.t8
2a;8

V 2>7 ——

-

-^ h-rr-
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,

3' 7 ~~~8
8S~ +

8
1 8~

_L^_.i« 4lAr8 13LV 4.3.2LI8 4.3.2a-8

*' 7
— _

8~ ~8a_ IF"" 8* IS*"

-
'

N. B. When the relation is found by which an integral depends
upon a lower oue, it is always more convenient and safe to work up
from the lowest to the given integral than the contrary way.

99. Required V„= —5— -g-
n , w being a whole number.

But

V„=——— +2/i

x2 dx (a*-\-xz)dx a" dr,

f
x*dx

(a2 +a:2
)
n+l (a2+* 2)» +1 (a2 +a?2

)
n+l "

Let l-r-(a
2 +,T2

)= P,

rP™ 2w 1

- V.«P-+3l.V.-WV.fli V,+1=— +—V.
which, being true for all values of 71, gives

F-fr 2;i—

3

"~(2/t-2)a2 + (2/i- 2) a2 n~1 '

This expression holds good when n— 2, and becomes infinite when

1 x
n=l : but evidently Y

l
=- tan" 1

-,
a a

Vx . 1 , .z

V2
=— +— tan" 1 -

2
2a2 2a3 a

,T P2^ 3Pjc , 3 .«

4«2 2.4a4 2.4 « 5 a

4~ 6(?
+

4 . 6a*
+
2 .Oa"6 + 2 .

4~76^"7 ta" o"

f xm dx
100. The equation of reduction for y„,,.„= a 8.„ is thus

J (a +tf )

obtained

:

v - i ^L.+Jt=Lv
, ,

2(n— 1) (a*-fa;2) 2 (?i— 1)

By this formula, the present case may be made to depend upon the

last, or upon the more simple case of fx (a
2+ a:

2 )"" dx, which is

immediately integrable, or else upon J x n
(a*-\-x*)~

l dx, which, when
#>1, is integrable, after reduction by common division. Thus, the

first integral in each of the following lines is found by ascending from

the last, through the intermediate ones, by means of the preceding

formula, (P= 1 4- (a
2+ «»)), *
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JoS Vw dx, fx" V*dx, fx» Ve dx, fxVUIx

/r 18 P' dx, fx ie F3 dx, fxu J?*dr, fxlsPdx

fx* P a dr, fjfPsdx, fx* P'dx, fx'V'dx, fP*dx.

101. The following formulae of reduction involve a large number of

general cases.

Let P~Axa+Bxh
, V„,

(
,

—fxm P*dx.

Multiply the equation P"=:(Aj;
a
-f Bx'

J

) P
n_1 by xm, and integrate,

which gives

V„,>n=AVm+a,„_ 1 + BV,n+t , n _ l
. . . . (1 .)

Integrate Vm>a by parts, which gives

sm+i P" _ r^"
7n+l J m+

— nP"" 1

{ Aax^+ Bbx'" 1

} dx

iMtl P" na vb
Vm,„= — — AVm+fl>n_,—-—- BVw+i , B_,. . .(2).

ra+1 m+1 ??i+l

Eliminate BVrali,„.i from (1.) and (2.), which gives
]

xm+1 Pn nb — na
, Tr ,„ „Vm>tt

=—-—— + - ., ,
AVB1+a>n_ l (3.),

7n+ l+72& 777+ 1+7ZO

which is a formula of reduction when n is positive. By it, for instance,

we reduce the integration of a,-

10 P5 dx to that of xw+a P* dx, and the

latter to that of xl0+ia P* dr.

To turn this into a formula of reduction when n is negative, proceed

thus

:

P" m+ l+?;6 .

(b — a) 7iA (6

—

a) iiA

For ??i write m—a, and. for n write — (n— 1), which gives

_: f-'^p-"-" m-«+l-(»-l)
Vm--"-(6_ a) ( ?l_l)A (6-fi.)(/i-l)A

v -«-<-») <*'

By this we can make the integral of x^P'^dx depend upon that of

x*~
a P~5 dx, this one again upon x*~

ia P~ 2 dx, and the latter upon

x<-3«p-hdx.

To make a formula of reduction for the diminution of ?n, n remain-

ing the same, eliminate V,„jn from (1.) and (2.), which gives

a?
m+1Pfl=(m+l+w«)AVm+a, w_l

+(m+l+n6)BVBH.ijB_ 1 (5.);

for n write n-f-1, and for m write m— a, which gives

_ V"-a+1
P"+1 m—a+l + Qi + l)b

(?ri+ 1 + na) A (m+ 1 + »a) A

which may be made a formula of reduction when m is positive by taking

a as the greater exponent, and vice versa.

102. The preceding results can be stated as follows :

P= Ax"+ Bx\ Vmin=fxm P" dx.
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(m+ l+nb) Vm, B-M (a—b) AV^^.^^ 1 P rt

(A.)

(m+1 +na) Vm,„+n (b-a) BV,^,,., = xm" P- (B.)

(m+l+ raa) AVm)n+ (m-a+5+w6+l)BVm_a+6 . n=a;
m-a+1

P',+1 (C.)

(m+l + ?ib)BVm , n-V(m-b+a+'na+l)A.Ym_ b+a , n==x
m- b > l

~P
n+l

. . . .(D.)

103* Let P=A+ Bx, or a=0, 6=1 ; and for n write —n.

(
(m-n+ 1) V„, _„+ nAVM ,

_
c„+1)

= a:
m " P""

if xm dx __!_ af'^ in—n+1 f xm dx

[J (A+ B.r)"+1 ~<nA (A+B.z)" nA J (A+ B,r)"

f(m+ 1) Vm , _ re
-nBVM+1 , _ ()!+1)

-

*

m+1 P-"

J r a?
m+1

rf,r __1_ a:'"-'-
1 m+ 1 f

xm dx

(J (A+B*)n+1
~_

nB (A+ BxJn nB J (A+ BaOn

[(m+1) AVm,_„+(m~«+2) BVffl+1,.„=x
m+' P"^

J p a^cto 1
J?
m+1 (m+1) A

f xm dx

(J (A+ B^) n~(m-7i+ 2)B'(A+B lrr- l"(m-w + 2)Bj (A+B^T

((m-?i+l)BVm) _„+mAVm_ 1,_„= tr
m p-("- 1)

a;"
1

eta 1 #"* mA f
1

a:"
1-1

da;

U"(A+ Ba;)
n (to—n+ 1) B ' (A + Ba;)*"

1 (m-n+l)BJ (A+Bx) 71

The two last formulse are really the same. For negative values

of to, we have, writing —m for m in the third,

/
dx 1

a?"
1 (A+Ba;)"

-
(m- 1) A' xm

~ l (A+Ba,-)"
-1

(m— 1)A J a"- 1 (A+B5'

104. LetP= A

+

Bv+ Co?
2

; required a reduction for /a;"
1

P"d.r=Vm>B,

VMj„^AVmj„_1+BVro+1)B.1+CV„+2;B_1,(fromP"-P
B- 1

(A+Ba;+ca;
2
));

and, by parts, V- „= — - x™+ 1 P"" 1 (B+20)J m + 1 J m+1 J

~ m+i m+l Vm+1>"- 1 m+T m+*w"1 '

Eliminate Vm+Sj „_i, and we have

a:
m+1 P" , __2«A_ ?iB

"''"
-
2w+m+l ' 2»+m+ l "'*" -2re+»i-f 1 "^x, "~1 "

Again, eliminate Vm> „, which gives

(to+1) AVm , „_ 1+(m+rc+ 1) BVm+1 , „_ 1+(m+2n+l) CVm+2 , M_ 1=a?
m+1PK

;

write to—2 for in, and n+1 for n, and we have, as a formula of
reduction when in is positive,

v ar-1 !?* 1 (m+n) B (m-l)A
m,n

(m+ 2ra+ l)C (m+2n+ l)C m" l ' n (m+ 2n+l)C m-2'*"

* The results of this and the following articles should be separately deduced by
the student.
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In the last formula but one, write —m for m, and 71 -1-1 for w, and

we have as a formula of reduction, when in is negative,

__ Pn+1 (m-n-2)B
v -m.«?=

(m_i)Aa"- 1 (m-l)A V -<™-»'"

(m—2n—3)C
i \ T~ *—(m-2), «•

ra — 1 ) A

105. Let V„,, n—ysinm 6 cos"0 e?0; required a formula of reduction.

Since multiplication by sin
2 + cos

2 9 does not affect the expression to

be integrated, we have

VM,„=Vm+2)n-f-VmiB+2

dVW) ,,=cos'
,-10sinm edsin0; Vm „=—!!.

—"^1 />+ l
c
n-2

c/c:
wi-f-1 Tn+ l"

7

writing c and s for cos0 and sinfl. This gives (cZc=

—

sd9)

c
»-i

s
«+i n-l__ c"-'s

m+1 ra-1 ^T TT x

?/z+l ??j + 1 ??z+l m+1
c'-'s"'11 11— l TrVm . n

= — + —-— Vm> „_ 2 .

m+ n m-\-n

The last but one is a complete formula of reduction when in is

negative and n positive : and the last is another as to n. By proceed-

ing in the same manner with dVmF „=c
B
s
m~ 1 d (—c) we find

V
s— c- m-1
71+1 72 -J- 1

m-2,n-f-2

" m,in'

—

. T „ ' m—2,n>
7W+71 TTl+ W

the first of which is complete when n is negative and m positive ; and
the second reduces m when positive. Combining the two results, we
obtain

c
«-i

s
m+i n*_i r

s
™-i

c
»-i m_i

:
1

<^
1

m-\-n m+n I m-\-n—2 m+ 7i— 2

_ C
"-'

S™+' (77—

l

)c"- 1
s'"-

1 (?n-l)(/t-l)

7?j-J-n (7rt+ n)(m+ /« — 2) (?n+7i)(m+ 7i— 2)
m~ 2, "~ 2

c
n+l

s
m-l

(772— l) C
"- 1

S
m- 1 (m— 1)(t7— 1)

+ ;.._ ', . w ,~ ^ + 7", .. n /._ .

_ ^ V m-2,n—2)
77Z-I-71 (?ft-r 7i)(m + n— 2) (m+ /i)(/n+ 7i— 2)

which are complete formulae of reduction when m and n are both
positive. But when 771 and n are both negative, write —m-|-2 and
— 71 -j- 2 for m and n, which gives

__ (m + n - 2) <r ( "_1) s
-(m-3) c- ("_1) s^'""

(771 l)(?t— 1) 771—1

(771+ 77— 2)(77l + 11—4)
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(m-fn— 2) c- (
"- 3VCm - i:) c"^- s^m~»

(?n— l)(n— 1) n—

1

(m-\-n—<2)(?n+ 7z— 4)
V.

dd

dQ

^ (m-i)(n-l) " '-**>-&-«

106. We now write the preceding, and particular cases of them, in

the usual form : the student should deduce all the latter separately.

s
-n-l

c
«-l(m_l_(m+ n_2)ca }*

/ s
m
c" d0= — —

J (m+ 7i)(?n+ n—2)

I +
(m l) (re-I)

w_2^
(m+ ?i) (m + n— 2)

^

Jc/0
_ ?n-l -(m+ n— 2) c2 (m+ rc-2)(m+ 7i-4) T e?0

s"^ "(m-lXn-ljs^'c"- 1 (hi— 1)(»— lj J s
m - s

c"-
a

r&mdd _ s"" 1 m-1 rsm
- s

J C
n

(71— l)c"
-1 71— 1 J C

re "

Cede _ c"-
1 n-i /

y-'«

J "IF"
"~

(yzz-^s"1- 1 m— lj s
m- !

^ ,„ tan"
-1

/ „ „ ,

Aan" cft?= / tan"" 2
cfe.^ n—l J

10*7. When m or n is =0, proceed as follows

:

r<m __ r (cg+s 2
)(/9 _ /Vc/0 r de

J^~J c- -J "c^
+
J C^2

rve s n-2 rae

J c" (n— l)c 72— 1 J c"
2

. ., fdd c m-2 /"<Z0
Similarly, —-=— tx—^Ty "i 7 "^n.-

J S (*»— l)sm-1 fflrljs"" 1

From c" dtf=
c"" 1

ds and s
m de=sm~ l d (- c) it is found that

/c"rf0=c"- 1 s+/(?i-l)s2
c

,'- 2 rf0=c"- 1

s+ (7i~l)/(l-c2)c"- 2
t/0,

^ , , c"~'s n—l r
or / c" tZ(9== 1- / c"-

2
rfft° n n °

n S
W_I

C 771— 1 ~
Similarly, / s

m dd= + />- 2
dd.

108. In c" s
m eW let tan 0=t : from thence deduce

/tm
dt

{k—m+ n+2}.

(1+t2)^

Call the last Tm> u, and deduce

* This factor is also (m+n—2) s
2—(«-]).

n-2'
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>+i „*

T„.*=
k

m-/c-j-l k+ 1

-2 ?n-k+ 3,

k-2 k-2

109. An integral is thus made to depend upon the integration of a

more simple form, that again upon one still more simple, and so on,

until we come at last to an integral which cannot he simplified by con-
tinuing the process of reduction.

This may be called the ultimate integral, and may be found, some-
times directly, sometimes by a further reduction in a different form.

The following table exhibits a large number of integrals, such as are dis-

cussed in the preceding articles, with an exhibition of their ultimate

forms. To save room, denominators are written as ratios with the

symbol (:), a plan which the student should not adopt in copying them.
The first column contains the function to be integrated, the second the

ultimate form, with its integral ; or else a transformation of the integral,

which reduces it to a preceding form. An ultimate form enclosed in

\ } means that it has been already given in the preceding part of the

table.

xmdx : a+ bx Jdx : a-\-bx = log (a+ bx) : b

xmdx
; (a+bx) n fdx : (a+ bx) n = -1 : (»— 1) 6 (a+ bx)"' 1

dx ; xm (a-j-bx) n x=-\ : y gives —ym+n~idy : (6+ a?/)
n

dx : (a+bx*) n fdx : a+ bx°- = tanj 1 (xjb : Ja) : J(ab)

dx I (a— bx*) n fdx : a— bx* = loi
aJci -r- xjb

dx : (bx*-a) n

xndx : a+ bx*

xndx : (a+ bx*)'
1

dx I x
m(a+bx°-) n

dx : (a+ bx+cx*)n

xmdx'.a+ bx + cxi

xmdx '. (a + ta-f-ac
2)"

dx : x
m(a+ bx+cx*)"

fdx : a + bx
n

2j(ab) ° Ja-xjk

fax : bx*-a ——--—— log —.—

—

~
J Zjiab)

5
Ja+ xjb

J

{fdx:a + bxi},fxdx:a + bx--\og(a+bxi):2b

{aTdx : a+bx*}, page 281, formula (4.)

a?=l : y gives -ym+2"-*dy : (b+aif) n

r r o '2 1
2cx+ b

I dx : a+ bx+ cx- =-77-; n"\ tan ~ -771 n;

___
1 J2cx+ b->](b*-\ac)

^J^—Aacj
°E 2cx+ l>+ V(62 -4ac)

fxdx : a+ bx+ ex*——- log (a+ 6a' -f- ex*)

b r——- dx : a + bx+ cx-
2c J

{dx : (a + bx+ cx
2
)"}

x=l : y gives — y
m+2n~2 dy : (c+ by+ ay*)"

x= lj (a: b) .y gives - dx: 1+x"
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1 1 1 1 2+ x

1 1

l±x3 3 1 + # 3 l+x+ x*

1 1 1 _1 2+^2. j? 1 2-J2.X

a;
m
6?T : *](a-\-bx') fdx : J(a+bx)=2AJ(a-\-bx) : b.

dx : o;'V(«+ &^) '#=?! : y gives -ym~ldy : *J(ay*+by)

Jdx : xj(a+bx)=-j^ log * -^—=_

±£
a?
m
^a? : (a-}-^) ' «+ &#— 2 gives an integrable form, (page 277)

2n+l
"J

r

dx : (a+bx2)~*~
I fdx : J(a+ bx*)-\oS {xJb+J(a+bx*)}+Jb

2n-t-I f

xmdx :
(a+6x2

) a
J J
fdx : V(a—bx*)=sm~ l (xjb : ^/a) : *Jb

8

/cfo : (a+ftJ!8
)
7— a? : ajia+bx*)

^fxdx : A/(a+6o;
2)=r^/(a4-^s

) : b

dx : xmJ(a+bx*) x~l : y gives -ym~ldy : J(b+ ays

)

^eta : xjibx*-— a) z=cosr l

(,/a : .r^fc) : Va
2n+l

a?= l : 2/ gives —y
mJrin~*dy : (&+a2/

2)~

Ma+bx>).dx=
+-J jfcjfix

xt=1 : y gives —

y

m~*
*J(b+ ay*)

x . J J(a-{-bx*)

«mdte : Jiax+ bx*) fdx : J(ar+bx*)~2hg{ sf(a+bx)+J(bx)} : Jb

fdx : J(ax— bx'
i

)— yers~ l (2bx : a) : ^6;

eta : xm*J(ax-\-bx*') xrrl : # gives — y
m~ ldy : *J(ay+b)

4c : xm(a4-^2)~r

xmfJ(a+bx%) dx

*/(a+6a;2
) dx : xw

46

a2 r
86 J

;

d*

^(ax-ybx2
)

^(ax+bx^dx : xm x=l : y gives ^-ym
~3

/lJ(ay+ b)dy
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x±m(a+bx+cx-)
±

2 dx. Let a+bx+cx*=X a+bx—cx'z=X'

fdx : JX =-r log(2cx+ 6+2V(cX)),

n rvr l -i 2cx-6
ax : JX'=—- sin .,. —-—

-

fjXdx=
(2cx+ b)JX ,

4ac—

6

2 Tdr^
8c J VX4c

+

fxdx:JX=^- % f-

X*
fJXxdx-—— fsJX.dx

X

O

/iJ
p "S

Xx~jX~J~a
°S x ) $

dx 1 . bx— 2a—— sm
XtJ^cx^+bx— a) *Ja x«/(b2+ 4ac)

r _dx_ 2{2cx+ b)

Bin
±m

e cos
±m d6 J*s'm6dd= — cos0, ycos0f/0=sin0

/• • o« 7 #— sin cos ^ . , 0+sin0cos0
/sm20de== ,fcos*Odd—

/
d0 , 6
-—-= logtan-
sin 9

&
2

" de _ fit e

r
= log tan -+-

cosy ° V4 2

J sin2 *

r_cte_

J cos
2

(

:=tan0.

110. The following miscellaneous forms will occasionally be found

useful

:

/Vsin-'X.cir^sin-X/VUr- PffiT*'J J
J V(!-X2

)

f.Vco^X.dx^co^X/Ydx + C**j£^

fVtorrl X.dx^tm-'XfVdx- f—f^~-

/
,

Vcor1 X.^=cot- 1 X/,V^ + C
X,
f

>S?djS

' J
J 1 +X2

fVsxdx = e
x/Vdx-f(X'sx .dxf\T

dx)

rxn v 7 i vZ-vj rX'dx./Ydx
J\]ogX.dx=\ogXjVdx — ^

X'=
d̂x
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/>(iog •) da - SsSfEiS—'1 fsr (log ^)- 1^

#m+,(log£) n+1 ?ra+l

71+ 1 ^
dx

71+1 71+

/ 6". sin de = -6" cos O+nfO"- 1 cos d0

= -0" cos Q-\-n6
n~' sin 0—n (n—l)fen-*

sin dfl

f 6"
. cos 6dd=6" sin -«/ fl""

1 sin rfO

r=0n sin0+7i0n-1 cos 0— 7i O - 1)

/

6"~* cos c/0.

111. The number of forms which can be completely integrated is

comparatively small ; and the various methods by which functions are

transformed into others more easily integrable may be classified under

very few heads.

(a.) Integration by parts.

(6.) Rationalization of numerators.

(c.) Combination with other integrals.

(d.) Substitution of a function of another variable for the in-

dependent variable of integration.

(e.) Resolution of the function into an infinite series.

We shall now take some examples, particularly of the three last.

112. Nc?+ x2 dx = -tt-t—-?: d*= -77-i R + T7-

Ma+bx+cv) dx
=J ;75^ra5 +J (

+ ^)

ex2
Jo?

+J -/(«':+ bx+ cx2)'

The second sides are in both cases more easily integrated than the first.

bdx

!+CT2
)

dx

C___xdx_ _J_ C_^x+b___l_ r bdx
'

J Jia+bx+cx*)
-

2c J V(«+^+c^) * 2c J J(a+bx~-

. 1_ Cd(a + bx+ cx'
i

) _b_ f
~ 2c J V(«+^+ cx

2
) 2c J VOz+ fo+crV

the first term of which is directly integrable, and the second can be
integrated (page 116)

C &dx __1_ Cx (2cx+b)dx _b r xdx

J V(« + bx+ ex") ~ 2c J V(«+ bx+ ex2

) 2^ J ^(a+tefc**)

(a+ 5,+c^X)=-J-^--j-



MISCELLANEOUS EXAMPLES AND DEVELOPMENTS. 239

JWZr 1 . a C dx b I'xd.x C*a?dx b f'xdx

7x" ~c^] ~c J 7x ~c J 7x ~J 7x " 2cj 7x

J VX ~c'
rVX

~c J VX~2"c t2c J VX "2cJ VX?
Cx^dx/x 36V ^ /3/r a\ C dv

J VX ~\2o "4?;^+^~2iyJ VX'

114. Required V=
«+ 6 cos 6

If cos0=.r, this becomes y*(

—

dx : (a-r-bv)J(l —a 2
), which can ho

integrated in the same way as dv : v*J(a -\- bv + cv'
1

) hy making
a-\-bx=-v.

The following process, however, will illustrate more clearly the

advantage of substitution.

T 6 + ficose
, , (a2—

6

2
)sin2

, («*-&*) sin 0<Z9
Let = j):then 1-v——. , dv= ; ;

—
a+b cos (a+ b cos oy (a + b cos V)*

dQ 1 dv
(a>b)

J

i+b cos eT* V (a
2—b*) VC 1—v ")

'

dd _ 1 (/j+ acosu^

a + fccos^ ~J(ci2—bi

)

Cl

\a + b coau\

7
. dO I £&

(a<6)
' a+ 6 cos ~*J(b-~a-) J(v*—l)

f
dO

__ 1__ (6 -|- acosQ+ V(&
2—a*) sin 1

J a+ 6cos0 ~*J(b
i—i?j

°S
{ ~~lt+ b cos Q J

, 7N r do if </0 i o
(a— 6) = — =- tan -.

J a + acoaO 2a I a 2^ ^ cos"-
2

116. J*dx <fi (log x) depends upon J£* (fix dx

fdxcp(s') \— (lr

/**(«»*) Jvcw) &c<

117. Any function containing irrational functions of #+ ta? only may
he rationalized by simple substitution : thus

r xidx
, r6»i2 du ..

j- becomes ——— af x=vb

** x-x* J v ~

j j- becomes j -—— ^ a+bx=v6
.

J (a-{-bxy—(a+ bxy " v~
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118. As examples of integration in series, we have already 27,31,
32, 33. The following will be readily ascertained by integration by
parts

:

Let fPdv=P„ fP l dx=P„ fP2 dx=P„ &c; ~=Q', &c.
ax

fPQdx=QP 1 -fQ'P l
d c=QP l -Q'P2+fQ"Pid^

= QP,-Q'P
a
+Q"P3-. . . . ±Q("" l) P» +fQ™Pn dx.

John Bernoulli's theorem (page 168) is a particular case of this,

obtained by making P=l. If Q be a rational and integral function,

the preceding series terminates.

/£*Q^= £*{Q-Q'+Q"-...}; fe-*Qdx=sr*{-Q-Q!-Q"-...}
fcosx.Qdv— Qsin .c+Q'cos x— Q"sin x— Q'"cos.z+. . . .

f sin x.Qdx=—Qcos #-f-Q'sin,.r4-Q" cos x— Q'" sin x— . . .

.

119. The following method, which is a generalization of integration

by parts, has been successfully applied to the formation of approximat-
ing series, in a particular case, by Laplace.

Let fQdx—P,, /P
1 Q 1 c/^=P2 , fP.2 Q2 dx=P3 &c,

Q> Qu Qs? &c. being any functions which may be found convenient.

The order of processes, in passing from one to the next, is multiplica-

tion before integration. Again, let

Q Q, dx Q2 dx

the order of processes being division after differentiation. Then

/^=
J|.Q

feV
1
P

l
-/ P

l
^VZ,=V 1

P
l-J±^.P 1 Q 1

^

=y
l
p-\\.p2 + [i-^2

.p2 Q2 dx

= V
l
P,-V2 P.2 +V 3 P3- f^-'Pa^x

CdV=V
1
P

1
-V2 P2 -fV3 P3-....±V„Pn +

I

-^-Pndx.

If Q 5 Qd &c be properly chosen, a convergent series maybe frequently

obtained.

Q=g,Q,= Q8=Q,....=±g

Pi=2/> V-2—y, P3=2/, &c
._ dx __ dx d f dx\ TT dx d i dx d f dx\\ B

*>=**? Y *=y ^yTx\ yTy)
Yi= y Tya7r\yd-^\y dy)\'

&C -

T dx r , [ du d f du\ d \ d f du\\ }Let2/^=^/^^,{l-_+-(,-J--(
M-^-j}+ ..|

which is the case given by Laplace. We shall have occasion to use it in

treating on definite integrals. Let the student obtain this particular

case in a more simple manner.
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120. The common formulae of trigonometry frequently expedite the

performance of integration : thus

8sin'0= cos40-4cos 20+ 3 gives

/sin 40
sin* ddO=— 2 sin 20+ 30.

4

121. Required /cos (ad+b) cos (a'd+ b') dO

1 . : ...... 1
cos («0 + 6)cos(a'0+M) = 7 cos(a+ a'e+b+ b')+-cos(a-a'e+b-b')

/cos (ad+ b) cos (a'W) P^g+ffi***
sin (a— «'0+ 6— 6')

2 (a -a')

If in this we write 6 7T for b, we have
2

'

/sin («0+ 6) cos (afo+ V) dB= _£2!iEp£+*±*5
17 v v 2(a+ a')

cos (a—de+b—vy
_

2 (a -a')
'

and if we also write 6'—-# for £/, we have

/sin (.04-6) sinW+^d»==^&L^?+i±*?
•7 v ' 7 2(a+ a')

sin (a— n'9+ 6—V)

2 («-«')
'

The preceding forms become false when «— + a', but in such a case
we have either (a+ a') + 6+ 6' or (a— a') 0+6 — b' constant, and the

integration introduces the angle itself.

122. In all that precedes, no constant has been added after integra-

tion, which process is always to be remembered in application. If two
different methods give different results, it follows that the two integrals

obtained only differ by a constant. Thus

C_dx_ |7 (/ (l-r) \ 1

w 1 . C dx C dv 1 x
Let .r=-, then —=— — — =a .

v J (1-t)2

J (®— l)
2 »— 1 l-x

1 $
Both results are correct: and = 1.

1— x 1

—

x

123. By the meaning of a definite integral (pages 99 and 100) it

follows that if

fXdx=<$,x+f\XdT, then /JVdifes^ft—^tt+^Wdi.

124 Let Vn=/sin"0rf(?=/sin
n- 1 ^r/f-cos0);

U2
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by (107.) V.=- *£Z***1 +"_=} v_
n n

Let this integration be made from 0=0 to 6=.^tt, which gives

Ci* . „ 7M sin"-
1 ltf.cos-|7r f sin"-

1 0. cos 01
:! sin* 6 dO= -

{ f

Jo n \ n )

+ ^—^ |

* T

sin"-
2 0d^=—- (sin*-2

eft) : or KH=^—-K n_„
n J o

n J o
n

where K„ stands for the integral taken between the limits. Write

7t+ 2 for 7i, which gives

B
~7i+ 1

B+2~»i+l U + 3 "
+7 ~w+l «+ 3 \-«+5 '

Tr 7i+2 ;*+4// + 6 7i + 2/3 T
_

or K_ = —
-?.
—

- . K.J.M
" 7l+l«+ 37Z + 5 m+ 2/3-1 +"P

where /3 may be any whole number, however great. Make n succes-

sively = and =1, which gives

_ 2.4.6.... 2/3 Jr T
, _ 3. 5. 7.... (2/3+1)

K
°-1.3.5....(2/3-l)-

iH3 Kl" 2.4.6.. ..2/3
*m

K, / 2.4.6.... 2/3
>f

1 K^
K, \1.3.5.... 2/3— iy 2/3 + 1* K

2|„+1

*

But K = ~ v

dQ=l<Tf and Kt
= I **sin0d0=—eos Jtf — (.— cos 0)

«7 o t/ o

= 1, whence ^tf-r-l or -^t is the first side of the preceding.

125. If, between the limits a and b, fx always lies between (fix and
yx, then fft dx must lie between J (j>x dx and J i{/x dx, the limits

being a and 6 in all.

Proceeding as in page 98. to construct the sums of which the

integrals are limits, it will readily appear that each term of the series

whose limit is ffx dx must lie^ between corresponding terms of those

whose limits arej^xdx and J tyx dx : whence the whole in the first

case must lie between the whole in the second and third cases.

Hence it follows that in the last instance K23+l must lie between

K 2/3
and Ka3+i : since sin2,3+1 always lies between sin

2,s and siu2|?+2 0.

And since

Ko/?+2 = ~—- Km then K2/3+1 lies between K2J and jw-t-z K2/J ,

lies between 1 and ^-—-, whence ,K23H 2/3+1
5

\ 1 '
J

2. 4. 6.... 2/3 \
2 _1_ 1

2.4.6....2/3 + 2 \
2 _1_

i '2 7r> tl.3.5 (2/3—1)1 2/8+ 1 (.1.3.5 2/3+lf 2,6+ 2'

in which the value of fi may be what we please, nor need it be the same
in both. If, then, we write /3— 1 instead of yS in the second formula,

we find
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1
J

2.4,6 2/3 y __1_ f 2.4.6 .... 2/?_j
2

1

2
?r>

( 1 . 3 . 5 2/3— 1 J 2/3+ 1
<

t 1.3.5 2/3-1J 2/3— 1" '

This remarkable result, which was first given by Wallis, should be
verified by the student in a few instances. Thus -\ ix being 1 5707%,
we find

'» 1-486 r?444Yi= l-911.
1.3.5.7/ 9 \1.3.5.7y 7

Since the two expressions for \ir can be made as near as we please

by making ft sufficiently great, and since l-i-2/3 lies between 1-^(2^5+1)
and l+-(2/3— 1), we find that, as ft increases, the following equations

approach without limit to truth :

„ / 2. 4. 6.. ..2/3 V 1.2.3.. .../3 /—,„„

126. It is obvious that 1.2.3.,..$ divided by of must diminish

without limit when x increases without limit, being only a fraction of

l-7-j\ Let 1.2.3.... x—xx
fx, and (x being very great) we have

1.2.3 .. .a _ (1.2.3 x)\T _x*x
(fxy.2"

1 .2.3 2x ~~ (2.r)**/(2^)1.3.5... . 2x--1

1.2.3..
But =Vn\r 2"*: whence -^— =-f^——. ;

1.3.5 2x-\ '

2irx Ji2.Tr.2xy

whence fx~J(27rx) satisfies the equation (x#)
s—X (2x). The most

general solution of this equation is £*£*, where £j? has the property of

not changing its value when x is changed into 2x ; or £(2.c)= £r.

But we may show, as follows, that in this case t,x must be a constant.

Since, when x is great,

1.2.3. . . .x—xx
. /J(2Trx).s

I^x very nearly, we have

1.2.3....x+l= (.r-r-l)'
+V27r(^+l).£^ +,^+1

>,

and

{where P=(*+ 1) g (,i+ l)-^r} ; or ls/l+lY ^/Y^1
") s

v
.

The last equation must approach without limit to truth when x is

increased without limit. But the limit of (1 + 1 : a?)* is s, that of

*/{(x+ 1) : x} is 1 : so that the limit of the expression is •

,

gl+limit of ((*+l)gC*+0-*#0—
]

or the limit of (x+1) '£,(x+l) — x%x is — 1. But t,x cannot diminish

nor increase without limit, nor can £(.r + l)— Z,x ; for t,x=^ (2x)=z
4(4.r), &c, and % (tf+1)—&P=$(2ff+2) — { (2x), &c. Unless,

therefore, £(x + l) =&r, we see that a?(£(a?+l)—frc)+£(»+ 1) will

increase without limit, positively or negatively. But if £(<?+ !) = £?>,

then 4 (a:+ 2)= £ (,r+ 1), &c, and %x is the same for all whole values

of x. The limiting equation in question is satisfied by £ (.r+l)=— 1,

and we then have
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1.2.3 a?=VC2™) ** £~*> or V(27r) •
-*+i £~*> nearly.

127. Required an approximation to the coefficient of xk
in (l+x)n

,

& and n being both large numbers, but k very much less than n : that

is, required

n (n— 1) (//— A + l) 1.2. 3 n

1.2 ft

01
(1.2.3 /e)(1.2.3 n—k)

'

v , • ,
V(2ir).n'^g-

which is nearly —

j

r-

1

,

V(2tt) * * *~*
•VW («-*)"" * e~M

1 </« / w

V( 2ir) V(ft («-*)) \ ft / \n— ft

128. The subject of definite integration will be treated in a future

chapter ; we shall now give an instance of the manner in which it may
happen that an integral may be found in a finite form between two

specified limits, which cannot be generally found in the same way.

Requiredf£—^ dx from #=0 to x=cc.

It is easily proved, either by expansion, or as in page 175, that

(1 + A : v)Bn continually approaches to £
AB when n is increased without

limit. If, then, we can find J (1

—

x2
: n)

n dx from x=0 to x=*/n, we
afterwards find J's-^dx from x—0 to o;r=oc, by increasing n without

limit.

Assume x— Jn. cos 0, or (1— a?
2

: «)
B cfo=(sin2 0)"(—Jn.&'m B dO)

rvv x2v r° c\*

. In 2n-2 4 2 p*- .

fl
,
fl

> 1 2. 4.

6

... 2k "|

V 2n+ l ?w— I 5 3J 2/i+l 11,3.5.. .2^—1

)

The greater n is made, the more nearly does the factor in brackets

approach to *J(jt>i), or the whole to Jit.n : (2n+ 1), the limit of which

is^V7r- Hencef" e-*2 dx—^*]*.

129. From the definition of an integral, an approximation of any

degree of nearness may be made tof b
a (j)xdx, by the summation of

terms of the form 4>x A,r, where Ao; remains the same throughout, and

x is intermediate between a and b. We may express this by saying

that the integral is the sum of an infinite number of infinitely small

elements, each of the form <j>x dx. Again, the result shows thatf b

a $x dx
is of the form </> t b— :

a, where <j> l x has <px for its diff. co. From
each of these considerations, let the student deduce the following-

theorems :

I. /';+" <j)X dx—fl (/>x dx+fl+c
4>x dx

; J\ <frx dx= —f% 0jc dx.

II. If 0c be a function which is unchanged when x becomes —x,

then

f±l 4>x dx=2/ o tyv dx; j <La 0x dx=ft
a

v dx\

f~
a
4>x t/.r— —J f" (j)x dx.
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III. If tfx he a function which changes sign only, and not value,

when x "becomes — x, then

f±l fx dx=0, f°_a fx dx= -ff Yf* dx, f~
a
fx dx—f+a fx dx.

130. Let a function which does not change, when x becomes —x, be

called an even function, (it can be expanded only in even powers of r,)

and one which changes sign only, and not value, an odd function ; then

4>x-\-(fi{—x) is evidently even, and f (x)— (/> (

—

x) is odd. And every

function is either even or odd, or the sum of an even and odd function,

as appears from

(ftx+ (/>(—x) d,x—4>(— jc)

**7 2 + 2 *

Also, if (fix be even and fx odd,

fta (<fix+ fx) dx=fta
a <fixdx=ft

a
a ((fix— fx) dx.

131. The product of two functions of the same name is even, and of

different names odd.

The diff. co. of an even function is odd, and vice versa.

Every even function fx is of the form <fix+ (fi(
—x), and (fix is

^fx+ any odd function: and every odd function fx is of the form

(fix—0(

—

x), where (fix=^fx + any even function.

ftl<fixdx is necessarily either an odd function of a, or =0, what-
ever <px may be.

132. If (px he even and possible, (xv — 1) is possible, and if $x be

odd, <fi(x\— 1) is impossible, and of the form V— 1 x a possible

function. This is easily proved, when it is remembered that every

function of ^/( — 1) and x is reducible to the form Fx+fxv— 1, where
Fx and fx are possible.

133. Show that f±t e-^dt—^, and that /t|! sin #5 <b= 0.

C^
a cosxdx C+a cos2xdx

134. Show that
2
= 7T—^7 —

v

J _a l+x 1

J _a (l-Kr)(cos,r—sin x)

135. To reduce fh

a <fixdx to the formfi" 0a? dx.

Take a function of x, which becomes +a or +6, according as x is

—c or +c, say of the form A+ Bjp : then A— Bc= a, A+ Bc=6, and
we have

if.. .
i b—a C+c

, fb + a b—a \ .

y:^,,=_j_^._ +_r ,j rf.1,

135. Show that f
b
a (fix dx=^^ I <h(

aq~ P +-^ x ) dx
q—p J p \ <i~-p q—v J

— (b—a) f\(fi (a+b—a x) dx, ~(b— a) fl<fi (b— b—a £~x
) s~x dx.

I now proceed to examples on some of the subjects in Chapter VIII.

136. Required a discussion of the function (a+ bx)
n s~x . Its diff. co.

is g
-x

(a+ 6.r)"
_1

{ nb
—a-~bx}> the sign of which is to be considered.

First, let n be an even positive or negative whole number, then the sign

of the preceding depends upon that of (a+ bx) {?ib — a— bx}, or on
that of
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•which is always negative, except when x lies between — a:b and

n— a:b. There is then a minimum when x is the less of the pre-

ceding, and a maximum when x is the greater : and the function never

increases with x except when x lies between

—

a:b and n—a:b.

Thus, if the function be (\ + x:ii)
n
e~x, we have «=1, 6=1:7*, and

there is a minimum when x—— n, and a maximum when x=0, if n
be positive: or a minimum when x=0, and a maximum when x——n,

if n be negative. But if n = 0, then (l + ,r:n)
n=l for all values

of x.

If n be a positive or negative odd number, the sign of the cliff, co.

depends upon that of nb—a— bx, or of —b{x— (n— a:b)\, which
changes from the sign of b to that of — b when x increases through

n— a:b. There is, therefore, a maximum or minimum at this point

according as b is positive or negative.

A rational numerical fraction, reduced to its lowest terms, has one of

the following forms

:

2n 2/i + l 2/1+1

2m+r 2m 2m+1
(m and n being wh. no.)

The first case presents results resembling that of an even ivhole number

;

the third, of an odd whole number; and the second is altogether

different from either, since it gives two real values to the function for

every positive value of a+ bx, and none for negative values of the same.

137. Required the discussion of y — (ci+ bx) n
s~x, when wis a fraction

which in its 'lowest terms has an even denominator. Its diff. co. has

the sign of (a+bx)n~ l {nb—a—bx), the first factor of which, like its

primitive, is impossible when a+bx is negative, and has the sign of y
when a+ bx is positive. Consequently, the sign of the diff. co. depends
on that of y{nb— a— bx) or of —by {x—(n— a:b)}. If, then,

x=n— a:b gives a+ bx negative, that is, if bn be negative, there

is no change of sign in the diff. co. throughout the whole range of the

possible values of y ; and the diff. co. has the sign of —b for all positive

values of y, and of +b for all negative values. If bn be =0, the

increase or decrease of the function (whether it be that 6= or n=:0)
depends solely on that of €~x

. But if bn be positive, then the cliff, co.

changes from the sign of by to that of— by when x increases through

n—a : b ; that is, if b be positive there is a maximum for the positive

values of y, and a minimum for the negative, at that value of x, and
vice versa.

138. Required the discussion of the function cos,i+asin#. This
function being evidently periodic, it will be sufficient to consider one
complete cycle, namely, from x=.0 to x=2tf. The diff. co. is

—sin.r+ « cos.r, which becomes =0 when tanx—a, to which there

are two solutions, one less and one greater than ir. Let k be the less,

then the diff. co. is — sin £+tan/c cos r, or sin (k—-x) : cos k, while the

original function is cos(/c— x) : cos k. If, then, (c<^7r, or if a be posi-

tive, the diff. co. is positive from £= to x=k, negative from x=k to

x=-jf+K, and positive from x=t+ k to #=27? ; Or there is a maximum
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when x—ic and a minimum when x—Tr+ i:. The maximum is 1 : cos k

or^/(l + «2
); the minimum is —^(1 + fl

4
). But if >>->^ t, or if a he

negative, the words positive or negative, and maximum and minimum
must be inverted in the preceding.

And the function itself is (a being + ) positive from x=0 to x—k -\-\t!,

negative from x=k+ -£jt to a;=K+-| 7f, and positive again from

a;=K+ Y Tr to X—2if. But (a being — ) the function is positive from

x=0 to x— k— ^w, negative from xs=k—^x to x=K J
r ±Tr, and posi-

tive from a?==K-|-§7r to x=2ir. Both of these may be thus stated in

one: cos x+as'mx has the sign of a only when x lies between/,-—^x
and *.-+ 5 if.

139. Required the variations of sign in a formula of the form

cos (ax+ b) cos (a'x+ tV) cos (a"x+ b") ....

Every cosine changes its sign only when its angle passes through an odd

number of right angles ; so that we must examine the several equations

ax+b— \ (27i+\) ir, a'x+&'=£(2n+l) tt, a"x+b"~ %(2n+l)ir, &c,

ascertaining every value of x between and 2tt which can be given by a

whole value of n, positive or negative. Arrange all these values of x in

order of magnitude : then the sign at the outset being that of cos b .

cos b'

.

cos b" . . . ., there is a change of sign whenever x attains one of

these values; but if two of the values of x coincide, there is no change of

sign, if three coincide, there is a change of sign, &c. For if a number
of factors change sign at ouce, there is or is not a change of sign accord-

ing as that number is odd or even.

But if there should be a sine among the preceding factors, as

sin (kx+ l), either write this cos (Jix+ l—^tt), or examine the equa-

tion kx+ l—?nr.

140. Required the variations of sign in

t/= cos (3a; + 30o) cos (2^4-230°) cos (18° -4x) sin (x+15°).

1. As to 3x4- 30°. The limits of the value (within the cycle from
x=0 to x=360°) are 30° and 12.90°4-30°, within which are contained
90°, 3.90°, 5.90°, 7.90°, 9.90°, 11. 90°, to which the values of x are

20°, 80°, 140°, 200°, 260°, 320°.

2. As to 2x4-230°, or 2x4- 2. 90°+ 50°. The limits are 2.904-50°
and 10.90°+ 50, between which are 3.90°, 5.90°, 7.90°, and 9.90°,

and the values of x are 20°, 110°, 200°, 290°.

3. As to 18°—2x. The limits are 18° and —(8.90°— 18°), between
which lie—90°,—3.90°, —5.90°, —7.90°, and the values of x are 54°,

144°, 234°, and 324°.

4. As to x+15°. The limits are 15° and 4.90+ 15°, between which
lie 2.90° and 4.90°, to which the values of x are 165° and 3-15°.

Arranging these in order, and bracketing those which occur twice, we
have

(20°, 20°) 54°, S0°, 110°, 140°, 144°, 165°,

(200°, 200°) 234°, 260°, 290°, 320°, 324°, 345°.

Now when x=0, y=cos 30°. cos 230°. cos 18°. sin 15°, which is nega-

tive : consequently from x= to #==54° (neglecting 20°) y is negative,
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from ,r = 54°to o;=80°, y is positive, and so on; finally from £=345°
to ,2=360° y is negative, as in the following table

:

Lim. of x. y Lim. of x. y Lim. of x. y Lim. of x

.

y

54° — 110° 140° + 165° 234° — 290° 320° +
54° 80° + 140° 144° — 234° 260° + 320° 824° —
80° 110° — 144° 165° + 260° 290° — 324° 345°

345° 360°
+

141. Every expression of the form A cos (ad + a)+Ar cos (a'Q+ a!)

+ . . . . must have at least two values of Q, which make it vanish, if

a, a', a'
1

. ... be none of them evanescent. For if not, the preceding

expression can never change sign, and in that case its integral (A : a)

sin (aB+ «)+••• . always increases or always diminishes. But the

latter expression has at least one maximum and one minimum, since it

has a value for every value of d, and that value must lie between certain

limits. Consequently, its diff. co. has at least two values of 6 at which
it changes sign, and at which it must become nothing, since it cannot

be infinite.

142. Required the discussion of sin4 x. cos3
.r, the diff. co. of which is

sin
3 x . cos2 x (4 cos2 x— 3 sin2

a;), the sign of which depends upon
sin x (4-— tan9 x), or sin x (tan2 49° 6'— tan'- x). Here is then a minimum
when #=0, a maximum when a'=49° 6', a minimum when o;=130° 54',

a maximum when #=180°, a minimum when ^= 229°6', a maximum
when ^=310° 54', and a minimum when x= 360°. When J?=0, the

function =0; whence it increases till a?=49°6', when it becomes
•09161, from which it decreases till .e=130°54', when it becomes
— '09161. It thence increases till a'=180°, when it becomes again,

after which it diminishes till £=229° 6', when it is again — • 09161. It

then increases until lr=310°54', when it is '09161, and thence

diminishes till a;=360°, when it again vanishes.

143. Required the discussion of (,r— l)
8 (3— .r)

6
, the diff. co. of

which is (#— l) 7 (3

—

x) 5 (30— 14„r), the sign of which depends on

that of

(x-l)(x-U)(x-3),

when a?<l, the function is decreasing as x increases, when x lies

between 1 and %£ it is increasing ; when x lies between -f-£ and 3 it is

decreasing, and when x is greater than 3 it increases. There is then a

minimum when x=l, a maximum when .£=-?-£, a minimum again when
x=3, and the progress of the function from x= — cc to a:= + cc may
be described as follows. When x is infinite and negative the function

is infinitely great, from thence it diminishes till *=1, when it is =0;
from thence it increases till .r= f J, when it becomes 230

.36
: 7

14
; from

thence it diminishes till #=3, when it is =0: and ever afterwards it

increases.

The questions of maxima and minima which present themselves are,

with some exceptions, only of interest in particular problems : I give a

few of the most remarkable.

144. The base of a triangle is a, and the sum of its sides b ; required



MISCELLANEOUS EXAMPLES AND DEVELOPMENTS. 299

the greatest triangle which can be drawn under these conditions. If x be

one of the sides and S the area, we have

and the sign of the diff. co. of this is that of b— 2v ; which, x increasing,

changes sign from + to — when x=^b. There is, therefore, (page

133) a maximum when the triangle is isosceles, and the greatest area is

ial/Qf—a*).

145. A four-sided figure has a for the base, and b for each of the

other sides : what is the greatest area which it can have ? Let and
be opposite angles, the former being at the base : then the area is

A ab sin e+ ^6
2 sin <£> ; which is not, however, a function of two indepen-

dent variables, since a2+bs—2a6cos 6=.2b i—262 cos0. The latter

equation gives
: dS- '. -dS

t
. / dO , A

a sin .
—- == b sm <j>, and —= A6 [acosd-—\-ucos(p \
d(f> d<j> \ d(j> J

S being the area : whence we find

dS
t ,„/ „ sin$ ,\ . ,„sin(0+4>)

-T=hH cos 6 —-f +cos0 )-\b 2
. n
—

•

d<f>
z \ 8in0 J

2
sin0

Now it is easy to see that 6 and <{> increase together, as long as the

figure is convex : whence, 9 being < tt, there is a change from + to —
when e+ 4>=7r, or the figure must be capable of inscription in a circle.

Consequently the two angles opposite the base must be equal. Pre-

cisely the same reasoning will show that; any four-sided figure of given

sides is the greatest possible when it can be inscribed in a circle.

146. Of all figures contained under the same length of boundary, and
having a given number of sides, the equilateral and equiangular figure

must be the greatest. Suppose the greatest figure constructed : if, then,

any two consecutive sides be unequal, let the diagonal which is their

base remain fixed, and on that diagonal construct an isosceles triangle

having the sum of its sides equal to the sum of the sides of the triangle.

Then, all the rest of the figure remaining, the isosceles triangle added to

it will make a figure of the given perimeter, 'and greater than the

greatest, which is absurd. Next let any consecutive angles be unequal.

Take the diagonal on which the three sides containing them stand, and
let the three sides move on that diagonal until the angles are equal.

Then the four-sided figure which has that diagonal for its base is made
greater than it was, and the rest remaining the same as before, a figure

of the given perimeter is found which is greater than the greatest. This

isabsurcl, and putting the two results together, the conclusion is, that a

regular polygon is the greatest of all figures having a given number of

sides and a given length of boundary or perimeter.

From this it follows that a polygon of given number of sides and given

area is least in boundary when it is regular. Let P be the length of

boundary, say of a regular pentagon, whose area is A ; and if possible,

let the same area be contained under a less boundary Q in a certain

irregular pentagon. Form the latter boundary into a regular pentagon :

then the area of the last is increased, or is greater than A. But since
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Q is less than P, the second regular pentagon has a less side than the

first ; but it has also a greater area, which is absurd. Hence the pro-

position readily follows.

If the boundary of a regular polygon be P, and its number of sides ?i,

P . T
the radius of the circumscribed circle is =-sin— , and the area of

2n n
. P 2 v PVtt ir\ „

the polygon is J-tan — , or — |-tan— . But the last factor
4n n 4ir\?i n J

continually increases as ic—n diminishes, since the diff. co. of or-r-tan x
is (sin a'.cosa;—Lr)-f-sin2 x, which is always negative, since sina?.cos*
—x is \ (sin 2x—2*). Hence, increasing the number of sides with-

out limit, we find that the circle is the greatest of all figures under

the same boundary.

1 47. What is the greatest rectangle which can be inscribed in an

ellipse, whose semidiameters are a and b? A rectangle can only be

inscribed in an ellipse when its sides are parallel to the semidiameters

;

and if x and y be the coordinates of one of its vertices, the area of the

rectangle is 4xy or 4 (b-~a) y.x^f (a?— a?
2
). Consequently, x/J(az— x'

1
)

is to be a maximum, and also cPx*—x4
. But 2a2 x—4X3 changes sign

from + to — (x increasing) when x=^ Aj2.a and y=iv2.6. The
area required is lab ; and the greatest rectangle in an ellipse is similar

to the circumscribing rectangle, and of half its size.

148. Find the shortest line which can be drawn through a given

point, and terminate at two given straight lines.

Let P be the point, and OA and OB the given straight lines ; let

OM= a, MP=/>, YOX= v, OXY=<f>, then

XY-
b sin

+
sin

<f>
sin(v+ 0)

, whose cliff, co. is

/6cos0 acQs(v+ <b)\_smv L_i ±

—

'_IZ )

Vsin2 T
sin

2
(v+ 4>) /

which is negative when is small, and continues negative until

(sin (v+ <f>)\
2

__ a cos(v-{-<{>)

I sin cj) J b cos
<f>

'

the least root of which equation (0 being unknown) determines the
position required. This might be reduced to an equation of the third
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degree, in powers of tan </> ; but if v be a right angle, \vc find tan^rrri-J-a,

and the shortest distance required is (i :i+ a-')'*.

Corollary. The equation of the curve which is such that the

shortest line drawn through any point of it to the axes is a given length

/, is x* + y*=fi.

149. Of all "circular arcs of given length, a, to find that which with

its chord incloses the greatest space. If?" be the radius, the angle at

the centre is a-^-r, and the area of the segment is

ar
~2 whose cliff, co. is

a . a a a——r sin 1- --cos—

,

2 r 2 r

which is positive when \:r is small, and becomes nothing, afterwards

changing sign, when a-f-r=7r, or when a is a semicircle. This will be

seen more clearly by writing the preceding diff. co. in the form

a cos
2 x 1

tan x
, where x=a-±-2r.

Now x— tan x changes from + to — when x decreases, passing through

^tt, which happens when r increases, passing through u-^-tt.

Most applications to geometry, of the preceding kind, offer little

difficulty except in the determination and choice of the equations which
must be found previously to the entrance of the differential process.

We shall see some further examples in treating the theory of curves.

In the mean while it may be observed, that when it is convenient to

ascertain the maximum or minimum value of (fix by means of that of

(0.r)'2 , it is necessary to pay attention to the sign of (fix. If ((fix)
2 be a

maximum, and (fix be then negative, (fix is a minimum ; since (page

132) the criterion is deduced on the supposition that the magnitude of

quantities is interpreted with reference to their signs. Thus it is possi-

ble, that by finding the maximum or minimum of {(fix)
2 we might infer

that (fix is the one, when in fact it is the other. When the diff. co. of

(0J.1

)
2
, or 2<fix.(fi'x, changes from 4- to — , then <\>'x changes from + to

— if (fix be positive, but from — to -I- if (fix be negative. But if (fix

itself change sign, passing through 0, then ($.r)
2
is a minimum,* though

$x is not.

I now take one or two instances in which there are more variables

than one. (Page 216.)

150. Required a point within a triangle whose sides are a, b, and c,

* Show that in such a case (fix and cfix ,<fi'x can never change sign together when
# increases, except from — to +.
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the sum of the distances from which to the vertices is a minimum. Let

the distances be p, q, and r, as marked in the figure ; and let the

coordinates of the required point, measured from A, be x and y. Then
we have (u being p+ q+ r)

p^—x^+ y^ q*—(c—xy+ if

r
2= (6 cos A—xy+ (b sin A—?/)2

.

Let the angle made by p and y be 0, let that of q produced and y be
i£", and that of r and y be x- We have then

dq— = — sin Vs, —L=— cos V/,
dy

cosx-

or sin — sin i/^— sin x-

or cos 0— cos Y'^—cosx-

Add the squares of the last equations in each line, and we have

cos (i^—0)= <b or the supplement of the angle of p and q is 60°,

whence the angle of p and q is 120°. Similarly, it may be proved that

the angles of p and r, and of q and r, are each 120°.

This is a case in which it would be a long process to apply the criterion

of distinction between a maximum and a minimum ; butit is sufficiently

evident that a minimum does exist and no maximum. Let the student

now prove that the point at which p
2
-\-q

2+ r2 is a minimum is the point

of intersection of lines drawn from the vertices to the bisections of the

opposite sides, or the centre of gravity of the triangle.

151. What is the greatest space which can be inclosed in a quadri-

lateral figure, three of whose sides are a, b, and c, in order of contiguity.

Let be the angle of b and c, and <p that of a, and the diagonal inter-

secting a and b: then the area is

u— \bc sin0+ 2 «V (6
2+ c

2— 2bc cos 0) .sin 0,

which is certainly a maximum with respect to when is a right angle.

It would require the solution of an equation of the third degree to deter-

mine 6 ; but similar reasoning with respect to ty, the angle of c and the

diagonal intersecting a and b, will show that f must be a right angle.

Consequently the four-sided figure must be inscribed in a circle, of

which the side not given is the diameter.

It may, however, very easily be shown that 1. when all the sides of a

figure are given, the greatest figure is that which can be inscribed in a

circle ; 2. that when all the sides but one are given, the greatest figure

is that inscribed in a circle of which the unknown side is the diameter.

Let a, b, c, &c. be the sides, and let (« b c d), for instance, mean the

diagonal which separates a, b, c, d from the rest of the figure. Then
the figure abc (abc) can be inscribed in a circle ; for if not a, b, c could

move on {abc), all the rest of the figure remaining, so that abc (abc)

should increase. Similarly, bed (bed) can be inscribed in some circle.

Now there is but one circle which can contain the triangle be (be),
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which is common to both the preceding quadrilaterals: so that

the same circle must contain abe (abc) and bed, (bed), or abed (abed) is

inscribed in a circle. Similarly, abode (abede) must be inscribed in a

circle, and so on. So much for the figure of which all the sides are

given : now if one side x be at our pleasure, let p and q be the con-

tiguous sides (given) ; then whatever x may be, the greatest figure can

be inscribed in a circle. Now in the triangle xp (xp) the angle of (px)

and p must be a right angle ; for if not, the rest of the figure remaining
the same xp(xp) could be increased by altering x, so that the angle

mentioned should become a right angle. Consequently x is a diameter

of the circle.

It is the condition of a polygon's inscription in a circle that its suc-

cessive angles should be capable of being represented as follows.

Suppose the figure to be of seven sides, and let a, ft, y, d, S, £, 77, be any
seven angles whose 'sum is two right angles. Then all seven-sided

figures which can be inscribed in a circle are contained among those

which have for their angles

a+ ft+ y+ Z+ S, ft+ y+ d+ S+Z, y+ a+£+^+ r; , S+ S+i:+ V+ a

e+Z+v+ a+ft, |-M+ «+/3+y, v + a+ft+y+S.

When the figure has an even number of sides, the preceding shows that

the sum of the first, third, fifth, &c. angles must be equal to the sum
of the second, fourth, sixth, &c.

Examples on the remaining subjects of Chapter VIII. will be found
in the two following chapters. I now proceed to Chapter IX.

152. Any one function of x may be considered as a function of any
other function of x : thus, if y=d>x, z — "(f/x, the elimination of x gives a

relation between y and 2, which may be reduced to the form y=^~.
Let y and z be two functions of x which vanish together, and such

that z : y can be expanded in the form A+ A 1
2-r-A2z

2+ . . . , : then P
being any other function of x, which may be transformed into a function

of either y or z, it follows that when z=0

dnV __ d
n~l tdP

dyn
dzn~ l [dz ' \y

(Called Burmann's Theorem.)

In order to prove this, it is necessary first to prove the following :

Let z : y=t ; then, when 2=0,

dn
(y

r
t
n

) , nx d"~ r
.t

n- r

az dz

dn ~ l / d.t"\ dn
.

Nand dF^-^J"^^
Since t~A+A l

z+ Ac,z'*-\- .... we know that t
n~ r must take the form

B + B,2+ and y
r

t
n

is z
r

t
n~\ or Bz^+ Bj^^1

-!- , which diffe-

rentiated with respect to 2, n times following, n being >?', the only term
independent of z is that obtained from B„_,. z

n
, which gives n (?i— 1) . .

.

2.1 B„_ r , when n= or >r, and when ?i<r. But Bn_r is the coeffi-

cient of 2
,! " r

in the development of t
n~ r

, or the value of the (n—?-)th

diff. co. of t
n~r

divided by 1.2.3... (11— r), when 2=0. Consequently
(when 2=0)
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d" (y
r
t
n

) _ d"(zr
l
n-r

) _n(n—l) 1 dn~r
.t
"-

dz" dzn ~~ 1 . 2 . . . . (n— r) ' dzn~r

,d"- r
.t

n~r

~n (n-1) (w-r+1)

d.tn _,dt
Again, y --—~?iyr

t" —=.nzr
t"

'

a J dz
J

dz

' T >-)

dzn~r

t

n~r-l dt _ n d.r -*•

dz n— r " dz

.)
n— ?'

;

(B,** +2Baz
"+l+

or- 3'(B 1+2B^+3Ba
s
2+. ...)=-- (B^+ 2B 2^+ ....);

?i— ;• M— r

which with all its diff. co. up to the rth exclusive, vanishes withs. If

then n be greater than r, the (a— l)th diff. co. of the preceding is

reduced, when z=0, to (/i : n—r) X (n— 1) .... 2 . 1 X (n— r) B„_r , or to

n (w — 1). . . 2. 1 B„_r , which has been found above. Consequently

(when 2= 0)
dn~ l

f d.tn\ _ _dr*ir*,

Tz^ [y
r^)=^ n~r^^=r^>^ '

and the same is =0, when ?z= or <r.
By Maclaurin's theorem P=P +P ,

.y+ P" (y*:2)+ , where

P , P' are the values of P, considered as a function of y, and its diff.

co. with respect to y, when t/= 0, which gives also ^ = 0. Multiply by

r, and differentiate n times following with respect to z, which gives

which, when z=0, is the same as

_ d"l
n ^,dn- l

l
n- 1 n—l n.,d

n
-*t

n-2
, _, .; dt _..P !-?iP' \-n P" -. 4-nP (n_1)

\-P°' }

d~n d*"~ l 2 d~"~2 •'•^r">r o
d'~

'

all the following terms disappearing, by the preceding theorem. Again,
multiplying P by d.t n

: dz, and differentiating n— 1 times with respect

to z, we have

dz^ V ~^) ° dl~l Tz
+P °^»~1 \y~di

+ i p'»^7fe> ;

which, when z—0, is the same as

~dn
t
n

_, dn~\tn~ l n— l „ dn-Hn~*
_, „<fcp t-7>P' 1-?? P" i t- 4-?> PO-O •

which has one term less than the preceding, since D" (y
r r) does not

vanish until r>7i, while D"-1
(y

r Dtn
) vanishes when r is equal to n.

We then evidently have (when 2=0)

which is the theorem above stated.

For instance, let z=x?— 1, yz=x— 1, which both vanish when tfrsl,

and vanish in the ratio of 2 to 1. Let P=.r% we have then
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^+i:=v(i + ~)+i; v=(i+ yy"=(i+zy ;

,/2P fl /rip \ ,/

-=2«(2a-i)(i +yr---(-^-(„i +,r. {V (i +2+ in

V( l + Z)

when ar=l, and y— 0, and z=0, the first becomes 2a (2a— 1), and the

second 4a (a— l) + 2a, which are evidently equal.

153. Required the expansion of tyx in powers of 0x. Let a he one

of the roots of 0x, and let y=c/jx, z=x— a. Consequently, y and z

vanish together, and in the ratio (page 173) of (fi'a to 1, which is finite,

unless there be two or more roots equal to a, or unless (jt'a is infinite :

exclude these cases. Again, since --— x — a, we have

dA. _dA dz _dk d*A _d_ dk dz._d 2A
dx dz ' dx

~~
dz' dx* dz dz' dx' dz*

1

the bracketed diff. co. standing for the values when y= 0, or when
,i=a. But

\ dy» J
~W'- 1 V

'dfyx x—a "

dz 4>x

in which x is a+ z: which is not altered by writing x for z in the

symbols of differentiation. We have then

(y'x (x-«)\, d fVx (x - o)*\ (4>xY
r r ^\ fr y dx\ ($xy J 2

d?_
f
y'x(x-ay\ (shy+

dx*\ (<}>xy J 2.3
+ ""'

x being made =a in the coefficients of <j>x, (0a1

)
2
, &c. Observe, that

these coefficients are results independent of x, though written so as to

show how they are obtained from x.

154. Show that the preceding becomes Taylor's theorem when
cf)X—x— a, and also that Lagrange's theorem may be deduced from
Burmann's, by making z=x— a, y=(x — a) : <px.

155. Required the development of i{/4>~
lx in powers of x,

-1
o; being

the inverse function of <px, or r/> (<fi~\r)=x. Write (j>~\v for x in the
preceding, and we have

w->x=*a+(&?z$) x+± (
v'x-(*-*r\ &

.
* \ (**) J dA ifry ) 2

_

g (y'x(x-ay\ x3

dx\ (0.r)
3

J2.3
+

. . fx—a\ . d (x—«V x1
d* fx—a\ 3 x 3

X
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For example, let (j)X^=(x—a) s~z, then to find 0~\z is the same as find-

ing y in the equation x= (y—a) s
-2

' : and the theorem gives

y= a+ g* x+ 2s
10 --+ 3V -^- -f 4

3 s
40—J—+ . . .

.

^ 2 2.3
T

2.3.4

156. If jt and <px vanish together, we have

f x\ d fiV a?
2

rf
2 / ,rV a;

3

making a?=0 in the coefficients. Let 0#=a lr-r-& lr2+ cx^+ ex*+ ... .,

so that the determination of <p~ lx is equivalent to finding x in terms of u

from w=a,r+ 6 1r2+ . . . ., as in page 157. We have then (#-f-0a)
n=:

(a+bx+ ... .
)~n

, which can be expanded in positive powers of x, unless

a be =0 (an excluded case.) The value of the {n— l)th diff. co. of

(a+bx+ . . . .)
-
% when x=0, evidently results from the term which

contains xn~ l

, (say An_ia?"
_1

), and is (n — l)(n — 2)....1A„_1
.

Dividing this by 1 . 2 . 3 . . . . n, and multiplying by xn, we have A„_!

xn-$-n for the general term of 4>~l
x. Now in (64.) we have found the

development of the powers of a+bx+.. .. when a=l, whence if in

that development we write —n for n, b : a, c : a, &c. for b, c, &c,
and multiply the whole by a~n, we shall have the development of

(a+ bx+ . . . .
)~". Let Pm

, n denote the coefficient of xm in the develop-

ment of (a+ bx+ . . . .)~", and we have (64.)

Pv =l:a; P,, 2 = -26 : a 3
; P 2,3 =-^+^

_4e 206c 2063 _5/ 15(26e+ c2 ) 105 6
2
c 706 4

__ _6jr 21 (26/+2ce) 56 (36
2
e + 36c2

) 126 (46V) 252 65

5,6 "~
a7 + a8 ~~ a9

+
^° a77

"

__ _lh 28(2bg + 2rf+e*) 84 (36
2/+66ce+ c

3

)
6,7 ~

~a~8
+

a9 a^

210(463

<H-6 6*c2
) _ 462 (5 6V) 924 6s

a7' ^ + ~^Tr
~

But 0-^=PO)^+^P 1 , 2
^+ip

g , 3
a:3+Ip3

;4
^+ip

4)5 ^+ ....;

whence we have the following result : if

u=:ax+bx*+cxi +ex'i+fx !i -\-gx6+ hx7+ ....

Then a?= 6—+ (262-ac) (56
3— 5a6c+ase)—

-

« a3 a5 y
a?

+ (146 4—21a6 2c-f3«2 26<?+c2 -a3
/)—

- (4265— 84a63c+28a2 b*e+ bc*—7a3 6/+ ce -f a
4
«•)—

-f- ( 1326*;- 330a6 4
c+ 30a2 Ab3e+66V— 12a3 36 2/+ 66ce+ c

3
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. U7

+ 4«" 2bg+ 2cf+ e^—a'h)—
— &c. + &c. — &c.

This agrees with page 158, as far as the latter goes.

157. Returning to Burmann's theorem, let ?/—$£, z— x^, 4>x ar, d Xv
having a common root a, and vanishing in a finite ratio. It is required

to expand fx in powers of 4>x. Transform z= xx m^° a?—

X

—
1j5

j
then

"tyx and cpx made functions of z are Vx
- '

2 anc^ ^X
-

'^- -^nd

158. We proceed to some exercises on the separation of the symbols

of operation and quantity, (page 163.)

If a+ a
l
x+ a2x

i+ . . . . =^r, by 0A.6 we mean to represent ab+
«, Ab+ a.2 A26+ . . . . , where Ab, A2

6, &c. are differences formed from b,

bu 62, &c. Thus A3
6 means bs

—3^2+36,-6, (page 77.)

(a+ .r)(a— ,r)= a2— j;
2

: required the exhibition of the meaning and
proof of the theorem (a+A)(a—A) b~a?b—

A

26. By (a—A) b we
mean that the operation performed on b is the subtraction of its differ-

ence from its arth multiple; which gives ab—A6 or ab— bi+b. Ou
this the operation a+ A is to be performed, which gives

a(ab-b
l+ b)+(ab

l
—b2+ b

l )— (ab— b
l + b), or ai

b— (bi—2b l+ b),

which is a*b-A2b, or (a2—

A

2
) b.

159. /A.0" represents a finite number of operations; being

a+ a
x
A0'!+ «, A2 0"+ +an A" 0"+ an+l An+1 n+ ,

in which (38.) all the terms after an An n
vanish.

160. HerscheVs Theorem .* Let it be required to develope /(e T
) in

powers of x. This might be done by Maclaurin's theorem, or by making
(fixz=\ogx and a=l, in (153.) But it is the object of the present

theorem to exhibit the coefficients in terms of the differences of the

powers of nothing, operated on in a manner depending on the form of

the function f. By Taylor's theorem

(V—IV fg*_iy»
jV=/l +/' 1 (g*-

1 )+/'! il

/AO AO2

(60.) =fl +fl(^x+^+

2.3\1.2.3 1.2.3.4

from which, if we pick out the coefficient of xn
, we find

x" [ , „,_ AO" „.._ A2 0"

1.2.3.. n\J ^J
1 ^ 1.2 ^ 1.2.3 ,..hJ

* Given by Sir John Herschel in his Examples of the Calculus of Differences,

page 66.

X2
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Carry on the series in brackets ad infinitum, and no difference is made,
since An+m 0*=:0 in all cases. In tins case the operations performed on
0" are

f A2
1

J/1+/'1.A+/"1—+
J

n
, abbreviated into /(1+A).0% whence

/^=/l+/(l+A)0. J?+/(l + A)02.|:+/(l +A)03.^+
This theorem may be used either to discover unknown series by means of

the differences of nothing, or to establish relations between those differ-

ences by means of known series.

161. The following method of demonstration* exhibits the preceding

theorem in a very striking point of view. The several terms x°, x l

,

.2'
2

. . . . , considered as particular cases of xa
, may be represented by

a-
,
(1+A) x'\ (1-f- A)

2 * , &c. Hence Maclaurin's theorem becomes

<f>a;r=0O. ar°+<//0.(l -f-A)a»+^"0.(l + A)2 aP+....

. =|0O+ 0'O.(l + d)+i^O(l+A) 2+....}^3

which may be abbreviated into <j> (l-fA).^ .

Now xa=:a + log.r.a+- (log i) 2 .a2+ . .
.
, on which, if the operation

<l> (1+ A) be performed, a being then made =0, we have

^.r=0(l + A).Oo+ 0(l + A)O l
.loga? -r-0(l + A).O 2 .-^|-^-

2

+.... 5

in which, if we write s" for x, we have the theorem of the last article.

162. Show that -^ \f'x (y~)\ =/( 1 + A) .
0* when x= 1

.

163. Required the expression of Bernoulli's numbers in terms of the

differences of nothing. By definition, B,„ the ?;th such number, is the

coefficient of xn—\n'\ in the development of x : (£
r— 1) ; and (17.) the

coefficient of xn-±-\n\ in that of 1 : (£*+ 1) is -Bn+1 (2"
+1— 1) : (n+ 1).

But, fs
x being 1 : (g* + 1), the same coefficient is /(l4-A)0n

or

{1 : (2 + A)} 0", whence we have

_ 7i+l 1 Ai n+1 /0n A0" A2 0" A"0"'
B«+i=— -SSi

—

i'5-TT' =—7^+i 7 7 T"+ ~3 " -2"+'— 1 2+

A

2n+1— 1\2 4 8 ~ 2n+1

since A" +1
0", A" +2 n

, &c. are all equal to nothing. It is necessary to

retain 0": 2, for though it vanishes when n is >0, yet when n=0,
0°=1, which makes the preceding series perfectly general. And since

B„+1=0, whenever ?z+l is an odd number greater than 1, or when-
ever n is an even number, we must have

AO2* A2 2re A3 2re A2n 2 '1

1 r + -
8

—5^=0 <»>o).

To verify this, when 2/j=6, we have

* Given by Sir W. Hamilton in the Trans. Roy, Irish Acad.
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1 • 62 540 1560 1800 720_
2 ~~T 8 16

+ ~32 64

For the value of B„ (?ir=7) we have

8 ( 1 126 1806 8400 1CS00 15120_ 5010) _ _ 1_
'

~255l~4 + ~8
16 32 64 ~T2~8 256 i ~

~~
30'

164. Show from x : (e°— 1), or logs* : (g*— 1), that

AO" A2 n A"0n
''

1 14 36 24 1
lor mstance B ^

= ~2 +t— + 1-"^?

1G5. Required the development of cos (as*). Here fx— cos ax,

/(l+A)= cos (a+ aA)= cosa.cosaA—sin a. sin aA, or

/(l + A)= coB a^l — +__...
.J

. / . «3 A3 a5 A5_sina ^A_w +__..

cos («£*)= cos a + (cos a.0— a sin a) x

x~*

+ (cosa.O-—

a

2—a sin a)—-+ ....
a

This may be readily verified by Maclaurin's theorem ; but the deve-

lopment is easier by this method, with the table in (38.), than by the

direct use of that theorem.

166. If fs
x~x% it maybe shown that {log(l+ A)}"0"=0 in all

cases, except when n=a, in which case it is =1 .2.3. . ..a. Also, if

fx—a.
a
, it follows that (14-A) a n=an

for all values of a, which was
known before in the case of whole and positive values. Thus

(1+A)-X 0"=0B— A0"+ A2 n— ±A"0n==(—1)"

(1 + A)~2 0"=0"— 2A0"+3AS 0"— + (n+ 1) A" n~(— 2)\

16*7. The preceding result is even true when the exponent is incom-
mensurable or impossible. Thus, the second of each of the following

pairs verifies the first.

+ A) V7 2 = 2+ V? • A0 2+ Jl^—^ A2 2

(l + A) 1 -
f
- x/::r 2=0 2+(l-r-V=:T)A0

2+(l+V—T)-^A2 <
)

(1+V^1) 2=:1 +fzi+J—i-i. J

168. The following propositions may be easily proved by con-

sidering the functions of £*, in which the operations set down will be
coefficients.
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{(log 1+ A)"./A} a—a (a— 1) (a-n+ 1) {fA}.Oa~n

{f.(l + Ay}.Oa=na
{f(l + A)}0«

{/(1 + A)+/(1 + A)- 1 }0
2«-1=0 {/(i+A)-/(l + A)- 1

}02"=0.

Thus, in the second instance, the first side is the coefficient of xa
: [a]

in the expansion of fs
nr

, which is n" X the same coefficient in that

169. To express a function of differences as a function of diff. co.

Let u be a function of a?, and let u=4>x, u
1 =([> (x+fi), ?/ 2=0 (x+2h),

&c, from which let differences be taken, namely Au=Ui—u, A-u=
u.2—2u l

+u, &c. Let fA.u be the function in question, that is, fA
being a+ «

1
A+a2A8+ , fA.u means au+a

1Au+a.2A2u+ ....

Then, Au being (s
AD— 1) u (page 165) we have

/A. W=/(6"D -l). W={/0+/A.0.AD+/A.02-^+. . .. }u.

dxi
Hence au+ a

x
Au+ «2A2m+ . . . . =f0 . u +fA . — h

+fA-vpah.+m?°h>+
"

2 dx* 2.3 dx3

fQ=a, /A.0=a
x
A0, fA.

2=a
l
A0%+a.2A2 2

, &c.

170. To determine aux+ a
1ux+l + a2ux+s+ .... in terms of differences

and diff. co. of ux . Here the total operation performed on vx is

(!+«! (1 +A) + «2 (1 + A) 2+ . . .
.

, or /(l + A), or fs
v

. Hence

avx+alux+1+ t=zf\.u-\-f'l.Aux+ J— A*ux+

=/1.h+/(1 +A).0-+ 2—_+_T§-_~+
1*71. Let fx = <j>o? + (a? + 1) . a + (Jo + 2) . a 2 + : then

^•= {lH-a(l + A)+ }0j?=1 : (1—a—aA) (px.

1 A
Let A=a : (1 — a), then fx=- - — ^i'.

„ AA02+ A2A2 2
...

( 1— a) ^-— <£*+ AA0 . ^'.r H
-

<f>"j?

AA03+ A2A2 3 -+A3A3 3

L
... ,

T
2.3

V

172. The coefficients in^ are these in the expansion of 1 : (1 -af),
and if a=l the expression fails to give a series in a finite form. To
find the sum of the terminating series <fix + <p (#+ l).a+
+ 4> (x+ y— 1) ay

~l

, we have evidently fx— ty (x+ y) .ay , and

(1— a) {fx-f (x+ y).ay }= ((/)x—a!
><py)+AA0 {4>'x—ay ^'(x+y))

AA02-fA2A0 2

/ ,. u
• -*

+
\

($"y~a»f(x+y))+. . .

.
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But if a=— 1, or A=—-, the expression in (17.) gives

4>x 3B 2 .. 15B4 „, 63

B

R ,

2
v 4^ x -l-

2 [4] 2 M
<t>x-(l*(j;+l)+. . .±<jj(x+y-l)=:-{<t>3:±(l>(x+y)}--{<l>'x±<p' (x+y)\

1 4>"'oc± (P
>'' 1 (x+y) 3 0\r±0v

(*+?/)

2 jf.lO 2 2.3.4.5.6
+ '

the counterpart of (69.) : verify it from what precedes.

173. If x be a great number, show from the last that

x(x+ 2) (x+ 2y)

(X+ D....(x+2y-ir^- x+2y +1) nearly -

x x+ 2 x+ 4 x+ 2y I x

x+l' x~+3' x~+5 x+ 2y+l *~V x+ 2y + 2
} "^ y *

174. If the value of fx in (171.) be reduced to a simple function of

a and x, it will become

<£z+0(x-fl)a+0( lz+ 2) a2+. . . = - ^+71 ti0'*
1 — CI ^ 1 — CI

)

a+ d2
<j>"x a+ 4ai+ a3

cjj'"x a+ ll«2+ lla3+ a4 {vx
+t;—rr3 tt H—r; -71—Sri; +•
(1-a) 3 2 (1— a)* 2.3 (1—a)

5 2.3.4

a+ 26a2+ 66a3+ 26a* + a5
<f>

vx
+ (1—a)

6 2.3.4.5
+

175. In the result of (69.) we may observe that the series contains a

part which does not depend on x, but only on the specific value x=0,
and which is in fact an arbitrary constant of an infinite number of terms,

depending on the beginning of the series. Calling it C, we have

1 1 v' 1 v'"
*h=C+/* <*-

5
y.+

sV -30 ofi+ •
• • • •

where the constant of the integral is also contained in C. We shall

now show how to use this series, which is most available in cases where
the diff. co. of yx diminish rapidly. It must be remembered that 2ya
ends with y,_,.

176. Reared ! +!+!+....+£±&$
^n— +J x« 2 xn 12x"+1 720 «n+3

Add 1 : xa to both sides, and we have

, +i--C -— +— -
»(n+l)(n+ 2)

xn (n-l)x7'-1
+
2xn 12^" +1 + 720*"+3

except only when n=l, in which case the two first terms are C + logo;.
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To determine C we must calculate one value of both sides of the

equation in some particular case : thus, if ?i=\, and if we take the case

of .r=10, we shall find by calculation 2*9289683 for the first side; and
therefore

2*9289683— C+ log 10+ h ....,T
°

T
20 1200 1200000

'

which gives C~' 5772157 (log 10 being 2-3025S51)

1+5+--+r=- 5"sl«+b8*+s-is? +i^?— ••

Thus we see that the series of reciprocals of whole numbers, when x is

considerable, increases with the (Naperian) logarithm of the last number,
nearly.

177. Let the series be log l+log 2+ .... +log (x—1)=2 logo:.

21og^C+/log^dr-llogx+^-
§[o

-i+....

log 1 + . . . +log x—Q,+ (log x.x—x)+- log x+-- —— —-f

In this case we have already shown (126.) that the preceding approaches

to log (*J(2ttx) . x" s
x
) or hg^J (2ir)+-\ogx+x\ogx-x: consequently

C= logA/27r, and

1.2.3.... x

=

V(27i\r) Xs £ '

"
r w» 360 *T '

'

'

178. Show that ai&ux — atb?ux -\-

a

3&?ux — . . . .

= «1Awa!_ 1—Acr
1 A87^_24-A

?
cf

1
A3MJ_ 3

— . . . . ;

A2 h3

and also that a<j)X+a$x . h -\- ai<j>"x— + a3 <f>'"x
——+ . . .

.

=«0 (x+ h)+ batf (x+h).h+Ka4" (x+h) £+...:'

179. To expand An

yx by means of differences which can be obtained

without using yx+1 , yx+2 , &c.

f A ?i+l A2
1

w -1-1 -

= A" yj_„+wA"+1 y^H-, + n —— A"+2
y*_„_.2 + . . .

.

ISO. In (61.) it is shown that

E-^f
_=,i+v1.+ Tl*+v>+ • . .

.{v,=i, v<= -i, te}.

For x write a? : (1

—

x\ whence the first side becomes

x 1— Vi x+V2 x~— . . . . .

or r ' whence
(1—.z)log(l— j-)' I—a;
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1_v
1
^v2^-....==(i-^)|i+v I

-

l
4-+v

2(
-

i
-^a+ ...}

~l-x+Y l
x+V2 (x*+ x«+....) + Va (x

3 + 2xi+ 3x"+....)

+ V4 (a,
4
-f 3*5+ 6a5+ ) -J-V5 (x'+ 4 j;

8+ 1 Ox'-f )

= 1-(1-V
1
).r+V^s+(V3+V2)x

3+(V 4+2V 3+V 2)x 1

+ (V
5
+3V4+3V3+V2) *»+ (V

6
+4V5+ 6V4+ 4V8+

V

g ) *>+ . i ..

;

whence V8+Va=-Vs, V
4+ 2V3+V2

-V
4 , &c.

Vn+a+nVB+l+7i^ V„+ .... +7iV3+V2=(-l)n
V,.

181. In (67.), -ffyxdx was expanded in a series, the variable

part of which was (yn$~yx,
y^ijjisy...,, &c )

2yt+V 1
y,+V2 Ay:H-V3 A2

yx+V4
A3

yJ+....,

which (179.) is 2^+Vx^+Va (AyI_ 1+A2
y,_ 2+ As

y,_ 3+ . . . .)

+V3 (A
2

yc_2+2A3

yx _ 3+3A*y,_4+ . . . . )

+V
4
(A' y,_3+ 3A4

y,_4+ 6A* y,_5+ . . . .

)

+
= 2y,+V 1 y,-f-Va Ay^ + OVfV,) A2

y,_2+(V4+2V3+V2) A
3

y c _ 3+. .

.

= 2y,+V
1 y.t+V !i

Ay^-V, A2
y,_2+ V, ^y^-V, A*yx_,+ ....

Joining to this the constant part, the same as in (69.), we have

q/Vh* dx-^ .y«e+Vi (y,i9-y ) +Va (Ay,l9_9-Ay ) -V3 (A3
yn9_29+A2

y (1)

+V4
(A3

yn9_39-A3

y )-V5
(A*yB_w+ A*y )+ ....

If the limits of the integral be a and a+?id, we have, by similar

reasoning,

jj
fa

+neyxdx—ya+ya+e+— +y0+(n_i)9+V1 (ya+ne-ya) +—
The use of this theorem in approximating to the values of definite

integrals, is called the method of quadratures, from its most obvious

application being the determination of the area of a curve in square

units, which is the arithmetical problem answering to the quadrature of

a curve, or the determination of a square which is equal to its area. The
two first terms, V! being h, make up^ya+ya+9+. . . . +hya+ ne) and the

theorem may be thus exhibited :

fa
a
+ne

yx dx~(±1Ja+ya+e -\-ya+o + +ya+
(n-,)9+iya+nd d

a n
1 Q (9

-Y^ (&y*+ne-e- Aya)—— (A2 ya+tl9_29+

A

2

ya)—— (A3

ya+n9_3 -A3

ya)

"160 (A4^+—+A4 y->-60480 (A
'
y'+"- M

~ A5j/a)~

182. As an example of the preceding, in a case which can easily be
verified, we propose to find^ log a: da: from .r—11 toa,™20. We have
then a=ll, nd— 9, let ?z=9, 0—1. Taking a table of hyperbolic

logarithms, we find the following logarithms and differences :
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No. Log. A+. A2-. A3+. A*-. As+.

11

12

13

14

15
16

17

18

19

20

2-39789527
2-48490665
2-56494936
2-63905733
2-70805020
2-77258872
2-83321334
2-89037176
2-94443898
2-99573227

0-08701138
0-08004271
0-07410797
0-06899287
0-06453852
0-06062462
0-05715842
0-05406722
0-05129329

0-00696867
0-00593474
0-00511510
0-00445435
0-00391390
0-00346620
0-00309120
0-00277393

0-00103393
0-00081964
0-00066075
0-00054045
0-00044770
0-00037500
0-00031727

0-00021429
0-00015889
0-00012030
0-00009275
0-00007270
0-00005773

0-00005540
0-00003859
0-00002755
0-00002005
0-00001497

= 24 •53439011

= + •00297651

= + •00040594

= + •00001891

= + •00000510

=r + •00000058

24 •53779715

Jlog 11+log 12+ +log 19+ ^log 20

-{0-05129329—0*08701138}H-12
- { - • 00277393— ' 00696867 }-^-24

- 19 { • 00031727— * 001 03393 j-4-720

- 3 {— • 00005773— • 00021429}-hl60

-863 { -00001497 - • 00005540 J+-60480

Nowflog* dx=x log x— &?, andy^ log x dxz=2Q log 20— 11 log 11—

9

= 20

X

2 '995732274- 11 X 2 -397895273 -9=24* 53779748;

or the preceding approximation is true to six places of decimals.

183. The smaller the value of 6 in the preceding example, nd being

given, the more nearly ^ya+3/a+9+ • • • • +2 ya+ns approximates to the

value of the integral. If, for instance, we were to divide 6 into ten parts,

and if 0=1 OX, then

hya+ Va+>.+ ...-+ (2/a+lOAJ «* $a±i) +^+nx+ "H 2/«+10«A

is much more near to the required integral. The following questions

will illustrate this, and at the same time introduce a useful theorem.

184. Required the development of u=x: {(l + x)n— 1} in powers of

x. Here

u(l + x)n—x+ u; m' (!+«)"+ nit (1 + «)"- 1=1 + m,

9

.<*) (l+xy+knu*-"- 1
) (l+x) n~ l+ . . .+[7i,?i-k+l~\u(l+x)n-kz=uv'\

Let x=z0, and let U, U', &c. be the values of v, a', &c. ; then

u=i
n

2nU'+n(7i-l)U=0 U'=-

3wU"+ 3w(7i-l)U'+ w(re—1)(»-2)U=0 ,U"=

n—1
2n

(ra-l)(n+l)

4nU /"+6n(»-l)U //+4[7t
J
n-2]U'+[n,n-3]U= U'"= -

Qn

-l)Qt+ l)

4n
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5?/U
iv+10n(n 1) U"'-f . . . •+[//, n-4] U=

rtiv^ (»-l)(»+l)<19~^')

30/t

6/iUv+ 15ft (n-1) U iv +....+ [//, Ti—5] U=

uv= _ (/t-l)(-tt+l)(9-n*)

4/2

7/iU vi+ 21//(//-l)U v+ +[n,n-0] U=
ivi_ (w-1) (w +1)(863— 145/t* + 2/^

)

~
84/7

'

Applying Maclaurin's theorem, we have

x 1 ?i-l ra
2— 1 . ?i

2 -l , (n--l)(19—n«)
a; +——— or — n n A

xr -±— —

—

x*
(l + o?)"— 1 n 2/i 2.6w 2.3.4/t 2.3.4.30/1

(n2-l)(9—

n

2
) (;t'

z - 1)(663— 145//* + 2m4

) 6_
2.3.4.5.4//

+
2.3.4.5.6.S4~/i

Verify this series (I.) by making n=2, when it ought to become the

development of 1 : (2+a?) ; (2.) by multiplying by //, and diminishing

n without limit, when it ought to coincide with the development (61.) of

or: log (l+o?) ; (3.) by writing x:n for n, multiplying by n, and in-

creasing n without limit, when it ought to become the development (16.)

of *:(«•— 1).

185, Let y0i y l ....yx be the terms of a series, being the several

values of a function of x, corresponding to x=0, x=0, x— 2d, &c.

Between each of these terms let n — 1 terms be interposed following the

same law, so that, in fact, if the function were <px, and if four terms

were interposed, the terms 4> («) and 0(a+ 0) with their interposed

terms would be

0O), 0O+i^), 0(a+f0), 0(a+f0), 0+^-9), <f>(a+ ^).

Required the total sum of y , y x
.

.

. . y^,, together with all the inter-

posed terms, including those interposed between yx_ x
and yx , by means

of lyx , the simple sum of 3/0+ 2/1+ • • • • +yx 1, and differences taken

from the original series, as if the terms had never been interposed.

The following process contains the most difficult instance which has

yet occurred of the separation of the symbols of operation and quantity.

I shall, therefore, follow it by another* demonstration, independent of

that principle, and the student who can comprehend the first will see

that it is an abridgement of the second.

The function yx is (1 + Ay.t/o, and this whether x is whole or

fractional. Hence the sum of all the terms, primitive and interposed, is

{l+(l+A)^+..+(l+A)+(l+A)
1+
^+..+(l+A) s+...+(l+A)

x
~»}y

(1 + Ay-l A (1 + A/-1
or y 2/o, or .

#<»•

(1 +A)»-1 (1+A)»-1

* Bting that given by Mr. Lubbock, to whom .this theorem is due. (Camb. Phil.

Trans, vol. iii. p. 322.)
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Now the operation (1 + A)*-— 1 performed on y gives yx
—
y , and A-1

is the same as 2. Write 1 : n instead of n in the development obtained

in the last article, and substitute the expanded operation instead of the

condensed one, which gives

Kt4-!5^^ \**r»

(7i
2 -l)(197i2 -l),

A<, A3 .
, («

2 -l)(9ft9-l),^
~ "—4,?

—

J (^-^yo)+—^—H*y.-*tf

(?i
2— l)(863n*-145/i2+2) ,. A x

60480/t 5

Here 2?/.r, meaning # -f . . . . +2/,_i, stands for A-1
(yx -yQ) : this

transformation is obtained as follows. The meaning of A-1
(yx—y ) is

that function which gives AA-1
(yx— 2/n) = 2/*~2/o : where y is not a

constant with reference to the operation A, as abundantly appears in the

preceding process, in which we have Ay not =0, but =y Y
— yQ . If,

then, A-1
yx stand for the sum of all terms up to yx-u (as in page 82,)

then A-1
\yx—

y

), or &r l

yx—

A

-1
y , is the preceding diminished by

the sum of all the terms preceding y , that is, y + . . > . +yx„ l . The
truth is, that A-1 yx should stand for

2/*-i+2/*-2+ +2/i+#o+2/- l+ y-2+ ad. inf.

;

this being the only series which satisfies AA-I g^—yx . Or the symbol

Tyx beginning from ym and ending at yx-i, is A-1
(yx - ym).

186. The second demonstration is as follows. Let l:n~i, then

yv i ?/.-+;» Vv+x,' • • -yv+Qn-vi make up yvi followed by the terms interposed

between yu and yv+l . Using the theorem

Vv+ki^Vv+ ki Ayv+ k i

i

-^—— A2

yv+ ;

and summing the results, we have for the n terms beginning with yt)

nyv+{i+2i+ . . . O-l) i} Ayv+{i
l
-^-+2i—~+ ....

. n -ii-n
. . ..+n-li |A2

y„+. ..

.

ry term, from yQ
to yx_x inclusive, anc

2y.+ (>+2*+ • • • .+>-!) ») 2Ay,+hi^+2^—+

Apply this to every term, from y to yx_x inclusive, and we have for the

required sum

...•fn-ii " y
i

But 2AyB= Ay + Y^y.r-\—y*~yo ; 2A*yv=Ayx
—Ay , &c,

and the coefficients are evidently those of the powers of x in
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1 + (1 +»)+ (1 +,).+ ...+(! +»)<-», or S£jj£* org^,
since ms=l. Taking these coefficients, and writing 1 :n for z, we Lave

the same result as before.

187. It has here sufficiently appeared, that instead of 2yz being made
an undetermined symbol, by not having a specified beginning, it would
have been more agreeable to analogy that it should have begun from
— cc, or should have signified y*_i-j-y*-2+ .... +y +y~i+ .... ad
infinitum. In such a case A and 2 would have been really convertible

operations ; for A2y
j;
= (.'/...+ ••••) — (^-1+ • • • • ) —yx > and ~2,&yx=

ty*-i+A^_2+ —yx—yx-i+J/x-i— ?/*-2 + =?/,-_ That I may
not, bowever, depart from established notation, I shall in future use

A- ' yx as meaning the preceding series : so that

Sy,= A" 1

yx - A" 1

ym or A" 1

(yx - yj,
where m may be anything whatever.

188. If in y + ?/;+... . +2/1+2/1+;+ • • • • +2/*-,- we multiply by i or

1 : n, and increase n without limit, we approach (page 100) toJ\ yx dr.

Let this be done with the preceding series, and we shall obviously

approach without limit to the series obtained in (67.), as it becomes
when 0=1, n=zx.

189. If we add the term yx to both sides, we find for the sum of

y ,yi. . . .yxi and all the interposed terms

ii — j ji^ \

» (2/o+2/i+ +2/,) g- (2/*+2/ ) —Y^T (A2/*~~A2A>)+

190. In the series obtained by writing 1 : n for n in (184.) write

x:{\ — x) for x, and then multiply by 1

—

x. This gives {A =w,
A\=£(n--l),&c.}—-—=(i -*) (ao+a, -^--A27r̂

—+a3-^
3— -: . .

.}

=A + (A,- A ) x- A, x*+ (A 3- As)
*"

—(A4
- 2A 3+

A

2) x*+ (

A

s
—3A4 + 3A 3—

A

2) x*- . . .

.

But the first side may also be obtained by changing the sign of n and
of x, and then changing the sign of the whole. The first and third

operations compensate each other in every term but the second, and we
have

—
x

— =A -i (H-l) on - A 2 *
2-A3 r»-A 4

**- . .

.

(l-x)-»-l

whence A3 -A 2
=: —A 3 , A 4

—2A3+A 2=A 4

Ak+i-kkk+l+k—~— Ak
— ±ArA3+As=(— l)

s
Ai+2. .

191. The series in (185.) requires terms following yx , in order to

construct the necessary differences. But it may be reduced to another,

requiring only preceding terms, by the same process as in (181.) The
series in question is
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AoSy.+AiCy.-yo)—

A

2 (Ayx—Ay ) +A3
(A2

y;r-A2

y )— . . .

.

For Ay*, A2
y„ &c, substitute Ay,_

t+ A2
y*_2+ , A 2

y,_2+2A2
y*_3

+ ••••, &c., which gives

A 2y,+A
13fc-A2(Ay_1+AV,+ . .)4-A 3(A

2

yx_2+2A3
y*-3+. .)— • • •

—A x y +A s Ay _A 3 A2

y + ...

=A 2y,+A,^—

A

2Ay,_ 1
4^A 3-A 2)A

2

y!;_ 2-(A4-2A 3+A 2)A
8

y;c_3+ . .

.

—A^o+A.Ayo- A3 A2

y + A 4 A3
y -...

= A 2y,+ A 1 (y,-y„)-A2 (Ay,_ 1
-Ay„)-A s (A

s

yx_ a+A9
y )

-A 4 (A
3
y.,_3-A3

y )-....

Or, making the alteration as in (189.), we find that the sum of the
terms y , y„. . . ,yx , with the interposed terms, is

n—

1

?l
2

1

n (yo+2/i + . . . . + yx)
— (y,+y„)—— (Ay^-Ay,,)

(A8
y,_5-As

y )~

We shall now proceed to some methods of obtaining the sums of

series connected with the roots of unity. The ?zth roots of unity are 1,

«, a2
. . . .a"

-1
, where a is

SlVZi 2?r /— . lit
£ B

, or cos r-V— 1 sm— . (page 127, &c.)

192. Let Sam stand for the sum of the mth powers of these roots,

then S«m==0 in all cases, except when m=0, or n, or a multiple of??.,

in which cases Sam~?i.

S«"l=l+am+ a2m+ . . .
.+«t»- 1>"t=

""m ~ 1

;

am — 1

but the numerator =0 in all cases for a""=(an
)
m=l"l=l. But the

denominator is never =0, unless 7n= 0, or n, or a multiple of n.

Except in these cases, then, S«m=Q; and in these cases every term of

the series is unity, or the series is n. This theorem is equally true of

negative powers, since «"==1 gives «~"=1.

193. Given the equivalent function of a-\-a
1
x+ai x

2+ . . . ., required

that of am x
m+ am+n x

m+n+ am+2n x
m+2n+ . . . . (m<n). Let(jiX=a+ a

l
x

+ ...., and having multiplied both sides by a~m , a"~
m

, (a, j3, y, &c
being the nth. roots of unity,) or «

2"-m
, &c. as may be most convenient,

write ax for x. Do the same with /3, 7, &c. ; we have then

an~m (pax=aan'^n+ a
l
an-m+l x+ . . . +am an xm\ am+l a

n+1 xm+l+
/3"-m <j>flx=a(3r-

m+a
l fi

n~m+l x+ . . . +am fi
n xm+am+l (3

n+l *m+1 -f

&c. &c. &c.

Adding these together, every term vanishes except those which contain

xm, x
m+n

, &c, and we have
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S (oc
n-m

<pax)— nam x
m+nam+n x

m+n+ . . . ; - S («"_m 0c*j)

— am xm+ am+n x
m+n+

x* xB xXi

194. What is 1 + +7qT "'"fTon"'" ' • ' ^he preceding theorem
2.U.4 |_8J Ll^J

gives \{sx
-\-s~

x -\-2cosx},

I, — 1, V— 1, and —V — 1 being the fourth roots of unity.

xa
x*

a

195. Required 6x= 1 + r , , , tt + tt~;—^ r^+ • • • •> wherer
[6,6+ a— 1] L6,6+ 2a— I]

[6, 6 + c] stands as before for 6 (6+ 1). . . ,(b+ c). Multiply this

series by xb~ l

: [6— 1], and we have

xb~l
x'

-1 xa+b
~ l X2a+b

~ 1

[T^Tf'^P^Tf
+

[a-f-6-l]
+

[2a+ 6-^T]
+ (A)

'

which, with intermediate terms, is

s
x -( 1+.T+—+....+-

2 ' ' [6-2],

Let a, fi, &c. be the ath roots of unity ; multiply the last by aa~h+x
,

fi"~
b+l

, &c, and substitute ax, fix, &c. for x. The results added
together give the series required in a finite form ; and this multiplied by

[6— 1], and divided by xb~ l

,
gives the original series.

196. The ?ith roots of — 1. are a, a3
, «5 . . . .a2n

~x
, where L, a, a2

. . .

.

«
2n_1

are all the 2/ith roots of +1. And we have for the sum of the

rath powers of these roots of — 1,
2nm "I

oc
m + a3m+ . . . . +ot{2n-1)m

, or a"
"

1
.

orm— 1

The numerator, being («
2")m— 1 is =0 when m is a whole number,

positive or negative; so is the denominator when m is 0, or n, or a

multiple of n. But when m is an even multiple of ??, each term of the

series is 1, and when an odd multiple of n, —1 : consequently the sum
of the 7/ith powers of the nth roots of —1, is n, —n, or ; the first when
m is an even multiple of n (0 included,) the second when an odd
multiple, the third in any other case.

197. Given <fix=a+ a
l
x+ a2 x*-\- . . . . , required ctm x

m—
crm+n x

m+n

+ an+2n x
m +'2n- (m<n).

Let a, fi, y, &c. be the 2«th roots of —1, multiply <f)x separately by
a2"~m

, fi
2"-m

, &c, and change x into ax, fix, &c. The results added toge-

ther will give (rejecting terms which disappear)

Sas"-m 4>ax == Sa2".amii
m+S a

3\ffm+n xm+n +

- Sa2"-"" (pax = an x
m—am+n x

m+n+ am+,n x
m+2n— . .

.

198. Required a
t x—a

i
xi+a7 x

7— . . . . ,
4>x being a+ a

l x+ . . .

.

The cube roots of -fare — 1, £+W( -3)= «, J—£ J (—3)= fi,

and the required result is one third of
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0(-*)
,

0f(HW(-3)M
,

y{g-W(-3))^}

or g{<p(«^) + ^(/3,r)} ^{<K«*)-0(A?O} -3 <£(-*)•

m ,
** *7

1 -x f J3 , . ,/3 1 1
Thusa'-M +--.... ==-^(cosT .r+V3s1nT ,r}-

§
^.

199. From the preceding it can be shown that if a+a 1
x-\- .... can

be expressed in a finite form, (fix, then also that series can be expressed

in a finite form, which is made by allowing the first in terms to stand,

changing the sign of the next m terms, and so on ; changing the sign of

every alternate set of in terms. And this can also be done, if only

every ?ith term of the original series be taken, and the result separated

into parcels of in terms each, changing the signs of the alternate

sets. And the same is true if the terms of the resulting series be

multiplied by b, b
t , b

2 , &c, bn being any integral and rational function

of n. So that, for instance, if a-f-^i *+ • • • • De expressible in finite

terms, the following has the same property :

am bxm+ am+p 6, xm+* - «w+2j) b.2 x
m+2"- am+3p b3 x

m+3* + +--....

200. (Chapter X.) If (fix and tyx have the same limit, or if both

increase without limit, or both diminish without limit, then of course

the final tendency of (fix may be found from that of fx, or vice versa.

And in the case of a finite limit, we may say that (fix : tyx has the limit

unity, but we may not say the same if both increase or both diminish

without limit. Thus, if a; diminish without limit, a+ x and a -fa?
2 have

the limit a, and (a+ x2
) : (a+ x) has the limit 1 : but if a=0, x and x2

both diminish without limit, but x* : x also diminishes without limit.

Thus the tendency of (fix:i{fx, if both functions vanish when x^=n,
can always be discovered from that of (fi'x : ~ty'x, or <fi"x : ^f''x, &c, but it

is only when (fix : tyx has a finite limit, as x approaches towards a,

that we can say that {(fi'x : ty'x} : {(fix : tyx}, or ((fi'x tyx) : (ty'x (fix^ has

the limit unity.

201. To avoid circumlocution, let us in future use the algebraical

symbols of the limits of magnitude, interpreting them in the language

of limits. Thus 0(ac)= oc means that the function (fix increases

without limit when x increases without limit, and nothing else. Also

0a= ac means that (fix increases without limit as x approaches to a

:

0(0)= cc means that <fix increases without limit as x diminishes with-

out limit. Sometimes when it is necessary to recall this caution to the

student's mind, we shall write the single word (limit) in parentheses,

for that purpose.

202. If 0a=O and tya—d, then <j>x and fx may have two distinct

relations. If (fia : (Y^a)
e=ac (limit), then still more does (fia : (i//a)

e+i

= cc, k being positive; and if (fia: (^c) e=:0 (limit), then still more
does §a: (if/a)

e ~ k=0, k being positive. But (fia: i^a)~
e

is certainly

:=0, and we have the two following cases.

1. (fia:(^a)
e
(limit) maybe =0 for all values of e, positive and

1

negative. Thus, for all values ofe, e~*:x e
diminishes without limit

when x diminishes without limit.
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2. There may be a critical value of e, such that for every greater

value 0a : (i^a)'=cc , and for every less value =0. This critical value

must be nothing or positive ; and when e has it, the function (pa : (tya)",

may be finite, and may be nothing or infinite. Thus (as we shall see)

(#=1) log j,
1

: (x— iy=0, 1, or qc , according as e<= or >1
(x=cc ) x~ l

: (e~
x
)° = 0, 0, or oc , e<= or >0.

203. In the ordinary functions of algebra, (px : (Y'x)' is usually

finite when e has the critical value. The other cases have attracted but

little attention ; and as I have, in the preceding part of the work, made
two errors from neglect of the distinction, I shall now proceed to

correct them.

Since (pa : (if/ay=Q when a is or negative, it must, as c increases,

either remain =0, or must, for some specific value of e, become finite,

or for the first time infinite. When the latter happens, the critical

value is finite; but when the function =0 for all values of e, we may
say that the critical value is infinite. And, e itself having the critical

value,

(pa : (fay
+e'= cc , (pa : (fay-

e'=0.

Theorem. If fa—0, ipa=0, the critical value of e in (pa : (tya)
e
is

(p'afa : (pa ty'a. Let ~R—(px : (tyx)
6

, and as we speak only numerically

of the limit towards which it approaches, let (px and ~fx be positive.

We have then

a-« i i5 &x V'x y'x S^x-^x
diff. co. loft R=- e

x )

4>X 1\fX tyX (.1//'X 0.1

First, let x be increasing towards a, and therefore $>x and $x diminish,

or begin to diminish before x—a. (In this way all assertions about

increase and diminution are to be understood.) Consequently (p'x and

ty'x are negative, while (p'x tyx : (px ty'x is positive, and y'x : tyx is

negative. Let k be the limit of §'xfx : (pxty'x ; then diff. co. logR
must at last take the sign of —(k— e), or of e— k. If, then, e be the

critical value; that is, if the substitution of e+ e' for e (however small

e') would make R a function increasing without limit, or diff. co.

log R positive, and if e— e' for e would make R a function diminishing

without limit, or diff. co. logR negative; it follows that e+ e'

—

k is

positive, and e— e'—& negative, for all values of e
1 however small. This

cannot be unless e= k. But if R diminish without limit for all values

of e, then diff. co. log R must become negative, or e — ((p'x U-x : ib'x <px)

must become negative for all values of e. Consequently, <p'a ya : (p'a ijsa

(limit) must be greater than any value of c, or infinite ; that is to say,

the same expression which gives the critical value, when there is one,

becomes infinite when no value of e is great enough to fulfil the con-

ditions of a critical value. Thus, adopting the usual phraseology, the

critical value is infinite.

Next, let x be diminishing towards a, so that the diff. co. of a

IScreStag
8 function is Se^jlwe- Moreover, let (px and tyx be positive, as

before. Then (p'x and ty'x are positive, and so is (p'x tyx : 0x w'x.

Therefore diff. co. logR takes the sign of k— e. If, then, e be the

critical value; that is, if the substitution of e+ e' for e (however small

e') would make R a function increasing without limit, or diff. co. log R
negative; and if e — e' for e would make R a function diminishing

without limit, or diff. co. logR positive : it follows that k—e—e' is

Y
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negative, and k—e+e' positive, for all values of e', however small. This

cannot be unless e=A\ But if R diminish without limit for all the

values of e, then diff. co. log R must become positive for all values of e.

Consequently, <fta fa '. (fia f'a must be greater than any value of e, or

infinite ; and the conclusions are as before.

Corollary 1. If (fia= cc
, tya— oc , d>a : {fay is the eth power of

i / 1v-

—

'—
(
— )% and, e being positive, both are nothing, finite, or infinite,

together. But, by the theorem, since (c£a)
-1

==0, (t//«)
-1=0, the

critical value of 1 : e is

diff. co. (fa)~
l

. (0a)
-1 fa. (fia

(fa)"
1

. diff. co. (0a)-1 '

°r
fa.ffi'a'

Hence the critical value of e is (fi'a.fa '. (fia. f'a, precisely as before.

But since the reciprocals of (fia and fa took their places in the reason-

ing, (and this can be shown independently,) it follows that, e being the

critical value, §a : (f«)
e+e'=0, and (fia : (fa,y~

e '= cc; also, that when
<fia : (fa)

e
is always infinite (at which it begins, if we begin with e

negative, or nothing,) the limit of (fi'a fa : (fia f'a is infinite.

Corollary 2. If (fix be finite when x=a, and when faz=0 or oc,

it is obvious that e=0 is the critical value. But as the preceding

demonstration did not apply to this case, though it might be adapted to

do so, consider the function in a form to which the theorem applies,

namely,

$>oc . fx . . <b'a fa
-———:, which gives -. ~- + 1 for the critical value of e+ 1

:

(fx)
e+l &

4>af'a

but this value is =1, as is obvious from the function; whence

(fi'afa:(fiaf'a—0. And by such an inversion as that in the first

corollary, it follows that when fx is finite, (fi'afa : <fia f'a~cc , if (fia

be or co .

Corollary 3. If one of the two be =0, and the other =cc , then

tpa : {(.fa)'
1 }'* can be treated by the theorem, and gives a positive

value for — e, or a negative value for e. And it readily follows that

when e is less than this critical value, $x : (fx)
e has the same limit as

fx, and the contrary. But if —e be infinite, or e infinite and negative,

4>x : (fx)
e has always the limit contrary to that of fx ; that is, or

x when fx has the limit x or 0. All these are, in fact, cases already

described.

204. All that precedes may be collected into one theorem, as follows.

When fa is finite, the character of the limit of &a : (fa)
n (whether 0,

finite, or oc) is that of 4>a : in every other case, e being (fi'a fa : (fia f'a,

the limit has the character of fa when n is less than e, or of (fa)*
1

when n is greater than e ; or has the character of (fa)
e~" n

.

The preceding demonstration has been purposely derived from first

principles, and shows clearly what takes place when e is infinite. The
following, of a much more simple mechanism, is perfectly satisfactory

only when e is finite. We know that

leg A
(fog

logipx '

A— B'°s B
, whence -—r- = \fx\ l0^x ".

(fxy
ir i
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When fa is or cc , log ^a=cc ; if then log 0a : logi/'" be finite, we
must have log 0a= cc , and the value of log 0a : log fa is that of

(0'a : 0a)-f-(T//'a : fa), or fiafa : f'acpa. Hence 0a : (V«)" has the

character of (fa)
e~", as asserted.

205. If 0a : (fa)' be finite, then e is the critical value, which is

therefore finite: but the converse is not true; that is, 0a: (fa)
e may

be infinite or nothing, the critical value e being finite. Thus, if

<frx=xhgx, fx= x, we have fixfx : t//*z 0z= 1 + (log x)~ l

;
which

= 1 when x is infinite : but in that case (fix : fx is evidently infinite.

This leads to an extension of the theory of algebraical dimension, as

follows.

If we take two powers of x, xa
, and xa+k, and make x infinite, then,

however small k maybe, the second is infinitely greater* than the first;

and if a-\-l lie betwen a and a+k, then xa+l is infinitely greater than xa
,

and infinitely less than xa+k . These three are of different dimension.

Let us now make a definition of dimension, not attached to the notion

of exponents, but to the necessary character of difference of dimension.

Of two functions which simultaneously increase without limit, let the

dimension be said to be the same if they be always to one another in a

ratio which approaches to a finite limit. But if one increase without

limit with respect to the other, let the first be said to be of a higher

dimension than the second. Abbreviate as follows : when two func-

tions are infinite they are of the same dimension if they have a finite

ratio ; but if one be infinitely greater than the other, the first is of a

higher dimension.

The following consequences are evident. Two functions which have

the same dimension with a third have the same dimension with one

another ; and if A have a higher dimension than B, and B than C, A
has a higher dimension than C.

Usually xa
is the dimetient function of algebra; we must come to

the consideration of transcendental quantities before we find a function

which is not of the same order as xa
, for some value or other of a : and

then between ,.r

a and xa+k may be found an infinite number of functions,

higher in dimension than the first, and lower than the second, how7ever

small k may be. Find the critical value of e in (logo?)
6

: xe
, and we

shall find e=0. That is, (log x) b
: xe

is =0 when x is infinite, for all

positive values of e. Therefore, b being positive, xa
(log x) b

is of a
higher dimension than xa

, and of a lower than xa+k , however small k
may be, or however great b maybe. Similarly, (logx) 6

(loglog.r) c
is

of a dimension between that of (logo;)
6 and (logx) 6"*'*, however small k

maybe. Denote logo?, log log x, &c. by \x, X2
jt, &c, then, however

small k may be, the function in each line of the second column lies

between that of the first and third in dimeusion.

xa xa (\x) b *-+*

xa
(\x) b xa

(Xx) b
(\sx)

c xa
(\o:)

b+;

xa (\x) b (\\ry xa (\x) b
(X\v)

c (X3xY xa (\x) b (\*xy+i

&c. &c. &c.

We have then an infinite number of interpositions of dimensions

* We intend to use this language in abbreviation of that of limits. See Infinite
and Limit in the Penny Cyclopedia.

Y2
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between those of xa and xa+k ; and between each of the dimensions so

obtained, an infinite number may still be interpolated. Thus, write Xx
in the form £*?*, and it will be found, m being >0 and <1, that

s(*rx)™ is of a higher dimension than XAr, and of a lower than Xx.

If in the first line the signs of b and k be changed, of c and k in the

second, &c, the dimension of the second column is still intermediate

between those of the first and third. We may agree to denote

xa (Xxy (X9x)
c

. . . . by xa ' h ' c -'-, which the comma will distinguish

sufficiently from the notation of (40.) page 254 : and we may call

this the dimension [a, b, c,....]. Thus, of the two dimensions

[a, b, c,. . . .] and [a', b', c',. .

.

.], that one is the higher which first

shows a higher sub-dimension. Thus, [1, 1, 1, 3, 2] is higher than

[1, 1, 1, 2, 10], but not so high as [1, 1, f, 14, 20].

206. The critical value of n in (fix : xn , or the limit of x(fi'x : (fix, being

a, we know that <f>cc : oc
n+t=0 and 0cc : oc

a_A;=cc . Hence the

dimension of (fix lies between that of xa~k and xa+k, however small k

may be : but we may not therefore say that it has the same dimension

as xa
. Let us now try (fix.x~

a
: (Xx)n

; the critical value of n will be

found to be

b =. limit of \x j <fi'x \

Let this not be infinite ; then <j>x.
x~a

lies between (Xa?)
6-

''' and (Xx) b+k

in dimension, or (fix has a dimension between [a, b—k] and [a, 6-f-Ze].

But if b be infinite, then (fix belongs to some new kind of dimension,

which falls between that of xa (Xx) b and xa+!c
, however great b, or how-

ever small k may be. Such a dimension is xa
s(*-

2x)m
, m being >1,

and many others might be given. We shall here confine ourselves to

the cases in which the several sub-dimensions are finite.

Let us now find the critical value of n in (fix.x~
a (Xx)~b

: (\?x)
n

. If

we call it c, we find

c = limit of \*x < Xx ( x — a
J

— b ).

Proceed in this way, and we come to the following theorem.

(fi'x
Let P =x -—

,

and let P =a when x is infinite.

(fix

P^XzCPo-O . . . P^a,
Pa=\*z (Pj—ad . . . P2=a2

Then so long as no one of a , a x , a2, &c. is infinite, the dimension of (j>x

may be asserted to lie between those of [a —lc] and [a -j-^]> of

[a , av
— k] and [c , a^— A], of \a , a lt «2

—k] and [a , a l}
a^+k], &c.,

however small k may be : and if any one of the set (J>x : xa
°,

(fix : xa
° (Xar)° l

, &c. have a finite value when x is infinite, then (fix has

absolutely the dimension [« ] or [a , aj, &c. But when any one of the

set, a„, au &c. is infinite and positive, say ct3 , then (fix is of a dimension

higher than that of

x"° (\a?)°i (\*x)a
°- (\

sx)m , and lower than that of xaa (Xx)ai (\VT+i
,

however great m may be, or however small k> But if the first of the
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set, say a3 , which becomes infinite is infinite and negative, then <fix is

of a dimension lower than that of

xa
° (A*) ' (\2

:r)"2 (\
8j)-m

, and higher than that of x°° (Xx)a
» (X'x)"*-*, •

however great m may be, and however small k. And it is useless to

attempt to make any terminable scale of dimensions, since between any
two different dimensions an infinite number of intermediate dimensions

may be interposed.

207. The preceding contains only dimensions of the same, or a lower

order than those of powers of x. The same theorem holds if P =
4>'x.\\/x : (pxif/'x, provided Xtyx, X2^x, &c. be substituted for \x, X2

j, &c.

By this means the dimensions of functions higher than any power of x

may be obtained ; but there cannot be any method of ascending, or of

obtaining the exponents of lower dimensions first.

208. We shall now proceed to apply the preceding theorem to the

rule (page 237) for the determination of the convergency or divergency

of a series ; which is correct in every point but this, namely, that what
in the preceding articles would be called a dimension greater than that

of a;
1-1

', and less than that of xl+k, is there confounded with the absolute

dimension of x. The rule, then, may be wrong when xcp'x : 0.r= 1.)

Theorem. If <px diminish without limit when x increases without

limit, and do not become infinite after x=a, then, of the two expres-

sions (a)+ (a+l)-|-0 (a+2) + ... . ad infinitum and farfx dx,

either both are finite, or both are infinite.

There must be, by hypothesis, some finite value of x, from and after

which (px continually decreases ; and this value may be chosen for a.

Then, from x=za to x=a+l, 0a>0£>0 (a+ 1), whence

f"a
+l 0a dx>fa

a
+l cj)xdx>f

a+ l 0(a+l)rf\r ; or (pa>f
a
a
+ifxdx><p(a+l).

Similarly, it may be showTt thatf^Xlfa dx lies between <p(a+l) and
0(cH-2), and thus that J'

a
a
+n

(px dx, however great n may be, lies

between 0a+ (a+l)+ . . . +0 (a+n— 1) and 0(a+ l)+0 (a+2)+
. . . . +0 (a+ n). But these last differ by (a) — (a+ n) : con-

sequently the limit of the integral, and the sum of the series, do not

differ by so much as 0(a)— 0(cc), or 0a. Hence f* (px dx, and
0a -f (a+l)+ .... do not differ by so much as 0a.

Hence it follows that the series

1

a.Xa.

X

2a . . . .

X" _1
a

.
(\"a)

e

1

+
(a+ l)X(a+ 1) . \*(«+ 1) . . . . \"-\a+. 1) {X» (a+ 1) }'

+

(beginning at a value of a so great that all the factors of the first

term are possible) is convergent when e is greater than^unitv, and
divergent when e is unity or less than unity. For

1 1 d
„
—-=00,'———r- — X"\r

x .Xx.X-x X"-\c (Xn
.r/ * {\

n
x)

c dx

f(px dx = C+ _ , or C+Xn+
\r, if c~l

;
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*P 4>x dx^
(Xccy~e ~ (Xla^, or V+ 1

a> -X*+V, if e=l ; .u
1 —

e

which is finite when e is greater than unity, and infinite when e is

unity or less. Whence, by the preceding theorem, the conclusion

obviously follows.

In page 234 it is shown that when 2 (1 : $#) is convergent, any
series in which for 4>x is substituted a function of higber dimension is

also convergent ; or that if tyx be higher than <f>,r, 2 (tyx)'
1 must be

convergent when 2 ($#)
_1

is convergent. Also that if tyx be lower than

4>x, 2,(ysx)~ l must be divergent when 2 (0^)
_l

is divergent. This is

merely the statement of the theorem, using the words higher and lower

dimension in the extended sense ; that is, instead of saying that tyx : <f>x

increases without limit with x, we say that tyx is of higher dimension than

4>x, or higher than <t>x. And by higher understand the same or higher

;

by lower, the same or lower.

Having proved, then, that when $x~x.\x. . . . \n
~ 1x.(\nx)% the series

is convergent when e is greater than 1, and divergent when e is equal to

or less than 1, it follows that every series
r

of the same or a higher

dimension is convergent when the preceding is convergent, and every

series of the same or a lower dimension is divergent when the preceding

is divergent. From this the following criterion of convergency or diver-

gency (which includes the preceding one) may be found, the series

being

1 1 1

0(a)
+0(a+l) + 0(a+ 2)

+ ""

First examine ~P ^x$'x : <fix, when x is infinite. If, then, « , the limit of

P , be >1, the series is convergent; if <1, divergent. Butifa =l,
find «

( , the limit of P! or \x (P —

a

) : then if a
x >1 the series is con-

vergent, if <1, divergent. But if ai=l, find a2 the limit of P2, or

X2
j? (Pi

—

a,)) ; then if «2>1, the series is convergent, if <1, divergent.

But ifa2— 1 examine P 3 , &c. &c.

The demonstration is as follows. If a >l, then 4>x, being of a higher

dimension than a;"
0-7

''", however small k may be, can be made of a higher

dimension than xe

, where e is greater than 1. But 2aT e has in that case

been shown to be convergent. Similarly, if a <Cl, <£#, which is of a

lower dimension than x"0+k , can be shown to be lower than xe

, where e<l

.

But if «„= 1, and if a2 should be > 1, (and this includes the case in which
it is infinite,) <fix is of a higher dimension than x. (\xYl

~k
, and can

therefore be shown to be of a higher dimension than x (\x) e
, where

e>l. But in this case J,x~
l
(X>r)

_e has been shown to be convergent

;

and so on.

209. If a function could be shown for which a , au &c. ad inf. are

severally s=l, this criterion does not determine whether the series is

convergent or divergent. But if in such a case there be convergency,

it must be less than that of 2#~ ci"t*\ for any value of k, however small

;

indeed, between the series just named and that in question, can be inter-

posed an infinite number of series more convergent than the latter.

210. If we substitute yjtx, the term of the series, for tyx its reciprocal,

we have P =

—

xift'x : i{/x> the rest being as^before.
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i i

Page 236, Example I., (using n for x.) \f/n=:x^— 1, P =x n \x : n

(x n— 1)= 1, when n—m .

Px=\n (P —l)=\n{x" \x—n (<*"- 1)} : n (x» - 1),

the denominator is \x when n=r oc , and the numerator, expanded, gives

x
» „ -* -j(X^) 2 \n (Xx) s Xn

)

1 v JS
I 2 n 2.3 n2

J'

which =0 when yi=cc : or the series is divergent.

In page 237, Example V., for the words "unity or less," must be
read " less than unity."

211. The same error is made in pages 180-182, the whole of which*

must be read with reference only to those functions in which (frx is finite,

when the critical value of e in <$x : (x—a)
e
is =0. It is possible, how-

ever, that such functions may have the same dimension as {X(x — a)}':

these functions cannot be expanded in positive powers of x— a, but

require both positive and negative powers. The pages in question, there-

fore, include all that can be included under Taylor's theorem: what
they omit is the notice of a particular class (little, if at all, noticed

hitherto) of exceptions. We shall proceed to some considerations on
series containing both positive and negative powers of x.

212. There is no difficulty in exhibiting any function in a double

series, containing both positive and negative powers of x. For example,

x itself. From among the infinite number of equivalents for x, choose

one, for example
Xs x

+l+x l+x

The first may be expanded into x— l + x~l— x~s+x~3— . . . ., and the

second into x—x2+x3— &c. The sum of these two series then is an

equivalent to x, and an infinite number of such equivalents might bt

found. We are not then to say that two such developments must be

identical, term for term, because they are developed from the same
function : for one function may give an infinite number of different

developments of this kind. Nor is the divergency of one part of the

series, which will generally be found to happen, any impediment to the

equation of the development and the function from which it was derived.

For both developments may be made by Maclaurin's theorem (as will

immediately be shown) and Lagrange's theorem on the value of the

limits may be used, to represent the remnant, from and after any term,

in a finite form.

1 1 1 a" xn
For example, log (1+ ax)=zax—- a2 x 2+-a*x3— .... + -

2 3 ~?i(l + 6ax)"

a\ a 1 aa 1 a3
1

l0§ i+- =--o-r+o-^----±:x) x 2 *s 3 x3 -n (x+d'a)"'

6 and 6' being both <1. The second is obtained by writing 1 : x
instead of x in the first. Consequently, by subtraction,

* Beginning from page 180, the fifth line from the bottom.
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log 1 =©( a? I a2
a;
2 ]+

V x) 2 V *V•a

an f xn 1
+

'«)'/

This series, carried ad infinitum, is convergent, if gm? and a:.r be both

<1. If, however, a = 1, it becomes

log*=/*—-
)
-i

[ x2—-
a )+ ....+-V 2V~ a?V ' " "-nVo+ e^)" 0+0')",

If this be carried ad infinitum, it is the well known development of

log x in positive and negative powers of x, and is never convergent.

That log x cannot be developed in positive powers alone, nor in negative

powers alone, is sufficiently evident if we consider that it becomes
infinite both when x is =0 and also when cr=co .

213. There is, however, a great difference between double series of

this kind made by arbitrary transformations, and those in which the

mixture of positive and negative powers arises from logarithmic develop-

ments. This difference, however, has not yet been established by
demonstration, though it is found in a very remarkable theorem,* as

follows. Let ipx be a function which has a root a, so that \px=(x — a) <f>x.

Then

i , Y^ , A a\ t t
a \ a? '

,l°g-— =log^--J+ log<f>*=-- +-—-.... +log#a\

If, then, log<f>x can be expanded in positive powers of x, and log

(ij/x : x) in positive and negative powers of x, (both which can gene-

rally be done,) and if the identity of the two sides of the equation be

then assumed, it follows that — a=coeff. of x~ l on the first side.

214. We shall conclude this chapter of developments by giving a

process which will successively introduce the student to a notion of the

calculus of derivations, the combinatorial analysis, and the calculus

of generating functions. We have already seen successive derivation,

and its use, in the successive diff. co. of a function and the theorems by
which they are employed in development.

When possible, required the development! of (a -\-a
l
x+a2x-+ . . .)

in powers of .r. When it is required to represent complicated results,

let a —a, «!=&, a^—c, &c, the indices of the different letters being

a b c e f g h k I in n . . .

.

1 2 3 4 5 6 18 9 10
*

* This theorem was given by Mr. Murphy, in the fourth volume of the Cambridge
Philosophical Transactions, and, independently of the defect of absolute proof, is

one of the most general and interesting contributions which analysis has received

for many years. It is derived from the assumption, certainly not generally true,

that two double series which are developed from the same function, are identical,

term for term. Yet almost every general theorem of development can be obtained

from the use of this theorem, and it has not shown any case of failure. See the

•volume just cited, and also Mr. Murphy's treatise on Algebraic Equations in the

Library of Useful Knowledge (page 77).

t This investigation is a deduction of the method of derivation from a more
analytical principle than that of Arbogast, though it terminates of course in the

same process, or rather in the decomposition of the process of Arbogast into its

most simple elements.
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Let <j)(a +a l
x+a

ii
x :+ )=A +A,a:+A2 j;

8+
Differentiate both sides with respect to am ; we have then

,,, x dA clA, dAo
xm 0' (flo+Oi a?+ . . • ) =-7— +~ x+~ cc*+ . . .

.

;

dam dam dam

but <p' («<>+ • . . .) r= Ai+ 2A 2 ,r+ . , . #j and contains no negative power
of x ; consequently, for all values of m,

dA dA, dA __!—
°=:0, —'=0, .... upto-^-'-O;

dam dam dam

or crm does not appear before the coefficient Am appears ; and we have

.. , ^ dAm dAm+ i ,
dA m+2 „

0' (tf +«i*+ • • • .)= -t-- + -7— ^+-7--*2+ . . . .

1

aara aam aam

But this series is the same thing whatever value of m is employed;
namely, A 1+ 2A 2 .z+ .... Consequently the coefficients of the same
power of x with different values ofm are equal, or

dA m+n _dA m_l+n _dAm_2+ n
—,— ==—

;

= -J , &c (A) ;
dam dam_ x

dam_%

that is, any A being differentiated with respect to any a, gives the same
result as an A which is p terms before or behind the first mentioned,

differentiated with respect to an a which is as many terms before or

behind the first mentioned a. Or

dAm_ dAm_l _^Am_ 2_ __ dAm+l __ rfAm+2_
da

p
dap_ y

da
p_z dap+Y dap+i

First, A =c6a , and —^ = ——°=0'ao whence Ax— a,. i>'a + C, where
da x da

C is no function of a,. But nothing higher than a
x
can enter Ap there-

fore C is a function of a only. But, in fact, C=0, for as it is in-

dependent of g&! a.2 , Og, &c, it is the same as if they were all =0, or as in

the development of (a ), in which A
t=0, or C=0. The same con-

sideration shows that in the remainder of the investigation no in-

dependent constants can enter.

Next, it is clear that the form of Am with respect to a is

P 4>m «0+ Pl 0m-l Oo+ +P,„-l 0i «0,

where P , &c. are independent of a and 0,„ a , 0,„_ 1
a
o , &c. do not

mean the simple diff. co., but those coefficients divided by 1.2.3. . .

.

m, 1.2.3... .in— 1, &c. : f'a and (p xa being of course the same things.

This follows obviously from the development by Taylor's theorem,

which is

(j>(a +a
l
x+. .)=4>av+<p l

a .x(a
l+ a2x+. .)+fia .x°-(a

1
+a.2x+ . .)*+

And it is clear that m ao
enters for the first time in A,„, with the co-

efficient a™. Consequently, leaving blanks (numbered) for coefficients

to be discovered, we have the following table of the general form of

A A„ &c.
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A = 0«o

A! t= aAao
A2 = ( 1 )^la + a2

2ao

A3 =r ( 2 )0lao+( 4 )02ao -r a8
3ao

A
4
= ( 3 )&«„+( 5 )02ao+( 6 )03«o+<04ao

&c. &c. &c.

The blanks are filled up by an easy process, which may be called

derivation. This is somewhat different from the derivation of Arbogast,

which will appear hereafter. It follows immediately from the equations

(A) that each blank must be so filled up as, on being differentiated with

respect to any letter, to yield the same as the next higher coefficient in

the same column differentiated with respect to the next preceding letter.

To fulfil this condition, the process is very simple ; as follows. Suppose
be+ce+ bfdWs up one of the blanks, what is to fill the one under it?

From be by 6-diff
n

. (or differentiation with respect to 6) comes e, but

this must come by c-diff
n

. from the next, therefore ce is in the next,

and bf also, since 6 comes from <?-diff
n
in the present term, and should

come from /-difP in the next. Again, ce would give ee by the same
rule, but this must be divided by 2, for c-diff

n
of the present term gives

e, and e-diff
n

of ee would give 2e. Also cf is a term from ce. Again,

from bf first would come cf, but this term has already occurred, and if cf
came twice, c-diff

n
of the next would give results from both, and would

give 2/, whereas 6-diff
n
of the present one gives only/ from the term bf.

Obviously, whatever conditions a new term is required to fulfil, they are

fulfilled if that term has already occurred, and would be repeated twice

over if the term were allowed to enter twice. Finally, bg must enter in

the new coefficient. Consequently, the derivative of be+ ce+ bf is

ce+bf+^+ cf+bg. And the rules of derivation are as follows.

1. Differentiate as if all the letters were functions of a common
variable, and instead of the diff. co. of each letter write the next. (Thus

db . de
if t be the common variable, — e gives ce, 6— gives bj, &c.)

LI t (Ijl

2. Whenever, by the preceding process, a newly entering letter

increases the exponent of one which is already in the term, divide the

term as it stands after derivation by the exponent as increased.

3. When a term newly obtained has been obtained before in the same
derivation, throw it away.

The successive derivations may be denoted by D, D 2
, in this particular

problem.

We give as an example some derivations from 64
. A term in

brackets means that it is either altered or thrown away : if altered, the

alteration is written immediately after. When altered, and then thrown

away, both are in brackets.

D.64==468
c D2

.6
4-[1262c.c] 662c

2
-j-463e=66V+463

e

D3
.

6

4= [126c .

c

2
] 46c

3
-f- 126

2ce+ [1262ce] + 463

/
= 4bc3+l2b*ce+4b3

f
D4 .6

4=[4c.c3]c4+126c2e+[246c.ce, 12fec
2
e] + [126

2
e.e] 6b 2e°+l2b 2

cf

+ \l2b*cf]+4bs
g

= c
4+ 126c2e+66V+ 1262c/+ 463

#.
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This being done, and the results tabulated to a sufficient extent, we

have

Am=Dm-'6.0
l
a+Dm-2

6
2
.02«+ • • • •+D6m- , .0m _ 1

a+6m ^m a,

and the total result may be represented by

cj>(a+ bx+ cx*+exs +... .)= 2D"1-p &'.0
r
a.a;

m
,

the symbol 2 extending to every whole value of w, (0 included,) and

simultaneously to every value of p which does not exceed m : 4>r
mean-

ing the diff. co. (p)a divided by 2.3. .. .p.

215. The following is the table requisite for the formation of Am up

to Aio inclusive

:

Vb—c
D26=e

D 3b-f
m=g

B5b=h
D6b=k
Wb-l
J)sb=m
D96=n

D b*=2bc

D 262=26e + c2

D*b'
2= 2bf+2ce

D 46
2=2%+2cf-l-e2

W=2bh + 2cg+2ef

D66
2= 2bk + 2ch + 2eg+fz

D7b*=2bl + 2ck + 2eh+2fg

D8
6
2=2bm+2cl + 2ek + 2fh+ g-

D 6 3=362
c

D2//=:36 2e+36c2

D3
6
3=362/ + 66ce+c3

D4
6
3=362^+66c/+ 36e2 + 3c2

e

B5b
3=3b2h +6bcg+ 6bef +3c2/+ 3ce

a

~D
6
b
3= 3b*Jc+6bch+6beg +3c3g+3bf* +6cef + e

3

W=3bH + 6&c&+6&e£ + 3c*h+6bfg +6ceg + 3cf
s+3ef

D 6*=463
c

D 2
6
4=463e+66V

D3
&4=4&3/ + 1262

ce +46c3

D46*=46 3g- + I2b2
cf+ 662

e
2 + I2bc*e + c

4

-D
5
b
4=±b3h + I2b

scg+ I2b*ef+ 12bc*f+ I2bee* + 4e3
e [+ 6c2ea

D*b*=4:b3
k-t-l2b*ch+ 12b*eg + i2bc2g+ 66

2

/
2 +246ce/ + 4c

3

/+ 46e

D65=564
c

D2
65=564e+10&3

c
2

D3
65= 564/+ 20b3

ee +106V

D465=5^-r-206
3c/+106V+306Ve+ 5fco

4

D 565= 567i+ 2063
cg-+ 2063e/+ 30&»c«/+ 306

2
ce

2+ 206c3
e+

c

5
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Db°=6b5
c

B'b6=6b5e + 15&V

D 3fc 665/+ 3064
ce+ 2063

c
3

D*66=6>j5£+30&¥/+15&4
e
2+60&3

c2e+ 15fcV

D b7~7bec

D2
67=766e+216V

D 3
67=:76 6/+426 5ce+3564c

3

D68=S67c

D?
6
E=S&re+ 28&V

J)b9~9bs
c.

216. Prove from the preceding, that

+ (0 1+3^+ 303+04) x<+....,

where 0„ is the value of the divided nth. diff. co. of qx, when x— 1.

Also verify the developments in (61.), (64.), (156.)

217. If we form the successive derivatives of 0a, we shall find

D0o=0'a.6 =01
«.6

b2

D20a=0'a.D6+0"a.—

=

=^a.D6+02a.&
2

/ D.62\ i
3

D30a=0'a D9
6+0"aUDi*+-y-J+^'/a—

rrfca D2/;+<M.D62+03a.&
3
;

from which we should suppose that

Dm0a=Dm- 1 6.0 1
a+Dm- 2 6

2
.02a+ + &

m
.tf»ma (D)

The proof can be easily completed, as follows. Let the preceding be

true, then ~D<pp
a, or D0 (p)a : 2.3 p is (p+1)a.& : 2. 3 p, or

<pP+\0. X (p+ 1 ) 6. Consequently, subject to rejection of repetitions,

Dm+10G=Dm
6.9 1

a+(26Dm- 1

6 + Dm
- 1

6
2

)^2a+(36Dm-^2+Dm- 2
6
3

)03a+
. . . . + (mbI)bm

- 1+Dbm
)(f)ma+ b

m+l
.cj>m+la

Now since any repetition of terms, however often it may occur, is

followed by an immediate rejection of the repeated terms, and since in

ether respects the formulae of differentiation will apply, we have (as in

Ex. 2, p. 245)

Bm b
i+1

, or Dw
(b

k
.b)= bBm b

k+ ?n'Db.Dm
- l

b'
!+ ....

all the terms therefore of bDm b
k
are found in Dm

b
k+1

, and therefore in

* This term is rejected, the two being the same.



MISCELLANEOUS EXAMPLES AND DEVELOPMENTS. 333

the formula above written for Dm+l
</>a, the first term of each coefficient

in brackets may be rejected, as being no more than a repetition of terms

contained in the second coefficient. We have then

Dm+10a=Dm
& 1

a+D"- I

6
2

2a+ + D6m <pma+ b
m+1

m+1a

;

. 1 da i db 1 dc
6~" /-»—— — g?~^

i de 2' dt 3 dt

or the theorem (D) is true for the m+Ith derivation, if true for the

mth. Being true for the first, as shown, it is therefore true for all.

218. We have then

<?> (a-4-bx+cx2+ . . . . )= <j>a+D0a.a?+D*4>a.a-2+D3
cj>a.:r

3+ . . .

.

which shows that this method of derivation is a generalization, one
particular case of which is divided differentiation, as follows. Let a be
a function of t, and let

f.
1 de

x

if, then, ar=zft, we have

(a+ bx+ cx'+. . . . )=z(p(f(t+x))-^t +
(

^ •*+.• • •

d<pa d?<fia x%

Consequently, D"0a=-7^- : 1.2.3. .. .n,

n . 1% _., ld.D0a _
3 , ld.D20a

or D0a==
T^T'

D^=2-ir-' D ^a=3-^r' &c -

219. The preceding affords a ready mode of finding any diff. co.

which may be wanted of 0a with respect to t. Suppose, for example,

we would express the fifth diff. co. We first take out D 5 .0a, which is

2 2.3 2.3.4 2.3.4.5

This, multiplied by 2.3.4.5, gives the diff. co. when the substitutions

are properly made in the derivatives of the powers of b : take out the

preceding derivatives from the table, after the multiplication just

alluded to, and we have (writing the index of each letter)

120g
ifa+60(2b ifi

+2cie!i
)<j>"a+20 (3b\ei+ab l cf)<l>

,"a+5 . Ab\c$"a+b\<fa.

Denote the diff. co. of a with respect to t by a', a", &c. Then, for b

write a', for c write a" : 2 ; for e, a'": 2.3; for/, aiv
: 2.3.4; for g,

av
: 2.3.4.5. The most commodious way of doing this is under b, c, e,

f, and g, to write indices 1, 2, 3, 4, and 5, and to let these indices be

guides to the divisors which are to be introduced. The result is

cfpa+ (5a'a
iv+ lOaV") <p"a+ (10a'V"+ 1 5a'a"

2

) $"a

+ lOaV'0iva+a'5
4>

v
a,

which may be verified by common methods.

220. The theorem in (217.) may be made to give higher derivatives

from those already formed. Thus
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Dm+i
b
r=Dmc.rbr- 1+ 'D

m- 1
c*.r

r— 6
r~2+

[r.r—m+11, ,, \i,r— m\

,

4. Y)c
m

. ^—i—?—±bT-m+cm+l.— ±br-m-\
\m\ [in+ 1]

If, then, all the derivatives of b
r up to the mth be formed, those of c

can be found by changing b into c, c into e, &c. ; whence the (m+ l)th

derivative of b
r can be found. I think, however, that the method in

(215.) is the more easy, though the present one may serve for verifica-

tion. Thus, D5 6
4
, as found in the table, is, when arranged in powers

of b,

hAb3+ (2cg+ 2ef) 669+ (3c
2/+ 3ce2

) 46 -f 4c
3
e,

or D*cAb3 + DV.662+ T>*c
3Ab+Dc*. l+c5 .0.

This is the method employed by Arbogast himself, in whose work
~D
m
.b

n stands for what in the present notation would be 2.3. . ,m.Dm.&".

To exhibit the actual formation of D4 o4 by this method, we have

D4 6
4

D3c.463 -4b3

g

+D2
c
2.6^662

i
De ' 2c=12^2=6&2

J
J

+ e
2 .lr=66V

+ ~Dc3Ab -Vlb&e

+ c4 . 1 —c\

The five resulting terms put together make the value of D4 64 in the

table.

221. Having ij/x=zax-\- bx^+ cx3+ . . . ., required an application of

the preceding theory to the determination of V
-lj7

> or to the reversion of

the series ax+ bx*-^ .... In (156.) it is shown that the development

of t^
-1^ is Po, 1^+2^1.2 #2 +&c., where P,^,, means the coefficient of xm

in the development of (a+ bx+ . . . .
)~K

. We want from this P„_i, „.

Let <fta=a~
n

: we have, then, for the coefficient of xn
~ l

,

\ an+lJ \ 2an+2 / [n—L]a?nl

The sign + being used when n is odd, and — when it is even . The deve-

lopment required is then obtained by writing the cases of the preceding

expression instead of those of P„_i )7i in the form obtained from (156.)

Suppose it required to verify the coefficient of u7 in the article cited.

We have then to find the value of the preceding when n=z7, and to

divide it by 7. This gives

—

D

5A.a- 8+4D46
2
.a- 9-12D3

6
3 .a- 10

-|-30D2
6

4
.a- 11

—66D65 .a-12+13269 .a-
13

.

Bring all to the common denominator a 13
, and take the derivatives from

the table. This gives for the numerator the following, the order of the

terms being inverted.

13266—330a64
c+ 30a2 (463

e +662
c
2)— 12a3

(3&
s/+66ce-fc

3

)

+ 4a4 (2bg+ 2cf+ e
8)—

a

5
*. [Compare this with page 306.]
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222. Required the expansion of (l + bx+ cx*+ . . . .)"'. The cliff,

co. of a-1 , when a=l, are —1, 2, —2.3, 2.3.4, &c, and divided, they

are, —1, +1, — 1, &c.

Dm
01=—D"- 1

6+ D"l-2
6

i!—D'"- 3
6
3+ .... ±bm {+' m e™n'

^ '

I — , modd,

(1 + bx+ . . . .
)- l= \—bx+ (b

2—D6) a?
8— (6

s--D68
-f-D

s
i) a8-}-. . .

.

The materials for finding this to the tenth power of x are in the table.

Hence we have a simple form for the quotient of a'-{-h'x+c'x2+ . . . .,

divided by l+ bx+cx*+ . . . . ; namely,

a'-{a'b-b'} x+ {a' (b
2-Db)-b'b+c>} x*

-{a' (6
3-D62+D26)—b> (b

2 -T)b)+ c'b-e'} x»+....

223. The combinatorial analysis mainly consists in the analysis

of complicated developments by means of a priori consideration and
collection of the different combinations of terms which can enter the

coefficients. The first theorem of the kind which the student usually

meets with is the well known development of (l + x)
n
, when n is a

whole number, depending upon the obvious fact, that in (l+x)(l-\-x')

.... (n factors) xm must appear once for every manner in which in xes

out of in factors can be combined by multiplication with the units of

the n—m remaining factors.

If we multiply together a+b+c+ . . . ., a'+ b'+c'+ . . . ., a"+b '-\-

c"-r . . . ., &c. (n factors), the product consists of a number of products

containing a term for every combination ofn factors, one out of each of the

polynomial factors. But if we multiply together a + a x
x+a2 x

2+ . . .,

b + b
l x+ 62 x2+ . . . . (n factors), the coefficient of xm will consist of such

combinations above described only, as have the sum of their distinctive

indices equal to m. Thus, if we want the coefficient of x5
, there being-

four factors, we must ask in how may ways 5 can be composed of four

numbers, included. Thus we have

0005 gives a 6 Co e
5 5 a &o e

5
c , &c.

0014 gives a b c t e4, a b e
4
eu &c.

0023 gives a b c2 e3 , a b c3 e3 , &c.

0113 gives g^&jC! e
3 , a b

t
c3 eu &c.

0122 gives r/ b
x
c2 e2 , a c x

b2 e.2 , &c.

1112 gives a, b x
c

x
e2, a x

b
x
e x cs , &c.

Collections of tables of the different methods in which numbers may be

constructed by additions of lower numbers, under various conditions,

make the fundamental tables of this method, just as those of the deriva-

tives of powers of b are the fundamental tables of reference in the

method of Arbogast.

224. Required the development of (a +aiX+a.2 x
2+ . . . .)", n being

a whole number. To find the coefficient of xm we must find every way
in which n numbers (0 included) can be put together to make m. Let
us suppose that the 10th power is the one in question, aud let /;= 4.

Firstly; take 10 in four different numbers, as 1, 2, 3,4. Hence
a

x
«2 tf

3 «* is a Part of the coefficient of xw . But a, may come from
either of the four factors, a2 from either of the remaining three, &c, so

that if we write first the number which comes out of the first factor, &<:.,

we have, in the coefficient of a;
10

, a l a% a3 ai -\-a<i a l az ai -\-a x
as a1t ai+&c.,

repeated as many times as there can be made different arrangements of

four quantities. Hence 4 . 3 . 2 . 1 a, a2 a^ a4
is a part of the coefficient.
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Secondly, take four numbers to make 10, which are not all different,

as 2, 2, 3, 3. The number of ways in which a2 , a2 , a3 a3 can be written

is not so many as before, for a3 from the first factor and a3 from the

second is the same selection as a3 from the second and a3 from the first.

In fact, by a well known rule of common algebra the number of different

arrangements of a.2 , a.2 , a3 , a3 is (4 . 3 .2 . 1 )-f-(l .2x1.2). Generalizing

this reasoning, we find the following method of finding the coefficient

of the with power of x in the development of the ?ith power of

a
a
+a

t x+ .. . . Let kl+k'l'+ = ra, in which k+ /c'+ . . . .

=?i, and find every possible way in which these equations can be

solved, k, k', &c, /, I', &c. being positive whole numbers (0 included).

Then the coefficient required, which call P,„, n, is

_ / 1 .2.3.. .jn
, vP-"" S

1,1.2.8.... Jfcx 1.2.37... ife'x
ai ' ai'"

225. Required the development of (b (a+bx+ cx12

-^ .

.

. .). This,

by Taylor's theorem, is

<j>a+ (p' a.x(b+cx+ex*+ . . .)+ -

—

x- (6+c^+ex2 -j-. . . .)
2+. . . . ; j

whence it is evident that, making b—a , c=a^ &c. in the last problem,

the coefficient of xm is

"m-l, 1 9 tt+ "m-2. 2 -77- + • • • • +"l,m-ir^ o+"o,)»;2
1,m- 1

2.3...m-2'
u
""2.3....m

Tables may be provided to facilitate the formation of these coefficients,

but in Arbogast's method they are already formed.* Comparing the

preceding expression with (214.), we see that

f»-l,l— -U °) -Tm-2, 2—u . . . . -r m-l, )i
— -U .

226."We|have, however, gained by the preceding a method of form-

ing or of verifying any derivative of a power of b independently of the

rest. Take as an instance D5 b*. We have, therefore, to examine every

way in which four numbers (0 included) can be put together to make 5.

The different ways are

0005 0014 0023 0113 0122 1112.

The letters which should have the indices 0, 1, 2, 3, 4, 5 are b, c, e,f, g,
h. Observing what indices are repeated, we have for the terms of D5 b*

1.2.3.4... 1.2.3.4,, 1.2.3.4 _. . 1.2.3.4, „

uXI b A
'TXI7i

b ~ cg
> 1-2-lTi

bef
' T7T.2TI

bcf>

1.2.3.4 . 1.2.3.4 „

bee1
. c e :

1.1.1.2 ' 1.2.3.1 '

which computed and put together give the same as in the table.

227. The most simple form of the development of (a+bx-{-cx*
+ ....)- is

* As far as I have compared the methods of Arbogast with those of Hindenburg,
this is always the case. The tables of reference of the former method are one step
more towards the solution than those of the latter. In other respects their powers
are much the same, as far as developments are concerned.
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a"+ Da\a?+D8 a\j?8+D 3
a".a!

8+ >

where, when n is integer, the derivatives of an may he formed directly

from the table of b, by substituting a for b, b for c, c for e, &c.

From this it may be shown, that Dm
If may be described as the

coefficient of xm y
r
in the development of 1 : (\—y(fix), (fix standing for

6+ ex+ ex2+ ....

228. The last article has left us in possession of a result which
belongs to the calculus of generating functions, which should be con-

sidered as a sort of inverse method to the combinatorial analysis, though
neither was originally set forth in connexion with the other, and either

may have developments to which the corresponding parts of the other

have not yet been investigated. Every mathematical method has its

inverse, as truly, and for the same reason, as it is impossible to make a

road from one town to another, without at the same time making one
from the second to the first. The combinatorial analysis is analysis by
means of combinations; the calculus of generating functions is combina-
tion by means of analysis. Thus, having observed (and the observation

is common to both methods) that in (l + .r)(l + x) . . . .n factors, the

coefficient of x7 must be the number of combinations of 7 out of n, the

combinatorial analysis requires us to find that number, and thence to

infer the coefficient of a?
7

; the calculus of generating functions requires

us to expand (l+x)" by purely algebraical considerations, and from the

coefficient of x7 infers the number of ways in which 7 can be taken out

of n.

229. Let (fit, expanded in powers of t, give a +a l t+at t
t+ . . .

.

Then (fit being given, and also n, the coefficient of t
n

is implicitly given,

and is therefore a function of n. The function (fit is then called the

generating function of an , which is a function of n. Thus m : (1

—

t)—
m+ mt+mts + .... or m : (1

—

V) is the generating function of the con-

stant m: again m : (1-

—

P)=m+ mt2+mti+ . . . ., and is the gene-

rating function of a function of n, which is =?n for every even value of

n, and =0 for every odd value. This function is m (l+ (— 1)"). The
generating function of n itself is t : (1— t)* ; the generating function of

«nlt6„ is made by adding or subtracting the generating functions of an

and bn .

If 0£ generate an, t
k
(fit generates an^k ; for 'in t

k
<fit the coefficient of t*

is that of t
n ~ k

in (fit. Similarly,* t~
k
<fit generates an+k .

If (fit generate a„, and ft generate bn , <fity. ^ J generates a 6n+Ci &„_!+
.... +an b ()

. If, then, 6„=1, oxft— 1 : (1—0. we find that (j>t : (1—0
generates a + «i+ • • • • +«« and t<fit : 1— t generates a i-a l+ . . . +a„_l

or 'Ean .

230. The last remark enables us to pass to the generating function in

an infinite number of cases. Let us, for abbreviation, express o +o^
H-o2 ^

2 -{-&c. by (a a
y
as . . . . ). Then, for instance, 1 +t+f generates

(1,1,1,0,0 ), consequently (l + t+ t*)t: (1— f) generates "(0, + 1,

+ 1 + 1, + 1 + 1 + 1, + 1 + 1 + 14-0 ), or (0, 1,2, 3,3,3 ).

Again, 1 + t generates (1, 1, 0, ), (1 + : (1 — t) generates

* The student should now look through the various developments which have

been made, and should describe each in the language of generating functions.

Z
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(1, 2,2,2 ) ; therefore (1+0 : (1-0 2 generates (1.3, 5,7 ),

and (1-fO : (1— 3 generates (1, 4, 9, 16. . .
.
).

If (fit generate an , (fit: (I— i
2

) generates fl„+ a„_2+ • • • -, ending

with a when n is even, and with a
l
when ?i is odd. Find what

(fit : (1 — t
m
) generates.

231. If <fit generates, whatever function of an ifitx.(fit generates,

it is obvious that y{rt x (jfit . (fit) generates the same function of the new
coefficients. If, then, we find that a certain operation on an is gene-

rated by tyt.(fit, we know that the same operation repeated on the

results, and so on, until it has been repeated n times, will be generated

by (yjsty.(fit. This maybe exemplified as follows. Let the operation

in question be an+l— a„, which call Aan , and let Aa„+1—Aan be A2an , as

usual. The generating function of an+1— an is (£
-1— 1) . (fit, whence that

of A>„is (t~
l—If (fit. But

(t-
1—i) k

(fit=t-
k 4>t-kt-(k

- l^t+k
l^t- '-V(fit—....,

of which t~
k
(fit generates an+k , &f(fc-1)

(fit generates kanJrk_ x , and so on.

But when two functions are identical they must generate the same
function, since no function of t can be expanded in whole and positive

powers of t in two different ways. Hence

k— 1
Ak an—an+k-kan+k_ x+k —— an+k_2

—
,

as already known. Again

t-
k=(l + t-

1 -l) k=l+k(t- 1-l) +k^-(t-l-iy+ . . .

Multiply by (f>t, infer the equality of the generated from that of the

generating functions, and we have

an+k=an+ kAan+k-——A-an+ ,

which is also known. Let 1 : t—y, and assume y=^z+ xxy ; then, as

in p. 1 70, y
k — z

k+yz . kzk~ l

x-\- . . . . , or substituting values for y and or,

t-
k^k+(xz.kz^) ^~+~ ((X*)

2-^- 1

)- (^Fr)^

Let 2=1, multiply by $t, and let P t , P2 , &c. be the values of yz.kzk~l
,

&c, when 2=1. Again, let {%t~ l)~ l

(fit, (x'
-1)~2 0^ &c - generate

Xi, », X 2 , „, &c ; then, inferring as before, we have

a)l+i=aB+PlAXlja 4 ~lJtA«Xi „+^P3 A3 X3 , ,+ ....

For instance, let ^y==y
r
, then

;
\zmr .kz

k-l\=\mr+k-l, inr+k-m+l]kzmr+k-m
,

dzm

and (t~
r)~m .(jit generates a„_mr . Consequently (2— 1)
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2r4-k 1

aB+Jb=a)I
+AAa

l_r
+A A8a„_2r

+k A3 an_,r+

According to analogy A-1
an denotes 2an . But the generating function

of A-1
a„ should be (t~

l— 1)~'<^, and we have already shown that this

is the generating function of Sf/„.

232. To show the application of the calculus of generating functions

to a question of combinations, we propose the following question ; in how
many different ways* may the number p be made up of lesser numbers,

no one of which falls short of n. If we take the quantity x"+i"~ l

+ ... ad inf., and raise it to the kih power, it is plain that xv enters once

for every way in which p can be made up of k numbers, no one of which

is less than n. If, then, we take

x»+xn+l+ . . . . +(*"+*"+1+ . . ..y+ (x
n+ x"

+l +. ...f+....ad inf.

xp enters once for every way in which p can be made up of 1, 2, 3, &c.

numbers, no one of which is less than n. But A+A2+
=A:(1—A), consequently the number required is the coefficient of xv

in the development of

xn+xn+1+ . xn
: (1

—

x) \ xn

oi* or
1— (xn+ xn+1+...y 1—j?":(1—*)' l—x—a?'.

xn xn x2"
x3n

i

—

x—xn
i

—

x (i—xy (i—*xy

the &th term of which is x
kn

(1

—

x)~k
, and when developed contains

xp as long as kn is less than (or not greater than) p. The co-

efficient of xv in the development of xkn
(1

—

x)~k is that of a?
-*" in

(l—x)-k
, or

[k,k+p—kn— 1]

[p—kn]

Let then p:n give a quotient q, (neglecting the remainder,) and
the answer required is, q terms of the following series,

[l,p-*3 [2,j>-2n+l] [3,p-3n+ 2]

[p-n]
+

[jp-2«]
+

[p-3n]
+ -'"'

or 1+(,_ 2 „ +1)+fc^l^z^±^)+ ....

For example, in how many ways can 1 1 be made out of numbers, no
one of which is less than 2? Here p=ll, ?i=2, g=5, and the

answer is

1ioi 6.7
,
4.5.6 2.3.4.5

1 + 8+ -2- +^- +
-2-.-3TT'°

r55 -

These 55 ways are 11; 9+ 2, 8+ 3, 7+4,6+ 5, each in two ways

:

* This counts different orders as different ways: thus 3+3+4 and 3+4+3 are,
iu this problem, difierent ways of making 10.

Z 2
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7+ 2+ 2, 5+ 3+ 3
: 3+4+ 4, each in three ways; 6+ 3+ 2, 5+ 4+ 2,

eachin6ways; 2+ 2+3+4in 12 ways; 2+ 3+ 3+ 3 and 2+ 2+ 2+ 5,

each in 4 ways; 2+2+ 2+ 2+5, in 5 ways; 55 in all.

233. It is sufficiently evident that two functions which are the same
in different forms must generate the same function, it may he also in

different forms. Thus (£+4^2 +i5
3
) : (1

—

t)
4 generates ?i

3
, or the co-

efficient of t
n

is ?t
3

. If we decompose the preceding fraction into three,

the first will be found to generate [n, w+ 2] : 2.3, the second 4 [n— 1,

n + 1] : 2 . 3, and the third [n— 2, «] : 2 . 3, the sum of which is ?i
3

.

But the converse is not necessarily true, unless it happen that all the

different forms of the generating function are made to commence from

the same power of t. For though we call a -{-a l t-\-at t
i+ . . . . the

generating function of «,„ yet a_
x
£
_1+ «<,+ «, t-\-a.2 1

2
-\- is also the

generating function of the same, with one more term, and a
x
t + o2^

2+
with one term less. When, therefore, the equality of two generated

functions is asserted, that of the generating functions can only be

inferred when they are made to begin with the same power of t. The
following problem will illustrate this.

Required the function an , which has the property of being equal to

«„_!+ a„_ 2 . If <pt be the generating function of an ,
(beginning with a ,)

tcpt is that of «„_[, and t
2
(pt that of an_2 , whence tfjyt+ t^t is that of

«„_!+an_2 , but it begins with a 1+ («i+a ) ^
2+ . . . . Hence we have

4>t—a —al
t= l(pt+ t'

2
4>t—a t, or

0.(1-0 4-g,-<
J,, t* t*

, \
Y i-t-t* °{ i—t(i—ty j

by a process similar to that in the last article, the coefficient of t
n
in this

development, or the value of an , will be found to be

j
[l,w-2] [2,7?.-3] [3,7i-4] 1

°\ [»—2] [«—4] [m-6]
~
t
~" ,

'J

+ ai
l [n-1]

+_
b=3]

+ -"-i'

the number of terms in the coefficient of a being \n or \ (n— 1),

according as n is even or odd, and the number in that of a^ being ^n or

^(ra+1). And a and Gj may be taken at pleasure. Also, if in the

preceding notation [0] appears in the denominator, the whole term is

unity.

For example, a
5
should be

(1.2.3 21 jl.2.3.4 , 2.3 l n

"•tars +i\
+a

'\Tz:37i +rr2+1}=
3a»+5a"

which is easily verified, since the terms are a , au a 2— ^i+«o #3—
2a

1+a , a4
=3a 1

+2a , as
=5a!+3a .
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Chapter XIV.

APPLICATION TO GEOMETRY* OF TWO DIMENSIONS.

The applications of the Differential and Integral Calculus to geometry

are twofold in character. Those of the first kind are such as simply

require the algehraical treatment of a geometrical question, and make
use of the Differential Calculus in aid of the algebraical treatment.

Thus a question of geometry might give 4> (a+^) as the answer, and r/,a

being already known, and h small, it may be convenient to calculate an

approximate result by applying our rules, (not so much to the geometry

of the question as to the algebra which it is found convenient to employ

in the solution.) and by using rf>a+4>'a.h. All the geometrical questions

of maxima and minima in pages 296—303 fall under this head : and in

this sense all the applications of our science hitherto made to algebra

are also applications to every science in which algebra can be made
useful. The second, and more direct application of the science of

geometry, consists in the formation of a body of general rules, by which
the differential relations of space are treated ; and in which, though the

application is made through algebra, it is not the formation of isolated

results, but of general precepts, which is the main object of the appli-

cation. In this point of view we have to consider successively geometry

of two and of three dimensions.

I suppose the student to be familiar with the method of coordinates,

the distinction of positive and negative coordinates, the equations of the

straight line and of the conic sections. But as the general relations of

sign are imperfectly treated in elementary works, and as the perception

of the universality of the results and precepts to which we shall come
depends upon a thorough acquaintance with this part of the subject, I

propose to begin this chapter by supplying the necessary considerations.

"%-^

The directions OX and OX' are the positive and negative directions of

the abscissa ; OY and OY' of the ordinate. The positive direction of

revolution round OP is from OX to OX again, through OY, OX', Oy',

as marked by the arrows in the left hand diagram. Take any point P :

the line OP has no si°n in itself, but according as one or the other sis:n

* It is not my intention in this chapter to dwell on any matter which belongs to

the simple application of algebra to geometry, and which can be found in the

treatise on that subject. This treatise will be referred toby the initial letters A. G. ;

thus, (A. G. 100) means the 100th article.
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is given to OP, all lines passing through P divide into two directions

with different signs. And the rule for assigning the signs is this : if P
were to move along a line drawn through OP, in one direction of motion

OP would revolve positively, and in the other negatively ; when OP is

positive, the positive direction is that in which OP revolves positively

when P moves in that direction ; when PO is negative the positive

direction is that in which OP revolves negatively when P moves in that

direction. Or, the positive direction on any line is that in which OP
and the direction of revolution have the same names ; the negative

direction, that in which they have different names. The preceding

diagrams contain various instances, all on the supposition that OP is

positive.

If a line move parallel to itself, its directions retain their signs until it

crosses the origin O, when, if OP retain the same sign, the signs of the

directions change. Bat if OP change sign when the lines travel

through the origin, the directions do not change sign. At the moment
when the change of sign takes place, there is, as before, no sign except

an arbitrary one.

The angle made by a line with an axis is in all cases to be found by
drawing through the origin a parallel to its positive direction, and
measuring the angle made by that parallel with the axis in the positive

direction of revolution. Thus, if OP be positive, the angle* made by the

line drawn through P is XOM, greater than two
right angles ; but if OP be negative it is XON.
The angle made by two lines may be con-

sidered as positive or negative, according as one or

the other is mentioned first. Thus, if A and OB
make angles a and (3 with the positive side of the

axis of X, then a

—

j3 should be called the angle

made by OA with OB, and /3

—

a the angle made
by OB with OA. It is, however, possible to

make the distinction between the angle of OB with OA, and that of

OA with OB, as follows. Let the angle made by OA with OB be that

made by passing from OA to OB by revolution in the negative direction.

In this manner the angle of OB with OA, made by passing from OB to

OA in the negative direction is 2*

—

d, if that of OA with OB be :

and 2if— 6 has all the properties of — 0. If, however, we allow the

second method, it must be kept in mind that results may be greater by
2w than they would be in the first. I shall use the first method.

We gain by the preceding definitions not only the power of repre-

senting the relations of direction by simple and imiversal theorems,f

* It may be useful to notice that when a line cuts a triangle out of the first

quarter of space, the angle it makes with the axis of x lies between one and two
right angles ; out of the second, between two and three ; out of the third, between

three and four ; and out of the fourth, between four and five, (or an angle less than
one right angle.)

-f- Since the angle made by a line is that made by the positive side of it with the

axis of x, conversely, negative radii are to he measured in the direction opposite to

the lines bounding the angles which belong to them; that is, if r= (pt) be the polar

equation to a curve, whenever §8 is negative, the line which has traced out the

angle 6 is not the direction of r, but the opposite. Uwing to the neglect of this

extension, the spiral of Archimedes has only half its convolutions, and r—a-\-b6-\-cfi

would frequently loose a loop. The reciprocal spiral also has only half its convolu-

tions ; as it is usually given, it presents the anomaly of a curve which has a jinear

asymptote, with only one branch approximating to it ; and what is still more strange,
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but also that of giving demonstrations as general as the theorems them-

selves. I shall first show, by one or two separate cases, the universality

of a certain theorem, and shall then prove it generally.

A straight line, YX, making with the axis of x an angle
ft,

is cut by

OP, making an angle with the same. Again, YX makes with OP an

angle fx. Required the relation which exists between ft, 0, and jx. Two
positions of the line XY are given, the first cutting a triangle out of the

first quarter of space, the second out of the fourth. In the first, OP
falls within the triangle cut out, but not in the second.

In the first case, ft is XOA, and 9 is

XOP, while fx the angle of OA with OP is

XOA—XOP, or ft— 9, or ll-$-Q.
Again, in the second case, ft is XOB,
and is XOP, (greater than two right

angles,) while li, the angle of OB with

OP, is XOB—XOP or ft—d, as before,

being now negative.

The general proposition, which in fact

answers to that in Euclid relative to the

sum of all the angles of a polygon, is as

follows. If A, B, C, D. . • .M, N represent the n sides of any polygon,

then the sum of the angles made by A with B, B with C. . . .M with

N, and N with A, is equal to nothing, provided that the above con-

ventions with regard to the angles be strictly observed. For if «, ft, y
. . . . p,, v be the angles made by the sides with the axis of X severally,

then by definition the angles above described are « — /3 3 ft
—y . . .

.

li— v, v-a, the sum of which is obviously equal to nothing. If, then,

in the above we denote YX by T, OP by R, and OX by X, and if by

AB we mean the angle made by A with B, we have

/3-TX, 6= RX, p=:TR, XT+TR+RX=0,

XT=-TX,=—ft, whence -ft+Li+d=zO, or fx—ft-G.

We shall always, unless where the contrary is specified, consider OP
as having a positive sign. We now proceed to establish those differential

relations between the different coordinates of a point, on which much of

the subject depends.

The coordinates ON and NP of the point P are

x and y, its radius vector OP is r, and the angle of

OP and x (which in our figure is PON) is 0. The
line PT, usually the tangent of a curve passing

through P, makes an angle
ft with the axis of x,

and /x with OP. In our figure ft is equal to PTN,
and fx is equal to OPT. Let u stand for 1 : r, the

reciprocal of r. And as we are at first only con-

sidering mathematical consequences, without refer-

geometrical considerations from which the premises are

shall introduce several suppositions which here merely

denote abbreviations, and point out at a future time why these particular

abbreviations become useful.

ence to the

derived, we

the curve whose equation is
lS/(x'-+ i/

2).ia.n- 1 (i/ :V)= 1, has an infinite number of
folds which are not found in r$=l.
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Let x and y be both, functions of some variable t, (in mechanics it

stands for the time at which the point is at P, or the number of seconds

measured from some given epoch,) and let all differentiations be made
relatively to t. Instead of diff. co. write differentials : thus, when I say

ds is to stand for /J(dx'S: -\-dy'
i

), I mean that s is to be such another

function of t that

ds __ ,'('dxa dy2\

Jt~~\'\dJ +^l,

ds

dP J dx
1 +

dx11

the latter if y be expressed in terms of x. Again, let p be the abbrevia-

ds ds dli
tion of — or -r'-—r- Finallv, let a perpendicular from upon PT

d/3 dt dt
'' l l L

be called p, and let it make with the axis of x an angle us. Let p,
Avhich being drawn through has no sign but an arbitrary one, have a

aii -nm i i i n dy dy dx
positive sism. Also let Pr be so drawn that tan jb=— , or -—:-—.r dx dt dt

Our symbols, then, are as follows :

x, one coordinate of P.

t/, the other coordinate.

t, an implied independent varia-

ble, of which x and y are

functions.

r, the radius vector OP.
w, the reciprocal of r.

$, the angle of rx.

(3, an angle so taken that tan /3~

dv ^
-7-, also the angle PT x.
dx

/x, the angle PT r.

p, the perpendicular* from on
PT.

ra
-

, the angle p x.

s, derived from ds—Jidx'+dif).

p, abbreviation of —r.
d[3

The following equations follow immediately

2
/;: :/3-0 w= /3+ — . (rejecting 2ii if necessary.)

The first has been already proved; the second follows thus:

p\+ x.PT+PT p= 0, or p*x - Vfx—pPT = 0,

px=~PTx+pPT, or ro=/3+
3ne

To find the internal angle POK of the triangle POK, we have, when the

angles are measured by our conventions, pr—px—rx=7z— 6. And
the angle, as to magnitude and independently of sign, must be either

POK of the triangle, or the difference between the latter and four right

angles. In all these cases cos POK in the triangle is the same as cos
(ct — 0). Hence we have p=r cos (m— 0). If we now collect these

equations, and add to them some others which are very evident, and

* It will be found that according to the conventions laid down y PT is always

three right angles, — , or — — , and not - as might be supposed.
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also those by which s, ft,
and p are introduced, we have the following

list.

(1.) x=r cos 0.

(2.) 2/= ?' sin 0.

(3.) r=J(x*+y
n
-)

(4.) tain 0==-.

(5.) p=.r cos (m— 0)

(6.) fi=p-e.

o-) ™=ft+
31

^
(8.)tan/3 =g.

(9.) ds= /lJ{dx l

-\-chf)

ds
(10.) p=3g.

We now proceed to find differential relations, all with respect to t,

meaning — by dx, — by d% &c.

( 1 + tan
2
0) dd =X V

J
,CX

, or r*dd=:xdy-ydx

(l + tan
2
/3)d/3 = * ^J9 ^ or ds*dft=dxdry—dyd*x

dx*

ds
3 ds3

9~
(dx'+dy*y

ds2
. dft dx d?y— dy d?x dx d?y— dy d\v

n_ df.„ dx*
C0S/3=

rf?
sitf/j=

tfc
2

tan ft
— tan __xdy—ydx _r*dd __ dd

^"l+tan/3tan0
—

xdx+ ydy
~~ rdr~ dr

(11.)

(12.)

(13.)

(H.)

(15.)

dx=cos6dr—r sin Odd, 1
/ifi'l

rffccos d2r-2 sin dd dr-r cos dd*—r sin ri
2

j

K±0,)

dy=s\n rfr+r cos rf0, 1 , - n

d2y= sin dV 4- 2 cos Odd dr-r sin 0d6s+ r cos 0d2

J
^ ,J

rdr=xdx+ ydy rd2r+ drs = xd9x+ydi

y+ dx
,
-+ dy* (18.)

From (9.), (16.), and (17.) ds*=dr2+ rd6* (19.)

From (19.) and (18.) rd2r—rdd*=xd*x+yd*y (20.)

<fr d*s=zdxd*x+ dy dy=dr d2
r + rdr dd2+ i

2dO d2
d (21.)

From (15.) and (19.) smV=r -p, cos>=:—
a

(--'.)

3
From (6.) and (7.) to— e=-ir-}-ju, cos (to— 9)= sin/* (23.)

From (5.), (22.), and (23.) p=r- = JJ (24.)

From (19.) and (24.) ^ =i +~ -£ (23.)
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ds (xd*y— yd2
x)—(xdy—ydx) d2

s

From (24.) <*P~ &
(dx2+dy2)(xd2y—yd2

x) — (xdy—ydx) (dx

d

2x+ dy d2

y) [
.__ .

_(dxd2

y—dy d2xJ)(xdx+ydy) __rdr dr
"

d?
~~

~jT'
m P~ r

dp J

r
2-f=r2-r2

Sm2 p=r cos p=r ^=-^T -^
dp2

But, (7.) d/3=dar, or cfcfe
2J_ B

For r write 1 : w, and we have the following transformations :

du ,„ dV , 2d7/,
2

,,„

.

dr= dzr== -\ (^e.)
u 2 u2 u3

du
(18.) becomes xdx+ydy= g (29.)

(19.) becomes ds'^u'* (du2+u2d62

) (30.)

(25.) becomes ~ ~^~u^^"l^ (3L)

p du

dp du d9 d2u— du d2
d

The last gives ^ z=.udu J~—

dp— —p

p
3 dQ dd2

du (ude3+ddd2u—du d2
0)

de3

Divide rdr, or —-du: w3,by dp, putting for p
3
its value from (31.), or

(u2 d92 + du2)~*dd3
; and

,

rdr (u2 dd2+ du2)^

P~ dp ~u3 (udd3+ ddd2u—dud2
d)

The preceding equations will admit of any quantity being taken as

the independent variable, and are given in order that the complete

relations may be first exhibited. They are also useful in their most
general form : thus, in dynamics, where a material point is in motion,

acted on by forces, the question always is, at what time from the begin-

ning of the motion will the moving point have a given position. Here
the object is to express every coordinate as a function of that time; if,

then, t be the time from the commencement of the motion, equation

(20.) would be expressed by diff. co. thus,

d?x d2

y _ d2
r

2
/ dO

X
Ji
2+y ~df~

T
~dt

2
~ r

\dt

The independent variables most commonly used in purely geometrical

questions are x, 6, and s. If the first be used ; that is, if t=.x, we find

d2x=0, or —-;=0, and this gives
'

dx
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^-J^fy- =-^y '
fr°m (13)

dx*

If be the independent variable, we have ef0=O, and

(*,M-.MW)V W L, from (32 .)

If 5 be the independent variable, we have from (21.) dx d
2x+ dy d

2

y
= 0, or

, , , ,o i « dy2 d2
y ds

2
.d

2

y
dx

d

2
y -dy dfc eta d2w+

—

J
-^ =—^~

^ ^ 3 dx dx

dx2 d2x ds2 d2x
dy d xt=-

dy dy

dfi d2

y _d2

y t
dx_ d2x . cPx

<
dy

ds dx.ds ds
2

' ds dy.ds dsz ' ds

_dx
t
d2
y dy

m
d?x

ds ' ds
2

ds ' ds
2
'

These differential relations are those which will be of most use

in our future operations : and the more the student considers them by

themselves, as simple deductions from the relations which exist between

the coordinates, the better will he distinguish between the analytical

part of a problem, and the geometrical or mechanical considerations to

which the analysis is applied. Thus he will afterwards learn that s is

the arc of a curve, or he may remember the result of page 140 ; but, in

the mean time, it will be clear that the function s may be considered

simply as a function of x and y, the expression of which by a distinct

symbol will facilitate the formation of simple relations.

The equation of a curve is generally written in the form y=(px, but

the more general form ty ( X>y)— Q is frequently used, and requires some
consideration. The circumstance which needs notice is this, that the

equation £"=0 may in reality belong to two or more distinct curves,

possessing no property in common. If P=0, Q=0, R=0, be the

equations of distinct curves, then PQR=0 is satisfied by either of the

three, and belongs therefore to all three. Thus y
2 — x2=0 is either

y-{-x=0, or y — <r=0, and belongs to either of two straight lines.

But y
2—x*=a2

is the equation of an hyperbola, of which the preceding

straight lines are asymptotes, and as a diminishes, the hyperbola ap-

proaches without limit to coincidence with the asymptotes, in which it is

finally lost when «= 0. See page 215. Similarly, the equation PQR=a
belongs to a continuous curve having different branches, which branches,

when a diminishes without limit, approach without limit to coincidence

with the curves denoted by P= 0, Q=0, R=0. But even when we
consider the equation PQR=0, we can trace the properties of either

curve, or, as we should say with reference to this equation, of either
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branch of the curve : bearing in mind (page 52) that when an incre-

ment is given to x, the ordinates corresponding to x and >r+ A:r must be

taken upon the same branch.

As an instance, let us propose the equation (y—x)(y2—x)=0, which

belongs to a straight line passing through the origin, and equally inclined

to x and ?/, and also to a parabola whose latus rectum is the linear unit.

The developed equation is y'6—xy2—xy+ x2=0, in which, unless we
knew of the derivation, we should never suppose that two distinct curves

were involved. From it we find

„ 9 dy „ dy dy dy V
2+ V—2#

S
'J 3r2^S-^- r S-*+2 'r=0

' "5=JsM^
which is ambiguous in value, since y is ambiguous in value. Put y—x,
and the diff. co. becomes x* — x-t-(x*— x), or 1, as should follow frum

y— x. Put y
2= x, and it becomes (+ aJx— x)-^-(+ 2x/Jx+2x), which is

+ l-4-2«/x, as should follow from y
2=x. The only difficulty that can

arise, is when the point in question lies on the intersection of two

different branches : but of this, as we shall immediately proceed to show,

we are warned by the appearance of the diff. co. in the form 0-^-0.

Let PQ= be the equation of such a two-fold system. This gives

fdQ dQdy\ fdP ,dPdy\ dy_ dx^H dx_

V d* dy dxj
H \dx

+
dy dx ~

~dx~~ dQ dP '

dy dy

which, if P=0 and Q=0 at the same time, takes the form 0-^-0. We
shall presently see more of this point.

What then, it may be asked, is it which distinguishes one curve from

another, since an equation between coordinates may belong to any and all

of twenty curves? In reply to this, we must first ask what is meant by

one curve and another in the question? The eye will not distinguish

with certainty, nor do common notions drawn from inspection of curves

always prove sufficient. A person accustomed to consider only the

conic sections would always regard a complete oval as a finished curve

:

nevertheless, it often happens that one equation of the form <{> (x, y)=0,
which cannot be separated into factors, yet belongs to two ovals, or more.

The proper answer to the question is, that, as far as the eye is concerned,

all distinct branches must be reckoned as different curves : thus the two

branches of an hyperbola are considered as distinct, and we know that

before the application of analysis they were not called opposite branches

of one hyperbola, but opposite hyperbolas. But if we reply with

reference to analytical considerations, we answer, that, by convention,

PQ — is only to be considered as representing one curve, when P and

Q are really obtained by performing the same operations, the difference

arising from the different results which ambiguous operations afford, it

being understood that the operations which are ambiguous are ultimate

forms, or not reducible algebraically. Thus 7/
2=x2

gives y=-\-*Jx* and

y=—Jx*; but these are considered as different curves,* since the sign

of ambiguity may be made to disappear, giving y=. + x and y— —x.

* The term curve, in analysis, means a continuous line or collection of lines. Thus
the straight line is included under the term.
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But y"=x gives y— +Jx and y— — >Jx, which are not further reclucihle

;

and the equations are considered as representing different branches of the

same curve.

I now proceed to consider the circumstances which attend the con-

tacts and intersections of curves. The terms contact and intersection

convey distinct and well-kuown notions, and the word coincidence may
stand for both. Say that there is a coincidence when two curves have a

point in common: let y= cjjx and y=.y^x De the equations of these

curves, and let the coincidence take place when x=a, or let (pa=~^a.

Let the point of coincidence be a singular point on neither curve, and

let x become a-\-h, giving (« + A) and f (a+ h) as the ordinates, and

(fi(a+ h) — f(a+ h) as the deflection (QR) of one curve from the

other, measured parallel to y, at the departure h (or NH) from the

coincidence, measured parallel to x. This deflection we have expressed

as meant to be positive when the curve falls above f,
as expressed in both cases of the figure drawn.

First, let no diff. co. be infinite : then the deflection

may be written

(0a— •)//#, or O) + (0'a— f'a) h

where and 1 are less than 1. If (j>'a and ty'a be not equal, this

deflection, when h is diminished without limit, bears to the departure a

ratio which approximates without limit to that of 0'a

—

y'a to 1 ; that is,

the ratio of QRto NH has a finite limit. And since the first significant

term of the deflection may be made greater than the second, by
sufficiently diminishing h, it follows that the sign of the deflection and that

of h change together ; so that if <£ were above '<//• when h was positive,

will be below 1}/ when h is negative. This coincidence, then, is inter-

section, and intersection without contact; the term contact being

reserved to signify coincidence, whether with or without intersection, in

which the ratio of QR to NH diminishes without limit.

Now let 0'a=i//a : the deflection may then be represented by

/1
2

($a—fa, or 0) + (0'a—V'a, or 0)h+ (0"a—f'a) —

+ {0'" (a+Bk)-y (fl+«A)}^.

whence, if <jj"a and ty"a be unequal, it appears that the deflection pre-

serves a finite ratio to the (departure) 2
, and diminishes without limit as

compared with the departure : also that the deflection does not change

its sign, so that there is no intersection, but only a common geometrical

contact. This is called a contact of the first order. Similarly, if

h3

,7a=i^"a, the first term of the deflection is ((p'"a— ^'"a) — , and the

deflection preserves a finite ratio to (departure) 3
, and diminishes without

limit, as compared with (dep.) and (dep.) 2
. And here, though the

coincidence is of a closer order than in the preceding case, there is an
intersection : this is called a contact of the second order. Proceeding
in this way, we find that when two curves have a poiut of coincidence
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for which n (and no more) difF. co. of the ordinates are the same, the

deflection has a finite ratio to (departure)"4" 1
, and diminishes without

limit as compared with all lower powers ; and this is called a contact of

the nth order. In contact of an even order only, there is intersection.

And if two curves have contact of different orders with a third, then
that which has the higher order of contact approaches infinitely nearer

to the third than that which has the lower.

I leave the following theorems for exercise, as they will he very easily

proved. If two curves, (A) and (B), have contact of the nth order with

(C), they have at least that contact with each other. If (A) and (B)
have contacts of the Tnth and nth order with (C), they have with each
other at least the lowest of these two orders of contact. Next, let us

suppose that two curves have a coincidence at which n diff. co. are

finite, and are the same in both, hut let iff^^a be infinite. Then
(page 182 and 327) for a large class of cases

hn

y(a+h)=fa+y'a.h+ .... + fa-— +h\ (a+h),
~u * O • • .72-

where p lies between n and n+ 1. Hence, if Taylor's theorem can be

applied to x ( ff+^)> the deflection is

Xa.V+^Xa+dh) Q

A
"

2

, -x' («+«*) #+1
>

2 re+1 * 2.3.. .n+ 2

in which hp is the lowest power of p, and the contact might, by analogy,

be said to be of the order p— 1, a fraction between n and n— 1. It is not

necessary here to do more than hint at the peculiarities of the contacts

which take place at the singular points of curves.

Returning to the case of points which present no singularity, we see at

once that no curve can pass between two others, all three having a

common coincidence, unless the intermediate curve make with each of

the others a contact of at least the same order as they have with one

another. We are thus enabled to find the closest line of a given species

which can be drawn through a given point of a given curve. Whatever
arbitrary constants exist in the equation of the given species, take their

values so as to make as many diff. co. as possible the same in the two

curves, taking care first to satisfy the condition that the two curves

coincide in one point.

What is the closest straight line which can be drawn coinciding with a

curve whose equation is y==0x, at the point whose coordinates are a
and 0a ?

The general equation of the straight line is y=-px-{-q, and the

Sju
coincidence requires $a—pa-\-q or y— (/)a—p(x— a). Now — =p,

ClOC

which must be the same both in the line and curve: whence y
—(pa—

(f>'a (x—a) is the equation of the line. This line makes with the axis of

a/u
x an angle whose tangent is fy'a, or the value of— at the given point

:

whence we see that the line deduced in page 137 as being best calcu-

lated to mark the direction of the curve at any point, is also the closest

straight line which can be drawn. We also see that the contact can

only be of the first order, generally speaking. This line is the tangent of
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dy
the curve. If, however, it should happen that — is infinite at the given

point, the preceding proof is not complete. In such a case, change the

investigation so that the axis of y (that was) shall be the new axis of x,

and vice versa. It will then appear that the closest line is parallel to

the new axis of x ; that is, perpendicular to the old one.

Relatively to this change of axes, the investigation of- the following

generalization will be a useful exercise.

Let the axes be changed so that the new axis of x makes an angle oj

with the old one, and let x' and y' be the new coordinates of the point

whose old coordinates were x and y. Then

x=^x' cos w—y' sin w x'=y sin w+ x cos w

y=-x' sin w+ 2/' cos w y'=y cos w— a; sin w

dx' dx ( dy . \ / dy 1

. \

l=(^+tanw)-(1-|' tajlw

)

-tan w 1 -7-I 1 -f-
— tan w 1,

dy^fdy_
dx' \dx

d2y dhi' f dy' . V d*y' d*y f dy .

-r- =t4- -f- cos w ^ sm w , -r^- =—+[ cos w+ -^- sin w
dx2 dx'* \ dx1

J dx'* dxz \ dx

It being proved that, generally speaking, the tangent has no more
than a contact of the first order with the curve, required the insulated

points, if any, at which a higher order of contact is possible. The suc-

cessive diff. co. in the straight line after the first are =0; consequently,

at a point in the curve at which (j>"x= there is a contact of at least the

second order with the tangent; when <fi"'x=Q of at least the third order,

and so on.

For example, it is required to draw the tangent at a given point of an

ellipse, and to ascertain those points at which the contact is of a higher

order than the first. Taking the centre as the origin and the principal

diameter as the axes of x (a and b being the semiaxes) we have

xi y
%

__ ^ y dy_ 1 1 dy'1 y d 2

y
a";"*"^ ' ~a

T+¥dx'~ ' ^ +T*d^ +1f'd?
=z0

'

dy __ b*x _ _ b x d2

y__ _ ab

dx~ tfy~ a Va2-V dx
~ +

(a2—x*f

'

where — or + is used according as + or — is used in forming the

value of y. The first shows the tangent of the angle at which the tau-

gent is to be inclined to the axis of x, and the second, which never

vanishes, shows that there is no point in an ellipse at which the tangent

has a contact of a higher order than the first. If £ and ?/ be the co-

ordinates of any point in the tangent, the equation of the tangent is

We have here changed our notation. In what precedes, a and (pa
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were the coordinates of a given point in the curve, and x and y the co-

ordinates of an arbitrary point in the tangent. In future, x and y are

the coordinates of a given point of contact in the curve, and £ and n

those of an arbitrary point in the tangent.

To exhibit the equation of the tangent, that of the curve being

"if/ (x, y)= c. We know that

cbU dilt dy n . dy ,„ . .——1-- r~— 0, whence n—y~— (t— x) becomes
ax ay ax ax

d^e d\{s _ dy df
dx dy dx dy

If <}> be a homogeneous function of x and y of the nth degree, we have

(pages 194, 205) nf or nc for the second side of the equation : but if ^ be

made up of several homogeneous functions, M of the mth degree, 1ST of

the nth degree, &c. write mM+nN+ .... for the second side. Thus
for the cissoid of Diodes (A. G. 304.) 2ay'

2—(xy2+x7i

)= 0, in which is a

function of the second and of the third degree : the equation of the

tangent is

-
(_y

2 4- 3x 2

) £+ (4ay—2xy) y=4ay*—3 (j?#
2+0

= -2ay*.

If there be only two functions; that is, if M+ N=c, we have
mM 4- ?;N= (??i— ri) M + nc. The following are instances :

Curve. A/4-B.ry+ Or2+ D;/+ E*+ F=:0.

Tangent. (By +2C*+E) £+(2Ay+Ba;-f D)ij+ Dy+ Ea?+F=0.

Curve. (A. G. 319.) y*+ x*—5ax~y2=0.

Tangent. (bx4—10axy*) £4-(5?/
4— I0ax2

y) n—5ax*y\

The normal is a line perpendicular to the tangent, passing through

the point of contact. Its equation, therefore, is

dx ,«..' , i, dy ,

which in the manner already shown may be made

V1 y) dx ^ X)
dy-°'°

T
dx

7
' dy"- dx V dy*'

the equation of the curve being given in the form vj/ (x, 2/)= 0.

The angle PTN having cji'x for its tangent, yzz<j>x

being the equation of the curve, the value, as to

magnitude, of the subtangent TN and the sub-

normal NG are PN : tan PTN and PN X tan PTN,
or 4>x : (fr'x and (f>x X 0'.r. As to sign, if we call them

positive when they occupy such positions as in the

corresponding diagram, we have this rule :—the
^ subtangent and subnormal have always the same

sign : positive, when 4>x and (p'x are of the same sign ; negative, when of

different signs. The parts of the. axis intercepted by the tangent are, as

to magnitude, OT=x - (cpx-.cjj'x) and OU=OTx tan PTN= 3:0'*—fc.

But the latter being here negative, should be represented by 4>x—xftx,
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and this expression will always represent OU, both in sign and

magnitude. And if in the equation of the tangent we make »7=0, and

S=nO, we find the same, after writing (fix and c/j'x for ?/ and dy.dx.
Similarly, OH—$x+x:<$>'x, OG=x+(pX(jj'x, if UO and GP meet in H.
The following expressions will often save trouble :

Subtangent = ~rr^, ; . Subnormal =- diff. co. y*.
d iff. co. log y 2

Hence, in the exponential curve y~sax
, there is a constant subtangent;

in the parabola, y*=cx, a constant subnormal.

What is the curve in which the subnormal varies as a given power of

the subtangent. Suppose

dy ( dx\n
, dx —L -^ n+ 1 —L *

v y—=c( y -— ) j tnen ~r

—

c n+l
y

n+i
, x==—^~ c n+'?/n+ I +C,

2

f A straight line moves in such a way that OU is a given function of

OT ; to what curve is that straight line constantly a tangent ? If UO
be one function of OT, UO : OT or tan PTN is another; let this be
called p, then, p being a function of OT, OT is a function of p, and so

is UO. Let UO, with its proper sign, be fp ; then y=px+fp is the

equation of the straight line : or, if we let 4 and rj be the coordinates of

any point in it, r)—p£+fp. Compare this with the equation of the

tangent to the curve, which it is always supposed to touch, and we have

dy dp d-y _ dy ,

p==
d? Tx=ix?' f̂ y

-x
Tx

J

Differentiate the last, and we have

_. dp dy dy d*u

And the third then gives, substituting —fp for x,

y=-pfp+fp.
Eliminate p between these two, and we have an equation between x and

y, the coordinates of a point in the required curve, which equation is

therefore that of the curve. Or thus : the first and third equations give

a differential equation, already discussed in page 196. Its common
solution, y=ac+fc, would only give the straight line with which we
began, which certainly falls within the conditions of the problem, for

we have but to assign a value to p, and let it retain that value, and the

straight line so obtained is a tangent to itself at every point. The
singular solution derived from o,+/'cr=0 is precisely the equation to

the curve in question, which is always touched by the moving straight

line.

2 A
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A curve, whose equation is ??=0(£, c), takes all the imaginable

varieties which can he given to it by changes in the value of c. What
is the curve to which it must always be a tangent ? Let x and y be the

coordinates of the point of contact, when a is the value of c ; then, since

the point of contact is on both curves, yz=zcb(x,a). But this last

equation is not true of every point of the curve of contact, but only of its

point of contact with the variety of the original curve in which c=a,
and which has the equation ?7=0 (4, a). But if we were to allow the

value of a to change with x, so that a should always represent the value

of c in the individual curve which touches the curve of contact at the

point (x, y), the equation y—cb (x >
a) would remain true throughout the

curve of contact, and would be its equation : but a would be then a

function of x. What function of x is it? To determine this, observe

that since every variety of ??=0 (£, c) is somewhere in contact with the

curve of contact, the value of dr\ : clE, from this equation must be, at the

point of contact, the same as the value of dy.dx from ?/—0(,r, a).

Let <$>' (£, e)— dr] : di;, then, giving £ the value x, which it is to have at

the point of contact, and c the value a, which it has in the particular

case in which the point of contact has k and y for its coordinates, we
have, for that case and at that point, dr) : d'£,= d>' (x, a). To find dy : dx
we must, in the equation y=<$> (x, a), suppose a a function of x in the

manner above described, which gives

dy deb d<p da_ dd> da

dx dx da dx
'

da dx'

for -j- formed from d> (.r, a) gives precisely the same function as -r-
ax atj

from ??= (£, c), since a in the first case, and c in the latter, are con-

stants. Equate dt) : d'i (or rather the particular case described) and
dy : dx, which gives

... . ... . dd> da deb da n
4>> (x, a) =cb> (*, a) + -f —, or -f

—- 0.
da dx da dx

Either, then, d(j> : da, or da : dx=0 ; it cannot be the latter, since then a
would be a constant: consequently, deb :da=0, which will give an

equation between x and a, or will determine the function which a is of

x. Hence the following

Theorem. The curve which touches every curve that can be

represented by y—<f> (x, c). whatever may be the value of c, is found by
substituting instead of the constant c a function of x, obtained by
equating to nothing the diff. co. of (x, c) with respect to c, and thence

determining c in terms of x. But this is (page 189) precisely the mode
of obtaining a singular solution to a differential equation whose ordinary

solution is y—<$>(x, c). Hence, the singular solution to a diff. equ.

connecting x and y is the equation to a curve which touches every curve

whose equation is a case of the general solution made by giving one or

another value to the constant of integration.

The preceding demonstration will, I apprehend, be found diffi-

cult ; but as the principles which it involves are of the utmost

consequence in application, it is worth while to vary the form of the

problem.
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Required the curve y=z\Lx which cuts all the

curves contained in 77= (£, c), made by giving

different values to c, in such a manner that, at

each point of intersection, there exists between

-r-, -—. and x, the relation
at, dx

BDNF HK /
fdi] dy

y, c = 0.

Let AB, CD, &c. be varieties* of 7i=r0 (£, c), and let VW be the

curve which makes the intersection in the manner required. Choose a

case of ?j=0(£, c), say GH, and for that case let c=ia; that is, the

equation of GH is r/:=0 (£, a). Let P be the point in which VW cuts

GH, and let x and y be its coordinates. Then because P is on GH,
y= <J> ( vr, a), but this equation is not true of any other point of VW, for,

a remaining the same, if the point P should move, its coordinates still

satisfying y=z<p(x,a), it would move along PG or PH. But, if c—a'
give the curve EF, intersecting VW in Q, and if when P moves to

Q, a were to change into a', the equation y=<fi (#j a ) would be true of

the coordinates of Q, which is on VW. If, then, a were to be such a

function of x, that as y and x change on VW, a should always repre-

sent the value of c which belongs to that case of 77=0 (£, c) through

which VW is passing at the moment, it follows that y=<f> (x,a) would
be true at every point ofVW ; that is, would be the equation of VW.
What function of x, then, must a he? The value of dr\ : d% is 0' (i;, c),

and in the curve GH, and at the point P of it, this is 0' (x, a), exactly

what would be obtained by differentiating (j, a), x varying and a
being constant. But to make an equation to VW, we must write for a
a certain function of x, and we then have

da dx'
— =0'^ a)+— —

dx dx "^ da dx' dx da dx'

The required relation demands that

f(<i>'(x>a), $ fa^+^tafa?
0(*»a).^aj=O (/),

where (x, a), 0' (#, a), and d<$> : da are known functions of x and a,

and therefore tbis is an equation between a, x, and da : dx, or a com-
mon differential equation. If it can be integrated, the problem can be

solved.

For example, required a curve which cuts the species of curves whose
equation is tj= (£, c) always at the same angle, so that, at any point

P, the angle of PL and PM, the tangents of the cutting curve and the

curve of the species which passes through P, is a given angle a. If, then,

/3 and /3' be the angles of these two tangents with the axis of x, we have

drj dy ft, d~'i dysn n . tan /3— tan p'

l + tan/3.tan/3'

This gives, by the preceding process,

dt,

dy
—f =tan «
dx •4 dx

* The equation of a curve is confounded with the curve itself in the language
used ; thus the curve y=xi means the curve whose equation is y=x-. Similarly,

the point x, y means the point whose coordinates are x and y
2A2
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or tan«{l + (0'Or,a))
2

}+y £{<£'(*, a) tan a+l}=0.]

This equation cannot be integrated generally, but we may try our

method on any particular case. Let the species be that containing all

the straight lines drawn through the origin, having the equation y=rax.

Here <£ (x, a)=:ax, <// (x, a)— a, d§ : da—x, and the preceding equation

becomes

, , da , ,, dx atana+1
T

tana{l + a2}+tf— {atana+l}= 0, — tan «== da,
\

dx x Lt a

log x tana=—log ^(1 +

a

2). tan a— tan
_1
a+ C.

We cannot find a in finite terms from this expression, which we should

do, in order to substitute a in y=zax. But the same end will be gained

by substituting a (=y : x) from the second in the first, which will give

loo;^.tana=—log- — .tana— tan" 1 —J-C, .

° x x
,

or logJ0c2+w2)= tan-'-H .

° ^ J
tan a x tan a

Writing C for C : tan a, and using polar coordinates, we have

r=£~toT;
t
which may be written r—Ck\ {k~tBna—s} ;

for £
c

is merely an arbitrary constant. This is the equation of the

logarithmic spiral (A. G. 371.), which is now found to cut all the

radii at the same angle, and to be the only curve which does so.

The preceding investigation would not have been altered in any
respect if we had used polar coordinates. For it rests upon the suppo-

sition that x and y determine a point, and that an equation between
them determines a curve ; nor is there any reference made to the par-

ticular manner in which x and y determine the point : so that the

investigation applies to any kind of coordinates. If, however, we had
proceeded to the solution of this problem with polar coordinates,

writing Q for x, and r for y, in (/), we should have met with a difficulty

which it will be worth while to dwell upon.

The equation of a species of curves is r'=0(0', a), and a curve

r=^0 is to cut all the individuals at an angle «. Calling /x and // the

angles made by the tangents with the radius vector, we have, (page

345), /3=/*+0, /3'=y4-e, /3 — /3'=/*— /*', and

tan a -tan a' de . d6' f dd ,dtf\'
u — u—a. —-—,=tan«,r-j—r—=tana l+r— .r-r, },r r ' 1 + tanju.tan/z' ' dr dr' \ dr dr'

J

dr

dd'

In this problem the angle a is taken with' a sign contrary to that

which it had in the last. Substituting for a the requisite function of 6',

we obtain from (/) the condition (remembering that r and r' are the

same at the point of intersection)

dr' , dr /dr dr' .

d?" d9=
tana

{T6d8<
+rr
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'

• , dr' {dr' dr'da\ \dr'(dr< dr' da\ ,\
1 r

de~
r
{do'

+
Ta dWrtmaW[de'+ TaTe'r V

If we apply this to the particular case where r'=:<f) (0',a) is the

equation of a straight line passing through the origin, we find 6'= a for

that equation, since the permanence of the angle is the condition of the

line in question, independently of the radius vector. By this we can-
not express r. Let us then generalize the equation into r=zk (0— a),
which is equivalent to supposing the species of curves to be all the

varieties of a spiral of Archimedes which revolves round the origin, the
angle of revolution being a. We have then 0(8', a)— Ic (0'— a) =/•',

and substitution in the preceding gives (dr' : dd'=k, dr' :da= — lc)

Since a is a function of 6', which is to satisfy a—Q'— r':k, the

elimination may be made at once by writing instead of

da . , , I dr* . . _ .—- its value 1— - -—„ which erives
dd' lc dd'

&

dd' ^ tana.k+ r' tana l + tan2 a

dr1 Jcr
!— tan « . r

/2
r' k— tan a . r'

„ , „, . . l + tan2 a. „ hC+ e — tan a. log r log (lc— tana. r).a
tan a D

This is the equation of a spiral, 'such that the spiral of Archimedes,

whose equation is r—Jc(Q— a) is always cut by it at a given angle.

Take — (1 + tan2 a) log k: tan « from both sides, remembering that an
arbitrary constant altered by a given quantity, however great, is still

an arbitrary constant, and we have

r, n, if l+tan2 a. / r'\
C-f-6 _tan«.logr' log 1— tana -7- . ,

tan a \ k J

Nowif k increase without limit the equation r—k (0— «), or r:k—Q — a

approaches without limit to 6—a=0, the equation of a straight line

inclined at an angle a. In this case 1 —tan <xr:k approaches without

limit to 1, and its logarithm diminishes without limit. The limits of the

spirals are straight lines, and the curve which cuts these limits at the

angle « has for its equation + 0=tan a.logr, the equation of the

logarithmic spiral, as before.

If, however, a be a right angle, or tan a= cc , we must retrace our

steps as far back as the differential equation, which then becomes

f.-_A or0=— + C, orr(0-C)= *.
dr r* r

This is the equation of a reciprocal spiral, (A. G. 366.) This does

not become a circle when k is infinite, at least so it appears at first.

But we may show that a reciprocal spiral, in which k is infinite, is to be

considered as an assemblage of all the possible circles which can be

described about the pole as a centre. This proposition, like all others
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in which the word infinite is used in an absolute sense, must be restored

to its complete form before any reasoning can take place upon it. We
mean that in a reciprocal spiral, the greater k becomes, the closer do its

folds approach, and the more nearly is each fold a circle : and this

without limit, if k increase without limit. This may be easily shown.

Required the polar equations of the tangent and normal of a given

curve, at a given point, (r, 0).

Any line passing through the point (r, 6), and making an angle to

with r, has for its polar equation (R and being the coordinates of any
point in it) R:r=sin w : sin (w— (0— #)). IfR==l:U and r=l:M,
this may be reduced to

U=wcos (0 — 0) —m cot w sin (0— 0).

Let this line be the tangent of the curve, then w^tju, u cot w=m : tan /*—
dd du

u:r — =:—-, whence
dr dd

duU—ttcos(0—6)+— sin (0-0)
dd

is the equation of the tangent. In the normal a>=ju+^7f, and the

equation will, be found to be
la

U=w cos (0-6)— u* — sin (0-0).
du

Given a curve y^tftx, required another, such that the normal of the

first may be always tangent to the second. The equation to the normal

of the first is

dv P -~ x
%~X+T 0?—y)=0, or -ri-^x-

dx <$x

This belongs to a species of curves (all the normals of y-ss^a?) in which
we pass from one to another by making a change in the value of x,

which then takes the place of c in the investigation of page 355. Let

X and Y be the coordinates of the point in which the required curve

meets the normal ; this normal is to be the tangent of the new curve,

therefore

dY 1 , dY
-, or cj>'x— + 1=0,

where Y and X have taken the place cf y and x in the investigation, as

x has taken that of a. For the equation (/) we have then, since at the

point of contact Y=4>x— (X— x) : <f)'x,

4>'x\
dY dY dx\ ., '

. , f 1 ,/",. <£'*(—O—(X—x).<j>"x\dx)
„ n

If the first factor were made =0, x would be a constant, and we
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should have* only one of the normals as the result. The second factor

being made =0, we have an equation to determine x in terms of X,
which must be substituted in the equation to the normal. Consequently

our theorem is as follows. If we would find the curve which is such,

that the normals of y=<f>x are its tangents, we find the equation of the

desired curve by eliminating x between the two equations

<j>'x (Y— (j)x)+X—x~ and tfx ( 1 + (0V) Q
)+ (X ~x) <j>"xmO . . . (A)

.

The curve y~<fix is called the involute^ and the required curve the

evolute.

Before giving any examples we shall take the same problem, on the

supposition that we are to use the polar equation of the normal, and the

theorem in page 354. The polar equation of the normal is

la

\]~ugos (6—0)—uz—- sin (6-0),
du

where u is a function of 0, implied in the equation of the given involute.

To find the particular solution of the cliff, eq. which would be obtained

by eliminating 0, proceed as in page 189; differentiate the value of U
with respect to 0, and make the result =0, remembering that dd : du is

the reciprocal of du : dd. This gives (let 6—0=6', dO' : cfe - 1)

du , . , „ du dd . , cfdu— .cose'+wsme'—2w— v-sin6'+2t2 —
dd dd du \dd) Id*™

+u
\Te) cose -°

and between these two equations (with u=ifsd, the equation of the in-

volute) u and 9 are to be eliminated, giving an equation between U and

6, which is that of the evolute required. A simplification of form may,

however, be made as follows. Multiply the second equation by
(du : ddy, and then divide by u3

; let the diff. co. of log u, or that of u
divided by u be called L ; then the two equations become

(B).

11U=w cos (6—0)—— sin (6-0)

(l + L2)Lcos(6-6>)+—-sin(6-0)=O
dd

In either of the two sets of equations (A) or (B), both equations together

determine one point of the evolute :\ in the first, given x (and y from

* Though I have preferred to make this case an example of the general method,
yet it is evident from the theorem in page 354, that we are now doing what is

equivalent to finding the singular solution of the general equation of the normal,

x being the arbitrary constant.

m + See Involute and Evolute in the Penny Cyclopaedia.

% When any two curves, y=<p (.r, c~),y= -^(x,c), are given, both equations together

determine their points of intersection ; but if a thud equation be formed by elimi-

nating c, this third equation is also true at the points of intersection. But being
independent of any particular value of c, it belongs equally to all the points of in-

tersection made by ail the possible pairs of the two species, derived from giving c

different values. Thus, if y=ax, y—x-\-ab, we have two straight lines, the first of
which, as a increases, revolves, and the second of which, in the same case, moves
always at an angle of 45°, continually increasing the distance at which it cuts the
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y=<fix) the two equations determine Y and X, the cordinates of the

point of the evolute which lies on the normal drawn through (#, ?/). In
the second, 6 being given (and u from u=f6) i

the equations determine

U and 0, the reciprocal of the radius vector and the angle, at that point

of the evolute which is on the normal passing through (w, 6). Thus,
in the following figure, P and P' are corresponding points of the involute

and evolute ; and we have

N' N"

ON-*,
NP=2/,

OP=i,
u

NOP-0,

ON'=X
N'P'=Y

0P'=4

NOP'=0.

' Before applying the preceding results, it will be desirable to explain

their connexion with the radius of curvature. This term means, for

any point of a curve, the radius of the circle which, being drawn through

that point, has a contact with the curve of a higher order than any other

such circle; so that, as shown in page 350, no other circle can pass

between the circle of curvature and the curve. If a: and y be the co-

ordinates of the point of contact, p the radius of the circle, and £ and rj

coordinates of the centre, we have

(X-0 2+ (Y-r?)^p8
(1);

X and Y being the coordinates of any point in the circle. We must
then make this circle pass through the point (x,y), and also make as

many diff. co. as possible of Y in the circle, equal to those of y in the

curve. Differentiate (1) with respect to X successively, and we have

dY dY 2 d2Y
X_?+(Y_,)

_ =0, 1+_ + (Y-,)^=0, &C.

Now since there are only three arbitrary quantities, £, 77, and p, we
can only employ three equations to determine them. Take the three

conditions that one point of the circle must be (x,y), that at that point

dY : dX=dy : dx, and that also d2Y : dX2=d2
?/ : dx*, and we have the

first set of equations, from which the second readily follows.

, , dy
2

x <fy „

1

/ df\ dfo

dx \ dx'y'd.dx*

dx2/
' dx*

axis of y. Eliminate a, and we have osy—o^-\-by, the equation of an hyperhola.

How is this hyperbola connected with the straight lines ? Its equation is obviously

always true at the intersection of any simultaneous pair; and it is the curve which
passes through the intersections of all the simultaneous pairs : observe, not through

the intersection of y-=.ax for one value of a with y=x-\-ab for another value of a;

but through all the intersections of lines in which a is the same for both.

This principle is one of the most important in the application of algebra to

geometry : but I do not remember to have seen it formally laid down and illustrated

in any elementary work on the subject, though continually used in all.
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From the first two in the second set, £ and r), the coordinates of the

centre of curvature, are determined; and p, the radius of curvature, from
the third. And p is the same quantity as was signified hy that letter in

the equations of page 345 ; for if in equation 13 we make l=x, or x
the independent variable, we shall have for p, as there described, the
expression for p as above obtained. Consequently we have for the
radius of curvature the following expressions, making x and the in-

dependent variables of the rectangular and polar systems of coordinates.

dr

dx*
u

\
K

u+
ddy

The centre of curvature is on the normal; for the second of the

equations which £ and r\ satisfy is the equation of the normal. And the

centre of curvature is also on the evolute; for in equations (A) it

will be found that X and Y, the coordinates of a point in the evolute,

have precisely the same expressions as £ and -q above. Consequently,

the evolute of a curve is the locus of all its centres of curvature ; and in

the preceding diagram P' is the centre of curvature of the point P and
PP' the radius of curvature. Also (neglecting the sign)

p~dx \dx
:

\/\
1+ dxyl ~dy \dy

:\Jv df)\

The radius of curvature of the ellipse, found from the expression in

page 351, is

It is more easily found by the well known polar equation ua (1 —

e

2
)==

l+ecos0.
What is the curve in which the radius of curvature is a given function

of x, or y, or u? Suppose it a function of x, fx; we have then

' dx \dx-v v **')> /*' dx ~V(i-p2)' J fi
whence y must be found by integration. The second or the third of the

last equations may be used when the radius is given as a function of y
or u.

Required the evolute of an ellipse. The equations for determining £

and r\ above (which are virtually the same as (A) in page 359) become

a \a-x J
\ (a9-*8

)
2

b x a2—

e

2 ^2 / ab \



362 DIFFERENTIAL AND INTEGRAL CALCULUS.

whence, evidently, f —Y+^ J

3 = 1 , /3 == -

We must not, in this subject, propose examples as if we had only to

choose from an unlimited number capable of sufficiently easy solution

;

for the fact is, that the elimination is generally of so difficult a character,

that the few cases which are presented in elementary works contain all

which the student should be invited to try. He may, perhaps, succeed

with if=azs
, the evolute of which is a complicated curve of the fourth

degree.

One or two remarkable instances will merit notice. The first is that

of the logarithmic spiral, with regard to which equations (B) easily give

a result. Here r==c . a", u~c~ l
. a~\ log ?/=— log c

—

6 log a, L=—log a,

and rfL : d0=0. The second equation becomes — (1+ log2 a) log a cos

(O-0)=O, or e=e+±tf; that is, in the diagram in page 360 POP'
is always a right angle. The first equation becomes U=w: log a, and
the evolute is therefore another logarithmic spiral, since

log aU—

c

-l a~0+i5r, which is of the same form as w=c-1 a~\

altered in position by revolving through a right angle.

What curve is that in which the angle POP' is always the same, and

£=«? The second of equations (B) then gives, since 6— 0=«,

JT T

(l + L2)Lcosa+ -^.sina, or log—-—— =—cot«.0-j-C
;

1 1 du_ os-™- e

or Oc=c) L=- -j- =
u dd V( 1-c2£_2cot " ,e)'

logw=:C+ cos"
1 (c£-

cot " 9

).
cot a

The equation of the evolute is then immediately found from the first

equation (B).

It is necessary, in treating of complicated and transcendental curves,

to consider a curve as given, not only when one coordinate is explicitly a

function of the other, but also when both are functions of a third

variable, even though the elimination of the latter should be practically

impossible. Such an assumption will require only the alteration of diff.

co. with respect to one of the coordinates into others taken with respect

to the third variable (page 153). Thus, if x and y be functions of t, the

equations which determine J and rj, the coordinates of the centre of

curvature or of a point in the evolute, are (let dx : dtz=x', d2x : df~x",
&c.)

_a C^+y") _ y'(xn +y'*)
V y~x'y"-y'x" i k X~ x'y"—y'x»'

There is a very extensive class of curves which we may call trochoidal,

because its most prominent instances are the cycloid, trochoid, epicy-

cloid, &c, (A. G. 357—364.), defined by the equations
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x=acos t+b cos tnf, ?/=asin ji-f-6 sin mi.

If we allow a, b, and m to be anything whatever, we find in this class

of curves all of the first and second order, besides the cycloid, &c,
the involute of the circle, and others. From the preceding equations

we easily find

a/=r—a sin t~bm sin mt <r'
2
+?/

2=:a2 + &
2 m2+ 2abm cos (m— 1) t

y
fzz acost+ bmcosmt x'7j"—y'x"— di+ b'

1m3
+ab(;rri

i+ ?n)cofi(m-l)t

Let (x'*+y'2
) : (x'y"—y'x")=K ; we have then to find the evolute

rj—a(l — K)s'mt+b(l—mK)smmt, £=a(l — K)cosi+i(l—mK)cosmt,

whence, if K be a constant, the evolute of the trochoidal curve is also

trochoidal. To make K a constant, (say =£,) we must have

ab (m2+ m) k — 2abm, (a?+ tfm3
) &= a2+6W.

Eliminate k, and we obtain an equation of the third degree, the factors

of which are m, m— 1 and b
2m"—d2

. If m=0 or 1, we have for the curve

a circle, and for its evolute a point : if m=a : b, or —a : b, Ave have the

epicycloid or hypocycloid, according as a is greater than or less than b.

In both cases k=2 : (1 +m), and the equations of the evolute are

m— 1 . in— 1 . m— 1 in— 1
77=a smf- 6 sinmi, £=« cos t— b cos mt,

m-\-\ m+1 m+1 m+1
which are also the equations of an epicycloid or hypocycloid, according

as a is >• or <6. Consequently, each of these curves has an evolute of

the same kind, having cusps, the radii of which make a greater angle

with the axis of x than the corresponding cusps of the involutes, by the

with part of four right angles. A similar property, therefore, follows

of the cycloid, which is an epicycloid or hypocycloid, made by a circle

revolving on another circle of infinite radius.

When the evolute is given, and the involute is to be found, we have,

7/=^ being the equation of the involute, to substitute f£ for r?, and
eliminate £ from the two equations which have hitherto served to find £

and r]. The result is a diff. equ. of the second order, which being

integrated, gives the equation of the involute. This last will (or may)
contain two arbitrary constants. To explain the meaning of these con-

stants, observe, that by the tangent of the evolute making a right angle

more (or less) with the axis of x than that of the involute, we have

at, ax

and if we differentiate (x— £)
2+ (y— l)

2—

p

2
3
we have

(x

—

%)(dx— dt,) + {y
— i])(dy— dn)—pdp.

But (x—E) dx+(y—n) dyz=0, whence —(x— £) dt,— (y — ri) dn — pdp.

v / x dy „ dx dr]

and *-5+(y-^ sK:0, or y-*=-^ (*-0=^ (*-«>

Consequently, (x— ^)
2 |l-f-^|=p2

, and —(x-t,) (hJ-J=o|.

Divide the square of the last by the preceding, and
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^2
=1 +^i' or dp*—d?+dri\

which should be verified by actual differentiation of £, ?j, and p in the

second set of equations (page 360). Hence, if cr be the length of the

arc of the evolute (page 140), measured from any given point in it, up
to the point (£, 77), we have dp=da, or, integrating between the two
points at which the radii of curvature are p2 and p„ we have p2

— p t

r=<72 — 0-!=: the arc intercepted between the radii of curvature. That is

(page 360), the excess of QQ' over PP' is the arc P'Q'. If, then, a

thread were placed in the position P'P, and extended backwards in the

direction P Q' to an indefinitely distant point, remaining on the evolute

from P', and if this thread were unrolled, being always kept stretched, a

pencil at P would trace out the involute. Here, then, are, to all

appearance, the two arbitrary constants of the involute to a given

evolute : we may take any point we please of the evolute ; that is, one of

its coordinates may be anything we please, the other being determined

by the equation ; and at this point we may assign any length we please

on the tangent, to be the radius of curvature of the involute at the point

corresponding to the one we have chosen on the evolute. Thus, if we

have an oval curve, and if we choose the point P as that at which the

radius of curvature is PK, we have KAM for the involute (in part).

But if the radius of curvature were PL, then LBN would be the in-

volute.

But we shall soon show that these two arbitrary constants are

equivalent to one only, for we do not get more involutes by varying both,

than we should do by varying one only. Thus the same involute which

we get off the point P by assuming PK, we also obtain off the point Q by

assuming QR. And we may evidently see that if the point A be given

(which requires only one constant) the whole involute follows.

The explanation of this difficulty can only be, that the equation of the

involute is a singular solution of the diff. equ., and we shall proceed to

show that it is so. Let ?}=/'£ be the equation of the given evolute, then,

calling p, q, r, &c. the successive diff. co. of y, we find for the differential

equation which is to be solved

,+:i±2=/(,_£<!±£) (/) . ,.

But this equation is nothing more than we may obtain (and in fact did

obtain) by eliminating the two arbitrary constants £ and p from
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(*-02+(y-/?)B=p8
GO;

so that the second is the general integral of the first; or the first is a

differential equation to any circle which can he described upon a point

of J/—/£ as a centre. And by what we] have seen of the nature of

a singular solution, and of the connexion of different values of p in the

same involute, we may see that the involute can be nothing more than
the singular solution of

(*-08+(y-/02=/tVU+(/'O 2)#;
in which, calling the equation (x,y, £, a)=0, we are to eliminate £

between 0=0, and dcp : d'£,— Q. But there is an easier mode of obtain-

ing a diff. equ., as follows. Differentiate (/), which gives

2pf-Q + p')r / pq+P'A /, l(l+3p'<!)-(p+p')r\

or
- 3p?-a+f).r

^+p _f^_PP+^Jpft. _

If we make the first factor =0 we merely recover the equation (g), or

rather the equation (x — hT+Oj— 7?)
2=

p
2
5 £> ??> and 9 being uncon-

nected constants. In the other factor, made =0, is also to be found

an equation which is true when (/) is true, or we have

l+pf[x -l-)=0,.or* ~--=f \-p)i

where/'-1 means the inverse function off. Therefore (/) gives

y+l±£=ff-,(-l
9 \ V,

and if from the last two we eliminate q, we have

^+^f//'-
1

(-^)+/-
1

(-^) (/); •

a diff. equ. of the first order, and containing only one arbitrary con-

stant in its solution. This equation cannot often be integrated by a

separate method ; but the preceding process gives a hint as to the

method of deducing its general solution from the particular solu-

tion of y
—px= ~Fp, as found in page 196. The student who under-

stands the preceding considerations will see that the following is merely

an analytical translation of the process of finding the involute from the

evolute.

Required the general integral of 'py+ x=~Fp, p being dy : dx.

Assume

dp*=d?-\-dri\ x-'^—p^ y—V—p-^,--(p)

dy dn— { dn+ pd (c/?; : dp) } dp ds
i]— dy d~p

dx d% — {d£+pd (d£ : dp) } dp (Pt,— dt,d2

p

- (^2+ ^7
2
) d'n—(dl d^+ dy cC-ij) dn_ __dj

~ (d?+ dif)d2£-(dZ, d%+ dn d^) d±~ dn
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dy

dx'x dr] \ dpJ
s

dp~~ drj'

and the original equation becomes

t
dl ( At\ d-n, dn f

d^\
.

which are of the same form as y—px=Fp, and can be integrated in the

same way (page 196). If we take the general solution we find di]-.d£,=

const., whence dy: dx— const., which does not satisfy py+x=¥p : it

must then be the particular solution of the preceding from which the

relation between 77 and £ is to be found ;* and this being done, p, or

fj (dt?+ dr]
i
) contains an arbitrary constant, which remains in the

relation between x and y, found by eliminationg t, between the second

and third of the equations (p).

Required the involute of the parabola 2jj=:£
2

. Here f't — ^t,
2

,

/*§=];, consequently/'
-1^^, and the equation to be integrated is

w+^-s(-|)
i+

(-?)°r!s!4? (p) -

As there is no direct mode of integrating this, we must have recourse to

the equations (p) ; this gives

dp*=(l-K2
)rf4'

2 p=W(i+?)+ilog(HV(l+?))+C

-I ~_I log^+VO+g3

)} _c •

lglog{MV(l+P)} C|
y

2 vci+a V(i+a)

whence

1 , 2/

The last equation is merely that of the tangent of the parabola, and
from it £ can be found in terms of x and y, and the elimination may be
completed by either of the first two ; but the result is so complicated

that the expression of both coordinates by means of £ is more con-

venient. The constant C is the value given to the radius of curvature

at the point of the involute answering to 4=0, or the vertex of the para-

bola. The result also gives the general integral of (p).
In the case of the involute of the circle, we have £

2
+?7

2=a2
, the

radius being a
)
whence, 6 being the angle of the radius vector R—a,

we have dp2=a? dQ 2
, and p=C + a0. The equations of the involute

are therefore

a;=acos9+ a6sin6, y=asinQ— aQ cos, 6,

assuming C= 0. Show from ds2=dx°"+ dy^ that the length of the arc

of this involute measured from 6=0 (A in the page of errata A. G.) is

one half of the arc of the circle which would be described by a radius

equal to the arc of the evolute, moving through the angle G. The in-

* This method must not be applied complete to finding the involute of a given
evolute, as it would merely give between n and g the equation of the evolute: the
equations (g) may then, be used at once for elimination.
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volute of the circle being obviously an epicycloid in which the moving

circle becomes a straight line, or has an infinite radius, the preceding

equations should be deducible from those of epicycloid. . The equations

of the latter curve are (A. G. 360)

x=(a-\-b) cos 9 — 6 cos—:— O, y= (a+ b) sin 9—6 sin

—

;

— 6;
o b

where a and b are the radii of the fixed and revolving circles. The first

of these may be thus transposed :

a;=acos9-f 6 jcos9— cosf -+ 1
J
9 l

, . a .fa= acos9-f26sm — 6. sin i
—.-4-1

26 \2b

If b increase without limit, the limit of 26 sin («: 26) 9 is oQ, and the

preceding becomes x = a cos 9 + #9 sin 9, as above. The second

equation may be treated in the same way.

The equation (/) leads immediately to a conclusion respecting

singular solutions which is worthy of notice. If we make/7-1 (— 1 :p)
— P, or jp= — 1 :f P, that equation becomes

2/-/'P.tf=/P~/'P.P....(P).

Let us inquire whether this equation has any singular solution. From
it p might be expressed in terms of x and y ; which being done, the

singular solution, if any, is found by making the partial diff. co.

dp : dy or dp : dx infinite. But since

„-._. _L we have
dX -_i_ f" P £ .P—-frp™W*aj--(f$y'J V

'Ty>

whence dp : dy and dV : dy become infinite together, unless /' P=0 or

y"P=cc when dp : dy is infinite. Now, differentiating the above
equation with respect to y, x being constant, we have

J V
dy ~ J 'dy.. 9 dy ~fT (*-P)' dy CWC*-*)'

whence x—V is the equation which gives the singular solution, if any.

Substitution in (P) gives y==fP or y=fa, the equation to the evolute

again. But it will be obvious that the evolute is not the curve which
touches all its involutes, but the one which passes through all their cusps.

Hence, an equation presenting the
a
analytical characters* of the singular

* I do not say all the analytical characters; for if y = <p(x,c) were the primi-
tive of P, we should not derive this singular solution from d<p : de—0. The fact is,

that in page 190, we come only to those cases in which <p (x, c-\-Ac) can he deve-
loped by Taylor's theorem. But if the intersection of the two contiguous curves
approach without limit to a point at which this theorem fails, the method would not
apply, and,the curve which passes through the limits of ail the intersections is not
necessarily a tangent to all the genus of curves denoted by y= <p (z, c). In order
that this theorem may apply, in page 190, it is necessary that dtp : dc and d?$ : dc-

should remain finite or nothing (not infinite) throughout the process. If, then, the
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solution of a diff. equ. may belong to a curve, which instead of being a

common tangent to all the curves denoted by the diff. equ., may be the

locus of all their cusps, or other singular points.

If our diff. co. of y are to be obtained from (^2/) — 0> instead of

^=r0,r, we have (using the notation already explained)

%_ 0' d*y *&**&<{*«*£.
dx <j>, dx* 0,

a

- <ft/

2
4>"-20'0/0'/+4>'2^ (0"+0/)'

>/> '
P

/
»0"-20'0,0',+ W

0„

v-y ^J—x__
,2+0/

2

0/ 0' "
/

2 0"-20'0
/
0'

/+ /2

//

'

This form avoids all irrational quantities, if the original equation can be

made free from them. Thus for the parabola in which if—4az=0
r=0 (x,y) we have

(16c
2+ 4v

2-
)^

4>'=-4c, fc=2y, *"=<>, ^=0, f„=2, p
=~l^—jLL

v\—y_l—x___ 7/
2+4c2_ .r-J-c

2y ~"^4c~ 8c2 ~" 2c~

cr)— — xy, £=:3a?+2c, y*==&cx.

Hence, by elimination from the last, the equation of the evolute of the

parabola is 27cr/
2=4 (£— 2c) 3

, which is the equation of what is called a

semicubical parabola.

In all that has preceded, we have tacitly supposed, according to our

custom, that the diff. co. employed have finite values. It now remains

to consider the cases in which they cease to be finite ; which will be

nothing more than a set of investigations connected with the singular

points of curves. Previously, however, to entering upon them, it will be

necessary to consider the general meaning of the diff. co. ; the follow-

ing account of them is partly recapitulation, partly matter newly intro-

duced.

— or v' 1 ^is function is the tangent of the angle /3, which the

dx' J curve's tangent makes with the axis of x, the point of con-

tact being (x,y). When positive, y and x are increasing or diminish-

ing together ; when negative, y diminishes as x increases, or vice versa.

same substitution with respect to c which makes d<p:dc—0, should also make
dl<p : dd1 infinite, the whole process will be vitiated. Now this may take place when
the limit of the intersections of the contiguous curves is at a cusp, as in the present

instance.

If we examine the equations of page 192, we shall find that if y=<p(x,c), the

diff. co. of dy : dx or % are

d% __ d dip dx, d<p d rdQ d<p\

dy dx dc' dx dc dx'\dx dc)

These are made infinite, not only by -p= 0, but also by -~zr;oo, and (at least the
dc dc

first) by nothing else ; hence the two sorts of singular solutions, or rather the two
distinct cases which the test may present.
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When y'= the tangent is parallel to the axis of r, when y'= r-£
, per-

pendicular. When there is a change of sign, y is a maximum (M),or a

minimum (??i), according as the change is from + to — or from — to

+ (.r increasing). If the change of sign be made by y' passing through

0, there is an ordinary maximum or minimum of y ; but if by passing

through x there is a maximum or minimum made at a cusp (C). But
if y pass through or cc without a change of sign, there is a point of
contrary flexure (F). These two last terms are better defined by
looking at the figure than by words. In the figures the arcs along

which y' is positive are continued lines, those along which it is nega-

tive are dotted. When y'= or cc , being impossible immediately

before or after, there is one or other of the cases marked on the right,

between the characters of which it is left to the student to distinguish.

dr
,
1 The fundamental properties of these differential coefficients—

,

or r,l
are as follows. They must differ in sign, for r'+ u~ 2 u'=0,

du [
and they are connected with y' by the following equations

-T-, or?/'.

J

(page 345, equations 16, 17).

. r' sinO+r cos 9 u' sin 6— ucosG

/cos 6— r sin 6 v! cosO+w sin

As long as r' is positive, r increases with 9, &c. When r'=0, ?/=
— cot 9, or tan fi tan 9-{- 1= 0, whence /3 and 6 differ by a right angle, or

the tangent is at right angles to the radius vector. There is then either

a maximum or minimum value of?*, or a point of contrary flexure; but
if r' become impossible after passing through 0, there is a cusp. Again,
if r'= cc

,
y'= tan 0, or the radius vector is itself the tangent. If r' con-

tinue possible after passing through co , there is a cusp if there be a

maximum or minimum, and a point of contrary flexure if there be none;
but if r' be afterwards impossible, there may or may not be a cusp.

u' is nothing or infinite with ?', but when u' is positive r is diminish-

ing as d increases, &c.

— or v' \
r
^° »^ve an ^ea °^ ^ie geomei;rical meaning of y", re-

rfct'
2 '

) member (Chapter IV.) that if x increase successively by
h. giving y the successive values yu y2 , &c, y" is the limit of yi— 2y l+ y
divided by h2

, and as h diminishes, 7/2
— 2y y+y must finally assume the

sign of y". This sign, therefore, is positive, when for any arcs, however
small, y«+y is algebraically greater than 2?/,, or the mean of y» and y
greater than y x ; and negative when the same mean is the less. That
is, y' has the sign of VS—VQ, where NP, VQ, WR are the successive

ordinates y, y x , y2 : it is easily shown that NV being =VW, VS is the

2B
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p ^
BP^R

P

S

Q,

R

N V W
P ^~
^R

s^R
P Q

mean between NP and WR. In the convex
curve VS —VQ is positive or negative with y ;

but in the concave curve VS—VQ is of a dif-

ferent sign from y. This will readily follow

from giving VS and VQ their algebraical signs

in the four figures adjoining, and finding that of

VS— VQ. Hence, when a curve is convex to

the axis of x, y" and y have the same signs, or

yy" is positive : when the curve is concave y"
and y have different signs, or yy

1
' is negative.

It may often be convenient to observe that this

criterion maybe altered as follows. If log y=£, the curve is convex

when z'
f
-\-z''

2
is positive, and concave when the same is negative : when

2/
2=~, the curve is convex or concave, according as z(2zz''— zn ) is positive

or negative. Thus y=£x
is always convex; for, in the first case,

zf
'+ s'

2=l ; again, y=*J (1—a;
2
) is always concave; for, in the second

case, z (2zz'f—z"
2)= — (1— .r

2
)(4+ 8x2

). Again, if 1 y—z, the curve is

convex or concave according as 2z'2— zz" is positive or negative. Thus,

in y= l : (1 + x), we have 2z''
2—zz"=2, and the curve is convex or con-

cave as y is positive or negative. The demonstrations of these theorems

will be easy exercises for the student, and one or other of them will

generally be found of more simple application than the fundamental

theorem from which they are derived.

We also learn from the preceding that A2
?/: (A#)

2= 2 (VS—VQ) :

(NV)2
; so that, without attending to the sign, y" is the limit of

2QS:(NV) 2
.

In the case of a point of contrary flexure, if y be finite, y" must

change sign ; for it is the obvious character of such a point that the

curvature is convex on one side of it and concave on the other. But
when y changes sign at a point of contrary flexure, the characteristic of

the curvature is to be the same on both sides. Consequently y" must

also change sign ; or, the criterion of a point of contrary flexure is uni-

versally a change of sign in y".

We may give an easy geometrical proof of an important proposition,

as follows. Take an arc PR from a curve, let

PA and PD be parallel to the axes of y and x

;

bisect the chord PR in S, and complete the figure

as shown. Then 2QS is A2

y, on the supposition

that Ax remains uniform ; and 2ZS is A2
o?, on

the supposition that Ay is uniform ; but the

two have different signs in the figure drawn,

and if it were not so, it would be found that Ax
and Ay would have different signs. But as the

arc PR diminishes, the tangent at Z approaches without limit in

direction to the tangent at P ; so that the limit of QS : SZ is the same
as that of QA : AP ; or, allowing for the difference of signs, the equation

A*y : A*x= —Ay : Ax becomes nearer and nearer to the truth as Ax
diminishes without limit. Put this in the form

A2

y + A2x

(Ax) 2
' (Ay)2

'

is true ; the same as was shown in page 153

—j =0, and the hmxt ^| +_ ^
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rf?
2 '

du-'

1 rfr_ \_du f/V_J_ ( du2 <Pu\
T
~u dd~ «2 dd' d02 ~~u* \

2
lQ*'~

u
~d7

2y

Let 6 be twice successively increased by Ad, and let the radii belonging

to the angles 6, 6 + A9, 6+2A9 be r, r„ andr2. Consequently, r" is

the limit of (r2 - 2r,+ r) : (A0) 2
. Let OP,

OQ, and OR be the values of r; then the

angle POR (or 2A0) is bisected by OS. But
if a and b be the sides, and C the contained

angle, of a triangle, the length of the line

bisecting the angle is 2a6cos^C : (<z + b),

whence r2 being r+ 2Ar+ AV, we have

~„ 2rr, _ 2rr,OS=—^cosA0=-
r+u r+ rt

(l-2sin2 ^A0)

OQ-OSrr^-OS:
7Ti + r

l
r„— 2?t2 4rr2

^+?*2
+
^+^2

The numerator of the first fraction will be found to be 2 (Ar) 2+
Ar.AV— rAV, and if the whole be divided by (Ae) 2

, and A0 be then

diminished without limit, we shall have (remembering that in the

second term the limit will be most evident when we write A0 as

2.1A0)

OQ-OS 1 fn di* d2
r

, »\ _J_ ( dh£

~2u2 \
u+

de2
limit of

(A0) 2 2r "de2

~ r
dT2

If r, and consequently m, be reckoned as positive, OQ— OS is positive

when the curve turns concavity towards the pole 0, and negative when
it turns convexity, and vice versa when r is negative. Consequently,

there is concavity when u+ u" has the same sign as u, and convexity

when the two signs are different. And there is a point of contrary

flexure when u-\-u" changes sign.

For instance, let us take the spiral called the lituus (A. G. 367.). the

equation of which is u3 a2=6. If instead of d2u : dd2 we use d2
6 : du

we must (page 153) for

d-u . d2d d9* . _

.

2a2

u+ -r- write u—r— : -7— : m this case u -.

dd 2 du2 du3 8a? us

As long, then, as 4a* i/* is greater than 1 or402<l, the curve is convex
towards the pole, and the contrary. There is, then, a point of contrary

flexure when 6= • 5, which reduced to practical measurement is 28° 39',

nearly. In a straight line, u+u"=0 ; in either of the conic sections it

is a constant, if the pole O be at a focus : the latter is one of the most
important propositions of the Newtonian theory of gravitation.

If y'=Q, the radius of curvature is \:y"\ and if u'=0, it is

the reciprocal of u + u" (page 347). If y"—Q, the radius of curva-

ture is infinite, or the circle of curvature becomes a straight line

;

this agrees with page 351. If w"= 0, the radius of curvature is

(u2+ u!
2f:uK

2 B 2
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The preceding cases are simple, but become more complicated when
y' or u', or y" or u" are infinite. Let y' be not infinite, and y" infinite,

or let u' be not infinite, and u" infinite : in such cases p is certainly =0.
This means that no circle is small enough to be the circle of curvature

;

but that every circle, however small, approaches nearer to the curve

than all larger circles. This result may be illustrated as follows. Take
one of the circles which has a contact of the first order only with the

curve; that is, in page 360, use for the determination of the coordinates

of its centre only the equation t,
—x+y' (??— ?/)= 0, which merely

implies that the centre of the circle must be on the normal of the curve.

Let us now consider, as in page 349, the deflection of the curves from

one another when x is changed into x-\-h. Since the contact is only of

the first order, these deflections have the same sign on both sides of the

point of contact ; that is, when the radius is greater than that of curva-

ture, the circle lies between the curve and its tangent on both sides, but

when the radius is less than that of curvature, the curve lies between

its tangent and the circle on both sides. But when the radius of curva-

ture is nothing, every radius is greater than that of curvature, or all

circles whose centres are on the normal lie (at least immediately on

leaving the point of contact) between the curve and its tangent ; but

when the radius of curvature is infinite, every circle is less than that of

curvature, or the curve lies between its tangent and any circle what-

soever whose centre is on the normal.

Next, let y' be infinite, in which case y" is infinite, and the radius of

curvature is the limit of y
13

: y". Returning to the theory of pages 321,

&c, find the critical value of n in y" : y
,n

, or take the limit of

y"' .y' :y".y", or of y'
y'

" :

y'n
. If this be e, we know (page 322) that

y" : y'
3 has the same limit as y'e~3

, or the radius of curvature is or cc
,

according as y'3
~ e

is orcc . But if e=3, it may* happen that the

radius of curvature is finite.

The consideration of all singular points will require the examination
of the critical value of n in y' : y\ a subject on which some little detail

will be required. If p, q, r, and s be four successive differential co-

efficients of y, it is obvious that the critical valne of n in q:p
n

is

pr
:

g

2
, and that of ninr: q

n
is qs : r\ But if the first be of the form

: or cc : oc , we find for the value of pr : q\ '

Ps+1r
or i Ji ,1* 9 9

]

2qr
i0Tii V+J*'r*y '

If, then, em be the critical value of n in q/-
m+v

: {i/
(m)

}", we have

em=t{l+ em em+1 }, or em+1= .

From the preceding, knowing e , all the rest are found by substitution

to be contained in

__ (m+l) e —m
w.e —(m— 1)

Remember that if fa • Or*^)* can ever be finite when yf/x is

* The student must here avoid the mistake which, as already noticed, I have
twice fallen into in the course of this work. When n has the critical value, the value
of tpx {$x)n may be nothing, finite, or infinite.
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or cc , it is when n has the critical value, and no other, (and perhaps

not for that one.) The following scales of comparative dimension

among diff. co. are universal : we shall presently explain their meaning.

2?z— 1 3n—2 47i—3 5?i-4
&c.

&c.

&c.

That is, hy means of the critical vame of n in y' : y", if y he or cc , or

in y' : (y— a)*, if y be finite and =a at the point in question, we can

immediately ascertain the critical values in y":y'n
,
y'":y'ln

> &c, when-
ever y\ y", &c. are all nothing or infinite.

For example, let y— 1 :log.z, which =oc , when x=l. Its diff- co.

is —1 :(log£) 2
<z, and the critical value* of n in y':y

n
is 2. Con-

sequently, that of y" :
y"' is 1^, which will be found to be true by writing

— 1 : (log xy.ee or y' for tyx, and (2-4-\ogx) : QogxY x2
, or y" for

§x in tyxtyx : (bx^'x, and finding the value of this when x—\.
If y' : (y — a)"be finite when y is =a or = x , and if rchave the critical

value e , then y" : y'
n
,
y'" : y"n

, &c. are all finite when the several critical

values are put for 77, provided those critical values be finite. Let these

be called P , Pt, &c, then at the point in question P is : or cc : cc
,

and therefore its value is that of
n-l

, or —„zi— ; or P and
y— =̂r , or - P t P

~
v* y

w(t/':P ) » .7/' ny' »

i

have the same limits. Hence nP " and Pi have the same limits, or

denoting the limits by p , pi, &c. we have

p^e pl'
eo
, similarly pa= ei pi'*

1
, &c.

Returning to the preceding problem, we find that e l5 the critical value

of n in y" : y'
n
, is (2e — 1) : e , whence, 3—

e

t
being (e + 1) : <? , we find

that, when y' and ?/' are infinite,
«0+l

p is or co , according as (y
—a) eo is or oo

;

and p is finite when e
L
=z3 or e = — 1, if y' : (y—a)' 1

or (y—a) 3/ be
finite.

For instance, let y=a-\- s/(x
—b) .fx, where fx and its diff. co. are

finite when x= b, in which case 2/=«, and its diff. co. are infinite. If
we then seek the critical value of n in y' : (7/ — «)", we find it in the
value (x=b) of

and (y-^)y'i=
;
(*T 6)^.{K*-6)"*/*+(*---6)*/'*}=*(A)»j

and the radius of curvature is therefore finite; it is in fact the second

* The value of n in <px : tyx)n can often be most easily calculated by finding the
value of log <px : log -^x (page 322).
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divided by the first, or —^(fbj*. This may easily be verified by
common methods.

No complete and general method has ever been given of treating those

points of a curve at which y" and the succeeding diff. co. are infinite. I

think a reason for this may be seen in the infinity of cases which must
be considered, when all the possible dimensions of a function (page 324)
are taken into account. We cannot evade investigating, in one manner
or another, the order of infinitely small or great quantities to which the

several differential coefficients belong; and this must be done by the

consideration of their dimensions, the possible cases of which are not only

infinite in number, but of an infinite number of different forms. No
methods yet employed are competent to distinguish, for instance, between

the singular points existing at x=b in the two curves y=(x— b)

{log(j?

—

b)} c and y=(x— b) log (x— 6){loglog(,r

—

b)\ c
. The deve-

lopment of a function, when Taylor's theorem does not apply, and the

assignment of the character of the singular points of a curve, are the

same problems ; and if a method should be found which should be

equivalent to trying how the diff. co. increase or decrease in comparison

with every possible case of xa ' b ' c --", meaning xa
(logo;) 6 (log log x)

c
. . . .,

it would only serve to show how to interpolate as infinite a variety of

new cases between each.

Defining singularity at the point whose abscissa is a to consist in

Taylor's theorem not applying to develope $(a+h), which is un-

doubtedly the proper algebraical definition, we must divide singular

points into those which exhibit perceptible differences from other points,

and those which do not. The former are only those in which the

singularity affects the first or second differential coefficient. A volume
might be written on the infinite varieties of the forms of curves ; it will

here be sufficient to dwell on the peculiarities and uses of differential co-

efficients with respect to them, remembering that the utility of the

investigation depends more on the illustration which the curves give to

the equations than on that which the equations give to the curves. Were
it not for this nothing could be more serious trifling than the length at

which, in many works, the courses of different lines are traced out,

those lines being not of any use in application. But, when it is con-

sidered that the curve whose equation is y=(f>x, is a lucid tabulation

of all the changes of magnitude which <px undergoes when x changes, it

becomes evident, that under the semblance of investigating the course of

the curve, we are not only making an inquiry of the most instructive

algebraical kind, but also presenting the result of that inquiry in the

most perspicuous form.

The inquiry before us* will embrace the determination with respect

to a curve of, 1. The most useful transformation, if any, of its equa-

tion. 2, The points in which it cuts the axes, and the general character

of the ordinates as to positive and negative. 3. The greatest and least

ordinates, and the general character of the ordinate as to increase or

decrease. 4. Its final tendency as x increases without limit positively

or negatively, and the position of its asymptotes, if any. 5. The
character of its curvature with respect to its axis, and its points of con-

'' The student will remember that he is supposed to have a good acquaintance
with the purely algebraical branch of the inquiry, as set forth in the treatise on
Algebraic Geometry.
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trary flexure. 6. Its abrupt terminations, or points d'arret, as some
late French writers have called them. *]. Its cusps, or points de
rebroussement. 8. Its multiple points, whether of contact or inter-

section. 9. Its conjugate points, or evanescent ovals. 10. Its pointed

branches, or branches pointillees, &c. We shall take these questions

in order.

1. As to the transformation of the equation. In some cases polar

coordinates may he more convenient than rectangular. Thus, as to the

spiral of Archimedes, r=aB is more easily used than ^(af+ y
2)^

a tan
-1

(y : x), and the curve (x
2+y2

)
2=a2

(x
2—

y
2
) is more easily

traced by its polar equation r
2=a2

cos 20. But here it must be observed
that unless the proper signification be given to negative values of r

(page 342), the polar equation will frequently not yield all the branches
which would be given by the usual consideration of the rectangular

equation.

Again, it may sometimes be convenient to consider the points of the

curve as formed by the intersections of two others; thus y=X#+ <£>X,

where X is a function ofx and y, may be considered as made out of the in-

tersections of y-=ax-\-$a, and a=X. If then the curve be drawn to

which the first line is always a tangent, the intersections of the tangent
of such a curve at any point with the curve «=X are points of the

required curve.

Next, when the curve has the form y=-<t)x+tyx, the most simple

plan may be to describe separately the curves y~<$>x and y—yx, and
form the required curve by the addition or subtraction of the ordinates.

Thus y—iV ( aiT)iV(a2—^ ^s mucn more easily described by
adding and subtracting the ordinates of the circle y—J (a2—x2

) to

and from those of the parabola y= *J (ax) than by attempting the com-
plete equation.

The same method may be sometimes advantageously applied to the

form y^cfjxx^x, and often to that of?/=^/(0^). Thus, by tracing

y=(x— \)(x— 2)(x— 3), we may easily trace Y^J (y).

But one of the most useful transformations is that of writing 1 : y for

y, giving a curve whose ordinates are the reciprocals of the ordinates of

the given curve. Nothing is more easy, with a little practice, than to

trace out the general form of a curve, when the curve is given whose
ordinates are its reciprocals.

2. The points in which the curve cuts the axis of a? or y are deter-

mined by common algebra. The following observation may occasionally

be useful. If ?/—<{>x, =0 when x—a and when x=b, and b> a, then
the intervening branch of the curve, immediately following x= a, has a
positive or negative ordinate, according as §'a is positive or negative

;

and that immediately preceding x^=b, has a positive or negative ordinate,

according as 4>'b is negative or positive.

3. On the method of ascertaining iucrease and decrease nothing more
need be said, nor on that of determining the maxima and minima.

There is no mode of discussing the property of the tangent in all

cases (those for instance in which f (x+ h) contains an infinite number
of positive and negative powers) unless we have recourse to a universal

theory of dimensions. We shall now only consider the primary dimen-
sion of each ofthediff. co. with respect to x, or the critical values of n in

y : xn
, y

1

: xn, &c.

Let y=(fix be the equation of the curve, the origin being removed to
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the point under consideration, so that 00=0. Hence the critical values

of n in y : xn
,
y' : xn} &c. are the limits (when x=.0) of

_ fix d>"x „Q=x —-, Q x=x -—- , &c.
<px <p'x

Let the limits ofQ, Q l9 &c.'beg, g 15 &c. Then q l
=:q—l, q2—qx— 1, &c.

This may first be shown when x<p'x diminishes without limit, and Q
therefore approaches the form 0:0: for then we know (page 320)
that

xftx flx+x(p"x xcfJ'x
, and —.

, or 1 + —r,
—

» have the same limits.
cpx <p'x <p'x

But if xfix should approach a finite limit, or be infinite, then 0'x

must increase without limit, and also Q, whence x : <px (0'j?)
1

approaches the form : 0, and

has the same limit as 1 : 1 , ,, .

„

, or 1 : 1—

—

(px *

V (0'*)
2

whence Q has the same limit as Q : (Q—Qi). But as Q increases

without limit, so must Q l5 for in any other case the limit of the second

would be unity. Hence the above equations are universally true.

Let q be found, and let y=zxq fx, then the limit of xty'x: i{/x=R is

readily found =0, and y' =qx'l
~ l fx Jt

x

q ^'x=x'l
~ l fx {q+ R}. But

the critical value of n in fx:xn bring =0, fx:xi
~'

1 takes the limit of

x°~a
~

q)
, or of a^

-1
; consequently the tangent is the axis of x or the axis

of y, according as q is >1 or <1. But if q=0 or — cc, xn is not an

adequate dimetient of 4>x, and (log x) n
or £"* must be tried, if 4>x be

sufficiently complicated to require it : the number of cases being infinite.

If q~l, y' depends on ~tyx, when £=0.

Again, y"^: xq~ 2 fx{qq—l+ 2qR + RR l }, R, being x^'xi^x,
which =— 1 when x=Q. Hence the sign of y", near the origin,

depends on that of q {q— 1) xq~2
y{/x, and its magnitude at the origin

upon xq ~ z
, except only when <7=0, 1, or cc, in the first and third cases

of which other dimetients must be tried, and in the second of which

xq-stfxR(2+Rl)= y", the limit of which is that of xq-*fx.R, or

xq~ l
'^i'x, or ty'x. When g=2, y" depends on yf/x.

rpu- a- e *' {l+^- 2

(^) 2(9+R) 2
}*

The radius of curvature is —l- —
, .' — ' '

s .

xq-*yx(q(q— l)+2gR+RR1)

If q be greater than 2, this is infinite when x—0 ; ifg=2, itisO,
finite, or cc, with (fx)'

1
; if q lie between 1 and 2 it is =0. If q=l,

the radius of curvature depends upon the limit of { I + (^r) s(l +R) 2 }i x :

yxR (2+ Ri). This, if \bx have a finite limit, is 0, finite, or cc, with
x : R or ijsx : yjj'x ; if i}/x diminish without limit, it depends on the

limit of x : tyx . R, or 1 : u'x : but if fx increase without limit, it depends
on (fx)

3
: yjj'x. When g<l, but not =0, the expression is 0, finite, or

cc, with a?
22-1

(ifsxy ; that is, with at?q~\ in every case in which 2q— 1 is

finite, and with tyx, when 2q— 1= 0.

4. If, when x increases without limit, (j>x have the limit a, there is an
asymptotic straight line parallel to the axis of x, and at the distance a.

But if y=z cc when x=a, then the line parallel to the axis of y at the
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distance a is itself an asymptote. The oblique asymptotes are readily

found : for with regard to any one of these it is obvious that if x increase

without limit, the tangent perpetually approaches to the asymptote both

in direction and position, so that the asymptote may be regarded as a

tangent whose point of contact is at an infinite distance. Find then the

values of OT and OU (page 352), or of x—y.y' and y— xy', when
a?= cc, and the position of the asymptote or asymptotes will be thus

determined. And if G and H be the points in which the normal cuts

the axes, then OG=x+ yy', OH=y+x'-y', from which it may be
found whether the normal drawn from a point at an infinite distance cuts

the axes at finite distances ; and this may be proved to be impossible,

which I leave to the student with these two hints, 1. The preceding

expressions are halves of the diff. co. of r
2
or 3?+y* with respect to x

and y. 2. Any function in which the diff. co. has the limit a must be
of the form ax+i[fx, where i^x diminishes Avithout limit, or

ty'
cc= 0.

All the curves which are asymptotic to y=(frx are contained in the

equation y^^x+ ^x, where ijsx may be any function such that ifs oc=
(limit). A curve having the polar equation ?-=0^ has an asymptotic

circle if <£> cc=a, the radius of the circle being a.

Generally speaking, the curve has two branches which approach the

asymptote, but it may have more even on the same side. Thus the axis

of y is an asymptote to two distinct branches of the curve y (x*+ x :i)=za,

and to four distinct branches of y (<£-+ ,£*)— «. A positive method of
ascertaining how many branches of a curve belong to one asymptote is

as follows. Change the coordinates in such a way that the asymptote
may be the new axis of y : for y write 1 :y, then for every branch of the

curve which has the equation so altered, and which passes through the
origin, there is a pair of branches to the asymptote ; the two branches
which meet at a cusp (if two they are to be called) counting as one. It

will presently be shown how to determine the number of branches
passing through the origin.

5. The general character of the curvature with respect to the axis, and
the points of contrary flexure are discussed, for elementary purposes, in

pages 370, 371. Generally speaking, the radius of curvature is infinite

at a point of contrary flexure, and this is true when the tangent has a
contact of the second order with the curve. But all our notions as to

contact have as yet been founded upon the supposition that we are at a
point of the curve at which (/>(x+ h) admits of development in whole
powers of h (page 349). The following considerations are supple-
mentary. When two curves have a contact of the ?zth order, the
deflection is always finite when compared with hn+l . But at a point for

which <{> (x+ h) can be expanded into the series 6x-\-Ak°+Bhi3 -{- . . . .,

let us remove the origin of coordinates to that point ; then x takes place
of h, and we have y=:Ax*+ Bx 3+ .... If, then, we take a straight

line y==px, (a, j3, y, &c. being increasing,) the deflection Ax°-+ ....—px will bear a finite ratio to a; if a >1, to x* if a<l, and if «=1, to

of, by making A=p. In the second case, no line can be drawn between
the axis of y and the curve, nor in the third case between that of x and
the curve. If « be a fraction which in its lowest terms has an odd
denominator, there is certainly a point of contrary flexure if y be possible
on both sides of the origin.

The radius of curvature may be either or cc at a point of contrary
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flexure, but can never be finite. For (1 + 2/'
2

)
2

: y", the numerator being-

positive in all cases, must change sign with y".

6. The abrupt termination, or point d'arret, is in part a consequence

of the imperfection of the theory of logarithms, as we shall see when we
come to the tenth point. If y=x2 \ogx, it is certain that y diminishes

without limit with x, and also that, according to the common theory of

logarithms, y has only one value for one value of x, and no value when x
is negative. There is then an abrupt termination (or commencement)
to the curve at the origin ; just as there is to the spiral of Archimedes,

if the negative values of the radius vector be not admitted. But, as we
shall see, the abrupt termination is only the commencement of a pointed

branch.

7. The cusp is a singular point which cannot be detected by any
simple rule depending upon the differential calculus only. The follow-

ing considerations are necessary for the elucidation of this case.

Let yjrx be a function which vanishes when x=a, and is impossible on

one side of that value, having on the other side two equal values of

contrary signs. Then if/'a is either or cc. For it is evident that the

two values of tfx answering to the two values of x differ in sign, and

when the two values of fx coincide in one (=0), either the two values of

ty'x must have the same limit, or ty'a must have two values. But the last

cannot be, if the function be continuous, and quantities of different

signs approaching the same limit can only have the limits or cc.

Let the preceding remain, and let y—(fix+ fx be the equation of a

curve ; this curve has, then, unless (fix should destroy "tyx, no ordinates

when x<Ca, and two afterwards for every value which any given value of

x gives to (fix. Take one value of (fix ; then so far as the branch of

<$>x+ ijsx depending on that value of (fix is concerned, there is a double

branch of the former depending upon the branch of the latter chosen.

The curve (fix is what is called a diameter of (fix-\-i[/x, since it always

bisects the portion of the ordinate contained between two branches of

the other. If, then, (fi'a be finite, and •<//«= cc, if is infinite when x=a,
and the curve cuts its diameter as shown in the first diagram : but if

y/a=0, then y'=:(fi'a when x=za, and the curve and its diameter have

the same tangent ; or there is a cusp as in the se'cond and third figures.

The simple definition of a cusp then is, the point at which a curve

touches its diametral curve. It is obvious that there is or may be a cusp

for every point of the diametral curve having the abscissa ON, and also

that when the diameter has two or more branches passing through P,
there may be a quadruple, sextuple, &c. cusp, as in the diagram follow-

ing. But if the tangent of the diameter at P be
perpendicular to the axis, it may happen that the

two cusps (or semblances of cusps) which unite in

that point may really form two continuous branches,

as in the first diagram of the next page.

For instance, ?/=aa;2+ ^/(6

—

x) has the diame-
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tral curve y=ax*, and its ordinate is impossible

after>r=6; but there is not a cusp when x=b,
because y' is then infinite. But y= ax2+(b— xf
has a cusp when x=b.

Cusps are of a twofold kind, according as the
branches which proceed from them are on the

same or different sides of the tangent line: these may be called

cusps of similar or] different curvatures, though it is usual to say that

the cusp is of the first kind when the curvatures are different, and
of the second when they are similar. If, near the cusp, the two
values of y" are of the same sign (page 370), the curvatures are similar,

and different if of different signs. The following theorems will serve for

exercise.

When 0"a is finite, and f"a=0, the cusp must be of similar curva-

tures, and the radius of curvature at the cusp will be finite; as in

y— ax"~-\- (x—6)
2

. But when (j>"a is finite or 0, and f"a= cc,the cusp
must be of different curvatures, and the radius of curvature is or oc.

And when 0"a=O, ^'a= 0, the cusp may be of either kind, in one case

or another, but the radius of curvature will always be infinite. The
involute has a vertex, when there is a cusp of different curvatures, and a

cusp of similar curvatures when there is a cusp of similar curvatures.

But the evolute, at a cusp of different curvatures, has an asymptote or a

vertex, according as the radius of curvature is oc or ; while at a cusp
of similar curvatures, the evolute has the same, or an asymptote with two
approaching branches on the same side. And a curve which has an
asymptote has either an ordinary point, or a point of contrary flexure, or

a cusp, at an infinite distance.

Let y—x\ogx+ x^. Here is a cusp when x—0. And it will be
found that the cusp is of similar curvatures.

Let y~x?+ x*. There is no cusp in this curve, the diametral curve

of which is the parabola y=x^. But since x^ is greater than xP when
x is less than unity, the two branches belonging to

the same branch of the parabola are on different

sides of the axis until x= l, after which the con-
trary takes place. The figure of the curve is as

follows, BOAC being made from one branch of the

parabola, and DOAG from the other. The appa-
rent cusps made by BOAG and DOAC are not
really cusps.

Let y—xl+xi. There is now really a cusp at

the origin, and the whole curve has the form of

BOAG. If y=^(xl + x^)\ogx, there is a cusp at

the origin, and the curve has the form made by
putting together OAC and the dotted branch.

8. Multiple points are those in which two or more branches of the

curve pass through the same point ; according to the number of branches
they are denominated double, triple, &c. In the case of a simple
double point, it is obvious that the diametral curve will pass through it,

either touching or cutting both branches of the curve according as thev
touch or cut one another. When the two branches touch, the only-

difference between the case and that of a cusp lies m the ordinate not
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becoming impossible before or after the cusp. Thus, in the curve

y=(x3+ x^) log#, the diametral curve has for its equation y^x^logx,

and the curve coincides with its diameter when a"Moga;==0; that is,

when ^=0 and when x=l. In the first case, the ordinate being

impossible when x is negative, we have a cusp : in the second, a double

point, the values of y' being Idrl. Similarly, in y=x^+xT, one

diameter of which is y—0, we have coincidence with this diameter

when ±x^±x'i =:0, orwhen .z=0or 1. In the second case, y'— +i+l,
giving for the branches belonging to the ordinates +X1 — x* and

—a^+tfS the values i and — ^, which determine the tangents at the

double point.

The general test of a multiple point is a multiplicity of values in y'

for a single value of x and y. But if some of these values should be

equal, that is, if some of the branches have a common tangent, it is not

every test which will demonstrate the existence of these equal multiple

values of y'. Theoretically speaking, the branches having then a con-

tact of the first order, recourse should be had to the second diff. co. y",

which, unless some two or more branches have a contact of the second

order, will have as many different values as there are branches. Pro-

ceeding in this way, we see that if two branches have a contact of the

nth. order at most, the (n+l)th. diff. co. of y is the first which will

exhibit as many values as there are branches. Hence no absolute test

of multiple points can be derived from the differential calculus, since the

examination of all successive diff. co. is impossible. Generally speaking,

however, the equation itself will point out how many values of y may
belong to one value of x ; and it is obvious that no more branches of a

curve can pass through a point than there are values of y to a value of x
closely preceding or following the multiple point : so that practically

speaking the multiple point is detected with nearly as much ease as the

point of contrary flexure.

The most certain theoretical method of determining a multiple point,

though not perfect and though rarely the best in practice, has been obtained

in page 183. Let (x,y) = a be the equation of the curve, and let it

be reduced to a form in which there is no ambiguity, by the destruction

of all terms which have double values. Thus y — x + x^ must be

reduced as follows

:

(y— x) 2— x—Q.

Differentiate, say three times with respect to x, using Lagrange's symbols

throughout

:

0'+ /2/=O, <j>"+ 2<f>Jy'+<l>„y'*+<j>,yi'^0

0'''+ 30/'y-l-30
y;y

2+0///^+(0/-r-0//2/')/+0/y
/'-O.

Now since (x, y) is unambiguous,* so are 0' and 0, when finite

;

consequently there can be no double value of y' unless when it takes

cc
the form - or — ; that is, when either 0'=O,

/
==O, or 0'= cc,^> ,== cc.

The second case can generally be avoided by a modification of the

* This means, having but one value for one value of a; combined with one value

of y.
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equation, and when ^'=0, 0/= O. then if 0", <!>,'» and
/7
be finite, we

have

for the determination of the two values of y . This answers well enough

when
;/

is finite, but when 0^=0, the common theory of algebra would

instruct us to suppose one value of y' infinite ; if, however, this be the

case, the corresponding value of y" is infinite, and we have no longer

any right to conclude that the term 0,7/" vanishes. We are only there-

fore made perfectly certain, by the use of this method, that a double

point exists when y' is found to have two finite or zero values. Similarly,

if 0", 0/, and 4>
tl

all vanish, we have the equation

0"'+3<£/y+30
//ya+0///2

,'
a=o

for the determination of the three values of y' which may in this case

exist, with the same reservation as before; and so on. And in any case

one or more pairs of the values of y' may be impossible.

Let us take the curve y=x*+x*, already considered. An equation

of this form can only* be reduced to another which perfectly includes

all its cases, and is rational, by multiplying together all its forms.

Thus the preceding must be rationalized by multiplying together

(/<=V(-i)).

y-Jx—\/x, y+jx-ijx, y—Jx+^x, y + Jx+ \/x,

y—Jx—ki/x, y+jx—kljx, y—Jx+k\]x, y+ *Jx+k\/x,

and equating the result to nothing. But if the possible factors only be
multiplied together, and equated to 0, giving (y^+x—Jxy2—4xy-— 0,

every possible branch of the curve is included by making this =0, and
the resulting equation may, consistently with representing the whole
curve, be made unambiguous by the understanding that /Jx shall have
the positive value only.

Pursuing this, we find for the first equation,

2Cy*+x- Jx)(l—^-4y*+ {4y (f+x-Jx)-Sxy}y'=0.

In this y' takes the form - when x=l, y=0, which is also found to

satisfy the equation : here then there may be a double point. To settle

this, form the next equation, or

2(,.+,-V,).J^+< 1-4)
S+

{
Sy

(
1-27r)- 1% }

!
''

-\-{12y°-+4x—V*—Sx} y'2+ {4y (y*+x—Jx)— 8xy} y"=0,

when x= l, y—0, ^ — Sy'~—0, and y'rr-f-^ or —J. There is then a

double point at (1,0). This method also indicates the double point

which exists at (0, 0), and for which both values of y' are infinite.

I give the following as an exercise:—The curve y—(x—a)(b— x*)*

* Or by some process as general. The student might easily deduce (^
2+:r) 2—

-

a' (1 + 2;/)- from the equation; but he would find, on endeavouring to return to

y=+ AJ.v+ 4 /x,tha.t the preceding is only satisfied by tj^^x+^/x, and not by

y= — /Jx±yx.
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+ |(6— a)
2 has a double point when x=a, if 6>a. If a he made to

vary, the curve to which every curve of 'the species is a tangent passes

through all the double points.

9. I call the conjugate point an evanescent oval, because it never

exists except where the equation is a degenerate variety of a wider class,

each curve of which has an oval. The most simple case is that of

(x—a)
2+(y— 6)'2=:0, which belongs to no point except (a, 6). This

conjugate point is the circle described with a radius =0, or an evanes-

cent circle. Again, ?/= dt/s/ {x (x — a) (x—6) }, a and b being positive,

and 6>a, consists of an oval from x=0 to x— a, an unoccupied interval

from x~a to x^=b, and infinite branches above and below the axis from

x^=b upwards. As a diminishes, the oval becomes smaller, and finally

when <z=0 the form of the equation becomes y=xj (x— 6), which

gives 2/=0 when a;=0, or the origin is a point of the curve : but there is

no further point until x =6. It is useless to attempt a test of a conjugate

point by the differential calculus.

10. I now come to the consideration of the pointed branches, or

branches pointillees . This is a curious question of analysis, in which
some detail will become necessary, and strict recourse to definitions.

If we define a curve to be the line made by the motion of a point

according to a certain law, it is evident that if (a, b) and (o', b') be two

points at a little distance on the same branch of the curve, there is a

point of the curve for every abscissa lying between a and a'. And such

a branch of the curve, described by a continuous motion, is the only

branch which falls within the definition. But if we define a curve to be

the assemblage of all points whose coordinates satisfy a given equation,

we no longer restrict ourselves to the consideration of branches described

by the continuous motion of a point : for there may be points, the

coordinates of each of which satisfy the equation, without any such

points intervening. The simple conjugate point is an instance. Con-
sider the curve whose equation is y = ax* + J x . sin bx. The
diametral curve is a parabola, from which, when x is positive, the curve

alternately recedes and approaches, meeting it whenever sin bx=0, or

bx is a multiple of tt. But when x is negative, y is impossible,

except when sin bx=zQ, in which case y is ax2 : so that on the negative

side there is an infinite number of conjugate points, each one situated

on the parabola over against a double point of the curve, the successive

abscissae being it : b, 2t : 6, 3tt : b, &c. The greater the value of b, the

more nearly do these points approach ; and if b were exceedingly great,

tbey migbt be made, as nearly as we please, to resemble a continuous

branch of the curve.

Which of these two definitions we employ is purely a question of
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analogy and convenience. If wc were making a theory of curves, for

the sake of the properties of space we should therehy gain, it might

perhaps be thought that the first definition would best embody the

objects under consideration. But if our theory of curves be carried to a

greater extent than is practically necessary, solely for the clearness of

illustration which it gives to the properties of algebraical functions, it

then seems to me that the second definition is imperatively required.

All who have sanctioned the introduction of the simple conjugate point

have tacitly admitted this; though those among them who have rejected

the pointed branch have refused to admit the legitimate consequences of

their own definition.

In the preceding example we have only a series of conjugate points,

separated by finite intervals. If we admitted the symbol sin ( oc x)

among the objects of analysis, we might appear to have a pointed branch
which is not distinguishable from a continuous branch. If we never

met with such a branch except upon the introduction of a new use of oc,

we might well dispense with it altogether. But, as we shall now show,

a pointed branch of a still more curious character meets us in the con-

sideration of ordinary symbols of quantity. The expression az
, where

i

x=m : 71, means that any one of the n values of a n is raised to the wrth

power. When we speak of arithmetical values only, we have the

equation

and in all cases this equation is so far true, that each of the values of
* 1 -v m 1

\a n ) is one of the values of (am)
n

; but the second may have values

which the first has not, or may appear to have them. Thus if 1
4==1,

an indisputable arithmetical truth, we shall find — 1 among the values-Li. ( iY A
of l

6
, or (l

4

)
6
; but it is not among the values of \1 6 J . And since

4. 2

l
6 and Vs are identical, and the second has only three values, the first

must not have more ; whence, if we allow ourselves to call l
4 and 1 iden-

tical, we may fall into error unless we remember that ax must stand for

( -Y
any value of \a n J , but only for (it may be) some of the values of

i

(«'")». The safe method is, always to reduce the fraction m:n to its

( -S"
lowest terms, and then the n distinct values of \a n J are severally equal

j_

to the n distinct values of (am)
n

. A wider and better theory might be

drawn from the general considerations of Chapter VII. ; but the above

will be sufficient for our present purpose.

Between any two fractions, however near, may be interposed an

infinite number of other fractions, (in their lowest terms,) either with

even denominators or with odd denominators.

Let y= ax
; then when x is a fraction with an even denominator (being

in its lowest terms) there are two possible values of y, numerically equal,

but of different signs. But when x has an odd denominator, there is

only one such value. Consequently, since fractions with even denominators

may be made as nearly equal as we please, we have on the negative side

of the ordinates a branch in all respects similar to that on the positive

side, with this restriction, that we are not to be allowed to go upon it for
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an ordinate, except when x is a commensurable fraction (in its lowest

terms) with an even denominator. Between any two points on it an in-

finite number of allowable points can be found ; and yet the branch is

not traced out by tbe motion of a point, since between any two points an
infinite number of unallowable points can be found.

Similarly, a negative quantity must be allowed a possible logarithm,

whenever the number, independent of its sign, is of the form s
x
, where x

is a fraction with an even denominator. Thus y—log.? represents a

curve which has a pointed branch, one point of which is found as

follows. Let x=—a/s, then ?/= J.

The abrupt termination, observable in the curve y=x\og x, and in

many others, but all containing exponential or logarithmic functions,

now appears* merely as the point in which a continuous branch meets a

pointed branch. The general rule is ; trace the curve on the suppo-

sition that log ( — x )= — log x, using the branch which arises from loga-

rithms of negative quantities only when the negative quantity is of the

form -*mJs*"+\
If we return to page 127, we find in the equation log (—<.r)=log#

+ (2m-r-l)7T v— 1 no indication whatever of a possible logarithm of
—x in any case. A further extension of the theory of logarithms

must be now madef as follows. To find all the values of s
x

,
possible

and impossible, we must put s in the form fX£s""^H)
, in the same

manner as, in page 127, the roots of unity were extracted by writing 1 in

the form g^vc-D.

If, then, we want to solve the first of the following equations in the most
general manner, we must have recourse to the second (in which n is

even or odd, according as z is positive or negative, s
a being the numerical

value of z).

ex „. J- cl+2mW(-l)U ca+nW~.e — ') i^ | —

=

j

or
a+mr</( — 1)

l + 2m7rV(-l)"

Now x is 'by definition the logarithm of z, and the preceding is

the most general form of that logarithm, a being the ordinarv alge-

braical logarithm. If, then, a=p : q, p and q being whole numbers, we
have

X-{p+ qnir lJ(—l)}:{q+ 2qmTrJ(
<
-l)};

which is possible and equal to p : q, when p :q=n :2m. Now when n
is an odd number, or z is negative, this equation can be always satisfied

if q (p'-q being in its lowest terms) be an even number. That is, one
of the logarithms of

— q
fj&

v is possible and =p : q,

the same as appears from the common algebraical consideration of

y~sx
.

* Those who object to the pointed branch as introducing discontinuity must choose
between its discontinuity and that of an abrupt termination. It is also worthy of

note that an asymptote which has an odd number of branches only approaching to it,

is an abrupt termination. Such an asymptote can never occur, if pointed branches
be admitted, and if, when polar coordinates are employed, the negative values of the
radius vector be duly considered.

_ f See for the history of this qu estion the article '.' N egative and Impossible Quan-
tities'' in the Penny Cyclopaedia.
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A great many curious modifications of the singular points of curves

might be noticed, hut they would require more space than I have here

to give. I now proceed to some further uses of the equations in

page 345.

The area of a curve contained between the ordinates <pa and 06, the

interval of abscissae 6

—

a, and the arc intercepted between the ordinates,

is J <pxdx, from x= a to x=b. (page 142). Let us now suppose it is

required to find the area intercepted between two radii and the arc of the

curve which these radii intercept; as BOA. Drawing a figure, in which
the ordinate and abscissa shall increase together, such as the one

annexed, it may be easily shown that AOB is half the excess of

BWVA over BAMN. For we have

BWVA=BWO+BOA—OVA
BAMN =BON —BOA -AOM.

Subtract, remembering that BWO= BON, OVA=AOM, and the pro-

position asserted is evident. Now, if OM=a, ON=6, AM=0a,
NB=<£6, we have ~BW\A=J*xdy, from y=<pato y=<f)b, orfxcfa'xdx
from x=za to x=b: and MABN==/j* dx from x=a to x=b. Con-
sequently

BOA—%f(xdy — ydx^= ^J' r*dQ, (page 345, equation 11) ;

in which the limits of in the last integral are from ZAOM to ZBOM.
The student should now prove that the equation ~E>OA=^f(xdy — ydx)
always holds, if the signs of the integrals be attended to, whatever may
be the disposition of the parts of the figure. This proposition may also

be proved independently, as follows. If vary by A0, the area con-

tained between r and r+Ar lies between two sectors of circles whose
areas are ^rA0 and i (r+ Ar) 2 Ad. Consequently, proceeding as in

page 100, the whole area between any two limiting values of 6 lies

between ±Zr*Ad and ilrMO+ Xr Ar A6>+12 (Ar) 5 A0. But as A0
diminishes without limit, each of the elements of the second and third

mentioned sums diminishes without limit as compared with the cor-

responding element of the first. The two preceding expressions have,

therefore, the same limit, and the area of the curve, which always lies

between them, has the same limit: this limit is, by definition, \J r'-dQ.

We have, then, the following four integrals, expressive of the rectan-

gular area, the polar area, the arc derived from rectangular coordinates,

and the same derived from polar coordinates. Let xu yu ru and 8
t be

the coordinates of the point from which the area and arc begin, ?/
t being

rf
1
, and u being r~ l

.

2C
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( Page 142, rectangular area A—J*ydx beginning from x—x

polar area* ±H.=±fr*dd 6=6

Page 140, arc (rectang. coord.) s=J*J (dx2
-\- dy

2
) xzpx

Page 345, arc (polar coord.) s=y\/(^r2+ r2^2
) ' —

=zfu-y(du*+v?dd*) .... 0=0

We have also the following equations

:

H=if(xdy—ydx), A=J(o?y—xl y1)—^H.

If either of the coordinates he expressed in terms of A or H, the other

may he sometimes expressed by simple differentiation. Thus

x=fA gives l=f'A.-^=y'A.y, or y-~j^-

If, then, A he eliminated between x=yA and j/=(i//A)-1, we have an

equation between x and y, which is that of the curve.

But it is important to remember that though A or fydx can certainly

be found from x=^ij/ ( fydx) , it will generally happen that it is only

one constant which can be appended to that integral ; for it is manifestly

not to be supposed that the equation x=y(fydx+C) can be made
true for all values of C. It may easily be shown that this is a question

of a class we have not hitherto met with, involving an arbitrary constant

which enters in a function in a manner depending on the form of the

function itself. To make the problem specific, we must suppose that the

area measured from a given initial abscissa shall be a given function of the

terminal abscissa. But (page 142) the equation fxi
ydx=ijsx is incon-

gruous, and J"Xlydx=.i[/x
—^xx is rational. If, then, we propose

fXl ydx=yx -fxl} or x=zV
-1

{fH ydx+ fx, },

we have an equation in which the arbitrary constant enters in the

manner above described.

It is required to find the curve in which x— log A. Here T//A=log A
and y, or (^'A)_1=A; whence x—\ogy or y~£x

- The area fydx is

then£*+C, C depending on the point from which it begins; and in

order to satisfy the conditions we must have C= 0, or the area begins

from a point at an infinite distance on the negative side. In fact, the

primitive equation A=sx
is only intelligible as representing the area of a

curve when written in the form A^s*—

£

-cc
.

Difficulties of this sort will occur whenever x or y is given in terms of

a function which is necessarily dependent on an integral containing x or

y itself.

There is a large class of problems relating to curves in which such a

property of the curve is given as implies a determinable differential

equation. The solution of this differential equation, ordinary or singular,

is therefore an equation of the curve : whence we see that two very

different curves may have the property in common, one being a case of

the general solution, and the other being the singular solution.

For example, it is required to find the curve in which the length of

the normal intercepted between the curve and the axis of # is a given

* Certain usages of writers on mechanics make it more convenient to adopt a

symbol H for twice the polar area, than for the polar area itself.
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function of the part cut from the axis of x by the normal : or which
satisfies the equation

«/(**•©*(•"© <«•

This equation can be integrated generally ; differentiate both sides, and
we have

yV( i +2/'*)

+

^(7+y'*)
=0' {v+yy') •O +y"+yy")

;

or {2/'-7(l+y2).0'(^+2/y')}{l+y2 +2/2/"}=O.

One of the factors of the last must then vanish. If l+y'*+ yy"=zO,

we have, by simple integration, (x— c)
2
+3/

2=e2
, which will be found to

satisfy the equation (0), provided c
2=(0c) 2

; whence the general

integral of (0) is the equation of a circle, namely, (x— c) 2
+?/

2=(0c)2
;

so that there now remains only the vanishing of the factor y'—*J(l + 2/'
2
)

<j>' (x+yy') to be explained. This it may be shown is satisfied by the

singular solution of (x — c)
2+y2=(0c)2

. For, by page 192, that

singular solution must make dy':dx and dy'-.dy infinite, these being

partial diff. co. derived from y' as expressed by the equation itself. If,

then, we differentiate y<s/(l+y'
2)=^> (x+yy'), considering y' as a

function of x only, we have

dy' _ fffr+yyWQ+y")
dx y(y'-J(l+y'

2
)<t>'(x+yy')y

Consequently y'—J (l+y2).0' (x+yy') vanishes* when for y is put

that value of x which is the singular solution of (0).

The following theorems may be investigated by the advanced student

as exercises.

1. The equation which expresses that the radius of curvature is a

given function of y' may be integrated (assuming the integration of all

functions of one variable) so as to give both x and y in terms of y'

:

whence the equation of the curve may be found by elimination.

2. A polar equation to the locus of the intersection of the tangent of

a given curve with the perpendicular on the tangent may be found from

equation 27, page 346, by substituting for r its value in terms of p, and
integrating.

3. The method in page 355 may be applied to the determination of

optical caustics, both by reflection and refraction.

* The method of Clairaut in the integration of y—y'x= <py' might, therefore, be
generalized, subject to close examination of the different cases, as follows. Let

4> (&> y> y'> y''i • • » • )= 0, whence it follows that

dx dy
9 T dy " T

If each of the coefficients— , &c. have a common factor M, the equation resulting from
dx

its extermination (of one order higher than the given equation) may sometimes
be more easily integrated than the original. If so, an equation between its con-
stants may be obtained which shall make it satisfy the original equation, and the
singular solution of this general solution satisfies M=0.

2C2
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4. Trace the curves whose equations are y^rlogsina?, y==sinlog,r,

distinguishing both continuous and pointed branches. Show that the

logarithmic spiral has a pointed branch, and trace completely the curve

whose polar equation is r=a±^(cos 0), a<l, showing that negative

values of r must be admitted, or else a cusp with two distinct tan-

gents.

Chapter XV.

APPLICATION TO GEOMETRY OF THREE DIMENSIONS.

This part of the subject requires the particular consideration of functions

of two independent variables, and occasionally of three. If u be a

function of x and y, we shall, as most convenient, use one or another of

the following notations

:

dz_ ,___
cfe__ _ d2

*_ _ d*z __ ,__ ^__ _.
di-

Z ~F' ~dy-*,
'- q '' d?~

Z ~ r
> dx~dy~

Z
'

~
Si

df-*"-*' -1

If there be three independent variables, x, y, and z, it is very

desirable to have a notation for use in the actual details of operation, to

be taken up when they begin and laid down when they cease. The follow-

ing will be perfectly distinct, and soon acquired. Let u be a function

of x, y, and z.

du__ du du d2w__ d2u

dx'-
U" Ty~ U,n dz~ Uz '' d?~ Uxx1

dy*~~
Um

d*u d?u d2u d*u

dz* "' dxdy
xyi

dydz **' dzdx
zx

In making any integration with respect to one variable only, it must
be remembered that the constant to be added may be a function of the

other, which though called variable with reference to what might have
taken place, was by supposition a constant in the differentiation which
the required integration is to compensate. Thus

d2u du 1 „ . ,
1—

=

axy gives ^ =- ax*y+ <fiy, u=- ax?y+ 0y . x+fy, ,'

where <f>y and fy are any functions of y whatsoever. Again

d*u du 1
,

1
'

/.

- d^dy-^y §lves
d~x
~2 axy*+$x

>
u=z

4 ™y*+f<t>x dx+yy

;

where fcjix dx may be any function of x, and tyy any function of y.
Such cases, in which no peculiar specification of limits is made, require
no additional consideration ; but if it should happen that the limits of
the first integration contain functions of the letter which will be a
variable in the second integration, the question takes a very different

character. For example, u/=zaxy is to be integrated first with respect
to y, and from y=x to ynzx\ and then with respect to x from x~0 to

x~b. The first integration now gives
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\ ax (a?
8

)
2+ <j>x— (£ ax . x2+ fix), or \ a (x5- x9

) .

This integrated with respect to a? from x—Q tox=b, gives £«(|&8—\b*).

The question now becomes, what is the use and meaning of the opera-
tion we have performed ? It has sufficiently appeared in Chapters VI.
and VIII., that though we may look to the determination of a primitive
function for the shortest mode of operation, we must find in the limit of

a summation the readiest mode of conception of the result attained.

Now the first process is really the limit of the following summation :

{ax.x+ ax(x-\-6)+ + ax(x-j-md)} 6,

where m6=x2— x. If we now assume riK—b— 0, and add together the
several values of the preceding answering to x~0, x= k,.... up to

x=znic, multiplying each by /c, we shall have a succession of sums, the

first, second, and last of which are as follows, if the value of 9 when
x—ck be called 9C ,

{aO.O+ aO(O+ o) + ....+aO(O+ wi0o)}0o .(c
'

+ {aK.K+a/c(K+0i) + . . . . +an(K+'md l)}0 l .K

+ {anic. 7iK+anK (n/c+0„) + . . . . +anic Qn«:+mO„)}dn .K;

the limit of which, when m and n increase without limit, is the result

obtained. And since every term is of the form axy Ax Ay, we may, as

in page 99, call the preceding 2Ax(2axyAy) or 2axy Ax Ay, and its

limit Jdxjaxy dy, faxy dx dy, or J"J*axy dx dy, if the two operations

are to be represented. And since y is first made variable, we may
denote this by writing dy last of the two, and the symbol of the in-

tegral with the limits represented will stand thus :

« flf? axydxdy.

We may now give a geometrical illustration of the preceding, gene-

ralizing the operation into J\f"$?* dx dy, where z is a given function

of x and y. Draw the curves y—4>x and y—if/x, and set off the

abscissae a and b, OA and OB. Divide the interval AB into any
number of equal parts m, and having drawn ordinates, divide the part

of each ordinate intercepted between the curves into n equal parts.

There will then be run rectangles, which, as m and n are increased

without limit, have for the limit of their sum the area PQRS. This
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limit, compared with the preceding process of summation, will be found

to be represented by fb
af^ dx dy. And this agrees with previous

results ; for writing the preceding in the manner first pointed out, we
have J

h
a dxfff dy, or f\ (tyx

—
(fix) dx, or J\ tyx dx—j b

a (fix dx, or

AQRB — APSB. But if we want to form an idea of the meaning of

"ffz dx dy, we may proceed in either of the following ways.

1. Suppose the area PQRS to be everywhere of different and variable

value per square unit, in such manner that at the point (x, y) the value

of a square unit, if it were uniform, would be z. Then at the point

(x,y), the sides of the adjacent rectangle being A* and Ay, the value of

that rectangle is, not zAx Ay, but (2+ a) Ax Ay, where a is a fraction

depending on the variation of the rate of valuation from one part of the

rectangle to another. But as Ax and Ay diminish without limit, 2+

a

approaches without limit to z, and aAx Ay diminishes without limit, as

compared with zAyAy. Hence 2 (zAx Ay) and 2 (2+ 0) Ax Ay have

the same limit : or Jjzdx dy represents the whole value of PQRS.
2. At every point of PQRS erect a perpendicular to the plane of xy,

(that is, of the paper,) and equal to the value of z, ov f(x, y), at that

point. We shall then have these perpendiculars bounded by the surface

whose equation is z-nf(x,y), and the solid content bounded by PQRS
below, the superposed surface above, and laterally by the perpendiculars

drawn on the boundary PQRS (or rather by the surfaces which contain

them all,) contains, in cubit units, ffzdxdy. For over the base

Ax Ay is superposed a solid content which would be zAx Ay if 2 were a

constant, but which is (2+ a) Ax Ay, where a may be described as

before, and rejected for a similar reason.

I do not consider it necessary to develope the preceding reasoning

after that in pages 140, 142, &c. Two cautions are necessary in inter-

preting the results of any such double integration. First, as in page
98, no reliance can be placed on any result in which 2 becomes
infinite anywhere in the boundary of integration ; secondly, a portion of

the summation may consist of negative elements not only when 2

becomes negative (which case may be explained similarly to that in

page 149) but also when ijsx— tyx changes sign between a and b. This
we may explain as follows : J\ (fix dx and f% <px dx differ only in sign,

being of the forms cfij)
—

(fi xa and faa—fab; and this also follows

from the nature of the summation. For if we pass from x=a to x—b
by a succession of positive increments given to x, we must pass from b
to a by a succession of negative increments. If, then, the first integra-

tion give x(x,y), or x fe f3")—X (*> 4>x)> an^ }f tne s^gn °f tn is

should depend upon that of tyx— <fix, we are, if tyx— (fix change sign

between x=a and x—b, about to perform an integration of the form

Jmx dx, in which vsx is not always of the same sign (page 149). This
must be particularly attended to, as we might otherwise perform an
integration under the idea that all elements of the summation are

positive, when such is not the case. In the

first example given, orflfT axy dx dy, if we
draw the straight line and the parabola y = x
and y=x*, and if OB=6 and z=axy be the

ordinate of a surface perpendicular to the paper,

we might suppose that we have ascertained the

solid content which stands on OMNK and
KRQ together. But from O to K, x is greater
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than j?
2
, z being positive, whence ff zdy is negative, and the whole of

the integral J\ff axy dx dy is negative, while the remainder f\ ff axy

dxdy is positive. That something of the sort takes place is obvious

from the result, which =0 when 6 2=f, the positive part over KQR
then counterbalancing the negative part over OMKN. If we want
simply the solid content described, we must counterbalance the negative

part by an addition (here an algebraical subtraction) of twice as much,
which gives

flf?axydxdy-2f\ffaxydxdy^aab*-lb*)-a(\-i).

If b had been less than or =1, we should simply have changed the

sign of the result.

A right circular cylinder, described by the revolution of a line at the

distance h, about the axis of z, is cut by a plane whose equation is z=ax
-\-by-\-c: required the content intercepted between the given plane, the

plane of xy, and the cylindrical surface, on the supposition that any part

which falls below the plane of xy is to be reckoned as negative.

The expression to be found is JJ (ax -{- by -{- c) dx dy from y=
— *J(h?—x

2
) to y=+J(h2—

x

2
), and then from x=—h to x= + h.

The first integration gives (axy+^by2
-\-cy) dx, which, taken between

the limits, gives 2(ax+ c),
s
/(ft*—x2

) dx. And

fW -X
s
) . xdx~—I (A2— x2

)

'

2

,

fj(h
2-x*) dx=±xJ(h*-x*)+~ sin"

1

-^

;

which, taken from xzz.—h to x=+h, give and ^h2 .ir; whence
2(a.0+ c.^h\) or tA2

c is the content required. The plane cuts the

cylinder in an ellipse, and this result merely implies, as is obviously

true, that if a circle be drawn parallel to the base through the centre of

the ellipse, the content intercepted by the ellipse and the base is the same
as that between the. two circles ; the depression of the ellipse on one side

of the second circle being compensated by its elevation on the other.

It must be obvious that the preceding mode of integration can only be
successful when either the extreme limits of y or of x are constants :

those of the other variable may be functions of the one whose limits are

constant. Thus the general description of the operations may be made
as follows. To find jj'zdxdy from y=d>x to y=zi}/x, and from x—a
to x=b, let J'zdy,y only being variable, be f(x,y), then f(x,ijsx)

—f(x,<f)x) is the result of the first integration. Let the integral of the

preceding with respect to x be Fx, then Fb—Fa is the final result.

But to find JJz dy dx from j=:0
12/ to x=-f^y, and from y— a v

to

y—bu let fzdx, x only being variable, he fx
(x, y), then fx (fxy, y)

—fi (0i2/»2/) is the first result. If the y-integral* of the preceding be

F^, then Ffi x
—F^ is the final result. We must take first that

integration in which the limits are variable, though if both sets of limits

be constant we may begin with either. Thus to find JJz dx dy from

y=ax to y=&i, we have fzdy=f(x,y) and between the limits

=:f(x,b l )
— f(x,a x); if ff(jx, b^) dx^m (x, 6^, we have "& (b, b{)

— ct (a, 6,)—a? (b, a
1)+ ,sj (a, a{) for the final result. Again, ifjzdx

z=fi(x,y), we have f\ (b, y) —fx (a, y) for the first result, and if

* This abbreviation would be convenient in many cases.
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fft (6, y) dy = ^ l
(b, y), we have ra-i (6, £>,) — vj

1 (6, a,) — ra^ (a, b t)

+Tff L (a,ffi) for the final result. Now ct (<r, y) and ^ (,r, y) are the

functions derived from two successive integrations, each independent

of the other, in different orders, the first hy y, ^-integration, the second

by x, y-integration. If they differ from one another it is then only by

such terms as disappear in two differentiations ; or the first may be of

the form (#,?/)+Y^+xyj a"d the second of the form <fi(x,y)

+Via'+Xi2/' at widest. But the entrance of the arbitrary functions was
avoided by the method of taking limits after each integration ; if for in-

stance Jz dy had given f(x, y)+ fiX, the term ^x would have dis-

appeared in (f(x, bi)-\-^ix)— (ffaad+ fix) : and so on. Hence

<p (x, y), a function not containing terms dependent on x only or y
only, is the result of both modes of integration ; or rather (b, £>,)

— cj> (6, a x) — <f>
(cr, 6,)+ (a, a L) is the result of both. The same thing

is also apparent from the method of summation.

But it might happen that we require to extend the summation over a

part of the plane of xy, (to keep to our illustration,) no boundaries of

which are lines parallel to an axis. This subject* presents a most
instructive view of the nature of integration, and will require some
detail. The following diagram ofthe methods ofsummation which we have

just left, as compared with that to which we are coming, will be the best

introduction. It is required to find fz dx dy, over all values of x and y
included in the figure PQRS, the equations of the boundaries being; of

SP, y=ax; of RQ,y:=/3.z; ofRS, y=jj.x; of QP, y=.vx: a, /3, /a, and
v being functional symbols. Assume 2/=V (*' v\ wnere ^ is a constant

such that i// (x, jri)=ij,x and ty (#> n)=vx. For example,

f(x,v):
v—m v—n

vx-\ (XX .

n—m m—n

or let Vm signify a function of v which is or 1, when v—m or w=w,
and Vn a function which is or 1 when v—n or v—m. Then from

y=V„ fix+

Y

m vx+

Y

mVnf(x} y)

can be obtained an infinite number of the cases required for every form
of Vm and V„. Assume y=$ (#»w)» 'where u is another constant such
that i/ = a gives y=.ax, and u~b gives y—fix. If, then, a be changed
into 6 at & steps, being successively a, o+k, «+2k a+kK,
(kic = b—a), and if also m pass to n by I steps, becoming successively

m, wi+X, m+2X. . . .m-f A. (l\=n—m), and if we describe the curves

whose equations are

* The demonstration here given is not altogether that of Legendre, (Mem. Acad.
Sci., 178S.) which is so obscure in its logic as to be nearly unintelligible, if not
dubious. See the method of Legendre, as used by Laplace, in my Theory of Pro-
babilities. (Encyc. Mfctr., § 68.)
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y=d)(x
y a) or ax, y=(/> (\r, ci+k), up to y=(/> (a?, a+kK)=fix

y=f(x,m)oTixx,y=f(x,m+X), up to yz=f(x,m+l\)= vx,

we shall have the figure inclosed by PQRS intersected by curves which
divide it into k X I curvilinear quadrilaterals, each of which may be
made as small as we please by sufficiently increasing lc and I. If, then,

at a given point, (xy), say the lower corner of the figure left dark, we
can express the area of the contiguous element by PAm Av, we have for

the whole integral required J
b

aJm zP du dv, where for x and y in z

must be substituted their values in terms of u and v obtained from
j/=0(x, u), y=f(x,v). It remains then only to express this area.

Let ABCD be one of the quadrilaterals, the point A having x and y for

Y

"A
L=±

V+ AV c— -y

_y._
4"

M N P X

its coordinates in the preceding figure : let AX and AY be parallels to

the axes of x and y. If x+dx and y+ty represent coordinates of any
point near A, we have for the equations of the four curves as follows :

: For AB y+ciy=cj> (x-\-$x, u); for CD y-\-$y=:<f> (x+Sx, u+Au).

Vor AD y-\-$y=f (x+ $x, v) ; for BC y+hj=f (x+ dx, v-j-Av).

Also (x, m)= \|/ (t, v), both expressing the ordinate at the point A.

To find the coordinates of B, equate ^ (<r+ &r, u) and ^ (x-)r$x9
v-\-Av),

which gives

y+ Syzz<f>(x,u')+— cir+. . . . =y (x, v)+-~ Sx+-j-Av+

In which, if we neglect terms of higher order than the first, which it is

clear will not affect the result, we have

&r=AM=W^At;; fy-MB:
dv J

„f
rf0 df:W
dx dv

' \dx dx J '*

The coordinates (measured from A) of the intersections of AD and DC
and of DC and CB found in a similar manner are

AN=-W^AM,ND=-W* f*udu dx du

\dv du J \dx dv dx du /; ; g

The area ABCD is the sum of ABM and MBCP diminished by that

of ADN and NDCP. Each is to be found by an integration of the form

fpdqy where the limits of p and q are all small quantities.

o2 o3

Now fpdq=pq-p' -jr +p"—— ....
2,3

**%*
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and (p' not being necessarily comminuent with q) if the values of p and

q at both limits be small, the first two terms will each be of the second

order, and the rest of the third and higher orders. And since p' will

vary during the integration by a quantity of the first order only, it will

introduce no error of so low an order as the second, if we suppose it

constant and =r(p 2
— p t) : (q^ — q^, where q% and q v are the limits of q,

&c. This gives for the integral between the limits, as far as terms of

the second order inclusive,

which is precisely the area that would be obtained by taking the arc of

the curve to be a straight line. The errors of this supposition, therefore,

are all of the third order, and for our present purpose ABCD may be

considered as a quadrilateral rectilinear figure, and even as a parallelo-

gram : for, as far as terms of the second order, by the values found,

AP=AM+AN, or NP=AM ; similarly, PC=MB+ND, whence
BM=QC, and AB is equal and parallel to CD. If NR be joined,

ABNR is also a parallelogram, and ABCD and CDNR together make
up ABNR=MBRP. But DCNR=DQPN; whence ABCD is the

excess of BMPR over DNPQ, or

BM.AN-DN.AM,or W2 $^ = r _ZI )Ai>Aw,
dv

d(f> /dijs df\

du \dx dx)

dv du

The sign of the result only indicates that the preceding expres-

sion without its sign is negative in every disposition of the figure

similar to that here adopted. If we now take the equations y—\p (x>
v),

y=4> (X 5 M)? an(i from them deduce y and x in terms of v and u, giving

a;=X, y=Y, X and Y being each a function of v and of u, we may
deduce the preceding factor by implicit differentiation, as follows.

Substituting in the first pair the values derived from the second, we have
identical equations, and this being implicitly supposed, we have

dY^djrdX. £H—!tt— d^
du dx ' du '

dv dx dv dv

dY_ d$_ dX d(f> dY_ d0 dX
du dx ' du du dv dx dv

du W du dv W dv
'

dv du
~~
du dv

/^ _dF\-1_ dX dX /dY dX __dY dXy 1

\dx dx J dv du \dv du du dv

)

_W^ ^ -— — -— —
dv du dv du du dv

We have, then, for the integral required either of the following. Let

z=f(x,y), and neglect the sign which depends on the diagram, and
must be determined by each particular case ; or rather, in most cases,

that sign must be taken which makes the result positive.
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in the first ofwhich there must he, subsequently to the differentiations, that

substitution of X for x and Y for y, which is made previously to differen-

tiation in the second. This integral in geometry belongs to any function

connected with the area contained, in the plane of xy, between the curves

whose ordinates are ax,fxx, fix, vx : (x, u) is a function which changes
from ax to fix, when u changes from a to b, ty (x, v) a function which
changes from fxx to vx, when v changes from in to n ; and X and Y
are the values of x and y in terms of v and u from y=0(x, w),

y=f(x,v).
It is obvious that no part of the preceding investigation involves the

limits of integration, except the manner in which 4> (x, u) and f (x, v~)

are to be formed. But whatever these functions may be, if we call the

differential last obtained Z dv du, we know that ZAuA^-f- terms of

higher order than the second, is the element of the summation cor-

responding to the. element ABCD of the area ; and though one particular

supposition as to
<f>

and f may require this summation to be made (as

above) between limiting values of u and v which do not depend on one
another, a second supposition may require that the limits of u shall be
functions of v, or vice versa. Thus, if we integrate the preceding from
v~Mu to d=Nm, (M and N being functional symbols,) and subse-

quently from u=za to u~b, we require that 2/— 0(x, m) and y=.

ty (x, Mm) should give y=^x by elimination of u, and that y=<fi (x, u)
and y—f (x, N?0 should give y=vx. Subsequently, we require that

2/=0 (x, a) should be equivalent to y— ocx, and 2/=0 (x, b) to 7/=y6x.

For example, it is required to find the area of a curve contained

between two radii r, and rn inclined to the axis of x at angles Q, and 6n .

In this case our bounding curves &rey=tand
/
.x,y=zt&nd/r x, for ax and

fix: and 2/=0 and y — vx, the latter being the equation of the curve.

If we wish to express this area by means of polar coordinates r and 6, we
have y= xtand, and y=-sj (r2—

x

9
), for <j> and "^. (Q and r taking the

place of u and v.) These give

. „ Tr dY dX dY dX
x==?% cos0— X, and y=rsm0=Y, —

;
— — =zr:J dd dr dr dd

and ffrdrdQ is the transformation required. Let r be first taken as

variable, and let M0 and N0 be the limits. The first limit is =0, the

second is thus found: y=xtan0 and y=J {(N0) 2—

x

2

} must give

y=KEwhen 6 is eliminated, which is satisfied if /•—N0 be the polar

equation of the curve, derived from r sin0 = v (r cos 6). Again,

y=xtand satisfies the equations at the limits ; hence fl';J ™ rdr.dd,

or \fX (NdydO is the result, which agrees with page 385. But it is

impossible, under these suppositions, to allow 6 to be the first variable.

If y—u vx and y—vx, and the area between the two radii be required,

we have, for its expression ff(%iv'x—v)~ l wx du dv, from ^=tan0, to

i3=tan0//} and from u=0 to m=1. In the preceding, the value of*
must be substituted from uvx=zvx.

Let there be a cone, the vertex of which is at the origin, and the base
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of which is parallel to the plane of xy, at the distance a. The equation

of the conical surface has the form z—xf(y:x), where f is such a

function that a=xf(y :.x) is the equation of the base projected upon
the plane of xy. Between this base and its projection lies the content

of a cylinder, made up of the conical solid, and a ring, wedge-like

towards the 'interior part, the wedge terminating everywhere at the

origin. This wedge has for its content J'Jz dx dy, which integral,

according to the manner in which the limits are taken, may represent

any part of the wedge. If r and 6 be the polar coordinates of a point

on the plane of xy, a transformation already given will reduce this

integral to

ffxf^-.rdrdd, or ffr* dr. cos 6/ten 6. d0.
OS

This may be first integrated with respect to r, from r= to «=
r cos 0./tan 0, or r—a {cos fl./tan 0}~\ This gives ± fa

3 {cos 0/tan 0}~2

dd, or •§• a . J PR? dd, where R is the value of r at the limit. This gives

•§• a X (area of the base) for the content of the ring ; whence the

remainder of the cylinder, or }ax (area of the base), is the content of

the conical solid.

Let there be any integral of the form ffty (x:y). dx dy. The pre-

ceding transformation is frequently applicable, and simplifies the pro-

cess. The integral then becomes jf<P tan Q.dQ.rdr. For instance, a

straight line setting out from the axis of x revolves round the axis of z,

in such a manner as to describe the angle oct in t seconds, while it also

moves up the axis of z, so as to describe fit in t seconds on that axis.

Here oct and fit are functional symbols: but if at=at, (jt=bt,ihe sur-

face is that of a winding staircase (neglecting the irregularities of the

steps). Its equation is derived from eliminating t between z=fit and
7/=a\tan at : whence z is a function of y : x. In the simple surface just

mentioned, we have z=z (b : a) .tan
-1

(y : x). The solid content bounded
by the surface, and standing upon any part of the plane of xy is

ffzdxdy, taken between limits depending on the form of the base.

Making the transformation, we have mffQrdd dr, where ni=b: a. If

we want to find the portion standing upon a circular sector whose radius

is c and angle y, we must integrate from r=0 to 7'=c, and from 0=0 to

0=y, which gives imc9
*/ for the content.

It will hereafter be shown that if z=z(p(x,y) be the equation of a

surface, that part of the superficial area which stands over a portion of

the plane of xy is ff*J (\+ 2n+ z
l

s
) dxdy, between limits depending

on the form of the base. If we substitute r cos 6 and r sin 6 for x and y,

thus reducing (j>(x,y) to f(r,6), we may determine z' and z„ as

follows

:

dz df dr df dd dz __dty dr df dd

dx dr ' dx d9 dx dy dc dy dO dy

'

which equations are to be considered as derived by supposing ty to

contain x and y through r and 0, on the supposition that 7-=^/(o?
2+y2

),

0=tan_1
(yx~

l

). These give

dv OC G>T 9J

dx
=:

V(^^r?)
=:cos0,

*i ^W+f)^*™
6
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d9 y sin0 dd x cos0

dx x*+y* r\ * dy x^+y*
—

r

dx __dy d\f/ sin0 dz __dy/ . dy cos0 J

dx dr dO r dy dr dd r

dz* dz* . df* 1 dy
^ dx*^dy* ^dr* r

4 dd* 3

To apply this, take the helicoidal surface (helix, a screw) before

described, in which z=m0. The integral which determines the surface

is then ff*](l-\-m*r~*) rdrdd. This integrated with respect to r from
r—0 to r—c, and with respect to 6 from 0=0 to 0=y gives the surface

required; namely, belonging to the circular sector above-mentioned. ,

fifiJ(*+f) '<»* =
5
y {cVK+O+m2

log t±J!s£±D\ m

-

Let the surface be one made by the revolution of a curve about the

axis of z. Let the equation of this curve, when in the plane of z and x,

be z—<f>x: whence z=0 (V(^
2
+?/

2
)) is tnat °f the surface; or z=<l>r.

We have then for the integrals determining the solidity and surface

ff<j)r.rdddr and ffj{l + (4>'ry}rdr dd. If we integrate through a

whole revolution with respect to 0, we shall have 2irf<pr .rdr and
2'r

</v
/{l + ( <

l
>/r)

2

} rdr, expressions which we shall afterwards compare
with others, which will be obtained for this particular case.

If the generating curve be an ellipse, of which the centre is at the

origin, and one of the principal diameters in the axis of z, we have, when
the generating curve is in the plane of xz (a and b being the semi-

diameters) ,

z* x* b—
- +—= 1, whence *=— V (a

2—/'2

)
6
2 a8 a

is the equation of the surface : and the integrals which determine

the content and surface are (6
2=as

(l — e2))

^ffJW-^.rdrddm&ff^^^.rdrdB.

Integrate first from 0=0 to 0=2*, and both integrals are then obtain-

able from r=0 to r=c. This gives the content and surface standing

over a circle described on the plane of xy with the origin as a centre

;

that is, intercepted by a cylinder on the same axis as the solid. The
first integral obviously becomes

2tt

~3 — \a?— (a2—

c

2)^k or —-tfba
1

, when c—a.at is
The latter is the whole content of the semisolid. In the second

integral, after integration with respect to d, for VO*2-7
'2
) w"te (a

:

^) ~>

which gives

2«fj(a*~e*(a*-j2
z*y\x-^dz, or -2

-^f (b*+ a* e* z*f dz

.

The integral of the latter beginning when ?'=0 or z=b is
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aez+ Jib'+cfe'z
2

)

Stopping at z= (b:a) 4J (a
2— c

2
) or rz=c, we hare the surface

required. If we go on to r=a or 2=0, we have for the surface hound-

ing the semisolid i

7ra
2
-l log j— , which becomes 2*as when £>=a, e=0.

e 6

The last result will immediately appear on expanding the logarithm

in powers of e, and making e=0, 6= a, after reduction. Doubling the

semisolids, and remembering that 4*a2
is the surface of a sphere whose

radius is a, the revolving semidiameter, it appears that the surface of an

oblate* spheroid is less than that of a sphere described on the revolving

diameter, by

2. (a>-- log _- y or 2* (a2-- log

—J.
or 2ir a2 e

2
nearly, when e is small.

Let a surface of revolution be described by

the revolution of a curve about the axis OB,
and let OA=o?, AP=y, arc ending at F=s.
Then AB, QR, and PQ are Ax, Ay, and As.

The portion added to the solid by changing x
into x+ Ax, made by the revolution of APQB,
lies in magnitude between the cylinders gene-AB
rated by ASQB and APRB, or between

* (y+ Ay) 2 Ax and iry
2 Ax, which differ by it (2y+ Ay) Ay Ax, or aAx,

where a and Ax diminish without limit together. Hence, proceeding as

in page 142, the whole solid always lies between J.ity
2 Ax and 1,-ny^ Ax

+ %a Ax, of which the second term diminishes without limit as compared
with the first. The content of the solid, then, is the limit towards which
both of the preceding approach, namely, fity

2,

dx, taken between the

proper limits. To find the surface, it is necessary, as in page 140, to

assume an axiom ; namely,t that the surfaces generated by the revolu-

tion of the arc PQ and the chord PQ may be made as nearly equal

as we please by diminution of AB. The surface generated by the

chord PQ is the difference of two cones, the radii of whose bases are

AP and BQ, and the difference of their slant sides, PQ. If z be the

slant side of the former, we have \z.1izy or itzy for its surface, and

7r(2 + PQ) (y+ Ay) for that of the other; whence x (zAy+y.PQ
+ PQ.Ay) is the surface generated by PQ. But z :PQ\'.y : Ay

;

whence the preceding becomes tt (2y.PQ+A?/.PQ), of which the

second term diminishes without limit as compared with the first. If the

preceding, multiplied by \-\-a, give the surface generated by the arc

PQ, by the axiom a and Ax diminish without limit together, and the

whole surface is 1 lity . As (1 -f «)+ lit Ay As (1 + «). From this the

* Oblate, because 62= a2
(1—

e

2
) has been supposed. The integral for the prolate

spheroid takes a different form in integration.

•f- This axiom might be deduced from others which would bear perhaps the
appearance of a less amount of assumption ; but that they really have less might be
disputed : see the end of this chapter.



APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 399

surface cannot be found, since « is an unknown function : allow Ax to

diminish without limit, and the preceding becomes flity da or 2irjy ds,

which must also be taken between the proper limits. To compare these

formulae with those in page 397, observe that x must be changed into z,

and y into r, and also that the solid found in the page cited is not that

contained within the curve, but that contained between the curve, and
the cylinder generated by KP, or iry

2x —firy*dx, if we begin from x=0

;

or, making the changes of notation, itr^z— foitr^dz. Butsince 2=0r,
in page 397, we have 2rff(pr.rdr—'7?r

2
z—f 'n

,r!
dz, beginning from the

same value of z. The integral for the surface, or 2t?J]J(1 + dz2
: c/r

2
) rdr

is 2irfrAJ(dr
2+dz2

) >
or passing to the notation last used, 2it fy ds, pre-

cisely as just obtained.

If one equation be given between x, y, and z, the coordinates of a

point, that equation is the equation of a surface ; if two equations be given,

they belong jointly to the intersection of two surfaces, or to a curve,

plane or not, as the case may be. The equation of a plane is of the first

degree, or of the form Ax-\-By+ Cz+H= 0. The equations of a line

are those of two planes. These, and many other results of the applica-

tion of pure algebra to geometry of three dimensions, I shall presume to

be known to the student.

If two surfaces have the equations (x,y, z, a)= 0, i/r (x,y, z, a)= 0,

a being a constant, each equation defines a family of surfaces, not differ-

ing from one another in general properties, but only in the value of a

constant. Thus (x—a) i+ y
2+ z

2=a2
defines a family of spheres, having

their centres on the axis of x, and every surface passing through the origin.

If we take the two equations <p=0, ty=0, to exist simultaneously, we
have the equations of a family of intersecting curves, in one of which each

surface of the first family cuts that one of the second which has the same
value of a. And if between 0=0 and ^=0 we eliminate «, we have an

equation which, though true of the points of every curve out of this

family of intersections, is not restricted to any one value of a : that is,

we have the equation of the surface which includes the whole family of

intersections (page 359, note).

For example, suppose we wish to get the most general notion of a

surface formed by the motion of a straight line. The equations of a

line are y=ax+a, z= bx+ fi. Let a, b, a, /6 be functions of some
variable v ; there will then be an infinite number of straight lines, one
for every value of v which makes a, b, «, fi all possible, and arranged

according to some law depending on the manner in which a, b, a, and /3

depend on v. Eliminate v from between the two equations, and there

results the equation of a surface passing through all the lines. It is also

allowable to suppose one letter in each equation constant.

A cylindrical surface, in the most general sense, is made by the motion

of a line parallel to a given line, according to any law. Now y=ax-{-<pv,

z=bx+il*v, are equations of an infinite number of lines parallel to the

lines y— ax, z=zbx, disposed according to a law depending on 0r and
Wv. From these two equations, y — ax and z — bx are both functions of

v: consequently, 2— bx is a function of y — ax : or the general equation

of a cylindrical surface is z—bx ~f (y— ax). A similar process,

choosing different forms for the equations, would give ax+ by+ cz+ h
~f(a'x+by'+ c'z-\-h'), but the second form is not really more general

than the first. This is most easily shown by comparing the partial diff.

equ. arising from the two forms, made as in page 64. These are
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— +a—=6, and (b'c— be') -—\-(.c'a—ea')-^—a'b— ab',
ax ay ax ay

which do not differ in form.

A conical surface is made by the motion of a line which always passes

through one point. If rn, n, p be the coordinates of this point, the

equations of two planes which pass through it are

a (x—m)+b (y
—n)+c (z—p)=0, a' (x—m)+b'(y— n)+c' (z—p)= 0;

and if a, a', &c. be all functions of v, every value of v will give one line

passing through the point m, n, p, and all these lines put together will

constitute a cone of a species depending on the manner in which a, a',

&c. depend on v. These may be considered as two equations between

x—m, y—rty z—p, and v, from which may be deduced

z—p
,
y—n , z—p Yy-reN

x—m x—m x—m \x—mj

the partial diff. equ. is (x— m)— -\-{y — n) ~r— z—p-

A surface of revolution is one" all whose sections perpendicular to a

given line are circles. If we imagine a sphere to move with its centre

on the given line and a variable radius, together with a plane which
always passes through the centre of the sphere, and is perpendicular to

the given line, all the intersections of the sphere and plane will make up
a surface of revolution, of which the given line is the axis. Let its

equations be y-=.ax-\-a, z=bx+fi, and let m, am+a, bm+fi be the co-

ordinates of the centre of the sphere in any one position, and 0m the

square of its radius. The equation of the sphere is then

(x—m,y-\-(y—-am — «)
2+(z—bm— fi)

2
=<f)m.

Now the equation of a plane passing through the origin perpendicular

to the given line is x+ay+bz=zO ; and that of such a plane passing

through the centre of the sphere is

x—m+a(y — am—a)+ b (z—bm—fi')—!).

Eliminate m from these two equations.'and we have the equation of the

surface. If the axis of the surface be that of z, we have for the

equations of the sphere and plane

x*+yz+(z—pY=(j>p, and z=p,

giving aj'+y
2=0z, or z—fix^+y*) for the surface. The partial diff.

equ. is

dz dz
y -,—#-7-=o.
ax ay

The preceding methods are the shortest by which the general definition

of the class of surfaces can be made to lead to an equation which is neces-

sary, and not more than sufficient, to express them. It leaves out of view
the particular directrix of the cone, cylinder, or surface of revolution

:

whatever this may be, the equation of the surface must in each case take

one or other of the forms above written, and some particular case of that
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form, depending on the nature of the directrix. For instance, let it be

required to find the equation of a cone whose vertex is the point (m, n,

p), and whose generating straight lines always pass through the curve
whose equations are y^zfix, z= \px. The equations of the generating

line being y—n=a(x—m), z —p=b (x—m), we must have, in order

that the generating line and directrix may have a common point,

n+a(x—m)=<fix ) p + b (x—m)= fx.

If we eliminate x from these two equations, we have a result of the form

Z— 1) f II— 71

b=zf(a,m,n,p), or =/ ,m,n,p

For any specific forms of (j> and y. the specific form of/ can be found.

The ruled surface (or the surface reglbe of the French writers) is

made by a straight line, which moves in any manner whatever, accord-

ing to a regular law ; that is, a ruled surface (so called) is that which
has, the equation obtained by eliminating v from y= <fiv. x+ xy »

z=^v.x+ (ijv. The following are remarkable cases.

Let the straight line be always parallel to the plane of xy. We have
then z—wv, y— fv.x+ xv > and elimination gives the form y=fz.x+f\z.
The partial diff. equ. of this surface, which is of the second degree,

since there are two functions to eliminate, is found by the following

steps

:

Otrzfz.z'x+fts.z'+fz, lp;fz.ifi+fi*..zll
ar>==-4

JZ.Z — , J <..Zj—
z, ±

t

z'
2
z

il
—2z'z

/
z/+z,*z"z=0, or p"t—2pqs+ q-r=0. (See page 388).

Let the straight line be always parallel to the plane of xy, and pass

through the axis of z. Then z=u)V, 'y= (pv.x, which gives the form

z=f(x :y). The partial diff. equ. is px-\-qy=0.
Let us now suppose a family of surfaces having the equation

ty(x, y, z, a)— 0, the different individuals being distinguished by the

values of a. If we name the surfaces after their values of a, the two
surfaces a and a + Aa, if they intersect at all, have an intersecting curve

defined by the joint existence of the equations

ty(x,y,z,a)=0, f (x, y, ^a-f Aa)= 0, or f+ -j^ Aa+ =0;

cblt dV Aa

If Aa diminish without limit, it is clear that the equations Y'— 0,

dijs-.da—O define a curve which can never be the intersection of the

surfaces a and a+ Aa as long as Aa has any value, but to which the

intersection approaches without limit* as Aa diminishes without limit.

This, curve is called the characteristic of the following surface. If we
eliminate a between 1^=0 and df : da—0, we have an equation which is

true of all characteristics, and therefore belongs to the surface in which

* The similar considerations applying to families ofcurves, page 354, &c, will ren-

der it unnecessary to treat this point in detail.

2D
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all the characteristics lie. Using the language of infinitely small quan-

tities, (which we shall often do in this chapter,) if all the surfaces of

this family be described, each being infinitely near its predecessor and

successor, the part of the surface a+da cut off by a and a+2da is

bounded by the characteristics of (a, a+da) and (a+da, a+ 2da), and

is a strip of infinitely small breadth, forming part of the surface which

contains all the characteristics. Perhaps the following diagrams may
give some idea of this. The surface of which Aa is a part has the value

a in its equation, and becomes B6 when a is changed into a+da, Cc

$£.S

when a is changed into a+ 2da, &c. The characteristics are the curves

ending at a, b, c, &c, and the strips which they inclose, parts of which

make up «fPQ, are portions of the surface which contains all the

characteristics.

Examples. A sphere of a given radius h moves with its centre upon

the curve whose equations are y—ax, £=/3#. Required the character-

istic of each position of the sphere, and the connecting surface* of all

the spheres. This problem is chosen because the connecting surface is

obviously a tube of the same diameter as the sphere, and having the

given curve for its axis ; the characteristic of two consecutive spheres is a

circle of the tube.

The equation of the sphere, wThen its centre ^has the abscissa a, is

(x— a)*+ (y
—aaf+(z—(3a) 2=h 2

, and we have for the

equations of the

characteristic {

Cr- -ay+ (y—aa) B+ (y-fiay=h*

-a) +(y— aa) a'a+(z—fia)fi'a: :0.

These equations denote the intersection of the sphere with a plane,

01 a circle. We cannot eliminate a without giving specific forms to «
and y8, and even then the elimination will be generally tedious, and most
frequently impossible in finite terms. If the axis be a straight line,

elimination will readily give the equation of a circular tube with a straight

axis, or of a circular cylinder.

If (x, y, z,a) — and ">//- (x, y, z,a)= be the equations of a family

of curves, and if we take the curves belonging to a and a+da, there will

be an intersection if the four equations

d)(x,y,za)—0, ^O,y,2,a)=:0; <j> (x,y, z,a+Aa):

f(x,y,z, a+Aa') =
:0,

* French writers (following Monge, to whom I need hardly say I am here indebted
for every thing) call this connecting surface the enveloppe, (which it is very often,) and
the famdy of connected surfaces enveloppees. These terms cause confusion when, as
often happens, the envelope is itself enveloped by the surfaces to which it is nomi-
nally the envelope.
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can be satisfied by tbe same values of a-, y, and z. With four equations

this cannot be generally true : but there may be a simultaneous existence

of the four, independently of any particular value given to a, if three

only of these equations be independent, and if the fourth be deducible
from them. Similarly, if Aa be infinitely small, and the four equations

become reducible to <f>=0, ty=0, c?0 : da=0, df :da=0, as before, the

two contiguous curves may have an intersection in a similar case. This
is precisely what happens when the family of curves is that of all the

characteristics of a given surface, for if 0=0 and dcjj:da=0 be the two
equations, the four just noted are

of which the second and third are the same. Consequently the three

equations 0=0, d0 : da=0, d2
: da2=0, determine the values of x, yt

and r at an intersection of two consecutive and infinitely near character-

istics. Form two equations by eliminating a, and we have the equations

of a curve which passes through all the intersections of consecutive

characteristics, and which may be called the connecting curve of the

characteristics (the French call it the arete de rebroussement). Let
the connected surfaces be a family of planes, having for their equation

z=2ax+aiy—a?1 or z—<2ax—

a

2
y-f-a

2=0.

Eliminate a from the preceding, and —x—ay-\-a~ 0, which gives

2=x2
: (1

—

y) for the connecting surface. The connecting curve of the

characteristics has also the equation —^+1=0, or is cut from the

connecting surface by a plane parallel to that of xz at a unit's distance.

A developable surface is one which can be developed on a plane with-

out any such alteration of parts as would be called rumpbng, if it were a

thin sheet of matter. In order that a surface may be developable, it

must be the connecting surface of a family of planes, so as to admit of

that mode of generation which we express by calling it an infinite

number of infinitely thin plane strips. Each of these strips may then

be supposed to turn round the line in which it joins the contiguous strip,

until all are in the same plane. The equation of a family of planes

being z— ax+ cfca-.y+ if/a, that of the connecting surface (which is

developable) is obtained by eliminating a from the preceding, and from

M+ ^'ay+ ijs'a^O. This gives (page 246) q~<pp and rt—

s

?=0, as

partial diff. equ. belonging to this class of surfaces. Cylinders and

cones are the most obvious of developable surfaces.

Given (x, y, *)=0, the equation of a surface, required a method of

finding whether a straight line can be drawn upon that surface. Let

y=:ax+ a, z= bx+ fi be the equations of a straight line : its intersections

with the surface, if any, are found by finding x from the equation

cf)(x, ax+ a, bx+fi)=:0. So many real values of x as this equation

gives, so many distinct intersections are there of the straight line and

surface. But if a, a , b, fi can be so assigned that the preceding shall be

true per se, or for all values of x, the straight line everywhere coincides

with the surface.

Example. A surface is generated by the revolution of an hyperbola

about its minor axis (which place in the axis of ~) ; can a straight line

be drawn upon it ? (The common figure of a dice-box will sufficiently

well represent a part of this surface,) Let A and B be the semi-axes

:

2D2
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when the revolving hyperbola is in the plane of xz, its equation is

b*x2— a2
2
2= a2 b2

, and the equation of the surface is b* (a?2 +2/
a
)

—

a.
2
z
2

=a2 b
2
. Let x—az + oc, y—bz+ fi be the equations of a straight line

:

whence the intersections of this line and the surface are found from

B2 {(^ + «)
2
+(7>z+/3)

2}—

A

2
2
2=A2 B 2

,

which is made identical by B 2
(a

2+ 6
2)=A2

, a<x+bfi= 0, and B2

(a
2
+y6

2

)

= A2 B2
. These are equivalent to i

(3~±Ba, a=+Bb, (a
2+ 6

2)=^. i
Xi

As here are only three equations with four quantities to determine, an

infinite number of straight lines can be drawn on this surface. Take
any point whose coordinates are x

x , y x , and z u on the surface, then if the

straight line be required to pass through this point, we have x—x
y

=<z(z—«,) and y—y x
—b{z—zx) for its equations, or a==xl

— az
x ,

fi=y x
—bz

x
. Hence we find

a~
Tta , ,« ' °~ mij > P-±aa, a—+Bb;
±J + zx is -r-Zi

and the two first equations satisfy a2+ 6
2=A2 :B2

. Hence two straight

lines can be drawn through each point of the surface. Show that any

straight line drawn on this surface is parallel to a line drawn through

the origin, making an angle with that axis which is the same for all the

lines ; and thence that this surface of revolution is the surface of revolu-

tion formed by the revolution of a straight line which is not in the same
plane with the axis of z.

Required the equation of a surface which passes through any number
of curves whose equations are P t=0, Q t

=0 of the first; P2=0, Q2=0
of the second, &c. Take P a function of P„ P2, &c, which vanishes

with any one of them, and Q a similar function of Q1} Q2 , &c. Let

f(P, Q) be a function which vanishes when P and Q both vanish : then

/(P, Q)=0 is the equation of a surface which satisfies the required

conditions; thus, if there be two straight lines, x=az+ a, y—bz+ fi,

and x—a'z+ a and y=b'z+fi r

, the simplest equation of a surface pass-

ing through both, is

k(x—az- a)(x-a'z—a')-\-l(y-bz—y6)(y—b'z— y6')= 0.

I have entered into the preceding detail on the generation of surfaces

that the student may, previously to studying the common theorems of

the differential calculus on this part of the subject, have a wider idea of

the extent to which the generation of surfaces can be carried, than

can be gained from the consideration of the few which occur in ele-

mentary geometry.*

* At the same time it must be remembered that I am not now teaching solid

geometry by the differential calculus, but illustrating the differential calculus by
geometry. The student who finds that his notions of solid space are not sufficiently

practised, should make himself master of the Gtometrie Descriptive of Monge, one
of the most clear and elegant of elementary works. The synthetical part of the

Elements de Geometrie a irois dimensions, Paris, 1817, by Hachette, might also be
studied with advantage. Lest the student should imagine that any other work on
descriptive geometry would answer the purpose, he should understand that it is the

peculiar simplicity of the style of Monge, and the general ideas which are given on
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r The coordinate planes* divide all space into eight compartments, which
may he distinguished by the signs of the coordinates of points in them.
Naming the coordinates in the order x, y, z, and choosing one com-
partment in which the coordinates are to be positive, and proceeding in

the direction of positive revolution round the axis of z, we have what we
may call the first, second, third, and fourth com-
partments above, and the same below, the plane of

y xy. The student should remember to attach the

idea of first, second, third, and fourth, to the order

of signs + + , —[-> 5 Mid -\— in the two

y first places, and those of above and below to the

signs + and — in the third place. Thus
.

should immediately suggest the third compartment
below, and \--\- the second above; and so on.

Let a straight line (r) passing through the

origin make with the positive sides of the
[
three

axes in the positive directions of revolution, the

angles rx=a, ry~fi, and r.z~y. Then the equations of the straight

line may be represented by any two out of the three

"'x y z x y z

^cos a cos /3 cos y a b c

where c, b, c are any quantities proportional to the three cosines. The
signs of a, b, c as they stand, and when all are changed, show the com-
partments through which the straight line runs. Thus x : 3=y :— 4
=z : —6 are the equations of a straight line passing through the origin

into the compartments H and J- + , or the fourth below and the

second above. The equation of a plane being Ax+By + Cz+ }1= 0,

the signs of A : H, B : H, and C:H, changed, show the compartment
out of which the plane cuts a pyramid: thus 3x—2y— 7~— 1 cuts a

pyramid out of —|- + or the second above. And this plane has a por-

tion in every compartment except -\ — , or the fourth below. But if

a plane pass through the origin, it then appears in six compartments
only, those out of which parallels to it might cut pyramids being vacant.

Thus 3x—1y— 7z= appears in every compartment except -\

and —|- +. The angles of a plane with the coordinate planes are those

made by a perpendicular through the origin with the remaining axes :

Thus the angle of the planes P and xy is that which the line p, perpen-
dicular to P through the origin, makes with the axis of z. And
Ax-r-Bi/+ C2-r-H= being the equation of a plane, those of the

perpendicular through the origin are x : A=y : B=z : C.

An equation in which one coordinate, say z, does not appear, or

$ (Xiy)— ®! is the equation of a cylinder described on the curve

<£> (x,y)= Q in the plane of xy, by a line moving parallel to the axis of z.

It is only when we tacitly suppose 2=0 that this equation belongs

to the curve just mentioned. In this last case <f>(x,y)=0 may be
called restricted.

Required the equation of the tangent plane of the surface $ (x,y,z)

the principal properties of solid space which are recommended to his attention ; and
not merely the processes of descriptive geometry, though these are very useful.

* The student is here supposed to have read pp. 197—260 of the treatise on
Algebraical Geometry.
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=0, which gives 2=0 (x,y). By definition, the tangent plane is that

between which and the surface no other plane can be drawn. Let

(x, y, z) be the point of contact, and let £, ??, £ be the coordinates of an

arbitrary point in the plane. Let a new point be taken, of which the

horizontal* coordinates are x+Ax, y+ Ay, and let the equation of the

tangent plane be £—2-A (£—x) +B (??

—

y). Hence the vertical

coordinate on the tangent plane is found from £

—

z=AAx-{-BAy, when
the horizontal coordinates are x+ Ax and y+ Ay; while the vertical

coordinate of the surface for the same point is z-\-pAx+qAy+ \ jr(Az)2

-j-2s Ax Ay+ t (Ay) 2
}+ &c. (pages 163 and 388). If, then, we assume

the deflection as positive when the coordinate of the surface is greater

than that of the tangent plane, we have for the deflection

(p—A) Ax+ (q—B) Ay+%{r (Ax)*+ 2sAx Ay+t(Ay) %}+ . . .

.

Letfhe line which joins the point x, y and x+ Ax, y-\-Ay, make an
angle € with the axis of x, and let Ax and Ay diminish so as not to alter

this direction. Then Ay=zAx.tan€, and the preceding becomes

{(p—A)+ (9-B)tan€}A^+{r+ 2stan€+aan2 €}—--^+

If p differ from A, and q from B, one or both, this deflection has

always a finite ratio to Ax, which has for a limit the ratio of p—

A

+(9—B) tan € to 1, except only in the case in which Ay and Ax are so

taken that tan €= —(7?—A) : (q—B), in which case the deflection

diminishes without limit as compared with Ax. Consequently, there is

one direction in which the plane deflects less from the surface than in any

other. But if p=zk and q—B, or if the plane have the equation

?;- z-p (j:-x) + q(v-y) (T),

the deflection has to Ax the ratio of ^ (r+ 2s tan €+ 1 tan2
€) Ax+ ....

to 1, which ratio always diminishes without limit. Hence the deflection

of this plane (T) always becomes less than that of any other plane (P)
in whatever direction we proceed, except only for one direction in each

plane (P). But we shall now show that all these isolated directions,

one in each plane (P), are no other than those indicated by the lines in

which the planes (P) cut the plane (T).

The two equations £— z=A (£

—

x)+B (y—y) and??—y=tan £(£-j?)
jointly belong to a straight line, which, lying entirely in the plane which
has the first equation, is projected upon the plane of xy into a line pass-

ing through the point (x, y), and making an angle € with the axis of x.

If we assume tan €=

—

(p — A) : (q — B), and if we eliminate one of the

two A and B from the equations, say A, we obtain an equation belonging

to a surface which contains all the 'lines in question that can be drawn
upon all planes whose equations only differ in their values of A. But
it so happens that in eliminating A we eliminate B also, and obtain the

equation T. For the second equation becomes (/>—A) (£

—

x)

+ (q-B)(r) — y)=0, or A (4'—x) +B (y—y)=p (£—x) + q (r,-y),

which, with the first equation, gives '(—z—p (4— x) + q 0? — y). Con-
sequently, the plane (T) has a deflection from the surface less than that

of any other plane drawn through (a?, y, z), in every direction but one,

* From the usual manner in which diagrams are drawn, it will be'convenient to

call x and y the horizontal coordinates, and z the vertical coordinates.
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namely, that of the line in which the two planes coincide. Hence
no plane can be drawn between this tangent plane and the surface.

If <J> (x,y, z)— c be the equation of the surface, we find, as in

page 352,

dz d<b d$> __dz _ d<& d$

dx dx dz ' dy dy dz
'

which will transform the equation of the tangent plane into

cfa> j. <Z<J> d<b d$ d<& d$>
-

7
-.i;+-r .J7+;r-.<'=-r .tf+ -7- -y+ -T-' z >dx dy dz dx ay dz

which (as in page 352) if $ be a homogeneous function of x, y, and z,

has nc for its second side, n being the degree of the function. All the

considerations used in the page just cited apply here.

The equations of the normal, or perpendicular to the tangent plane

through the point of contact, are either

I—x+ptf—z)= 0, n-y+q^-z)= 0,

or any two of the three

^-xy-d~:^-yy-Ty=^- 2):
d-z'

The line of greatest declivity (ligne de la plus grando penfe) with

respect to (xy) is that drawn in the tangent plane from the point of

contact perpendicular to the intersection of the tangent plane and (xy).

Its projection on the plane of xy is therefore perpendicular to that

intersection. Now, making £=0, we have for the equation of the

intersection
— zz=zp (Z—x) + a (ji—y),

and the equation of a perpendicular to this, drawn through the point

(*, y\ is

d$ d$
p(v-y)-qti-*)-0, or — (n-y)--^ (£-*)=o.

This, and the equation of the tangent plane, are the equations of the

line of greatest declivity to the plane of xy. The projection of this line

on (xy) is also that of the normal.

Let the surface be an ellipsoid, and let A, B, C be the reciprocals of

the squares of its principal semidiameters, the lines of these semi-

diameters being the axes of coordinates. Then the equation of the

surface is Ax^+ B}f+ Cz 2=l, that of the tangent plane and those of

the normal are

a - n . n y i
t-x y-y 4-z

A curve is the intersection of two surfaces ; and its tangent line at

any one point is the intersection of the two tangent planes of the two

surfaces. If, as is most common, the curve be assigned by its projections

on two of the coordinate planes (zx and yx) ; that is, ify=«x and z= fix

be the equations of the cylinders of projection, we find for the equations

of the tangent planes, derived from y — a^=0, z—fix=0,
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-fi'xG-x)+ 0(.r,-y)+ l(Z

-2)=ol
or

U-y=dx(t,-x)

which equations are jointly those of the tangent required ; severally, and
restricted to the planes of the coordinates they include, they are the

equations of the ta,7iqents of the projections, which are therefore the

projections of the tangent.

A curve has an infinite number of normals, or lines perpendicular to

the tangent, which all lie in a plane called the normal plane. Again, of

all the planes which can be drawn through a point of a curve, there may
be (generally is) one which is closer to the curve than any of the others

:

this is called the osculating plane. Previously to considering these, it

will be desirable to treat the subject of curve lines generally in a manner
which does not refer to projections on two coordinate planes to the

exclusion of the third.

Let v be a variable, of which x, y, and z are severally functions, so

that x=xv, y=yv , z=zv, where xv is an abbreviation of " the function

of v which x is." Hence, by elimination of v, two equations between x,

y, and z may be obtained in an infinite number of ways, and each pair

contains the equations of a pair of surfaces, intersecting each other in

the same curve. And x1

, x", &c. mean diff. co., taken with reference to

v ; and dy : dx, as obtained after elimination of v from the first and
second equation above written, is the same as dy : dv—dx : dv, &c. The
equations of the tangent of the curve above mentioned may then be

reduced to any two of the three

/?- \ dx . dy dz

whence the equation of a plane perpendicular to this line passing

through the point of contact, or of the normal plane, is

dx „ „ dy , dz
a_,)

_+(,_9)J+W_z)_ =p (N).

From this supposition we can easily pass to either of the more limited

ones. Thus, if y and 2 be expressed in terms of x, we have v=x and
dx : rfu=l, whence the equation of the normal plane is

tf-x)+(n-y) ^+(^- 2)^=°-

Let a plane be drawn through the point (x, y, z) of a curve, having
the equation P (£— x)+Q (??-?/) +R(£— 2)— 0, and let us consider
the deflection from this plane, in a direction parallel to the line r\— a£,
£=6£, and at the point of the curve whose coordinates are x+ A.r,

y+Ay, z+ Az. The equations of the line on which the deflection is

measured are then

r,-(y+Ay)=:a{Z-(x+&x)}, £—(s+A*)=& #—(x+ Ax)};

and the intersection of the line and plane, (PAx+QAy+RAz) :

(P+ Qa+R6) being V, is made at the points whose coordinates are

Zl—x+Ax-V, n^y+ Ay-aY, ^—z+ Az-bV.'l

Now the coordinates of the two extremities of the deflection are £„ ??„

<T:) on the plane, and x+Ax, &c. on the curve: whence the length of
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the deflection is the square root of the sum of the squares of £, — (#+ Ax),

&c., or

VV(l+«2+62
), orV(I+a2+&2)-(PA*+QA2/+ RAz):(P+Qa+R/,).

To make the plane osculate, as the phrase is, with the curve, we must
make PAjr+QAy + RAz depend upon the highest possible powers of

small quantities. Let the increments arise from v receiving the incre-

ment h; whence Ax—x'h+ ^x''h2+ . .. ., &c. Make the coefficients

of h and h* vanish, or let Po;'-|-Q
?/-f Rz'= 0, Pj/ /+Qy"+Rz"=0,

which requires that P, Q, and R should be in the proportion of y'z"— z'y'\

z'x"~x'z", and x'y"—y'x". Consequently the plane

(y'z ,'-zy)(Z-x)+ (z lx''-x,
z")(r,-y) + (x'y"-y,x")'(Z-z)==0. ... (0)

is so placed that all deflections from the curve, in whatever direction

measured, depend upon the third power of h, while in every other plane

the same deflection depends upon the second or the first power of h.

This plane, then, is closer than any other to the curve, and is the oscu-

lating plane.

Those planes in which the deflection depends on the second power of

h have Pj/+ Qy'+ R~'= 0: show that this condition is satisfied by all

planes which pass through the tangent of the curve at the point

(x,y,z). These might be supposed (as passing through the closest

line) to be closer than other planes ; and the preceding shows that such

is the case.

If the line on which deflection is measured be taken perpendicular to

the osculating plane, we have for the parallel to it drawn through the

origin, t,:x
ll
=^ri:y,

l
z=ll;zln where ~P—x

/l
=y'z"— z'y", &c. Hence

a= ytl
:x

/t
, b=z„:xtl , and substitution in V^(l4-as+6*) gives

for the first term of the deflection.

A plane passing through a given point (x,y,z), and having the

equation P (£—x) +Q (v — y)-fR(£— *)= 0, maybe called the plane

(P, Q, R). Hence the normal plane is (x',y',z') and the osculating

plane is (xin y„, «
/;) : and these two planes are perpendicular, since

x' x^+y' yt/
+z' zu =zO. A line perpendicular to the osculating plane,

drawn through the point of contact, is in the normal plane, and has for

its equations (£

—

x) ix^ — fy—y) : yu~(£— ~) : -/r The accompanying
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diagram represents the axes of x, y, and :, Pa point in the curve, PQ
an arc of the same, PT the tangent at P, VK the osculating plane, VL
the normal plane, PV and PW normals in and perpendicular to the

osculating plane : there is also seen a small portion of the projection of

the curve on its osculating plane by lines perpendicular to that plane.

I now proceed to some results of the preceding formulae.

Every curve has two remarkable developable surfaces connected

with it : the first, or osculating surface, is the connecting surface of

all its osculating planes (page 402); the second, or polar surface,

is the connecting surface of all its normal planes. If we differentiate

(0) with respect to v only, we obtain, remembering that x'x
t/+ &c.

= 0, the equation

(y'«"/-^y/')(4-a;)+(^^"/-^-' //)('?-2/)+(^y"-2/^"
/)(^-^)=: . . (0')

;

and (0) and O') are jointly the equations of the characteristic of the

connecting surface required : and the equation of this connecting surface

is found by eliminating v between O and 0'. But it can be more simply

found; for if (£

—

x) : x'=l2l, (r?—y) :y'—B., (£— z) : z'=Z, we may
reduce (0) and (0') to

(H~ Z) y'z'x" + (Z

-

8) z'x'y" +(#-H) x'y'z" =0
(H-Z) y'z'x'"+ (Z—&) z'x'y'"+ (#-H) x'y'z'"=0 ;

which can be satisfied by S=H=Z, the equations of the tangent, and

of course by nothing else,* as two planes cannot meet in more than a

straight line. Consequently the tangent of the curve is the intersection

of two infinitely near osculating planes ; and the connecting surface of

the osculating planes is that which contains all the tangents of the curve.

Eliminate v, then, from (£

—

x):x'=:(j)—?/):?/= (£

—

z) : z', and its

equation is found.

Take (N), the equation of the normal, and differentiate with respect

to v. We have, then,

x" a-x)+ y" ( n -y) + z" ^-z)-xJ2-y'2-z'2=0 (N').

Then (N) and (N') are jointly the equations of the straight line in

which two infinitely near normal planes intersect. This line, which is

called the polar line of the point (t, y, z), is a characteristic of the

surface connecting all the normal planes. And this polar line is per-

pendicular to the osculating plane : for (N) has been shown to be so,

and (N') is so, because x"x
IJ
+y'y,

l
+z"z

/J
=0 : whence the intersection

of (N) and (N') is also perpendicular to the normal plane. And the

point of intersection of the osculating plane and the polar line is found

by assuming the joint existence of (O), (N), and (N7
)* which gives

(making x'i +y' 2
-\-z''

2 =s'*), for i;

—

x, £—z, and n— y, three fractions,

whose numerators are s'
z (z'y

Jt
—y'z

tl ), s'
2
{y'oc,i— x'y

li),
^(x'z^ — z'x,,),

and whose common denominator is x^-^-y^+ z^. The square root of

the sum of the squares of these fractions, or the distance from the point

(x,y,z) to the intersection of its polar line and osculating plane, is

s'
3

: >J ( r//+ y//

2+ 2//
2
)- This, as we shall now show, is the radius of

curvature of the curve. Let the closest circle which can be drawn to

the curve at the point (x,y,z) have its centre in the plane A (£—x)

* Let the student find a more algebraical demonstration of this.
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+B(j?—?/)+ C(£—z)— 0, and let the coordinates of that centre be a,

b, c, and the radius of the circle be r. Consequently that circle is the

intersection of the plane (A, B, C), and the sphere (£— a)
2 +(r? — y)

2

+ (£ — z)2—r2
. Differentiate each equation twice with respect to /, a

variable in terms of which §, ?y, and '( are supposed to be expressed, and
then express the conditions that (A, B, C) is to pass through the point

(#, 6, c), and the sphere through the point (x,y,z). And so to place

the plane and sphere, these conditions subsisting, that there may be a

complete contact of the second order between the circle and curve, make
f'SiiF, &c. t,"-=x"y &c., (page 349). We have, then, six equations :

A$'+ Bj/+ C£'=0, A£"+Br,"+ C£"=0, true when V-x 1
, &c.

(£—a) % +(r,—b) V + (£—c) 'C =0 ] true when &±tf, ,

A(£~tf)-r-B (y\—y) + C (£— z)= 0, true when £=«, &c.

(S-a) 2+0?-&)2+(£-c)2=r2
, true when l-x, &c.

Now the first two equations, as altered, are precisely those which fix

the plane of the circle in the osculating plane ; the next three determine

a, b, and c to be nothing but the coordinates of the point in which the

polar line of (x, y, z) cuts its osculating plane ; and the sixth gives for r

the value above obtained for the distance of that point from (x,y, z).

Now let X, Y, and Z be the coordinates of that point in the oscu-

lating plane which is the centre of curvature (just denoted by a, b, and c) :

we have, then, X,Y, and Z expressed in terms of x, y, and z, or of v. If v

be eliminated, we have the equations of a curve passing through all the

centres of curvature, which we might suppose to be a connecting curve

of all the normals drawn perpendicular to tangents in osculating planes,

these lines being the directions of the radii of curvature. Such is not

the case : for since two infinitely near osculating planes do not meet
except in the tangent of the curve, the two centres of curvature laid down
on normals drawn in these osculating planes, do not necessarily approxi-

mate to intersection at the centres of curvature. This point, however
will require the following elucidations.

The plane Ax+ By+ Cz=H has for its perpendicular from the origin

the line x : A=?/ : B= z : C, meeting it in the points whose coordinates

have numerators AH, BH, CH, and common denominator A2
-r-B

2+C2
.

Hence the length of the perpendicular let fall from the origin is

H -.J (A
2+B 2+ C2

), and if H be changed into Hi, giving a plane

parallel to the former, the perpendicular distance of the two planes is

(H—HO : V (A2+B 2+ C2
). Again, if x : V=y : Q=z : R be the equa-

tions of a line parallel to the first plane, it follows that AP-|-BQ-f-CR=0.
If, then, there be two straight lines,

x—p __y— q ^2-r
-P~~~Q~ R"

a plane (A, B, C) parallel to both is found by taking"the proportions

of A,B, C from the equations AP+BQ+CR=0, APi+ BC^+CR^O.
But if this plane be to pass through the first of the lines, it must take

the form A(x—jp) +B {y
—

q) + C (s— r)= ; and if it pass through

the second, it takes the form A(.r—pO+B (y

—

qO+ C (z — r1)=0.
Hence the perpendicular distance between the two parallel planes drawn

x— pi _y-?i z—

r

x

p. Qi
~ R* '
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through the given straight lines, that is, the shortest distance between

the two lines, is

{A (p-jO +B (q-qd + C (r-r,)} : V(A2+BS+C2

) ;

and the equations for determining the proportions of A, B, and C are

satisfied by

Ar=QR,-RQ
1 , BszBPj—YRi, C=¥Q—QPly

which must be substituted in the preceding.

Two lines are said ultimately to intersect when the shortest distance

between them diminishes without limit as compared with the line to the

diminution of which the appropinquation of the straight lines is

owing. Thus if we take two tangents to a curve, at the points (x, y, z),

(x+dx, y+dy, z+ dz), the equations of these tangents are made by
equating (£— x):x', &c. with each other, and (£— x— dx) : (x'-j-dx'),

&c. with each other. For dx, dx?, &c. write x'dv, x"dv, &c, and we
have, for comparison with the preceding equations,

p=x+x'dv, pi=x, P—x'+x^dv, Pi~x'

q—y+y'dv, q x -y, Q=y'+y"dc, Q,=y'

r=z+ z'dv, r,—z, R=zz'+z"dv, R,=~'

;

and substitution will show that the shortest distance between the two

infinitely near tangents is — {x^x'+ y^y'+ z^z^dv-.^^x^+y^+z^),
which is =0. This means that if we had written Ax for dx, and used

the expansion of Ax, &c, we should have found for the preceding shortest

distance a quantity depending only on squares and higher powers of Ay.

The locus of all the centres of circular curvature is not made by the

perpetual intersection of normals infinitely near, drawn in the osculating

planes ; so that this locus is not an evolute to the curve. Let us now
further consider the polar surface, made by eliminating v from the

two equations of the polar line, the intersection of two normal planes.

These equations are

x'tf—x)+ &c.=0 (N); *"(£—x) + &c.=xn+y l2+z ,s
=:sn (N').

8 If we now differentiate each of these with respect to v, reasoning as

in page 403, we find only one more new equation, and the three jointly

belong to the intersection of two infinitely near polar lines, or a

point of the connecting curve of the polar lines. This new equation is
j

,;
x'" (Z-rx)+ &c.= 3x'x"+3i/y"+ 3z'z"^ 3$'s" (N")

.

Solving these three equations, we find for £

—

x, n—y, and £

—

z, three

fractions having the numerators 3x
ll
s's"— x'

//
s
n

, 3ylt
s's"—y'

ll
s
ti

,

3z
(l
s's"—z'j,s'\ and the common denominator x

tl
x'u

J

ryll
y'" -rzn z'",

where

* u—y ~ " y * Vu~'- J/ ~x~ , z u—xy —yx .

\ If we take s, or the arc of the curve, for v, we find for *J{(t,
—x)*

+ (»y— 2/)
2+(£—£)

2
}> considered independently of jsign, the following

expression, (,?' being =1, and s"=0),
j.

rVW+yy+g'/) /s
/(x'>f>+y»'*+z">*-(x»2 +y»*+z"*y)

^c
lt
x -ty„y +-„*. x„x -ty^y -1--//*-

.
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The preceding equations (N), (N'), and (N") are such as would be

derived from the equation of a sphere, (£— a) 2+ (/?—6)
2+ (£ -c) 2=r\

by three differentiations with respect to the common variable contained

in £, 7), £, if after differentiation we made a?==|, x'=t,', &c. The
only difference then would be, that where we had £, rj, and '( we should

now have a, b, and c. That is to say, £, n, and £, as last found, are the

coordinates of the centre of a sphere 'which passes through the point

(,r, y, z), and has with the curve at that point a contact of the third order.

Or if such a sphere be drawn, the curve runs so near its surface before

and after contact that the deflection of the curve from the surface has

always a finite ratio to the fourth power of the departure from the point

of contact.

The connecting curve of all the polar lines is then the locus of all the

centres of spherical curvature : it is not an evolute of the given curve,

because all its tangents are on the polar surface. I shall now proceed

to the consideration of the two flexures from which a curve of double

curvature derives its name.
If we begin with a straight line, we have a line whose osculating

surface is indeterminate, since an infinite number of planes can pass

through it : and all its consecutive normal planes are parallel and make
no angle. Turn the straight line into a plane curve, and its osculating

planes are all in one plane, which is the osculating surface. But the

normal planes make angles depending on the flexure of the different

points ; these infinitely small angles it has been customary to call angles

of contingence. The normal planes being all perpendicular to the

single osculating plane, the polar lines are the same, and the polar

surface is cylindrical, having the evolute for a base. Now let the curve

become one which is not all in one plane, and the successive osculating

planes make infinitely small angles which may be called angles of

flexure. The two planes (A, B, C) and (A„ BM C,) make an angle,

the cosine of which is (AA
1+ BB,+ CC 1 ) divided by the product of

V(A2+B 2+C 2
) and V(A2+B 2 +C?), or the (sine)

2
of which is

(AB—BA,)2+(Bd—CB0 2+ (CA,—AC,)* divided by the square of the

preceding denominator. Hence, if 6 be the infinitely small angle made
by (A,B,C) and(A+dA,B-r-dB,C+c/C), we have

2={(AdB-BcZA)2+(BdC—CdAf+(CdA-AdCy\ : (A2+B2+C2
)
2

.

If we apply this to two consecutive normal planes, in which A=xr

,

dA=:x"dv, &c, we find for the angle of contingence dv <J(xJ+y,j*
+ zj) : s'

2
; and if the arc ds or s'dv be taken to subtend this angle, we

have s'
3 :\/(.z

//

2+ &c.) for the requisite radius, which is precisely the

radius of circular curvature above determined. But if we consider two

successive osculating planes, in which A=xlp dA.~x'n dv, &c, we have

for the angle of flexure

dvj{ {.x
ll
y'iryil

x',^+(y
ll
z'ir z

/;y„)
2+ (*,/„- a?,/,,)

8
} : (V+y//

8

+V)
or dvJ^+y't+z'*) . (*„ x'»+yl/

y»'+z
/l
z'") : (xj+yj+zj) J

the first two factors of which being —ds, we have (^
//

2
+y//

2
+~//

2
) :

(#,, #"'+:?/„ t/'
/;
4-~//£'") for what we may call the radius of flexure.

We have not yet found an evolute of the curve, or a second curve

wbose tangents are normals of the first. The two loci of circular and
spherical curvature are not of this character. If any evolutes exist they
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must lie on the polar surface, and not elsewhere, for all normals lie in

normal planes, whence the intersection of two consecutive normals must

lie in the intersection of two consecutive normal planes, or on a polar

line ; that is, on the polar surface. And we can .obviously make an

infinite number of evolutes on the polar surface : thus, let P, Q, R, S
be consecutive points of the curve, infinitely near, through which draw

normal planes giving 14V part of the polar surface : join P with any

point 1 of its polar line, draw Ql and produce it to meet the succeeding

polar line in 2, and so on. We have then as many small arcs of an
evolute, 1, 2, 3,4, as we can take points in the first polar line to join

with P. Or, through every point of the polar surface one evolute passes,

and only one. The question of finding an evolute is, therefore, reduced

to that ofdrawing a curve on the polar surface, whose tangent shall always

pass through the given curve. But since every tangent plane of the

polar surface cuts the curve somewhere, one condition is satisfied by the

mere circumstance of the curve lying on the polar surface, which makes
its tangent lie in a plane cutting the curve. If one only of the equations

of this tangent be then that of a line passing through the curve another

condition is satisfied ; and but two are necessary. As, however, this

reasoning (which is that of Monge) may be rather too refined, we will

suppose the evolute drawn, and the coordinates of a point in it expressed

in terms of v, the same variable as that in which the coordinates of the

corresponding point of the curve are expressed. Let X, Y, and Z be
the coordinates of an arbitrary point in the tangent of the evolute, whencfe

(X— £) : £'r=(Y— ri) : r)'=(Z — £) : £' are the equations of the tangent:

which being to pass through the point (x, y, z) of the curve, we have

(x— : $'= (y—v) '• V — (- —O : £'• But since the point (£, rj, £) is on
the polar line of (x,y

t 2), we have (£

—

x) x'+ &c.~Q, (£— x) x"+ ....
=,?'2

, so that we have four equations between £, r), £, and v, which we
can immediately show to be reducible to three. For if we differentiate

the equation of the normal plane generally, or pass to a point of a con-

tiguous normal plane without considering whether (£, tj, £) is on the

polar line or not, we have

Z'x'+i1
'y'+ i;'z

f+tt-x)x"+(r)-y)f+(i;-z)z''- s>*=0;

or, if the point be on the polar surface during the differentiation,

'£,' x'-\-r/ y'+ £
f z'~ 0. This is true whether the line drawn on the polar

surface pass through the curve or not, so is (£— a?) a'+(??—y) y'

+ (£

—

z) z'=0. But these last two equations with the equations to the

tangent of the evolute at (x,y
%
z) are not four distinct equations, but

only three, for the latter equations with~(^— a;) a/+&c.= give
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({-i^)'*'+^.(a?^)y/+"4(*--5)*-0, or x'^+y'r,'+ z'C=0.

If, then, we take the equations (N) and (N'), and one of the equations

of the tangent, say the first, and eliminate v, we have two equations

which we may so obtain that one of them, from (N) and (N'), belonging

to the polar surface, shall be of the form </>(£, 77, 0—O, and the other

^ (£, rj, £).£'=x (£, r/, £) .?/. Substitute in the second the value of '(

from the first, and we have, remembering that rf : %r=.dt) : d£, a common
diff. equ., the integral of which, and <|> (£, 77, — Q are the equations

of the curve required, the arbitrary constant of the differential equation

giving the multiplicity of evolutes which have been shown to exist.

Let R be the distance between (x,y,z) and its corresponding point

(£,7j,0 on an evolute. Then R2=(£—xf+&c. and RR'-(£—x)

(£'-0+&c., of which (£—x)>'+&c.= 0,sothat(£-a:)S/+&c.=RR'.
Substitute in the last values of r\—y and '( — z from the equations

(£—#) : £'=(??— y) : r/=(£

—

z) : £', which gives

*-*:
g'RR' _ „ y'RR' ___TRR/_

the sum of the squares of £—cc, &c. equated to R2
gives R'

2=i; /2 +>/2

+ ^
,/2=o/2

, where or is the length of the arc of the evolute. Consequently

R' = o-', or dR~d(T, and reasoning as in page 364, we find that the

difference between any two values of R is the arc of the evolute inter-

cepted between them.

Example. Among curves of double curvature, the screw has that

priority which the circle has among plane curves. The straight line may
be described by making any length of it take a motion of translation in

the direction of the line: no point of the length mentioned will ever be

off the straight line. The circle may be equally described by giving any
arc of it a motion of rotation about its centre, and in its plane. The
screw may also be described by giving any arc a motion both of translation

and rotation, provided the two velocities remain uniform, or else always

vary in the same ratio. Let the axis of x meet the screw, and let that

of z be the axis of its cylinder. The screw is then the intersection of

the cylinder, whose equation is x*-[-y~=a?, with an helicoidal sur-

face (page 396), whose equation is z~b tan
-1

(y: #). We may
reduce these two equations to three, expressive of x, y, and 2, in

terms of v , as follows,

.rrracosr, y~as'mv, zr-bv,

where v is the angle of revolution of the describing point about the axis

of z. We have then

x^z ftCOSTJ x'^z — a sin v tr _ — acosv

2/= asinz; y'~ acosv y"~ — a sin v

«= bv z'- b z"=

x>"=: a sin v x
tt
=1 ab sin v x'n—ab cos v

y'"= — a cos v Vi,~ —ab cosv y'a~absmv
z"'- «„= a2

*'/,=<>
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xx

'

+ yy' +zz'= b-v xxu + y}/i, + *xn =a*bv

x
l/"+yll

y'"+z
ll
z>"=a?b

a'
2=a 2+ b

i

s"=0.

The equations of the tangent are (£— a cos v) : — a sin u— (r? — asinv) :

a cos »=(£— 6u) : b, from which it would be practicable to eliminate v,

and to get the equation of the osculating surface. This surface, then,

is found by eliminating v from

(£— a cos v) b=t-~(£— bv) a sin v, (?? — a sinv) b—iX— bv) a cos w.

But if £=0, or we ask for the curve in which the osculating surface

cuts the plane of xy, we find for this curve the involute of the circular

base, defined by £= a cos v+ av sin v, 7j=asinu

—

avcosv (page 366).

And it is obvious that the cylinder is the polar

surface of the involute of the circle. In fact,

the other evolutes (besides the circle) of the in-

volute of a circle are all the screws which can be
described upon a right cylinder having that

circle for its base, and which meet the involute.

The equation of the normal plane, and the

ame differentiated with respect to v, are

— t,a sin v+ rja cos v+ £6=&2
j:,

—£acosv— ?jasin v=b*.

These equations jointly belong to the polar line :

to find a point in the connecting curve of the

polar lines we must annex the equation ijasin v— rja cos v=0, or

7] :£= tan v, whence the preceding equations become —«VC^
2+ 7

7

2
)= ^»

2
»

£=bv, or |
2
-l-?j

2=6*:a2
,
£=&tan_l

(?? :£). So that the locus of the

centres of spherical curvature is another screw, generated by the same
helicoidal surface, but having a cylinder whose radius is 6

2
: a. The

two screws, however, are in opposite positions ; for if in the first two

equations we make £=0, thereby obtaining the equations of the curve

in which the polar surface cuts the plane of (xy), we find that £ and r)

are the values of the coordinates of the involute of the circle whose
radius is 6

2
: a, with their signs changed. The polar surface is then the

osculating surface of this new screw : and if b=a, the osculating and
polar surfaces of the given screw are the same, the latter having only

made a half revolution about the axis of z.

For the coordinates of the centre of circular curvature, we 'find

z'y
lt
— y'z

ti
-=. — ah* cos v — a3

cos v, y'x
tt
— a/y

/y
=0, x'z

tl
— z'x

lt
z=. — a3

sin v

—a62
sinu, whence if X, Y, Z be the coordinates of this centre, we

have

X— a cos v— — a cos v cos v, Y—a sin u=—a sin v-
a
Z-bv=0;

sin v,

giving the equations of the same screw which is the locus of the centres of

spherical curvature. Looking now to the coordinates of the latter, we
find s"=0, and -x'

ll
s'

i=—ab (a2+ b
s
) cos v, -y'

ll
s'

2=-ab(ai+ b
i
)

sinu, — z't/ s'
ai=0

1
giving for the values of Xu Y t ,

Z
L
the coordinates of

the centre of spherical curvature, precisely the same as for the coordinates

of the centre of circular curvature. And the radius of spherical curva-

ture is found to be a+tf'.a, and the radius of circular curvature the
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same. The radius of flexure is b+ a": b. To find the evolutes of

a screw, we must eliminate v between three of the four equations

(a cost; —4) :$
f— (a sin v~ri) :r}'=(bv—'() :'('

—a sin v . £

+

a cos v . t\ + b£~ 6
2
t>, — a cos v .

'£,— a sin v . r\— b*.

The following may be a useful exercise for the student, though it does

not give a result simple enough to be of much use. Eliminate v between

the first and fourth equations by finding sin v and cos v, and expressing

sinH'+ cos^^l : the result is

a2 (^'+a')
2=(^/-^') 2(^+^+262

) +^(r2+V2
).

Let r and 6 be the polar coordinates of (£, ??) on the plane of xy, the

preceding then becomes, by the equations in page 345,

(aV-£<) 7
J*=(r>+b*ryO\ orf -^f^""^ .v ' K ' ' dr r

3+6V
Let r= 1 : u, and the last result becomes

dO _V(ag-o4
it
8
) _ a?+ b* b*__

dTi~ i-t-6
2 m8 "(i+^ttV(a - 6< «2

) V(a2- 64 0"

Let b
2u= a cos X, and we have

de__ q*+ &"-
,

' (<»'+ &«) c?.2\

dx~ 6
2+o.2

cos
2 \
+

' 26
2+ o2+a2 cos2\

+
'

Integrate by the formula in page 289, and we have

e+C=X-^±^cosV( q-+ &
s

) _,
|

fl
2+(2^+ a2)cos2\

|
26 °

0S
I 26-+a2+ a2 cos2X J

V J(a*+b*) _, (62 (26
2+ «2)-a2 r

2

cos '
I j

62 (2^
2+ «2)-a2

/-
2

(

1 a2(^_L^) Jor 26 I as (^+^

which is the polar equation of the projection of the evolute of a screw

upon the plane of xy. If we take the cosine of both sides we can

give the equation the form cos (6+ C)= 0r, where <?r is a finite and

rational algebraical function only when Jicf+b*) : 26 is a whole number

or when «'2=(4m2— 1) 6
2
, m being integer.

I now proceed to' extensions of the theory of curved surfaces. That of

curved lines has been made to precede, as containing functions of one

variable only. If we take the various ways in which the equation of a

surface may be conveniently expressed, we have

1. 2= 4>(j?,t/). The diff. co. of z may be expressed by p, q, r, s,

and U as explained in page 388. Higher diff. co. than the second are

useless in this inquiry.

2. (p (x,y, ~)= 0. If we look at page 268, No. 73, where the diff.

co. of z are expressed in terms of 4>, we shall see that it is useless to

investigate formulae deduced from this form, unless we contrive a more

simple notation for the diff. co. of </>. Let U= be the equation

(x,y,z)= Q, and let partial diff. co. of U be denoted by simply writing

the characteristic letters of the differentiations as subscript indices ;

thus dU : dx= XJx , &c, and the diff. co. which we shall have occasion to

use are Ux , U,, U„ U„, U9S , U„ XL,,, Uyj , U„. Let powers be denoted

2E
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as usual; thus U2
signifies the square of dV : dx, &c. "We have, then,

by the article cited,

Ua -fe, or Uzp= - U„ IL— , or U, q=—V„

V3
S ~, or V3

Z
rzn - (U2 Vxx

—21L U, U..+ U* U;j

U*^jp otUH«= U.(U,U^+U,Uj-i:tJ*U^+tj;tJit»J

Va
z~, or U5«=-(U;UJ&-2U,UJ

,U
>.+U|U,)

;

whence it follows (page 268, No. 74) that if we make

X =UOT U22-U2
3 ,

Y =U =J U„-UL, Z =UM U„ -U^
^- ==VZX Vxy VyZVxx,

Y =VxyVyZ VZX Vyy, Z '=VyZ U3~Vxy U^,

UH^-s2)=XU i
2+YU^+ZU?+2X'U

2/
U s+2Y'U ::

U :c
+2Z / UI U2/ ;

expressions, the symmetry* of which makes their use both less difficult

and more safe.

3. Let x, y, and z be severally expressed as functions of v and w :

our method will then be analogous to that pursued in treating of curves.

The expression of the second diff. co. of z in this system is so extremely

complicated, that I shall confine myself to using it in those cases only in

which first diff. co. are sufficient.

4. Let z=d>(x,y,a), f (x,y, a)=0, where ^ is the diff. co. of0
with respect to a, or a . We have then, the notation being as before,

and ax meaning da : dx derived from the second equation,

p=0* -f-0* «*=<&» q~4>y \-4>a4>y=4>»

r=cf)xx +<f)xa a t ,
s=z(pXy-\-<pxaay=(f)X!/+^}a,j ax

Now a = O gives ai+0aa ax— 0, a2/+0aa #,,— ; substitute the values

of ax and ay, thence obtained, and we have

0aa ?
,= aa0^—0L 0aa^= aa 0^—0^0^, aa t= aa 0^—0^

aa (ri—

s

2
)= aa (0** 0k,—fc)- (0« 0«y~ 20^ M a2/+ W 0L) •

Much depends in the theory of surfaces on a knowledge of the pro-

perties of the expression ax2+ by*-{-cz2+ 2a
x yz + 2b y zx 4- 2c

l xy,

which may be always positive or always negative, or sometimes one and
sometimes the other. We know that an expression of the form
Av*+ 2

1

Bvw-{-CiD'i is of one sign, whatever v and w may be, when
AC — B2

is positive, and then only. Writing the preceding expression

in the form axL+2(b lz + c
l
y') x+ by*+ 2a

1
yz+ cz2 , we infer that it

always retains one sign (that of a) when a(by2+ &c.)— (^z+ Cj?/)
2
is

always positive, or when

* In all general problems, then, expressions 'must be carefully written in a sym-
metrical form. The risk of error in complex operations, whether of alteration,

omission, or redundance, is materially lessened, since each error must either be
made three times in exactly the same way, or the operator is warned of the exist-

ence of an error by the want of symmetry in the results.
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(ab — c
2

) y
2+ 2 (aa,— byCj) yz + (ac— 6,)

2 z
2

is always positive.

Hence ab—c\ must be positive, and (ab—c\)(ac—b\)— (aa,— ^c,)'
2

must be positive ; that is

a (a6c+2a,6
1c 1
— aa\ — bb\— cc

2
) must be positive.

Hence, since the expression can be arranged in powers of y or z, and
similar results obtained, we find that ax2+&c. is always of one sign

(that of a, b, and c), when ab— c\, be—

a

2
, and ca— b

2 are all positive,

and abc+2a
i
b

1
c

1
— aa\— bb\— cc] has the common sign of a, b, and c.

The equation of the tangent plane of a surface, the point of contact

being (x, y, z). has been exhibited in the forms

U=:0 being the equation of the surface. The sign of the deflection

from the tangent plane, called positive when the ordinate z of the surface

increases (algebraically) faster than that of the plane, has been shown
to be the sign of r (Ax) 2+2s Ax &y+ t (A?/)

2
. There are, then, three

distinct modes of contact between a curve and its tangent plane, which
we shall call (for reasons afterwards to appear) the elliptic, hyper-

bolic, and parabolic contacts. The following diagrams will give an idea

of them.

1. Let rt — s
2 be positive. Then the deflection always has the same

sign : or in the immediate neighbourhood of the point of contact the

surface is entirely on one side of the tangent plane. This is the elliptic

contact, and is shown in the manner in which a sphere or an ellipsoid

meets its tangent plane.

2. Let rt— s
2=0; .then r (Aj?)'

2+ &c. is a perfect square, or one

taken negatively, and the deflection is always of one sign, except when
Ay:Ax=—s:t, in which case the terms of the second order are col-

lectively = 0. In this case, then, there appears no obvious difference

between the contact and that last described, except that in one particular

line the contact is of a closer order than elsewhere. But, as we shall

presently see, if the tangent plane meet' the surface in a curve, (as, for

instance, a table meets a ring laid upon it in a circle,) all the points of

that curve have a contact of this species with the tangent plane.

3. Let rt— s
2 be negative. If Ay : Ax= tan €, that is, if the direction

in the plane of xy in which we pass under a new point of the surface

make an angle € with the axis of x, the sign of the deflection at the new
point depends on that of r-\-2s tan €+ ^tan2

€, which is of the same
sign as r, except when ttant lies between — s-\-*J(s

2— rt) and
—s-\-Aj(s*—rt). There are, then, two opposite angles in which the

deflection has one sign, having the other in the two adjacent angles.

But when i.tan€ is equal to either of the above-mentioned quantities,

2E 2
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the approach to the tangent plane is of a closer order. This contact is

such as takes place at every point of a single hyperboloid.

When a surface is described as the locus of all the points of a family

of curves, made by giving different values to a constant, the two equa-

tions of the curve, which jointly, and for one value of a, represent one

single curve, belong to all the curves, or to the surface, if a be considered

as having any value : and the elimination of a actually gives the equa-

tion of the surface. Conversely, we can at pleasure subject any given

surface to an infinite number of modes of generation, by introducing a

new variable. Thus x2+y2
-{-z

2=c2
, the equation of a sphere, is obtained

by eliminating a between #2
+ya=a2

, and z=+*J(c2—

«

a
)» which

answers to generating the sphere by circles parallel to a given plane, or

considering it as the locus of all the circles which are perpendicular to a

given line. Again x2—y*==a
2
, 2y*+z2=ci—di shows that the sphere is

the locus of a family of curves formed by the intersection of hyperbolic

cylinders, generated by lines parallel to the axis of z, with elliptic cylin-

ders generated by lines parallel to the axis of x. We shall now con-

sider a wide class of surfaces, namely, of those generated by the motion

of a straight line, as well for the exercise of the student in general con-

siderations as to show the connexion of the theory of surfaces with that

of partial diff. equ.

Let a straight line move so as always to be upon three given curves.

That we have here conditions no more than sufficient to make the line

describe one implicitly given surface may be thus shown. If a cone be

taken which has its vertex in the first curve, and the second curve for its

base, this indefinitely extended surface can meet the third curve only in

determined points : unless it should happen that the third curve lies

entirely in the cone. If, taking every point of the first curve in succes-

sion, we describe cones on the second curve as directrix, we shall have

an infinite number of cones, with an infinite number* of points, in which
they cut the third curve. Our results contain, 1. An infinite number of

consecutive positions of a straight line upon the three curves, made from

consecutive cones, and forming the surface required. 2. All the cones,

if any, in which either of the curves is entirely upon a cone which has a

point upon another for its vertex, and the third for the directrix. If our

resulting equation contain distinct factors, (page 347), should it be, for

instance, of the form PQR= 0, we may be sure beforehand that of the

three equations P— 0, Q=0, R=0, which satisfy it, two belong to

cones.

Let the coordinates of the several curves be expressed as functions of

vu v2 , and v3 . Let the joining line, being a line of the required surface,

have in one of its positions the equations x—az-j-a, y— bz+ (3. Then
since some one point of this line is on each curve, if x=(ftl

v
t ,
yz^y/

l vli

z ~%i u i ^e tne equa-tions of the first curve, we have, by substitution, two
equations between a, a, b, jS, and the value of v x

belonging to the point

in which the line meets the first curve. These two equations, by elimi-

nating vu give a relation between a, a, b, fi, and the same thing being

trne of the other two curves, we have three equations between these four

quantities, and can therefore express any three of them as functions of

* It might so happen that the third carve was placed in such a manner as never
to come near any cone described with a point in the first as a vertex, and the second
as a directrix. If so, we shall be reasoning on a problem, the final equations of
which will be incongruous, or else will contain impossible quantities.
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the fourth : or we can express all f<jur as functions of some one quantity,

say v. We have, then, for every value of v which gives possible values

to a, &c, the equations of one position of the straight line, in the form

x=(fiv.z+ $v, y= fv.z+^v (S);

and the elimination of v will give the equation of the required surface.

If such a surface were approximately described, by constructing the

positions of its straight lines answering to . . . . v= — 2A, ?;=— A,
v=0, t'= A, v=2A, &c, A being so small that any two consecutive lines

should be very near each other at their shortest distance, we should form
as good a notion of a surface from the collection as we do of a curve line

from a polygon of a large number of small sides. And on this surface

we should be able to draw a line, at and near which the generating lines

seem to come closer together, each to its neighbours, than in other parts,

and from which they appear to diverge. If we now suppose A to

diminish without limit, this line, which is the limit of all the lines pass-

ing through the points of nearest approach, may be called the curve of

greatest density. When the surface is developable, that is, when the

shortest distance of consecutive lines diminishes without limit compared
with A, this curve of greatest density is the connecting curve of con-

secutive lines.

If for v we write v+ kv, we have the equation of a consecutive line : it

remains now to find the coordinates of the point of the first which is

nearest to the second.

Resuming the problem in page 411, let there be two straight lines

whose equations are (x—p) : P=(y— ?) : Q=(z

—

r) : R and (x—p,) : P,

= &c. Introduce two new variables w and wu and write these equa-

tions in the form

x=p+ wP, y= q+ wQ, z= r+ wU; x=p
l+ iv l

P„ y= &c.

Every value of w belongs to one point of the first line, and of u\ to

one point of the second line. Let w and io L belong to the extremities of

the shortest distance between the two lines, so that the equation of the

line joining these two points is

I— (p-f^P ) y-(q+ wQ) _ £— (r+mR)

^i+«OiPi-(2> + m?P)~ 5r
1+ «.'iQi-(g+ a:Q)~7-

l +tt' 1RI -(7-+M;R)
{± )m

If these denominators be A, B,and C, we know that AP +BQ+ CR
= 0, and AP 1 + BQ l+ CR 1

=0 ; form and reduce these equations, which
gives for the determination of w and w v ,

P(Pi-^) + Q(?i-g)+R(^i-r) + (PP
1+QQi+RRi)wI

— (P2+Q2+R2)w=o,

Pi(^ 1 -p) + Q l (? l-9) + R 1
(r

1 -r)4-(P
2+Q2+RD^

-(PP1+QQ1+KRI
)i0=O.

Let P^QR^-RQ,, Q//
=RP

1
—PR„ R^rfQi—QP„ and we have

^={(QR
/
-RQ,)(p-p)+(RP

/ -pR,)(7i-9) + (PQ/-QP//)

(>-;•)} rCPZ+Q^+R,/),

w = {(Q 1
R

//
-RlQ//)(p 1-p) + (R 1

P
//
-P

1
R»)(9 l-9) + (PiQ,/-QiP/

/ )

('•i-'0}:(P//+Q./+Ry/).
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If these belong to consecutive lines, so that ^ l=p+ dp, P^ ~P-\-dP, &c,
we find

P^QdR—RcZQ, Q^RdP-PdR, R
/y
=P^Q-Q^P;

and QiR//— RiQ/y differs only by a quantity of the second order from

QR
;/
— RQ;/, &c. If we now take the case before us, in which the

equations have the form (omittingy) (x— 4>) : (J3==(y—^) : -^=(2—0) : 1,

we have p=$, q=W, r=0, P=0, Q=^, R=l, P
y/
==—ty'dv,

Qt/
=(/)'dv, R

/;
=(0^'— y<j)')dv, and

_^0(f'$'4-0'^')—(l-f^
2
) <j/&- (1 + 2)t//¥'

w- ^TrTw-^00 2 ;

and £—$+m;0, ^^^-r-wn/S ^—w, are the coordinates of a point in the

curve of greatest density. And the equations (A), when the proper

values ofw and w
y
are substituted (not neglecting their difference) will,

multiplied by dv, give two equations, from which, by eliminating v, may
be obtained a new surface, described by the motion of the straight line

in which the infinitely small perpendicular distance of two consecutive

lines on the first surface is always found.

The shortest distance of the consecutive lines, found in page 411 by
an easier process, is (neglecting the sign) P

/y {p 1

—p) +&c. divided by

V(P//+ ); or, making the substitutions, dv (- "*//#'+ 4>'W ') :

^/(•^'
2+ 0' 2+ (0^'

—

tyc/)')
2
). Consequently it is the condition of a deve-

lopable surface that 0'^'=:^'*'
> a result which we shall presently

verify.

If the reader ask for the particular use of the theory we are now upon,

I should reply that the notions of space which the student can and must
previously acquire will give a conception of the meaning of diff. equ.

which could not otherwise be attained, and will also enable him to single

out from the infinite mass of equations which might be proposed, those

which admit of being most easily comprehended. These notions of

space are difficult in themselves, and so are the diff. equ.; but the

difficulties of each being first considered by themselves, the former by
geometry and the latter by analysis, the juxta-position of the results

throws light upon both. I shall now deduce some results connected

with this class of ruled surfaces (page 401) from geometry, and shall

then proceed to the consideration of the equations.

If through a point (x,y, z) of a surface (S), two planes (A) and (B)
be drawn, these planes will make two sections, (AS) and (BS). If at

(x, y, z) two tangent lines be drawn to (AS) and (BS), the plane of these

tangents will be the tangent plane of (S) at (x,y,z). For we have

shown, page 406, that the tangent plane is in every direction the plane

of nearest approach to the surface, and must, therefore, pass through the

tangents of all sections ; while two straight lines determine a plane.

If, then, we can show that a plane passes through the tangents of two
sections which meet in a given point, we show it to be the tangent plane

to the surface at that point.

Let all the generating lines (L) of a ruled surface (S) be pro-

jected on a given plane (P). Then there is a curve (C) on (P)
to which all these projections are tangents. On (C) as a base, with

generating lines perpendicular to (P), draw a cylinder (K), which will,

therefore, meet the surface in a curve (KS). And any tangent plane of
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this cylinder will contain, passing through the point at which it meets
the surface (S) ; 1. one of the lines (L) ; 2. one tangent of the curve

(KS). An j' tangent plane of the cylinder, therefore, is tangent to two
sections of the surface passing through the same point; namely, through
that point of (S) which is projected on (C) by a generating line of the

cylinder ; it is, therefore, a tangent plane of the surface.

Next, any plane whatever (A) which passes through one of the lines

(L) is the tangent plane of (S) at a point somewhere or other in that

line (L). For, if a plane (P) be drawn perpendicular to (A), and the

process of the last paragraph be performed, the plane (A), being the

projecting plane of (L) on (P), will be a tangent to (S) at the point
where (KS) meets (A). Otherwise thus: every such plane (A) meets
the surface not only in the generating line (L), but also in another line

(M) : for the plane (A) must somewhere or other meet the other gene-
rating lines, except in these isolated cases in which a generating; line

happens to be parallel to (A). And at the point where (A) and (M)
meet, the plane (A) contains tangents to two sections, and is therefore

a tangent plane at that point.

We shall now consider some of the preceding points analytically.

Take the equations (S), implicitly considering i; as a function of x
and y obtained by eliminating z : let z and v be functions of the two
independent variables x and y. For convenience*, let zx denote dz : dx,

&c. Then we have

l—<f}v.zx+ <f>'v.zvx+&v.vx , 0—'^v.zx+f'v.zvx -i-
riir'v.vx ,

0=z<j)V.Zy+ cj>'v.zvy+&v.vy , l—fv.Zy+y'v.zVy+ Wv.iy
Eliminate vx andi^, and we have, (droppings), and making z0'+ $'=G,
zf'+V'—H,

**=
0jh^."g' **=r "0Th=^g 5

whence £-*=^-*>+^-y)

focconics

or H(0-0.4-<i>)= G(7,-^.4-^);

which is the equation of the tangent plane at the point (j, y z), and it is

obviously satisfied as long as (£, ?/, £) is on the generating line which
passes through (jt,?/, r). And if A.r+By+ C^+ E= be the equation

of a plane, this plane is a tangent plane to the surface, if X and v can
be so found that A=XH, B=—\G, C=\ (Gy-Kty), E=\(G¥-H*).
Let a plane be drawn passing through the generating line (L,), whose
value of v is v

x ; whence i\ is a fixed constant throughout this process.

The equations of (LJ are, therefore, Z=£fi+ $i, ??=-T1

/'"i+^n where

4>i means <fivl} &c. Then, because the plane passes through the line

just described, its equation must have the form A(£

—

'(<f>\
— $i)

+ B (^-£Vi-'*i)=0, or A|+Bi?-(A0 1+ jB^1)^-(A* 1+B* 1)=O.
This, with the equation of the surface, obtained by eliminating o (the

arbitrary quantity) from the equations (S), gives the two equations to the

intersection of the surface and the plane, one branch of which is of course

the straight line (LJ. If we were to make y~wu the two equations

* This will often be useful in mere operations : but the student should read z
1
as

" d, z, by, d, ay' in the usual way.
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(S) would jointly satisfy the equation of the plane ; hut if, instead of

that, we make v approach without limit to c„ we shall make the point for

which the three equations are true approach nearer and nearer to the

line (LO, and shall finally ohtain that point in which the other branch of

the intersection meets (L,). Obtain the value of £ from the three

equations

£=£<£+*, 7,=^+^, AS+Bij-(A0 1+BY'iK-(A* 1
+B¥

1
)=O,

which gives '(= -{A(*—*0 + B C*-^)} : {A(0-<£,) + B (f-fd\.

If v=vu this takes the form : 0, indicating that £ may have any

value, as is the case, since all the line (Li) is part of the intersection

required. But if v approach without limit to t^, we find, dividing the

numerator and denominator of the preceding by v—vx , and taking the

limits, that the limit of '( is - { AfcVJ-B*',} : {A^+B^\ f,
where $'

t

means &v ly &c. Let this value of £ be called « t ; then A (^'i^i+ ^'i)

+B (^'i^i+^f
i)= 0, and if from this we substitute the value of A : B

in the first form of the equation to the plane, we find

Compare this with the general equation of the tangent plane, and it is

evident that we have before us the equation of the tangent plane at a

point of contact on the generating line which has v=i\, and whose ver-

tical ordinate is z
x

. That is to say, if any plane be drawn intersecting

the surface in a generating line (L,), and in another branch (M), that

plane is a tangent plane to the surface, and the point of contact is the

intersection of (L
t ) and (M). This is one of the theorems which has

been proved by geometrical considerations.

The preceding illustrations have been drawn from geometry, and
applied to a partial diff. equ. of the first order. I shall now show (in

the manner of Monge) how similar considerations not only explain the

meaning of equations of higher orders, but furnish the readiest mode of

obtaining them. If we look at the equations (S), we see, to all appear-

ance, four arbitrary functions,
<f>, if/, <J>, and ¥, and might therefore con-

clude that the first partial diff. equ. which is free from these functions

will be of the fourth order. This, however, would not be correct; for if

<pv he called V, we can thence find v in terms of V, and shall have in

the equations the quantity V, (which will be eliminated between the

equations in forming the equation of the surface,) and three arbitrary

functions of it. There are then only three arbitrary functions in the

general equations, and the partial diff. equ. is of the third order.

To find the partial diff. equ. in the case before us, take any point

(x, y, z) in the surface, and a set of contiguous points made by increasing

x, y, and z, respectively by Ax, Ay, and Az, at every step. It is then the

property of the surface that for one set of values of Ax, Ay, and Az,

or rather for one set of relative values, the points (x-j-Ax, &c.)

(x-\-2Ax, &c.) all continue on the surface. If, then, z be the vertical

ordinate, we have for values in a certain proportion (say Ax—mh y

Ay=mk, Az=.ml) the equation

z+ml=z + (zx .mh+zy mk)+ %(zxx m*h*+2zxym*hk+z2iy
Tri

i
k*') +

for all valves ofm. Take z from both sides, divide by m, and make
both sides identical, (which they must be since they are true for all

values of ???,) and we have
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l=s.z„ h+% k, = zm h2+ 2zxy hk+

z

m k\

0~zxxx ha-+3zxiy Wk+3zxyy hk*+ z
vyy

k
:

\ &c.

Eliminate h, k, and I in the simplest manner from these, and we have

the partial diff. equ. of the class of surfaces. This can be done from the

second and third, for the second gives

K Zxy — yKZxy Zix 2m ) ... A7-= "
; suppose this =s—

.

The third then gives

z
Vy ^.M+3'Argj, zXXy-\-3A zyy zxyy -{-A zyyg=0 (1)

which is the partial cliff, equ. required, and is of the third order.

Again, since I : h = zx + z
y
k: h, and since there is a relation (it

matters not what) between / : h and k : h, because there is only one set

of proportions of increments at a given point for which the preceding
equations are true, I : h must be, on any one surface, a function of

k : h. This gives

f(±\=*m+,,± (2);

a partial diff. equ. of the second order, which also belongs to the surface.

It contains one arbitrary function. Returning to the equations x=vz
+ <&r, y—i}/v.z + "lfv, (in which we write v for c/jv, since we have shown
that one arbitrary function is superfluous,) we see that k : h is dy : dx on
the supposition that we pass from point to point on the generating line,

v being constant. We have then k : h=fv : v, which therefore ==A : zyy .

Consequently v, <J>u, tyv, and "l'v are all functions of A : zyy, or we have

two more partial diff. equ. of the second order,

/ A \
..(3).

But these, though they belong to the class of surfaces, do not belong to

that class only, since, when integrated, they would each have four arbi-

trary functions. To transform them into others containing one only a

piece, eliminate 2 between the first equations, which gives

V/v v^v—^v<i>v A /A\
y ~i7 x:=—«—

'

or y-— x=«[~) (4>-
v u «*

yy \"-yy/

Also dz :dx=zx -{-zy dy: dx, or 1 : v=zx+zy ^v : v ; whence

-- t•=-?^ *-(^ z4)*=i>(£)
(5)

-

The equations (2), (4), and (5) are the first integrals of the equation

(1) ; to make one more step, eliminate A :zyy between each two of the

three, and three equations are obtained, each containing zx and zs only,

but with two arbitrary functions. Finally, the pair (3) of diff. equ.

of the second degree, and the elimination of A.:zyy between them,

gives the primitive integral of (1) containing three distinct arbitrary

functions.

To verify all these results by actual elimination would be a tedious

A \ /AN 'AN 'A
-) •2+n — , y=x\ — i.«+X(
~"yy/ \*na) vw ^ss
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process ; I shall here confine myself to one of the same sort, which
will verify the condition above obtained as that under which the ruled

surface is developable. The condition of these surfaces being

zly—JaZjjSO, we must obtain this function. We have (page 423)

^=0-*z, is*-i z=^-*;.

Differentiate each with respect to x and y, and divide —zxx : zx by—zxy : z% &c. This gives

*„ W-yz)v-yz; Zy3 (y/-0'z->,+0z-2 z/

But when the surface is developable these are equal, or

(0'—yZ) V—^ZX _ (^-jr'Z)vx
—0Z~X z,

(0'-yz)^-^z, -(0'_^'Z) ^-0z-rz;

which gives (0' - ^Z) (>—0Z"1

) (Zx tyr-Z, »,)==0.

Now if we equate the second factor to nothing, ^ and x9 will both

be infinite. If we make the third factor vanish, this shows (page 181)
that x and y only enter Z through v, whence z is a function of v, and #
and y are functions oft'. In the first case (page 193) x aud y must be

constants, or it is not a surface, but a right line perpendicular to (xy)

which satisfies the condition : in the second case, it is not a surface but a

curve, which satisfies the condition. Consequently, </>'— i//Z:=0 is the

only condition of a developable surface : this gives

0'z+ *' 0'
—. — =—7, or &'$>'^dSW as before.

If upon any surface we draw a curve line, and through every point of

that line draw a normal to the surface, all these normals will constitute a

ruled surface : and since every tangent plane of the ruled surface passes

through a normal of the surface, it is perpendicular to a tangent plane of

the surface. The ruled surface may, therefore, be called a normal
surface to the given surface; and it is obvious that the number of

normal surfaces which a given surface admits of is infinite, since the

number of curves which can be drawn upon the surface is infinite.

Every normal surface of a sphere is a cone (or plane) ; in a right

circular cylinder, the normal surface has the axis of the cylinder for its

line of greatest density. And since a normal surface may or may not

be developable, it will be a matter of interest to inquire whether any and

what surface has developable normal surfaces, and how their directing

curves are to be drawn.

Let £=0 (x, y) be the equation of a surface, and let y=tyx be the

equation of the right cylinder which cuts off a curve from it. We have,

then, at the point of contact (x,y,x), £— z=p(£,—x)+ q (>/

—

y) for the

tangent plane, (£—x) :pz=(r)—y) : q=z — (£—z) for the normal. These
last may be written

Z——p£+pz-\-x, y—-q£+qz+y;

in which z~
<f>
(x,y), y=y}sx, imply that y and z, and therefore p and q,

may be made functions of x. Let dy : dx=y', and the condition of the
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ruled surface whose equations (x taking the place of v, and £, &c. of <r,

&c.) have just been exhibited being developable, is

d.p d , . d.q d ,

-(r+ sij^(sz+ tzy'+qp+ qy+y')=z-(s+ ty'Krz+.s:y'+rr+ p'jy'+l)

y
n

(l + q
2 s-pqt) -y' (1 + p

a t-T+q3 r) + (pqr—l +p*s)= 0.

If the roots of this equation be always possible, a developable normal

surface, or rather two, can be drawn through each point of any surface :

for if y'=A±tJB be the solution of the last, we find for y' two functions

of a?, which being integrated give two forms of y=V/jc, which, by the

arbitrary constant, may be made to belong to curves passing through the

projection of any point of the surface. Representing the preceding

equation by R3/'
2— Sy

/ -
r-T= 0, the possibility of the roots depends on

the sign of Ss—4RT. An artifice of an easy character will save us the

investigation of this quantity in its present complicated form. Whatever
may be the point of the surface under consideration, the possibility or

impossibility of a developable normal surface passing through it does not

depend on the coordinate planes chosen : if one or the other case can be

shown for any one set of axes, the question is solved. Let us, then, take

a plane of ay parallel to the tangent plane at the point in question ; this

gives p= Q, q=0, and the values of r, s, and t, on the supposition made,

being i\, slt and tu we have

Siy'^-it.-rOy'-s.^o,

of wdiich the roots are both possible, since the first and third terras have

different signs. Again, the values of y' are tangents of the angles made
by the tangent lines of the projections with the axis of x : let these be €
and €u then it follows from the preceding that tan 6. tan €1= — 1, or €
and € t

differ by a right angle. But in the simplified case, the normal is

the continuation of the ordinate z; and the normal planes drawn through
the tangents of the curves make angles €, and € l with the plane of xz :

that is, since € and €
t
differ by a right angle, these normal planes are at

right angles to one another. If, then, through any point of a surface

the twro curves be drawn, the normal surfaces of which are develop-

able, the tangents of these curves are at right angles to one another, and
also the normal planes drawn through those tangents.

I defer further consideration of these normal developable surfaces

until after the establishment of their most important use, which arises

out of their connection with the curvature of surfaces.

We have already considered the contact of a tangent plane wTith the

surface; we shall now pursue this subject a little further. It has been
shown that when rt — s

s
is negative, the tangent plane cuts the surface.

Consequently, at any point so circumstanced, the tangent plane must
meet the surface in a line : we now ask under what conditions does the

tangent plane not only meet the surface in a line, but continue to be the

tangent plane* at every point of that line (a table, for instance, is a tan-

gent plane to a ring placed upon it at every point of the circle of coin-

cidence.) This obviously requires that we can, by going from poiut to

* A solution of this problem, in an elegant and general form, may be found in

vol. ii. page 22, of the Cambridge Mathematical Journal, (Whittaker and Co.,) a
work which I strongly recommend to the student of analysis



428 DIFFERENTIAL AND INTEGRAL CALCULUS.

point of the surface in a particular way, keep the equation '( — z— p (£ - x)

+ 9 (v~y) representing the same plane; or p, q, and z—px — qy must
remain the same. Taking a point (x, y, z) on the curve of intersection,

let (x-\-dx, &c.) be the contiguous point, and let y=fxhe the equation

of the projection of the curve on (xy). Then it is the condition of the

curve thatp and q remain unaltered as long as dy=^'x.dx. But

dp=rdx-\-sdy, dqzz.sdx-\-tdy

;

whence 0—rdx-\-sfrxdx, 0=sdx+tys'x dx, or rt— s*=-0, which, r, s,

and t being functions of x and y, gives a relation of the form y=tyx,
which is the equation of the projection of the curve, if such a curve

there be. Again, dz— pdx+ qdy, and if p and q can be made constant,

we have z=px->rqy+ C, whenever y is taken such a function of x as

makes p and q constant. The only question remaining is, does it follow

conversely that p and q are constant when y is so taken in terms ofx that

rt— s
8=0? Assume this last, and add together the squares of dp and

dq as above obtained, putting rt for s" wherever it occurs. This gives

dp*+dq*=z (r+ {rdx2+2s dx dy+tdy2
}.

Now this must be =0, for going in the direction required, there is no

deflection from the tangent plane, and the terms of the deflection which

are of any given order, must collectively be =0, and rdx3 -\-2s dx dy
+ tdy* among the rest. Hence dp2+ dq

2=Q, which requires dp=0,
da= 0, or else shows that the curve is impossible. Consequently, when
rt— s'= gives y=\}/x in such a way that there is a real intersection,

that intersection is a plane curve, and its plane is the tangent plane to

the surface at every point of the curve. Accordingly, we see that in

developable surfaces, the tangent plane is everywhere tangent at all the

points in which it meets the surface.

We might next ask, by analogy, what is the closest sphere which can

be drawn to the surface at a given point : but here we shall immediately

see that though we can find an infinite number of spheres having a con-

tact of the first order, it can only be at certain points, if ever, that a

sphere can be made to have a complete contact of the second order.

For there are but four constants in the equation of the. sphere, while up
to the second order inclusive there are five diff. co. If, therefore, we
dispose our constants so as to make the sphere pass through a given

point, and to make p, q, and r the same in both surface and sphere, we
shall have no arbitrary quantities left to which to assign values which

shall make s and t the same in both. There must then at least be six

constants in the equation of any surface which can certainly be made to

have a contact of the second order with any point of a given surface.

Abandoning, therefore, the idea of estimating the curvature of a

surface at any one point entirely by that of another surface, let a normal

be drawn through the point in question, and let a plane revolve about

this normal as an axis. This plane will make with the surface an

infinite number of sections, one in each of its positions. Let these be

called normal sections. We shall estimate the curvature of the surface

by finding relations between the curvatures of the normal sections. And
as our present object is to find absolute properties, independently of any
position with respect to coordinates, let us take the point under examina-

tion for the origin, and the tangent plane for the plane of xy. Let P, Q,
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&c. be the values of p, q, &c. at the origin ; then, because the tangent

plane at the origin is that of xy, its equation (or £= r£,+ qr)) is £=0>
or P=0, Q=0, whence the equation of the surface is

z=-(Rxi+2Sxy+ Ty") +— (terms with x\ x~y, &c.)+

Let R, S, and T, &c. be finite, whence the terms of the third order

diminish without limit compared with those of the second, as .r and y
diminish. Let O be the origin, OX, OY, and OZ the axes, OAPB a

portion of the surface, OPM a plane passing through the normal OZ,

and making'an angle MOK=€ with the plane of xz. Let OP be apart of

the normal section of this plane, OG, GM, and MP the coordinates of P,

a point in the section. If, then, OM be called xu we have, for the curve

OP, x—xl cost>, y=Xisin€, and substitution gives for an equation

between x
Y
and z the coordinates of P in the plane ZOM,

z—\ (R cos
2 g+ 2S cos € sin€+T sin

2
1) x[+ Ax\+Bz\+ &c,

where A, B, &c. need not be calculated. Now if the equation of a curve

be2=Ja#*+A.z?+ . . . ., we have at the origin s'=0, z"= a, whence
the radius of curvature at the origin is 1 : a. This theorem is often

proved by supposing OP to be au infinitely small arc of a circle, so that

the rectangle of PM and the rest of the diameter is the square on OM,
or the diameter is xl

:z, when x\ is infinitely small, which is 2 : a.

Whichever way we prove it, the radius of curvature of the section OP
is 1 : a, or, calling it p, we have

1
P~R cos2 €+ 2S cos € shTf+ T sin2 €

'

or the curvature, which is inversely as the radius of curvature, varies

with R cos2 €+ &c. We shall use this latter phraseology, the student

remembering that the. greatest curvature has the least radius of curva-

ture, and so on. And though we have drawn a figure corresponding to

curvature in which all deflections from the tangent, plane are made on

one side, yet it must be borne in mind that if the tangent plane cut the

surface, z, and with it the radius of curvature, will be negative when the

deflections are negative.

The expression on which the curvature depends may be easily

changed into the form Acos2
(€—«)+ B sin9 (€— «) : for if we expand
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cos {t—a) and sin (£— «), and develope their squares, we find that the
result is made identical with Rcos2 g+&c, hy assuming

Acos2 a+Bsin2 «=R, (A-B) cos «.sin «=S, Asin2
a+B cos

2 «=T,

which give R—T=(A-B) cos2a , and tan2«=2S : (R—T). This
gives for 2« two values differing hy two right angles, and therefore for «
two values differing hy a right angle, and one of these is less than a
right angle; let it he the one chosen. Therefore sin 2«=2S : (+^{4S 2

+ (R— T)
2
}, which must be positive, since u<\tt, or the denominator

must he taken of the same sign as the numerator. Also cos2«==
(R—T) : ±V(4S2+(R—T)

2
), in which the denominator must have the

sign of S. Also A+B=R+T; and A-B=+
V/{4S

2+ (R-T) 2
},

whence Acos2
(€ - a) 4- B sin

3
(€ -«), or i(A + B)+ i(A—B)

cos 2 (€—a), is

i(R+T)±iV{4S2+(R-T) 2}.cos2(€- a ) (g),

where + is to be taken of the same sign as S. This is the curvature

(inverse of the radius of curvature) of a normal section which makes the
angle € with the plane of xz. We also have

A=i(R+T)+ iV(4S2+(R-T) 2

}, B=i(R+T) + JV{4S
2+(R-T) 2

},

where + means the sign of S, and +~ the contrary sign.

In the expression P+Q cos 0, the absolute maximum and minimum
values are made by 0=0 and 0=t, giving P+Q and P—Q: in which
if P and Q be both of one sign, P+Q is the numerical maximum, and
P—Q the minimum ; if P and Q differ in sign, vice versa. Without
inquiring, then, into the particular conditions under which the maximum,
as distinguished from the minimum, of the expression (€) is connected

with or it, we see that (€) is a maximum or minimum when
2(€— a)= 0, or €=a, and a minimum or maximum when 2(€— a)= ir,

or €=a+ -gtf. There are then always two normal sections at right

angles to one another, in which the maxima and minima curvatures are

contained, and the radii of curvature in these sections are the reciprocals

of A and B above given, the first when €~a, the second when
€=«+^7r. For any other section let €—«=0; then the reciprocal of

its radius of curvature is Acos2 +B sin2
6. This result may be thus

most easily remembered : let the sections of the principal curvatures

have p, and ptl
for their radii, and let another section make an angle Q

with the plane of the first principal section, having a radius of curvature

p : then will

1 cos
2

sin
2 d cos

2
f P// „ ]

P 9i Pu Pu lp/

Also P/

-1 and pw
-1

are the roots of the equation

*>
2-(R+T) t>+(RT -S2

)= 0;

and if 6 be changed into Q+\it, and the radius of the new section be a,

we have

1 sin2 cos
2 1111

__ + , or _ +_ =_ +_ ;

a p t pu pap, pu

that is, the sum of the curvatures of any two normal sections perpendi-
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cular to one another is constant. And p~ l and <r~
l
are the roots of the

equation

v2 -(R+T)t;+RT-S 2+{4S2
-f (R-T) 2}cos2 0sin2 e=O.

From this we find the following theorems : 1. When RT—

S

2
is positive,

the principal radii, and all intermediate ones, have the same sign, which
is also the sign of R and T. 2. When RT—

S

2=0, either A or B is

nothing, and either p, or p lt
is infinite. 3. If RT—

S

2 be negative,

either p, or p tl
is negative, and the other positive. Remembering what

the negative curvature means, these theorems are what we might expect

from page 419. 4. When p/y
and pt

are of different signs, there are two

values of 0, at which the intermediate curvature vanishes, corresponding

to tan0=+^/( — pn : pi), the values of being supplemental. 5. Two
opposite normal sections have the same curvature, (they are, in fact,

parts of the same section). 6. The two principal curvatures are equal,

and of the same sign, only when R=T and S= 0, and in that case the

curvature of all sections is the same, and a sphere may have a complete

contact of the second order with the surface. 7. The difference between
the curvatures of perpendicular sections varies as cos 20, and is greatest

at the pricipal sections, and vanishes at the sections which are equally

inclined to the principal sections.

The student who is familiar with the general equation of the second

degree will see that the preceding transformations are such as he has

been accustomed to use with other meanings. I shall briefly explain

the connexion, more with a view to propose the exercise, of filling up
the different steps than to any subsequent use of it. Let S (in the last

figure) be a very small value of z, so that 2=S is the equation of a

plane parallel to and very near the plane of xy. Consequently,

2^=Rc'c2+2S^+ T?/
2
is the equation (or more nearly so the smaller x

and y are taken) of the projection KHL of the section APB of the

surface and plane (BL, PM, &c. being £). But this is the equation of

a curve of the second order, whose centre is at the origin ; and if 2S be
changed into 1, it will remain the equation of a curve similar in all

respects, but larger in linear dimension in the proportion of s/C2S) to 1.

Now if the axes of x and y revolve through an angle a, being the least of

those determined by tan 2«=2S : (R—T), the equation of the curve will

then be 1 — Ax2
-\-~By

2
, where A and B are precisely as before. If, then,

be the angle made by a radius vector r with the new axis of x, we
shall have 1 : r

2=Acos2 0+B sin
2
0. The lines of the second degree

which have a centre are the ellipse, hyperbola, and (not the parabola,

but) that extreme variety of the parabola which consists of two parallel

straight lines. Hence the following theorem : if at a given point of a

surface a plane be drawn parallel to and very near the tangent plane,

cutting the surface, the parts of the section closely contiguous to the

point of contact will be very nearly parts of a small curve of the second
degree, and the"more nearly the closer the intersecting plane to the tan-

gent plane. And if a curve of the same kind be drawn on the tangent

plane about the point of contact as a centre, similar to the small curve,

and similarly placed, but so much larger that *J(2E) in the smaller shall

be 1 in the larger, the square of the radius vector on this curve
(numerically considered) will be the radius of curvature of the normal
section which is touched by that radius vector. Remember, that in the

hyperbola, though the radius vector is impossible in one pair of opposite
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asymptotal angles, its square is not impossible, but negative, and is the

square of the radius vector of the conjugate hyperbola taken negatively.

The following method of using this theorem will perhaps explain the

theorem itself. Given the magnitude and sign of the principal radii of
curvature, and their directions, required the radius of curvature in any-

other direction. First, if both be infinite, all radii are infinite, and
the tangent plane has a complete contact of the second order with the

surface.

z

A
Z

K .^

B

Next let OB and OA be the principal directions, and let the radius in

the direction OB be infinite, that in OA being OA. Let OK:=VOA,
take OL=OK, and through K and L draw lines parallel to OB. If the

curvature be finite in both directions, take OK and OM^^/OA and

aJOB, without reference to sign, and with OK and OM as principal

axes describe an ellipse, if OA and OB agree in sign, and a pair of con-

jugate hyperbolas if they differ. Put these figures on the tangent plane,

O at the point of contact, OA and OB in the principal directions of cur-

vature. Then, for every point Z, the square of OZ is the radius of cur-

vature of the normal section which cuts the tangent plane in OZ. In the

first figure this is to be taken of the same sign as OA, in the second of

the same sign as OA or OB, and in the third it is to have the sign of

OA or OB according as the hyperbola on which it is passes through

(K,L) or (M,N).
As yet we have only considered sections made by planes passing

through the normal ; we shall now suppose a section which declines from

the normal by an angle v. As the theorem we are now going to prove

is isolated, I shall give a demonstration of it which assumes the infinitely

small arcs of the sections to be parts of the circles of curvature, leaving

the student to try if he can express the equations of the sections, and
thence determine the curvatures in the usual manner.

Let OX be a line in the tangent plane, and take it as the axis of x

:

let OM be the normal section passing through that tangent, and let PO'
be an oblique section in the plane PNOA, making with ZOMN an

angle AOZ= y. Let OQ be the projection of the section OP on the

plane of XY. Then, since the equation of the surface is

2~=Rz2+ 2S xy+ T^2+ &c. ;

and since ON=#, we have 2NM= Rz2
-f &c, (since y—0 for all points in-
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fa

OM.) Again, since ON is tangent to OQ, NQ diminishes without

limit compared with ON ; so that 2S xy and Ty 2
are of the third and

fourth order, or 2PQ=Rz 2+ Consequently the limit of PQ : MN
is unity, or PQMN approaches without limit to the form of a rectangle.

Taking OP and OM for small arcs of circles, their diameters are the

limits of ON2
: NP and ON2

: NM, and diam. of OP : diam. of OM is

limit of NM : NP, which as PMN approaches to a right angle, has

cos PNM, or cos v for its limit. Hence, if OZ be the diameter of curva-

ture of the normal section, and ZAO a circle with OZ for diameter, OA
is the diameter of curvature of the oblique section. Or, all the sections

made by planes drawn through one tangent have for their diameters of

curvature the chords of a circle which has the diameter of the normal

section of that tangent for its diameter. And if the given tangent be

made the axis of x, and the circle be drawn in the plane of yz, any
chord, with the common tangent, determines the plane of the section

which has that chord for its diameter of curvature.

I shall now show that the two normal sections, perpendicular to each

other, of greatest and least curvature, are in those directions already

obtained, in which the consecutive normals intersect the normal at O ; so

that the principal normal planes are tangents to the developable normal

surfaces which pass through the point O. Taking 2= i (R.r
2
-r-2Sx?/

4-Ty 2)+&c, (remember that +&c. throughout refers to terms which

diminish without limit as compared with those which precede,) we find

for the equation to the normal at the point (x, y, 2),

£

—

x _ v—y <c-*hUx+$y+&c. Sx+ Ty + &c.

whence (Rj?+ Sy) r]-($x+Ty) £=S (y
2—

x

2
)+ (R-T) xy, neglecting

terms which have no effect on the limit, is the equation of the projection

of this normal on the plane of xy. Here, then, are two straight lines, the

axis of «, (~), and the new normal (v) projected on the plane of (xy)

into (vOj of which the equation has just been found. Hence it may
easily be shown that the perpendicular let fall from upon (v,) is equal

and parallel to the shortest distance between (v) and (z). But if

ay — bx—c be the equation of a straight line, the perpendicular let fall

on it from the origin is c:J(a2+bs
), giving

{(R-T).r2/-S0r-r)}:V{(^+ Sy) 2+(Sx+T2/n
2F
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for the shortest distance between (V) and O). But if two consecutive
normals, infinitely near to one another, are to meet, (page 412,) this

shortest distance must diminish without limit as compared with x or y
when the latter diminish without limit. Let the point (x,y) move
towards the origin, and let y= #tan€, whence the preceding expression
becomes

^{(R-T).tan€-S(l-tan2 €)}:V{(R+Stan€) 2+(S+Ttan€) 2

},

which cannot diminish without limit in comparison with x, unless
(R—T) tan € - S ( 1 — tan2

€) -f- (the terms of a higher order neglected)
diminishes without limit: and this cannot be unless (R—T)tan€—
S (1 -tan2 €)=0, or tan 2€=2S : (R-T). But this is the formula by
which the angles of the principal sections of curvature were obtained;
whence the theorem above stated.

It appears, then, that every surface may be traversed by an infinite

number of curves, two of which pass through every point, indicating by
their tangents the directions of least and greatest curvature. And it is

the property of each of these lines that normals to the surface drawn
through the several points of any one of them, lie on a developable
surface, and are tangents to a common connecting curve.* If a
moving point were obliged to seek its course so as always to take the
most or least bent track, it would move on one of these curves. With
this general knowledge of the subject, we shall now look for the
means of finding the curvatures, &c. with any origin and any axes.
The equations of the normal at a point (x, y, z) being

(I—*)+j>(£—*)=0, (v-y) + qtt-z)=0;
if we take an adjacent point, (x+dx, &c), at which the normal is in
the same plane with the one just given, there will be a point of inter-
section (X, Y, Z) which is on both normals, or will satisfy

(X-x)+p(Z~z)=0, (Y~y) +q(Z-z)-0,
(X-x-dx) + (p + dpXZ-z—(k)=0,
(Y-y-dy) + (q+ dqXZ-~-dz)= 0.

Subtract the first set from the second, rejecting from the latter terms of
the second order, and we have

dp (Z— *) -pdz-dx=0, dq (Z—z)-qdz-dy~0.
The elimination of Z— z gives dp(qdz^-dy)-dq(pdz-\-dj), an equa-
tion already obtained, and which gave (page 427)

d\f dy~ (l+ q*s-pq.t)--Z (1
'4-
ft- I + 7

2
r) +pq. r-l+p*s=Q. . . {y')';

and the first two equations may be written (dy : dx being y
1

)

y'{s(Z-z)- Pq } + r(Z-z)-(l+p
a
')==0\ ,

y'{t{Z-z)-(l + q*)}+.s(Z-z)~Pq= or
whence

* One sound writer on this subject (and perhaps more) has attempted to translate
the words arete de rebroussernent into English by edge of regression, which seems 1o
me a closer imitation of the words than of the meaning. Many words might be
suggested, such as the ligature of the normals, or their oseulatrix, or their omni-
tangtntial curve. Also with reference to the developable surface, the arete, &c.
might be called the generatrix, or the curve of greatest density, &c.
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{<(Z~O~(l + g«)}{r(Z- g)-(l+p')}-^(Z- S)-^} g=0,oT

Z; (r* - f)

-

Z, (1 + tf. r-2pq.s± 1
-f jft». /) + ( 1 +#*+ </

2
)= 0,

where Z,—Z— z. If we make 1 + p
2— R, p<?=S, 1 + ^

2=T, the equa-
tions which produce the above and their results, take the following

symmetrical forms,

sj/+r _Sy'+R tv-^-7 «t*

(.yT-iS)y'2 -(fR-rT)?/'+ (rS-5R)=0
(r*-s2

) Z y

2-(rT - 2.sS4- *R) Z, + (RT-S2
)= 0.

Let V= p :V(l+/+f ), W=9 : V(l+pa
+^), then

V^V;HV,fc(l+figT1 {(l+92)^-^}. &c-

whence (y
f

) becomes ~Vy
y'2— CNy—Y*)y'—.W*s=0, which when V and

W are turned into functions of x and y by the substitution of the values

of p and <jr, will be an easy form for calculation. Putting RT —

S

a

for l+p2+72
, we find

Vx ^(RT-Sy=(l + q")r-pqs-Tr-Ss

Y^(RT-Sy=(l+q") s- pql-Ts-St

Wx/J(RT-82y=-pqr+(l-\-pi)s=-Sr+Rs
WyJ(RT—S*y=—pqs+ (1+p2

) t=— Ss+ Rt
;

whence (RT— S») a(Ve W,,- V„Wx)= rt- s
2
,

V-CW.-VJy'-W^O
(V.W

2/
-V

2/
W;r)Zf-(Vx+W2/

)(l+p2
4-g

2r*-Z /
+(l+p2+92r 1=0.

If X—crr=X
y ,
Y

—

y=Y„ we have for the square of the radius of

curvature X
/

2 -
r-Y /

2
-f-Z

/

2
, or (rad.)

2=Z
/

2
(l -hp

2

+<f) ; whence the values

of this radius are determined from

(V,WS
-Ya W.) (rad.)

s-CVVr-W„) (rad.)+ l= 0.

Hence 2V,y'-Wy-Yx±V(WS
-V,+ 4VS W.)

1

rad.={Ws+V.±V(Wj—V;+4VsWa)}
2 ( V.W,-V,WX)

It is important to determine which signs are to be used together.

Let Z x
and Z2 be the two values of Zp and y\ and y'2 those of y' ; then

*-*+*'
gives Zl-Z,=,

(S-^^-^)_

In the denominator, substitute for y\+ y
r

z and y'ly's their values

(Wj,— VJrVj, and -W.sfjj and substitute for "Wx , &c. their values.

This will be found to reduce the preceding fraction to (y\
— y's) Yy

V(l+i?2+92

)
3

: (s8—rf). Now, dividing the expression for rad. by

V(l + p
9
-f-<f) to give Zn and looking at the difference of the values,

we see that we shall get bv substitution y\—y'«= +V^ : Vy
and

Z.-Z^+VCHVCl+p'+gT^-rO, so that"(Z
l
-Z 2):(y' x -3f

f

8)

2 F 2



436 DIFFERENTIAL AND INTEGRAL CALCULUS.

is ±V(l+??2+92
)
3
^2/ : (*

2— ri) the upper or lower sign being used accord-

ing as y' and Z
y
have radicals of the same or different signs. Con-

sequently, since
/(/(l-j-p

z+o2
) was taken positively throughout, we can

only make the latter form of the ratio agree with that directly deduced by
giving the same sigus to the radicals inthe corresponding values ofZ

y
and y'.

The most embarrassing part of this subject is the representation of the

results to the eye : and I here digress to describe the best method of

doing this. The perspective employed should be the orthographic, in

which the eye is at an infinite distance from the plane of the picture

;

or, to avoid the physically impossible character of this supposition, say at

a very great distance compared with the linear dimensions of the picture.

The properties of this projection are, 1. All lines or planes perpendicular

to the plane of the picture are projected into points or lines. 2. All

parallels are projected into parallels. 3. Equal lines, when in the same
line or parallel, are projected into equal lines. 4. Equal lines, not

parallel, are projected into lines proportional to the cosines of the angles

they make with the plane of the picture, or the sines of the angles they

make with lines drawn to the eye. If the line drawn through the eye

make equal angles with the three axes, the projection is called isometri-

cal:* it is inconvenient when there are any lines in the figure nearly

equally inclined to the axes, and generally, the line drawn to the eye

should not make small angles with any of the principal lines of the

figure. The following proposition will complete the theory of this

perspective, so far as its application to rectangular coordinates is con-

cerned. Let OA, OB, OC be the pro-

jections of the three axes ; from any point D
in OC produced draw EF perpendicular to

CD, and draw FG perpendicular to EO
produced; join EG. Then will GEF be

the projection of a triangle parallel to the

plane of projection, so that EG, GF, FE
are not altered by projection : and OE,
OF, and OG will be the projections of

lengths which are severally mean propor-

tionals between EO and EH, FO and FK,
GO and GD. Equal lines, therefore,t can be readily laid down on the

three axes, and thence lines in any proportion.

W

* The isometrical perspective was first thought of as the most convenient mode of

representing machinery, &c. by the late Professor Farish : there are now, I believe,

several treatises on it.

f I should recommend those who wish to draw with tolerable correctness to have
several cards or pieces of wood made as follows, to as many different species of pro-

jection as may be wanted. The card or block

COBVW admits of the three axes being immediately
laid down by placing it on the paper and running a

pencil along the edges CO, OB, and into the slit OA.
Scales of parts answering to the projections of equal

parts ate laid down along the three axes, and repeated

on the unoccupied sides. The position of a point
•*> whose coordinates are given is then immediately found

by taking off the coordinates on the axes, and using a parallel ruler. The best way

of laying down the different scales of equal parts is by observing that their units on

OG, OE, and OF must be as the square roots of the sines of double the angles at

G, E, and F : also the angle at G is the supplement of EOF, &c. See the Cam-

bridge Mathematical Journal, vol. ii. p. 92.
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Q K
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The diagram before, us represents in three positions the projection of

the lines of curvature of an elliptic paraboloid, to which we shall pre-

sently come. In the middle figure, O (hidden by the solid) is the origin,

and the line drawn to the eye is meant to make equal angles with OX
and OY, and a much larger angle with OZ. This figure contains one

quarter of the frustum of the paraboloid. On the right we see two

quarters projected on the plane of ZX; the axis of y passes through the

eye and is invisible, and the point Q of the last figure is now confounded

with Z. On the left we also see two quarters projected on the plane of

ZY, the axis of x is now invisible, and P and Z are confounded.

Let 2z= ax'
i
-\-by- be the equation of the surface : that is, let it be an

elliptic or hyperbolic paraboloid, according as a and b have the same or

different signs, the axis of z containing the foci of the principal parabolic

sections (A. G. 422—500). We have then

p=ax, q=by, r=.a, s= 0, t=b, rt— s*=zab;

whence the equation for determining y' is

al? xy.y''
2
-\-(b—a+ a2 bx2 — abz

y*) y'— a?b xy= 0,

or making (b—a) : ab~=~B, a : b— A,

*y.y'2-(y2-Ax*-B) y
f-Axy=o <j/).

This equation (and many others of a higher degree than the first) is

most easily integrated by forming the cliff, equ. of the next order: if this

last can then be completely integrated, it will have two new constants,

between which an attempt to verify the given equation will give a

relation which assigns one in terms of the other. Make a transforma-

tion of the preceding equation, differentiate, and eliminate B as follows :

(yy'+ Ax)(xy'-y)+ By'-0,

(yy"+y' 2+ A)(ry'~y)+(yy>+Ax)xij"+By"=0,

y'(yy"+ y
ri+ A)(xy'-y)+ (yy'+Ax) xy'y"—(yy'+AxXzy'-y) 2/"=0

3

or Q/
2+ A) { (xy*—y) y'+ xyy"}

=

;

the first factor, y''2+ A, being made =0, may give a real* singular solu-

* It will be found, however, on examination, that y=z AJ(—A).a-+^/B is Ihe

singular solution, and it will be readily seen that —A and B cannot be positive

together.
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tion, if A be negative : if we equate the second factor to 0, observing

that it is the diff. co. of (xy'-y)y, we find (xy'—y) y—C for a step in

the solution, and if y:x—v, this is v' j?
2J/=rC', or vd'x3=C. This

gives v 2 =-—C'jr 2+ C or y*=Cx°—C for the complete solution. Hence
yy':=Cx; substitute these in the given equation after multiplying it by t^,

and we have

C 2 xs-(Cx^-C'~Azs—B)Cx~Ax (ar2 ~C') = 0,

which is identically true if CC'-f-BC-fAC'-O, or C'=-(BC) : (C+A).
Hence

*-**J^s <«

is, for every value of C for which y can be real, the equation of the

projection upon xy of a line of greatest or least curvature of the

paraboloid : and it is generally the equation of an ellipse or hyperbola,

according as C is negative or positive; but its meaning will require

examination.

First, we do not seem to have drawn any distinction between lines of

one and the other curvature, since (7/) has been completely integrated in

(C). But if we now require a curve (C) which shall pass through a

given point (X, Y,^aX'+ i6Y2
), we find that C must be determined by

an equation of the second degree, which, reduced, is

ab* X2 C2+ (b—a+ ar b X2- ab" Y 2
) C-arb Y 2=0 (C, X, Y).

There are always two roots to this equation, one positive and the

other negative, when a and b have the same sign, and both positive or

both negative, when a and h have different signs. Consequently, in the

elliptic paraboloid, the projections of the lines of one sort of curvature are

ellipses, and of the other sort hyperbolas; but in the hyperbolic para-

boloid they are both hyperbolas.

First, let a and b h;ive the same sign, which may be positive, and let

6>f/, or let the parabola in the plane of zy have a greater curvature at

the origin than that in zx. Now one value of C is =0 when Y=0 ;

that is, the section of the surface with the plane of zx is itself one line of

curvature. Again, C has one value infinite when X=0 ; or the section

in the plane of zy is a line of curvature. When C is negative, y, in (C)

is impossible, unless ah* C + ofb be negative, or unless C be numerically

greater than a : b. If from 2z = ax2+by° and (C) we form the equations

of the projections of these curves upon zx and zy we have the parabolas

,r- t (b-a)C A a\ „
h—n.

abC-j-a? V Cy b*C+ab

We have, as already stated, only to consider the values of C from

to oc, and from —a : b to — oc. When C diminishes from cc to 0,

remembering that C= cc gives x—0, Ca;2=0, we see that the projections

on zx vary in their equations from 2z=(6

—

a) : ab to 2z~ax 2
, indi-

cating, as seen in the right-hand figure, every sort of parabola between

the limit UZ (which is a straight line) to OP itself. But on the plane

of zy we see that 2z = by2 and 2z=— (6— a) : ab are the limits, and in

every parabola z is negative when y is 0, giving, as in the left-hand

figure, all hinds of parabolas, drawn about vertices from 2=0 to
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z—— (b—a):ab. And the projections on xy are a family of hyperbolas,

of which we may get a good idea by imagining the ascending parabolas

in the right-hand figure to be the bases of cylinders, which obviously

cut the surface in curves which project on the plane of xy into pairs of
curves with two infinite branches each. If we now suppose C to vary
from — oc to —a : b, we find the equations of the projections on zx
varying from 2z= — oc.;r

2+(&— a) :ab to 2z= oc, while the inter-

mediate form is 2z=:(tieg. qu.) a?
2+(pos. qu.) We have, then, as in

the right-hand figure, a succession of parabolas turned the other way,
having for one limit the line DO, and rising ad infinitum. On the

plane of zy, the equation varies from 2z=6z/2
to 22= oc, and its inter-

mediate forms are 2^= (pos. qu.) if— (neg. qu.), belonging to parabolas

turned upwards. We have, then, the other set of parabolas in the left-

hand figure, beginning with Q'OQ. The equations of the projection on
the plane of xy now belong to ellipses, and if we were to form parabolic

cylinders from the parabolas just described in the right, they would
obviously cut the surface in curves which would project on the plane of

xy into figures resembling ellipses.

We shall now consider the case in which a and b have different signs,

or the hyperbolic paraboloid. Let b be negative ; then the parabola OQ
must be turned round the axis of y until it is below the plane of xy in the

plane of zy, and a parabola equal to OQ moving parallel to the plane of

zy with its vertex on OP, will describe the surface. If for b we write

— 6, the equations of the projections become

J ab*C~a2b a2 -abC

a i\ ^ .
b+ a

K£-»y+»b*C-ab

If C be negative, the first equation is impossible : in fact, it will be

seen from the equation (C, X, Y) that when a is positive and b negative

the values of C are both positive. As C varies from to cc, a change
takes place in the character of the projections when it "passes through

a : b. When C-<« : b, the hyperbolas of the first projection have their

possible diameters on the axis of y, and the impossible ones on that of x

;

also the parabolas of the second and third projections have their vertices

below the plane of xy : all which is reversed when C>a : b. First, let

C change from to a : b ; the equation of the second projection, then,

varies from Zz—ax* to 22=— oc, the intermediate form being 2z=
(pos. qu.Vr— (pos. qu.) ; while that of the third varies from 2z=
<xy~— (6+ a):a6 to 22= oc, the intermediate form being 2z=
(pos. qu.)^2 + (neg. qu.).

These parabolas are seen in the next diagram with their branches going

upwards, though in the projection on ZOY, a part on each side of the

vertex does not belong to the projection. When C varies from a: 6

to cc, the projection on zx varies from 2s= cc to 2z=— cc. x2+(b+ a)

: ab, the intermediate form being 2z:=(neg. qu.) x*— (neg. qu.) ; while

that on zy varies from 22=cc to 2z=- — by
2
, the intermediate form being

2z= (neg. qu.) y"+ (pos. qu.)

We now pass to the consideration of the coordinates of the centres of

curvature (X, Y, Z). We have, (page 434,) y' being Cx : y,
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s6y/y

zyyyx^,

X

r+sy' r+sy f a

rad.-a.-1
(1 +a*x*+ab Cx2

) >J(l + a* x2+b"y-)
;

where the two values of C are to be determined from (C, X, Y) for each

point.

Having drawn all the lines of curvature, we proceed to distinguish those

of greatest and least curvature, which we shall do in the elliptic para-

boloid, leaving the other to the student. Taking the projection upon the

plane of zr, let it be remembered that for the ascending curves, C is

positive, being nothing on OP, and infinite on UZ : while in the equa-

tions of the descending curves C is negative, being infinite on UO, and
continually diminishing (numerically) towards —a : 6. And the co-

ordinates of the point U*are x = 0, y=*J {(b—a) : a&2

}, z=(6—a) : lab.

When a and b are both positive, the equation (C, X, Y) shows that C
has one positive and one negative value : and the expression above given

for the radius of curvature is the greater of the two when C is positive,

and the less of the two when C is negative. Hence the projections just

described as having positive values of C belong to the curves of least

curvature, and the others to curves of the greatest curvature. Hence the

curve QUOU'Q' (seen laterally in the figure on 'the left) is a line of

greatest curvature from U to U'j and of least curvature everywhere else.

Therefore the difference of the radii of curvature changes sign at U and
U', on the supposition that a point moves along the curve QOQ' : that

is, this difference becomes nothing at U and U', or the radii of curvature

are then equal. A point of this kind, which is so situated upon aline

of curvature that the arcs on the two sides of it are of different species of

curvature, is called an umbilicus, or umbilical point : though it must be

noted that the term is extended to every point at which the two curva-

tures are equal.

Since C is infinite at every point of the curve QUOU'Q', and x is

nothing, the term Or2
in the expression of the radii is ambiguous.

Return then to the equation by which Z'— ~, or Zr is determined, and

we find

abZ?-{(l + b*if) a+il + a* x?) b} Zj+dl + a* x*+b°~y2
)= 0.

The values of Z
/
are the projections of the radii of curvature upon the

axis of z, and will be equal when the radii are equal. Apply the test for

equal roots to this equation, and it will be found, after reduction, that

there are equal roots when

{b-a-abiby^+ax^y+Aabib-a^ax'—Oi
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an equation which (b>(i) can only be satisfied by x — 0, if—ty-a) : ab2

;

that is, only at the points U and U'.

The following problems may be easily solved from the preceding
equations.

1. Neither radius of curvature is ever equal to nothing, unless at

a point for which rt— s
1
is infinite, or infinite, unless at a point at which

rl— s
2=0. And one of the radii of curvature is infinite, at every point

of a developable surface, and the converse.

2. When the radii of curvature are equal in magnitude, but different

in sign,

(1 +<f ) r—2pqs+.(l -Yf) t-0

;

and this, when true at every point of a surface, is the equation of a
surface at every point of which the radii are equal and contrary in sign.

3. The last equation is satisfied by that of a plane : in what sense
can this surface be said to have the property which it implies ?

4. The points at which the radii of curvature are equal, and of the
same sign, are determined by the equation

{(l + q
2)r-2pqs+(l + p*)t}

2^4(rt-i-)(l+p*+ q
z),

or

{Tr-2Ss+ R*} 2=4 (Y/_ S3)(RT—

S

2
), or

(Tr-R0 2+4 (St-Ts)(Sr-Rs)= 0;

which is satisfied by R :?•— S:s=T: t, and by nothing else.*

I shall now briefly give the manner in which Monge shows that

R: r—S :s=T :£, or Ts— Si=:0, Rs— Sr=0, can only belong to a
sphere. From the equations in page 435, these give V^O, Wx=0,
whence V can only be a function of x, and W of y ; that is,

p^x.Jtl+f+cf), q=fy.J(l+P*+q
2

),

But dp : dy—dq : dx, which it is found will require 4>'x= i{s'y to be
true, independently of any relation between y and x. This cannot be
unless <p'x and f'y are both constants, giving cbx^=cx+ k, ysy=cy+ Jer

* Solve the preceding equation with respect to S, and a result will be found, the

reality of which depends on that of /J (s
l —rt). But from the equation preceding

that which was solved, since RT—

S

3 or l-J-;o
2+? 2 is necessarily positive, it follows

that rt— s" is positive or s2— rt is negative. Hence no real relation can exist except

the pair of equations which make the given equation identical.

There is in the Application, Sfc. of Monge (page 171. edition of 1807) one of the
most curious chapters which ever appeared on the subject: the remarkable part

being the manner in which he has allowed the gradual correction of a false impres-
sion to appear, which most persons would have avoided by rewriting the whole
section. He is obviously, up to the chapter in question, under the impression that

there exist other surfaces besides the sphere of which all the points are umbilical;

as appear both from his previous allusions to the coming chapter, and from the
manner in which he opens it. Setting out under this assumption, he proceeds to

integrate the equation, in which he succeeds, but in a manner which gives two
equations between x, y, and z, instead of one, from which he infers that the equation

only belongs to a curve, instead of a surface. This extraordinary result, as he calls

it, (still never looking to see whether the duplicity of the conditions was not implied

in the fundamental equation,) he proceeds to verify, by attempting to construct a
surface of the given kind in the form of a connecting surface of a family of spheres.

The result of this investigation is that the radius of the moviDg sphere is always =0,
which reduces the surface again to a curve.
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Let these be substituted, and the method in page 197 followed, and it will

be found that

(c«+ A
//
)"+(ey+*

/
)H.(c*+*)*=l»

which is the equation of a sphere.

I now give a professedly incomplete demonstration of the method of

drawing the shortest line between two points of a given surface : that is

to say, incomplete, inasmuch as the considerations here laid down
must be much developed and made more rigorous in form, before

conviction could be brought by them to the mind of a beginner. The
subject will be more fully treated in the next chapter.

First ; if a tangent be drawn through a given point of a curve, and
also a very small chord, the plane of the chord and tangent may be
brought as near as we please to the osculating plane. For if the curve

had not two curvatures (page 413) that plane would be the osculating

plane itself; and the smaller the arc taken, the smaller is the effect of the

second curvature, or the more nearly does the
t
"plane of the tangent and

chord coincide with the osculating plane.

Secondly; if a very small chord be drawn to a curve which lies on a

given surface, the shortest line which can join the ends of that chord on
the surface must be that which is nearest to the chord itself, the latter

being the absolute least distance between the two points. The smaller

the chord, the more nearly is* this line situated in a plane which passes

through the normal of the surface.

Thirdly ; if the shortest line be drawn from A to B on a surface, and
if C and D be any intermediate points, however near, then CD must be
the shortest line on the surface between C and D : for if a shorter line

could be drawn between C and D, it is obvious that a shorter path could

be made from A to B.

Hence, if the arc CD be made infinitely small, the plane of its chord

and tangent, which by the second consideration is normal to the surface,

is by the first the osculating plane of the curve: or the osculating planes

of the shortest line between two points are at all points perpendicular

to the tangent planes of the surfaces drawn through those points.

Thus much being admitted, the equations of the shortest line readily

follow. Let s, the arc of the curve, be the variable in terms of which
x, y, and z are expressed, so that x'~dx :ds, &c. Let $ (x>y, z)=
be the equation of the surface, <bx , &c. being the partial diff. co. of $.

Then, since the curve is on the surface, we must have &x .x
/
-\-$>

!/
.y'

+ &z .z'= 0, while the expression of the tangent plane of the surface at

the point (x, y, z) being perpendicular to the osculating plane of the

curve is obviously ^x .xu -\-<by .

y

tl+ *-• Z//= 0, (page 407 and 409, and
A. G. p. 219), or

{_% z' -$, y") x'+ (*z x"-®x &") y'+{$xy"—% x") z'=0.

But since $x .a;'+ &c.= and *//
.,t'+ &c.=0, it follows that a/, y', and

z' are in the proportion of %z" — $>z y", &c. If, then, ®y z" —&z y"

^(zx', we must have <b,x"—®x z"=ay' and &x y"— <f?y x"=uz', whence
the last equation gives a (x'2+ y

l%
-{-z'

3

) = 0, or «X 1= 0, or a=0. That
is, the diff. equ. of the shortest line drawn from one point to another

* I have introduced this here that the student may try to see it : it is not demon-
strated.
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on the surface $>(x,y, z)=0, exhibited in an unabbreviated form, are

any two of the three

d$ d2
z _d& d 2y c/* d?x __rf* r£z_ d& d?y __d& d*x

e% ds*~^dz <«?' ~dz ~dJ~dx ds 2 ' dx d.f
~~

' dy d*'

I say any two of the three, because either of the preceding is a necessary

consequence of the other two. These may be reduced (if <I>= 0, give

z=(fi(x,y)) to the form

d2x d*z n d-y d"z d2

y d^_ n

ds^V
d.r ds

2 1
ds* '

1 df H ds 2

When the surface is one of revolution about the axis of 2, we have

2=(p(x2 +y"-), or py— qx=0: and substitution in the third equation

gives

x— —y—^=.0, or xdy -ydxz=:cds, or r
2dd—cds ;

CIS CIS

r and 6 being the polar coordinates, in the plane of xy, of the point

(x,y). Hence, if the shortest line between two points on a surface of

revolution about the axis of z be projected on the plane of xy, and if a

point moving along it described equal arcs in equal times, the radius of

the projection of that point would describe equal areas in equal times.

Let the surface be a sphere, so that the shortest line between two points

is an arc of a circle, and its projection is an arc of an ellipse concentric

with the circle. I leave to the student to show from what well known

properties of the ellipse the preceding assertion may be verified * He
may also show that, in every surface of revolution, the angle made by

the shortest path between two points with the generating curve has a

sine which is always inversely as the radius of the projected point.

I shall conclude this chapter with the consideration of the ex-

pressions for the arc of a curve, the volume inclosed by a surface, and the

area of a surface, for which we have employed the expressions (say s, V,

and S)

s=fj(dx2+ dy2 i-dz
2
), \-ffzdxdy, S^ffjdl+jf+ q^dxdy.

That some connecting axiom must intervene between our con-

sideration of purely algebraical formulae, and their application to space-

magnitude, is sufficiently clear from the total difference of the subject-

matters of arithmetic and geometry : but whether any new axioms

are necessary to the application of the differential calculus, or whether

those which are employed in the previous application of arithmetic and

algebra will be sufficient, is now the real object of inquiry. Looking at

Chapter VIII. , we might be led to suppose that one or the other suppo-

sition might prove correct, according to the nature of the question : thus

* Very simple mechanical considerations would give a general verification.

Granting that a material point, acted on by no forces but those which constrain it to

move on'a given surface, must move uniformly, and must describe the shortest line

between any two points in its course: then, the whole constraining pressure

heino- normal, and the normal always passing through the axis of z, it follows that

the component of the constraiuing i'orce in the plane of xy always passes through

the origin ; or the projection of {x. y, z) on the plane of xy describes equal areas in

equal times.
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the consideration of area (page 141, 142) requires no new arithmetical

relation of geometrical magnitudes to be assumed; while that of length

(page 140) requires the assumption that the arc PQ (page 136) is

greater than the chord PQ, and less than the sum of PT and TQ.
What is the reason of this difference in the character of the two investiga-

tions ?

Area (and also volume, or solid content) is a magnitude of such a kind

that portions of it, even when curvilinear, can be taken, such as have been
considered in elementary geometry. Thus the area of a curve (page 141)
can be subdivided into a succession of rectangles, and another succession

of curvilinear triangles each of which is as much unknown, so far as an

algebraic expression for it is concerned, as the whole area itself. But
by continuing the subdivision, the sum of all the curvilinear triangles

diminishes without limit, while the sum of the rectangles does not. The
rationale then of the method by which the difficulty is avoided is as

follows : the result required is compounded of 2A, which can be attained,

and 2-B, which cannot; it is in our power to make a supposition by
which 2.B diminishes without limit, consequently the limit of 2A is the

result required.

But when we come to consider the arc of a curve, or the area of a

curved surface, the case is entirely altered. No subdivision of either of

these is of a more simple kind than the whole : a small arc is still an arc,

as different in species from a straight line as a large arc; and the same
of a small curved area with respect to a plane. A new axiom,* therefore,

becomes requisite, and the following will be found sufficiently easy, and
perfectly adequate.

If two finite and variable lines or surfaces perpetually approach to

coincidence, the lengths or areas perpetually approach to a ratio of

equality. To understand what is meant by approach to coincidence,

through every point of each line or surface imagine a line drawn parallel

to a given plane and meeting the other. If, then, the lines or surfaces

remain finite throughout the variation, perpetual approach to coincidence

means that all the parts of these parallels intercepted between the lines

or surfaces diminish without limit. But if the lines or surfaces diminish

without limit, approach to coincidence requires that the parts of the

parallels should diminish without limit in their ratio to the lengths of the

lines or the lengths of the boundaries of the figures. The plane to which

* Some writers hasten forward to the actual investigation, with what looks like a

feeling of unwillingness to state their axiom : some are explicit on the easier cases,

and abandon the harder ones with an " in the same manner it may be proved, &c."

Others make assumptions which require long trains of investigation to produce the

most simple consequences. Others again consider that, they remove the difficulty

by adopting the language and hypotheses of the infinitesimal calculus, forgetting

that such language is not admissible instead of axioms, but that on the contrary

it is to the distinct conception of axioms and their consequences that the infinite-

simal phraseology owes its title to be used in an accurate treatise.

It would be invidious to produce instances of the first manner above mentioned:

for the second, compare Lagrange, Theorie des Fonctions, pp. 218 and 300 : for the

third, see Lacroix, vol. ii. p. 198, (note): and for the fourth, see the text of the same
note.

It is not professed that the axiom proposed in the text contains less of assump-
tion than is involved in those of preceding works : its recommendation is the univer-

sality of its application and the distinctness with which the whole point assumed is

seen. I apprehend that the same amount of assumption and no more will be found
in Newton's first section.
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the. parallels are drawn need not be fixed, but may preserve a fixed

relation to one of the lines or areas.

The axiom is most undeniably true "when the lines or figures remain

finite; its truth, of course, eludes the senses when the figures diminish

without limit. But here it may be made perfectly clear that the defini-

tion of approximate coincidence, as applied to diminishing lines or

figures, is a necessary consequence of the same in the case of those which
remain finite, provided we admit that, however small a figure may be, we
can conceive figures of any size, perfectly similar in form. With such

an admission, suppose that while [the lines or figures diminish without

limit, other lines or figures are formed which, always remaining similar

to the diminishing lines or figures, do not diminish without limit. If,

then, for example, p be the length of one of the lines (diminishing) and
ts one of the intercepts between the two lines, drawn as above, and if P
be the corresponding length in the finite picture of the diminishing

system, and II the corresponding intercept, approach to coincidence, if

it take place in the finite figures, requires that IT : P should diminish

without limit. But by the similarity of the figures II : V= ,ut : p, whence
zu : p must diminish without limit. And in the notion of the similarity

of the figures, distinctly conceived, it is implied that if the axiom be
admitted as to the finite, it must be admitted as to the diminishing, figures.

From the preceding it immediately follows that the arc of a curve tends

to a ratio of equality with its chord, even supposing that no arc of the

curve, however small, is plane. Let AB be a small

arc, AC a portion of its tangent at A, and BC a line

drawn parallel to a given plane. Through every point

P of the curve draw a plane PQR parallel to that

plane, meeting the tangent and chord in Q and R.

By the way in which the tangent is drawn, both PQ and QR* may be

made as small as we please with respect to AR and to AB, by beginning

with an arc sufficiently small. Hence, when B approaches without

limit to A, there is a continual approximation to coincidence between

AB, the arc AB, and AC. If, then, we take «, so that the arc AB, As,

shall be =ABx (1+a), we see that a and AB diminish without limit

together, whence 1 A? or H*J(Ax*-\- A7/
2+ A£2

).(l + «) has the same
limit as

ZJ(Ax*-±Ay*+ Az*); or s=zfj(dx*+dy*+ dz*).

Q^,C

-^d
R B

Next, let P be a point in a surface, and PA and
PB being parallel to the axes of x and y, let PA
and PB be Ax and Ay. Hence PRQS is the por-

tion of the surface which stands over, and is pro-

jected upon the rectangle on the plane of xy, whose
area is Ax. Ay. The corresponding portion Prqs
of the tangent plane obviously approaches to coin-

cidence with PRQS ; for if lines be drawn through
every point of PRQS perpendicular to the plane of

xy, the intercepted deflections (as they were called)

as PA and PB diminish, diminish without limit as

* This must be proved : that is, it must be shown that a line passing through the
points (x,y,z) and (.r+A#, y+ Ay, 2+ As) approaches without limit to the tan-

gent as Ax, &c. are diminished without limit,
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compared with PA or PB, and therewith with Pr and Vs. If, then, we
say, let PRQS=Pr^ (1 + a), a must diminish without limit, or

2 (PRQS) and 2 (prqs) have the same limit, the first being, when the

summation is made between the given limits, the required area of the

surface. Let d be the angle made by the tangent plane with that of xy
;

then, by a well known theorem, (A. G. p. 200,) Pg7\?cos0=PBCA
=Ax.Ay; and, the equation of the tangent plane being £—z=p (£

—

x)

+q (ji— y), we have cos f3=(l +p2
-{-q

2)~^, neglecting the sign. Hence

Pqrs—J(l +p*+ q
2
) .Ax Ay; area required z^ffj^ 1 +p2

-f q*) dx dy,

the expression already used.

The expression for the volume contained by a portion of the surface,

the plane of xy, and all the planes which project the boundary of the

former on the latter, has been already shown to be ffzdx dy. It may
also be represented thus, jJJ dx dy dz. If upon the elementary rect-

angle Ax Ay we erect ' ordinates at the four corners, we have a figure

which would be a prism if the upper surface were not curved. If z be

divided into any number of parts, each As, we have in this prismatic

figure a number of right solids* each having the content of Ax Ay A2
cubic units, together with a figure which, as 2 diminishes without limit,

diminishes' without limit as compared with the sum of the preceding.

Hence the expression above given for the solidity is derived.

Previously to entering upon the application of our subject to mechanics

it will be desirable to treat of the Calculus of Variations, to which I

accordingly proceed.

Chapter XVI.

ON THE CALCULUS OF VARIATIONS.

A chapter on this subject must be introduced before anything like a

general view of the application of the differential calculus to mechanics

can be given. It must be remembered that hitherto we have considered

only differentiations of one species. It is true that in functions of more
variables than one, we have treated together of differentiations made with

respect to the different variables. Thus x\ogy has two diff. co., log?/

and x : y, according as we suppose x or y to vary. But we have never

yet supposed two increments independently given to x, arising from

different circumstances of variation, and requiring the simultaneous con-

sideration of differentials dx and ox, essentially differing in the notions

from which they are derived. If, indeed, we consider a? as a function of

two variables, v and w, and represent by dx and <>x the differentials of x
taken from the variation of v only in the first case and w in the second,

we might make a science closely resembling the calculus of variations.

But the problems which will require consideration under this head are

those in which dx and }>x are purely arbitrary, and independent of all

functional connexion between x and other variables.

* I use this term in preference to the longer one, rectangular parallelopiped. See

Paraxi.elopiped, in the Penny Cyclopcedia.
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With regard to the term calculus of variations, it is obviously

improper as distinctive of this particular branch of the subject, since all

that has preceded is certainly a calculus of variations. It is only when
by variation we agree to understand a new and distinct sort of differ-

ential, that the word is significantly introduced : and it would be more

proper to say that the differential calculus is a calcftlus of variations, but

that the particular part of it now under consideration is a calculus of

essentially different and independent species of variations, in which the

same quantity is considered as an independent variable in two or more
distinct points of view.

For example, in every problem of equilibrium there is no change of

place consequent upon mere lapse of time ; nevertheless such problems

are solved by consideration of the variations which a system would

undergo, if an infinitely small change of place were made, such as the

connexion of the parts will allow. This small change of place need

not be supposed to be made in time; it would do equally well if it were

instantaneous : and if the impenetrability of matter did not forbid, it

might be simply supposed that a second system, perfectly similar to the

first, was placed infinitely near to it, without any notion of the one

system movinq into the place of the other. Again, in dynamics, the

actual motion of a system is the subject-matter of the problem ; that is

to say, the aggregate of actual successive infinitely small variations of

place which occur in the successive lapses of infinitely small portions of

time, accumulated by the integral calculus. But every problem of

motion, of which the circumstances are known, may be reduced, as we
shall see, to one of equilibrium : that is to say, the properties of the

actual variations which do take place may be investigated by means of

the simple changes of place, without reference to time, which might be

made in a system at rest. Here, then, enters a science of comparison

of different species of variations, or a calculus of variations, technically so

called.

This calculus is essentially one of differentials,* not of differential

coefficients. The latter do not change with the species of variation, as

long as the connecting relation of the variables remains the same. If,

for instance, y—x2
, and it be convenient in one point of view to increase

x by the infinitely small quantity dx, and in another point of view by
%x, and if dy and ly be the corresponding infinitely small variations of

y ; it follows that dy— 2x dx and <$y=2ylx, and dy: dx—Sy: &r=2#.
Similarly, if a function of ,rj, x«, x3 , &c. be increased by Px c^-r-Po dxs
+ ...., when xu x2, &c. become Xi+dx x , x2 +dx„, &c, it will be
increased by P, o.r,-r-P2 ^ 1r2+ . . . ,, when xXi xs, &c. become x1+ Sx

l}

a?2 +So?2 , &c.

To form a primary notion of the distinction between differentials and
variations, let y=$>x be a relation existing between y and ,r, and let the

curve be drawn, of which it is the equation. If x increase, and if the

continuance of this relation be the condition by which the corresponding

increase of y is determined, the ratio of the changes of y and x is deter-

mined by common differentiation; or dy=$'x.dx. By an increase of

x and y, then, we move from point to point of the curve whose equation

is (j>x. Next, let us consider another species of change, in which, when

* The most rigid opponents of differentials have never attempted to present
the notation of the calculus of variations in a manner conformable to their own
general principles.
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x is increased by Sx, the value of y is altered by an infinitely small
quantity ly which, though it be a function of x and hx, is not determined
by Sy=(p'x.'8x, but by a totally different relation, in such a manner that

x+ dx and y+ Sy must be coordinates of another given curve, infinitely

near to that of yz=.$x.

Let PC be the curve of y=.(px, and
Vc the last mentioned curve, and let p
and q be the points of the second curve

corresponding to P and Q of the first.

We have, then, the following relations

between the variations and the differ-

entials of x and y :

PR=dx, PA=&r, QR= dy, Aq=cy.

By S dx is meant the cbange which dx

undergoes when P and R are changed by variation to p and r : or

pr—PR. And by d ex is meant the change produced in clr by changing

the position of P on the curve y=<fix; or QH—PA- But QH—PA
=RB-PA=AB—PR=pr-PR; or $dx=d$x. Similarly, My is

qr — QR, and dSy is qU -pK whence. dly=cdy. And the same may
be proved of any function of x which remains unaltered : thus l<f>x

= (p'x.cx, and dd<fix=.<$>"x.dx()x-r-<j)'x.dLv, and d§x=<j) fx.cb:i while

()d(t)X=(l)''x($xdx Jr(p
lxcdx; whence Fdcpx—dStftx.

It easily follows that lfydx=zfh(ydx~). Let Jydv—z; whence

ydx—dz and S (ydx)= Sdz— dEz. Integrating both sides, we have

fh (ydx)=h= ^Jydx. We have here but repeated theorems which

we have already proved in pages 161 and 197. The whole of this

subject may be connected with the calculus of several variables pre-

viously explained in the following manner. Let x=a (£, v), y= fi (£, v),

where a and /3 are such functions as will, when v= a, give the required

relation y= $x by elimination of %,

Thus, let #=«(£, d) give £=a-1
(<r, a) ; it is required, then, that

fi \a~
l
(r, a), a} shall be identical with 4>x. If t, only vary, x and y

will therefore, when v= «, vary in such manner that dy=(fi'x.dx: but

if v vary, and become a+ da, x and y will vary in a totally different

manner. To compare this view of the subject with the preceding, we
have

da ,„ , dfi „ da , s dfi
dx=.—v .dt,. di/=—dt,; cx=— .da, cy=--.da

dt, dt, "nda da

dcx— —

—

-. da d'L $dx= -——.— dl, da, &c.
da dt, at, da

This latter view of the subject, though instructive, is unnecessary in

its details, partly because it is really but another way of expressing the

complete independence of dx and &r, and partly because the present

state of the calculus of variations will require us only to consider the

first orders of variation (Bx,£y, &c, and not &x, o
2
y, &c.) There are,

in truth, but two great problems in this subject, one general, the other

mostly applied in mechanics. We pass on to further details.

Let it be required to express dy', £y", %y"\ &c, y', y", &c. being

diff. co. of x with respect to y. Let P be a function of x, and P' its diff.

co. ; we have then
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Xp'—ti(^\ —¥? dP - Mx _ d-cP _dP dox

\dx J dx dx2 dx dx dx

—£ (xp——x \ — a
dx \ dx J dx2

'

or aP'—P"^=D (aP—P'dx), where D stands for the diff. co. of the

function to which it is prefixed. Apply this successively to y', y", &c,
and we have

dy' -y"dx=D(dy -y'dx)

dy" -y"'dx=D (dy' —y" dx)=T> 1 (cy—y'cx)

dy"f -y"dx =D (dy"-y'"dx)=B3
(dy -y'dx), &c. ;

from which ay', dy", &c. may be easily expressed. We may thus find

the variation of any function of the form 4> (x, y, y', y", ....), by substi-

tution in

^Tx dX+
dy-

hy+dyM +d?^ +~~'>

which may be made to depend upon dx, dy^y'dx, which call w, and the

diff. co. of w. It remains to express in the most simple form djty.dx,

4> being such a function as that just described.

df<p dx=fd ((pdx)=f(dcfj dx+ <fiddx)

=y d$ dx-\-f§ ddx=(fidx-\- f(d<fi dx—d$ dx).

Let
<f>,

which is a given function of x, y, y' y", &c. be completely

differentiated, and let the partial diff. co. --, ~, —„ &c. be X, Y, Y,,
dx dy dy'

Y
/;,

&c. ; then, remembering that the same* relation exists between the

variations as the differentials, we have

d<P=Xdx + Ydy +Y l
dy'+Y„dy"+Ym dy'"+ ....

a0=Xa* + Ydy +Y
t
dy' +YJy" +Yt//

dy'"+ ....

a<£ dx — d<p ao?=Y (dy dx—dy dx)+Y
;
(dy' dx— dy' dx)+ . . .

.

But dy=y' dx, dy'=y" dx, &c, whence

a0 dx-d4>&=Y (dy -y'dx) dx+Y, (dy'—f dx) dx+

= (YW + Y, o>'+Yn W"+Yw u>"'+ ....)dx;

therefore df(pdx=(j>dx+f(Yu}+Y l w'+Y„w"+ ) dx.

The expression remaining under the integral sign is now to be

integrated as far as it is practicable, while the relation of y to ,r remains

indeterminate. This may be facilitated by the following theorem, which

follows immediately from successive integration by parts, and of which

John Bernoulli's theorem (page 168) is a limited case. Let v i=Jvdx,
Vz—fv x

dx, &c, no constants being addedt in integration after v l; then

* That is, because the manner in which <p depends on x, y, &c. remains unaltered :

but it must be carefully remembered that the manner in which y depends on x,

and therefore the form of y', y", &c, undergoes an alteration, which gives infinitely-

small alterations of value.

t The student may endeavour to explain how all the constants would really be

reduced to one only, if they were added. If u be a rational function, and v be e°*

2G
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fu dv~uv—fu'vdxzz.uv — u'v
x -\-fu'

,

v l dx

ss uv— v! v
l+ u" v.2—fu'" v2 dx

— uv— u' Vi+ u" v 2
— .... + u (-'i) vn+Ju(-'n+^v7l

dr.

Thus fYt
io' dx=Y

l
ia-fY/wdx

fY/l
w"dx=Y

li
<o' -YJw +/YJ'wdx

fY^'dx^Y^" -Y,„V +Y
l
/u>-fYj"wdx

/Yiv u>
wdx=Y iv J" - Yju>"+ YJ'J +YiT

'" w-/Yiv

T codx

;

and so on : in which it is to be understood that by Y/, for instance, or

dY/'.dx is not meant a partial diff. co. of Y,, but one formed on

the implicit supposition that x enters both directly and through y.

Substituting these, we have

dfydx-^x+(Y-Y l/+ Y,J'- . . .
.
) io+ CY.-Y^'+YJ'-. ...)«'

+ (Y
///
-Y,/+Yv

"-. . . .) w"+'(Y(r-YT'+Y„"- . . . .) J"

+ . . . . +/(Y-Y/+Y/-Y
/
/'+ . . . .) *dx.

This we may denote as follows

:

a/0dj?s=0Sjr+/(Y)
o
o.dar+ (Y)

l
w+(Y) 8 a»'+(Y) 8 fci'

/+ ....

If be also a function of z, z
r

, z", &c, z being another function of x,

the consequence will be that terms s milar to those depending on y, y\
&c. will be added to the variation of j4>dx, so that if Zdz +Z

t
dz'-{- . . .

be the terms introduced into d<t>, and if (Z) , &c. be formed from them
in the same manner as (Y) , &c. from y, we have, making £=£z— z'dx,

Bfl>dx=<1>te+f(Y) iodx+f(Z) Zdx+C[) l u> + (Z) 1 Z+ ....;

and in the same way for any number of functions.

[Let* 0, besides x, y, y\ &c. be a function of an integral v—f^dx,
where ty is another function of x, y, y', &c. If, then, d(p:dv= Y, we
have c?4>=-(its former value) + Ydv, whence Sfcfadx receives the accession

of the term fY (dv dx— dvhx). But Iv or <)fydx=tySx+f (dfdx
— dfdx), and dv=fdx, whence the accession is f\Ydxj (jb^i dx
— cty&r)}, or, integrating by parts,

fYdx.f(Sfdx-dfdx) — f{/Ydx.(dfdx-dydx)}.

Lett d^ = ¥dy+T?
i
dy'+F/l

dy"+ , and let /Vdr.PssII,

fY dx.P/ZzTL,, J'Y dx .P
l/
z=n.ln &c. : then, resuming the preceding

process with each of the terms just written down, and forming (P)
, (P)i,

&c, (II)o, (n) 1} &c, we have

a/0dr=08jf+/(Y)
o
wcLF+(Y)

1 a> + (Y),ft»'+....

+/Ydx.f(V) G>dx+fYdx.(P) l oj+fYdx.(P) i oJ'+. .

.

-f(u\ wdx- (n) x w - (n)2 */- . . .

.

If ty itself contained another integral function, the process might be

cos ax, smax, &c, this theorem gives the readiest mode of actually performing the
integration.

* The student may omit the pages in brackets, at the first reading.

f Omit the term arising from d-$> : dx, if there be one, since it does not appear in

the result.



ON THE CALCULUS OF VARIATIONS. 451

repeated : and the terms might easily be written down which arise from ^
containing z, z' &c.
The following may serve to throw light upon the general method,

though in any complicated case the reductions required would be
practically impossible.

In finding c>U from U=f(j) dx, we have presumed that U is the solu-
tion of a diff. equ. rfU : dx—(f). Let us now suppose that U is connected
with y and x by the more complicated diff. equ.

PnU^+P,., U (B"1)+ . . . . -r-P, U' +POU + = O,

P„, &c. and <p being functions of x, y, y
r

, &c. If this be Y=0, we have
2Y— upon the supposition that the dependence of U upon y, x, &c.
remains unchanged. If we take one of the terms, for example, P2 U",
we have^(Pa U")=U"SP2+P.3U", or TJ"SP2+P2 D 2 (2U—Vox)
+ P2 U'" Ex; that is, one term containing c)U, namely Pz D2

cSU, and
others containing &r, 3P2 , &c, but not <5U. We may then exhibit 2Y in

the following form,

PnD\an-Pn_ 1 D"-
1.gU+....+P

1
D.3U+ P 3U + <i>=0,

<& not containing c>EJ. Let the preceding be multiplied by X, a function
of all but £)U : then if we integrate, as in page 208, (a process which
has been in fact already repeated,) we find

/{x*+(\p -(xpo'+(*ps
)"- • . . .) au} dx

+(\p 1 -(\p2y+(xp3)"-. . . .) su

+ (\p2
- (\p,y+ . . . .) d.su+ . . . . +xpnDn- l .au=o.

Let X be so taken that XP — (XP
1)'+«&c.= 0, a diff. equ. of the nth.

degree. If its complete integral can be exhibited, with n arbitrary

constants, then n particular solutions can be formed, each containing

one constant only, and each one a sufficient factor for the preceding

purpose. We have then n results of the form

A^D"-1 aU+An_2 D"-
2 SU+ . . . .+A o aJ+/X*<£r=0;

from which the n— 1 diff. co. can be eliminated, and SU found from the

resulting equation, with the n arbitrary constants which it ought to have.

For instance, let the diff. equ. be Pi U'+PoU+^O, of the first

degree. We have then

P
1
DSU+Po gU+ U'(2P l-P 1 D^)+mPo -l-a0=O.

To find X we have XP -(XPO' = 0, which gives X^PfV^, A being

P : P,. Multiplication and integration gives

e^SU+yPr 1
e
fAdx {V (^-Px m*)+ U3Po+80} dx=C ;

which being reduced by the process already given will express 3U,
though only by means of U itself.

We shall now proceed to express Eff'P dx dy, <j> being a function

of z and its diff. co., both with respect to x and y. Let the diff. co.

of z be p and q of the first order, ?•, s, and t of the second, u, v, w, m of

the third, the following table showing what differentiations are made, and

how often, in each.

2 G2
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d3z

X r x,x u lTj CC) X

y s *,y V x,x, y
t y>y w

m
*>y,y

y>y*y

Thus w-
dx dy*

Let §' be a function of x, y, z, p, q, &c, and let d<f>:dx—X, &c,

so that

d<f>=Xdx+Ydy+Zdz+ Fdp+ Q.dq+ ~Rdr+Sds+Tdt+

Also dz=pdx+ qdy, dp=rdx+ sdy, dq==sdx+tdy,

dr—udx +vdy, ds=vdx+ wdy, dt—wdx+mdy, &c.

The development of dfff dx dy is made as follows :

Zff4> dx dyz=ffd{<pdx dy)=?ffm dx dy+(pdy dlx+$dx <%)

-fffydxdy+fcjidyZx- \ f^dxdxdy+fydxdy—
j J

j- lydxdy

=ft> dy tx+fy dx

z

y+

j

T(^-^f tx-ijj; *y) dx dv-

It is here assumed that dx depends on x only, and ly on y only, a

supposition which will be sufficient for our purpose. To point out the

method of performing one of the integrations, take ff <fidy ddx, which is

fdyfdidSx, or

fdy \(pdx—fixd§}, or fcpdydx—
J J

-£ Ixdxdy.

In d.(f):dx and d.<p:dy remember the implicit supposition that

is a function of x and y through z and its diff. co., as well as directly.

Now from d(f), as above given,

d.<p_

dx
=X+Zp+Pr+Qs+

d
-^=Y+Zq+Ps+Qt+....
dy

^Xlv+Yhj+Zdz+ 'Pcp+Qdq+ .

.

whence 1$-^ dx-^r dy=Z(dz -pdx-qdy)+V (dp-rdx-sdy)
dx dy

+Q (dq—sdx—tdy) +R (dr- udx- vdy)+ S (2s—vdx—wdy)+

Now let V be a function of x and y, and V„ V,,, &c. its diff. co.

We have then

_ ~dV ^ddV _dV ddx
x ~~

dx dx dx dx

it being supposed that dy is not a function of x. This gives

dYx-YXI dx-Yxy dy^(dV-Yx dx-Yy
dy).
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Let Sz—pdx—qdy— w ; we have then, by reasoning similar to that in

page 449,

5 s «, dio r. do>
op—rdx—scyi=.-— cq—sex— toy— -

—

d2
tj ^ d 2

co

or—uox—voy~— os—vdx—wcy= , &c.

;

(IJC (JbOC CilJ

whence, by substitution,

Sff <f>
dx dy=f(j) dx <>y+f<p dy cx+ff $ dx dy

„ „ du) ~do) „ d2w n d2w _. d2
o>

$=ZW+P -_+Q_+R_+ S—-+T — + . ...
dx dy dx* dxdy dy2

To perform, as far as practicable, independently of all relation

between z, x, and y, the integrations in fj$> dx dy, let Vw™ be the

term* which contains dxm dyn in the denominator of a diff. co. of w : we
have then (V, V„ V", &c. being diff. co. of V)

(
/V<urdy=V«Ca-V

/
«^t+V^wr_B— .... ±VB_, w

m+-/Vn u,
m
dy.

Multiply each term by dx, and integrate with respect to x, which gives

ffV<aZcfady=VwZz\-Ylu>™ll+V''u><£*— . . ±Vm- 1

Wn_1 +/Vm
Wn_ 1 dx

—

v

y
w™ii+Y/wr2—v/;«t3— • • ±vr i

>»n-2+fvi
n
o>n^dx

+v//W»^-. ...+

±Vn _! u—'qrV^i o)
m" 2qr .... ±\m

n-\ <o±fY^ wdx

+fdy{Yn u
m-1-Y'n u

m-*+ ....iVr'wT/V:^};

that is to say, ffNw™ dx dy is a collection of terms of the form

rbVf &C~w for every possible combination of values of k and I from up
to m and n, both inclusive, negative exponents reckoning as integrals

of the whole terms; the sign + being applied when k + l is even, and
— when it is odd. To find jf^dxdy, let [m, n~\ stand for the

coefficient of w™ in $ : if then we wish to select the coefficients of w£,

we must in every allowable way make m— 1

—

k~p, n — 1 — l=q, or

m—k=p+ l and n— l~q-\-l, and neither m nor n must be < — 1, nor

k nor /<0. The admissible values of k and I being 0, 1, 2, &c, we find

p+1, p + 2, &c. for those of m and q + l, q+ 2, &c. for those of n, and
any value of m may be combined with any value of n. Hence the

following expression is the coefficient of wp
q

:

{p+ l
i q+lX-[p + l,q+ 2l1+[p+l,q+ 3]l-[p-hl,q+ 4]l+

-[p+ 2, q+l]l+ [p+ 2, q+ 2]\-[p+ 2,q+3]l+

+ [p+ 3,9+ l];.-|>+ 3,?+ 2]?+

-[p+ 4,q+iy+
The meaning of the symbol [a, 6]£ may be described, from its origin,

as follows

:

da+bz
[a, 6]°= diff. co. of <j> with respect to

, „ , b

* We here use exponents without brackets, for simplicity, to denote differentiations

with respect to x.
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ai»— dv+w[a, 6]°) implicitly ; [a, 6]° containing x and y directly, and

^ *w~ dxv dyw
J

through 2, z', z„ z", z/, z„, &c.

Hence Zff<pdxdy contains, 1. The integrals f<f>dxly-\-f<fidy$x.
2. Terms completely free of the integral sign, namely*

{IIS- 21J-12!+ 3i;+ 22i+ 13°
a
- . . . . } a>H-{21»-31 J-22?+ . . .} »J

+ {12:-22J-13»+ . . . . } W?+{31 -41J-32?+ . . . . } ^
+ {222-32j-23°+ . . .

.
} w }+ {13°-23;-14?+ ....}*£+'....

3. Terms depending on single integrals, (p or 9 being —1,) it being

remembered that the negative exponent of w denotes the integration of the

whole term,

{012-llJ-02«+2i;+ 121+ 03S- . . } w
~l+{02°- 12;-03;+ . . . } wf

1

+ {03S-13j-04?+....} wr
1+

+ {10;-20J-11?+ 30S+ 21{+13S-..K_ 1+{20S-30J-21»+..}6I
1
_ 1

+ {302-405-31?+....} 01!!+

4. One double integral term (p and q both —1).

{O0S-10j-01?+20^+ll I

l+ 02»-. . . . } a>l\.

The preceding may serve as an exercise in that adaptation of symbols

by which complicated selections aud arrangements are reduced to a

mechanical process : for all useful applications it will be sufficient to

suppose that is a function of x, y, z, p, q, r, s, and t, including no diff.

co. of a higher order than the second. If then we take d4>=X.dx+Ydy

+ Zdz+Pdp+Qdq+Rdr+Sds+Tdt, we have

00£=Z, 10J=P, 01J-Q, 20£=R, 11°=S, 02£=T:

all the rest being =0. This gives for ^J[f4> dxdy, w being lz — phx
— qtyi

Sw -\-f$dx Zy +J*<f> dy Ix

d.R_ d.S N

dx dy(*--£ -w) "dx+
j (

p~—
"

~
]
"dy

/»„ d(o , /.„ d(o ,+fT-^dx + fR
Tx

dy

C C/„ d.V d.Q d*.R d*.S d*.T\
, ,+

J J V ~dx
~ Ty + "c^

+
dx~dy

+
-dyTJ ^

We have not limited the result by proceeding as if fix were a function of

x only, and ty of y only, for it might be shown that the wider suppo-

sition of fix and ty being both funccions of x and y would lead to pre-

cisely the same result : but a complete elucidationf of this point would

be beyond an elementary work.]

The applications of the calculus of variations which are of most

importance are

1. Given any number of points (#„ yu Zi), (a?2 , y2 , z2), &c, and any

number of equations V^O, V2=0, &c. between their coordinates,

* To save room I have omitted brackets and commas, thus 23!j stands for [2, 3]!J.

f The advanced student should read on this point the Memoir of Poisson on
the Calculus of Variations, in the twelfth volume of the Memoirs of the Institute.
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required the relations which must exist between X„ Y„ Z„ X
s , Y2, Zi}

&c. given functions of the coordinates, in order that the equation

X l
$x

1+Y l fy l+ Z l
$z 1+X a $xa+Y a oy2+Z!i czs+ =0

may be true for every possible value which ex, cy, cz, &c. can have,

consistently with ¥^=0, V2=0, &c. being true both of (#„ y„ ;?,), &c,
and (^i+Sj?!, yi+ cy

{ , Zi+ c)^), &c.

2. Given any integral, in which the integration cannot be performed
because it contains variables which are related to one another, but

between which no relation is assigned, required that relation, or those

relations, which being substituted, and the integral taken between given

limits, the result is the greatest or least which is possible ; that is, greater

or less when the required relation obtains than it could be under any
other possible relation.

To give a simple instance of the first class of questions, suppose two
points in a plane, (xu yd ar>d (x^y*), which always preserve the same
distance a : under what relations between x

x , &c. will the following

equation be always true ?

* ,

i£*i+ yityi+.z«fo«+y,Sya=0 (1).

The equation (x1
— #2)

2+ (y x—

y

2)
2=a2 gives

Oi-^2) (fai—&r8) + (yi—y2) (fyi—^y2)~ (2).

In the first substitute the value, say of ly.2 , from the second ; the

result, cleared of fractions, is

(x
x y — j?2 «/2) ZXl+ (y\—yl) cy x+ (x2y—x x y.2 ) cj2=0;

and this, which is to be true independently of hx
x , $yu and Sx2

requires that

a?iyi—tf*ys=0, y\—yl=0, x2 y l
—x

l y2
~0 (3),

which are satisfied by y l
-==.y2, x^x2, or by ?/,= — y.2 , x x

——x2 . The
first is inconsistent with (xx

— x2y+ (y l
~

?/2 )
2=a2

, but the second is not,

and gives 4j?
2+ 4?/

2=:a2
. The answer then is that the two points may

be the opposite extremities of any diameter of a circle whose centre is

the origin, and whose radius is \a.

The following method is particularly connected wTith this class of

problems, as well as with some varieties of the other. There is an

equation between x, &c, d.r, &c, say U=0, which is not to be absolutely

true, but only for such values of dx, &c- as make V=0. This we can

express by one equation,* U+ AV= 0, where A may be any function of

x, y, &c. independent of fix, &c. For the preceding equation expresses

that U is or is not =0, according as V is or is not =0. If then we
make each coefficient in U+AU separately =0, we have one more
equation than we had before, but at the same time we have one more
undetermined quantity A. The elimination of A will reduce the number
of equations by one, and will give precisely the results of the common
mode of operation. If we multiply (2) by A, add it to (1), and then

equate each coefficient to 0, we have

* Many other forms might be given, but all are either reducible to the one here

given, or else they introduce (2.r)2, &c. while, since Sx, &c. are all to be taken as

diminishing without limit, these terms of the second, &c. orders are useless.
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Xt+Aiccy-Xcd—O, x2-A(x\-x2)= 0, y l
+A(y 1-y2)=0, yg -A(?/1 -y2)=0,

and elimination of A will give equations (3).

To generalize the preceding process, let there be n points, and 3n
coordinates, one equation U= 0, or X 1

cx
1+Y i

dy
1+ . . . .= 0, and p

relations between x, y, &c, Vi=0, V£=0 .... Then we have cTVi— 0,
which gives, say ^ l dx i + rj'1 ^y l+ ^'

l
Sz

1+ . . . .=0 ; also <TV2=0, or

S"i&c1+j/
/

i<fyi+ =0, and so on. And U+

A

t
V,+A2V2+

expresses that U = when V„ V2 , &c. are each =0. Equate the co-

efficients of Exu &c. separately to 0, which gives

X1+AlT1 +A.5,/
i+. ...=0

3
Y 1+A 1 V 1+ A2 7

?

"
1 +....=:0,

Zl+A l ?1+At ?\+....=0 ,

and so on : giving 3n equations between 3n+p quantities. Elimination

of Ai, A 2 , &c. will reduce these to 3n—p equations between 3n
quantities, . and the p equations V

1
= 0, &c. finally leave us with 3n

equations between 3n quantities, unless it should happen, which it

frequently will, that all the 3n final equations are not independent, in

which case the problem is not determinate.*

[The following problem contains a most material portion of the

purely mathematical part of the statics and dynamics of a rigid body.

Let there be a number, n, of points (xly y x , 2,), (j-
2 , y2 , z2), &c. immove-

ably connected with one another ; that is, the distance between any two
remains unchanged during variation. Supposing the whole system to

undergo an infinitely small change of place, required the relations which
must exist between P l5 Q,, R„ &c. and #!,yl5 zly &c, in order that for

every such infinitely small displacement we may have

P1 &r1+P2 S#a+.... +Q 1 ty 1+Q8 fya+....+R,S2i+ Ra S*,+ ...=0.

Take a new origin of coordinates, (a, 6, c,) and a new set of co-

ordinate planes attached to the system of points just mentioned, and
moving with it. Let £, r), £ be the coordinates of (x, y, z) with respect

to the new planes, and (A. G., p. 224) let the new and old coordinates be
so related that

Consequently, since £, rj, £, &c. do not vary with the system, (for the

new coordinate planes move with it,) Bx=^a-\-^a+ r)dfi+ ^y, &c, and
substitution obviously gives (2P meaning Pj + P2 -f- . . . ., &c.)

ZPJa+in.Za+lVrj^P+lVZ.Zy+ ^Q.Zb + lQZ.Za'+ZQr,.^'

+ 2Q^.3y,+ 2R.5c+2B4.Ja"+2Ri?.ai6"+2R^.g/=o.

Now a, fi, &c. are connected together by six equations.t

A 2 1 /2 //2 -I

a t a i- a — !• l3y+ fi'y'+fi"y"=0 A'

B /3
2+ /3'

2
-f/3"

2=l ya+y'cc'+ y"a"= B'

C 7
2+y,2+ y"2=l aP+ a

,

fi
f + a"fi"=zO C

* The student may omit the part in brackets at the first reading.

+ It must be remembered that these are also equivalent to

*2 +/3
2
-rV =1 «'«"+j3'/3"+yV'=

a/2 +/3« + yft _ l a'/a +0p + y/y
_ o
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Take the variations of these equations, and add them to the equation

preceding, after multiplying them hy the arbitrary multipliers written

opposite to them. This gives

2P.8a+2Q.S&+ IR.8c

+ {2P£+Aa +C'/3+ B'y}Sa +{2Pr,+ B/3+A'y+ C'a}2/3

+ {IP£+Cy+ B'a+ A'/3} $y+ &c.= ;

where, in the terms included under +&c, we must change P into Q, and
write a.' for a, &c. for a second set, and change P into R, and write a" for

a, &c. for a third set. If we now equate each of the coefficients to 0, we
have 2P=0, 2Q=0, 2R=0, and nine other equations, in which are

the six multipliers and the nine quantities «, /3, &c. : but between these

there are six equations; altogether, then, fifteen equations with fifteen

arbitrary quantities. So that it should seem at first as if we might
satisfy these fifteen equations by values given to the arbitrary quantities

without any new relation between the data of the question, PM P2 , xu x2,

&c, and I have introduced this example to show how little we must
depend upon conclusions drawn from the mere number of equations to

which a question can be reduced, without examination of their structure.

The fact is that the fifteen equations cannot be rendered simultaneously

true, unless three other equations between the data of the question only

are satisfied.

Let (da) be the abbreviation of ' coefficient of 8«,' in the preceding

equation. From (8«)= 0, (8/3) =0, (8y)= deduce a' (8a) + ,6' (2/3)

+ y'(8y)= 0, or

2{P(a'Z+ fl'r,+ y'0}+A<xcc'+ Bflfi'+Cyy+A'(yl3'+Py')

+ B ' (ay'+ yaf) +C '(/3«'+ a/3') = 0.

Now form a (Sa?) +j3 (8/3') + y (2y')=0, and we shall have

2 {Q («£+Pn+yO + Aaa' + BySyS'+ .... (as before)= 0,

in which last, the accented letters were in the coefficients, and the un-
accented letters are from the multipliers. Consequently,

2P(«'$+/3'i,+/0-2Q(«S+|3'j+yO=O,

or 2P(y-b)= 2Q(x~a), or 2Py-blP=IQx-aIQ, ovlPy^lQx;

and similarly it may be shown that 2Qz= 2Ry, 2Rx=2Pz. These
six equations, ZP=0, &c, 2Py= 2Qx, &c. are therefore necessary: it

remains to show that they are sufficient,

For this purpose, remark that #==«+«£+ &c, &c. give, by the aid of

the equations of condition,

£=«(#— a) + a(y-b)+ a" (z—c), r)=zfi (x— a')+ .. ..,

£=.y(x— a)+
Form a (8a)+ a'(8a')+a"(8a") = 0, which gives, by aid of the

equations of condition, A + 2£ (Pa+ Qa'+ R*")= 0, whence A is

obtained, and B' and C can be also obtained from y (8a )+ y' Qa'~)

+ y" (8a")= and /3 (S«) + &c.= 0. By the three corresponding equa-

tions /3 (8/3) +&c.=0, y(2/3)+&c.= 0, a(8/3)+&c.=0, B, A', andC
can be determined, and C, B', and A' from the three equations corre-

sponding to (8y), &c. Thus A', B', and C are determined twice over;
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the equations which give them are therefore incongruous unless the two

values of A' agree, and likewise those of B' and of C. If for £, ??, and

£ be substituted their values above, it will be found that the six equa-

tions 2P=0, &c, 2.P«/=2Q.z, &c. will make these values agree, and
that no other relations will do so, as long as the equations of condition

between «, a', &c. exist.]

In order to explain the second class of problems, it will be advisable,

dropping for a time the progress made in pages 449, 450, in finding the

variations of integral forms, to take a simple question and go through the

whole process from the beginning. Let the question be as follows : to

draw the shortest line from one curve to another, without assuming that

a straight line is the shortest distance between two points.

When we consider the variation of an algebraical function, V, we know
that its arithmetical minimum is 0, if any value of its variable can be
found which makes V= 0. But this is not necessarily an algebraical

minimum, since, if the value of V, in passing through 0, change its sign,

it is increasing or diminishing both before and after passing through 0.

Now it is to be borne in mind, throughout the following investigations,

that the results sought are algebraical, and not arithmetical, maxima and
minima. For example, let the two curves be as marked in the figure,

the arrow points denoting that the branches there

discontinued go on ad infinitum. Arithmetically

speaking, there are absolute minima at P, Q, and
R, and no maxima ; for between any two points,

one on each curve, a line of any length, however
great, may be drawn. Algebraically speaking,

P, Q, and R are not minima : for if we agree to

measure arcs of intercepted curves from, say PAQBR itself, then such

lengths when they pass through P, Q, or R change their signs. The
lower curves in the figure are so placed that certain straight lines AB
and DC can be drawn, one of which would seem to be a minimum, while

in the upper curves it may be made obvious that AC and BD are not

minima. It may seem certain that CD, in the lower curves, is a minimum :

that is, the points C and D being (however little) displaced on their

curves, no line, straight or curved, so short as CD, can be drawn between
their new positions.

The fact is that these problems of the calculus of variations involve

two questions ; the first completely and satisfactorily answered, the

second left in a very imperfect state. These questions are, as to the

instance before us, 1. What is the character of the line which is the

shortest distance between two curves, when there is such a shortest

distance? Is it straight* or curved, and if the latter, what is its law of

curvature ?

2. Two curves being given, can such a minimum distance be found ?

or can two points be found, one on each curve, such that the line whose

character is shown when the first question is answered, being duly

drawn from one of these points to the other, is really the algebraical

minimum distance of the two. We now proceed to the problem.

* It is no doubt partly proved and partly assumed, long before the reader comes
to this point of his studies, that the line in question is straight : but we will suppose

that this is not proved, and has not been assumed, in order to avail ourselves of this

very simple problem as an illustration.
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Let AB and CD be the two curves

between which the shortest line is to be

drawn. Draw a curve cutting the two,

and let x and y be the coordinates of any

point in it. At V let x=x
, y=y , at W

let x—x» y=yl
,and\ety

n=f x
l),y 1=f vx l

be the equations of AB and CD. We
want then to find a relation between x and

y, together with the position of V and W,
so that VW may be the shortest line ; or to make fj (1 +y'2

) dx from

x=x to x=x
t

the least possible. Pass to a new curve, vw, by-

changing x and y for every point of VW into x+ ox and y+cy. Let Q
be the point corresponding to P; and let dV be a curve made by
changing x and y into x— dx and y — cy. It is to be remembered that

at the limiting curves we must have ^o+^ =t//o(^o+o* ) anc^ 2/i+^i
= ^iOi+^.); also y -^y =%(x —dx ) a.ndy l

— dy
l=f l

(x
l
—^x

l ).

These last four equations are not compatible with each other, strictly

speaking, on any but a straight line ; if, however, dx , &c. be infinitely

small, they are true together as far as small quantities of the first order.

Let y' become y'+Sy', then substituting in jtjQ+y' 1
) dx, it becomes,

by Taylor's theorem,

J i
y

Jl+y'* 2 (1+y2
)! >

which, between the given limits, is the length of vw, and its excess over

VW is, to terms of the second order,

and dy—y'dx gives &y'dx=dc>y—y'dlx. Now, since VW is the least

possible, vw—YW must be positive, as must also v'w' —VW, and v'w' is

obtained by changing the signs of dx and dy, and consequently of ddx
and dBy : whence dy'ddx and (<fy')

2
retain the same sign in both cases.

Moreover, since every element in the first integral is of the same
order as ddx, and in the second as Sy'ddx, the second integral must, when
dx and cjy are diminished without limit, diminish without limit as com-
pared with the first. If, then, the preceding be K, -f K2 for vw, it is

—Ki+K2 for v'w
1

: and since K^ is greater in numerical magnitude than

K 2, the latter must have different signs, whereas they should be both
positive. The only way of avoiding this is by supposing that coefficients

vanish in K 15 so as to make it identically =0, independently of dy and
&x. Both vw—VW and dV-VW then become =K 2 , and if this be
positive, when taken between the given limits, the required condition is

attained. This reasoning, which applies in every case, is the ordinary

reasoning in problems of maxima and minima.

Substitute as above for dy'dx, and K x
becomes

Ci dZx y'dly 1



460 DIFFERENTIAL AND INTEGRAL CALCULUS.

which, integrated by parts, gives

v — ^x y'^y ~ C\% ^ * s ^ y' \j

_i
which is to be taken from x^ix to x=xx . Let (1 +2/'

2)~5=(T ' &nd let

y'
Q,

<t
, y'j, (Ti, &c. denote the values of y', a, &c. at the limits : we have

then finally for K^O
o-i (^i-f y'i fyO - ff

o (foo+y'o lyd+f%lyV (fy-y'&O dx=o.

The first terms depend only on the values of y', fix, and Ey, at the

limits, but the integral depends among other things on the values of dy

and dx at every point of VW, and contains in fact two arbitrary, though

infinitely small, functions of* andy; namely, Ex and dy. It is impos-

sible, then, that the last term should always (for all forms of dx and Ey, for

the line required is to be shorter than any other line) make the preceding

equation true : nor can this equation be true unless the arbitrary term is

made to vanish by a supposition not affecting Ex or §y. The only sup-

position on which this condition is fulfilled is y''=0
}
which amounts to

supposing VW to be a straight line, since it gives y=ax+b, y'=a,

<7=(l-l-a
2
)
_5

'. We have then to satisfy

Bx 1+ady1
— {dx +ady ) =0.

Before we proceed, however, it will be necessary to remember that our

only reason for equating the terms of the first order to 0, by means of

coefficients, is to prevent our having a term which, being the largest of

all, may be made to take either sign, whereas in the case of a minimum
it must be always positive. The necessity of this supposition as to the

indeterminate integral is easily shown ; for in fy"

a

3

(ty
—y'Sx) dx

there are the arbitrary functions ly and dx, which are altogether in our

power except at the limits, so that the integral, if positive in one case,

may be made negative in another. Nor can the other terms prevent

this term, if allowed to exist, making the terms of the first order some-

times negative : for when the varied curve begins and ends at the original

curve VW, (as in one of the dotted lines of the diagram,) we have Ex
,

Ey , ^xu and ^y[5 each =0, so that if y" have any finite value, we may
make the whole of the terms of the first order, in certain cases, negative.

Hence y"=0 is a necessary condition. But if we look at the part

trx (Bxx+y[x dyl
')—<&c., which becomes (y"=0, y'=a)

( 1+«2)"* {&?!+<%,- Ox +aty ) },

it is not obvious that this portion, unless made =0, may have any sign

we please, for cx and Sy are connected by an equation, and also $xx and

£y,; since (x +^t , y -\-cy^, &c. are two points each on a given curve.

All that is necessary, then, is that the preceding should be positive

:

and if we add K2 , we find for the complete variation as far as terms of

the second order,

lxx+ ady l
—(dx + aty ) JM adaddx (Eaydx \

,oV(l+«3
)
+
2(l+ «2

)
1^V(l + <> J ,oV(l + «2

) 2(l+ a8
)*
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where da is constant or variable, according as via is a straight line or a

curve (VW being made a straight line, since y"=0).
The preceding must be positive. Now suppose that our axis of x had

in the first instance been made parallel to the straight line we wish to

consider, which can always be done. Then a=0, and the preceding

becomes
dx

l
—dx +^/2 (da)

2 dx

;

where dx
Y
and dx are independent, and J* (da) 2 dx independent of both.

If xa <.xly as we have supposed, the last term is essentially positive, and
the whole will be positive if dx must be negative and cx

l
positive. The

only cases in which this is true are represented in the following diagram,

in which the straight line drawn being parallel to the

Ay wv
Y ^

V w V w

axis of x, and x being measured positively towards the right, we see that,

(x
, yo) being V, and (x

x > y t) being W, dx must be negative if we pass

to an adjacent point, and dx
t
must be positive. Consequently, a line is a

minimum distance between two curves when two perpendiculars being

drawn at its extremities, neither perpendicular passes through its curve

so as to have the curve on both sides of it. Another case (answering to

CD, p. 458) need not be discussed : the object being merely to show the

insufficiency of the common method, and also its tendency to redundancy.

The application of the preceding reasoning generally to df4> dx is

rendered extremely difficult by the complexity of the terras of the second

order. The only cases in which we can easily proceed are those in

which we know beforehand that there is a maximum and no minimum,
or a minimum and no maximum. Then, taking

$f(j>dx=z<f)dx+f(Y) udx+(Y)
l
w+ (Y)ah/+(Y) 8 «"+....

4- terms of second order+ , . . .,

we may make (Y) =0, for a reason similar to that shown in the last

problem, and we then know from the nature of the case of what sign the

terms of the second order must be. It remains to ascertain how the line

determined by (Y) =0 must be placed, in order that the value of the

integrated part of the expression taken between the limits, or

& dx,-^ fcr + ((Y)0i oj—((Y) 1 )o

"

+ (00*). «A - ((Ys))o "o+ ....

may always have the same sign consistently with every variation which
the conditions at the limits will admit, and that sign belonging to the

maximum or minimum, as required.

Before proceeding to some examples, let us examine the equation

(Y) =0, or

Y-Y/+Y,,"- . . .= 0, where dcj>=Xdx+Ydy+Y,dy'+Y
/l
dy"+ . .

.

If X=0, or a function of x; that is, if <j> either do not contain x at

all, or in such a manner that it has the form (y, y' .

.

. .)+Yrjr
i then,

page 208, it is obvious that Y=Y/—Y,/'+ is precisely the con-

dition necessary, in order that ~Kdx-\- Ydy + . . . ., or (Xdx+Yy'-{-

Y,y''+ . . . .) dx shall be integrable per se, so that we have
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<P=fXdx+ (Y,- Y,/+ . . . .) 3,'+ (Y
//
_Y///+ . . . .) y"+ (<£)

;

so that the diff. equ. (Y) = admits of one integration. For example,

let contain only y and y', then X, Y
//5
Y

t/I , &c. are severally =0, and
we have Y—Y/=0, for (Y) =0 ; or, by the preceding, ^=C+ Y /

y'.

Now, Y, containing y', Y/ contains y", and Y—Y/=0 is of the second

order ; but 0=C+Y y
/
is of the first.

Let <p contain y, y', y' 1
, and y'", with x in an independent term.

Then

^fXdx+(Y-Y
l
/+Yw")y'+(Y ll

--Y
/l
/)y'+Y

ll/
y".

Let it be required to find the curve on which a material point, acted on

by gravity, and descending freely, shall fall in the shortest time from a

given point to a given curve. If x be horizontal, and y vertical, this

amounts, by the principles of mechanics, to making J {J0--\-y'
r
) '• *Jy} dx

a minimum.* We«have then

rh- /(
l +y'*\ Y, i ja+/2

) Y _ y_L_
"v v y r ~ 2 yi '

Y
'-J(y(l+y»y

or l-C 2 y(l+y'2
)

^Vfc) -±KverS-|W(2KJ
,-y.)+ L:

2K being 1 : C2
, and L a new undetermined constant. Let us suppose

the fixed point from which the descent begins to be the origin ; then,

since x and y vanish together in the curve, L=0, and we have the

equation of a cycloid, whose cusp is at the origin O,

and the radius of whose generating circle, which rolls

on the axis of x, is K. According as the upper or

lower sign is taken the cycloid is placed with its ordi-

nates negative (as in OA) or positive (as in OB).
We have also (¥),=¥,, (Y) 2=0, &c, whence the

integrated part of lj$dx is

Taking this between the limits, we have, x
x
and y y

being coordinates

of the required point in the given curve PQ at which the descent is to

end, and $x and Sy being each = 0,

2/r*(i+^r*(^.+2Afyi),

putting for
%f x

its value in the last factor : it being remembered that y\
is to be taken as positive when the point comes in the first half of the

* From the nature of the problem, a maximum is impossible : by making the
curve sufficiently near to a level at its commencement, the time might be augmented
without limit.
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cycloid, and negative in the second. Let 3/,=T//jr
1
be the equation of

the curve to which the cycloid is to be drawn : the sign of the preceding

then depends on (1 + y'i^>'x x ) cxu so that in every case in which c/,

can be either positive or negative, we must have l + y'^'x^O, or the

cycloid must cut the curve at right angles. But if there be a cusp so

situated that 5,^ and Sy, are necessarily positive, and that the cycloid

drawn from the origin to the cusp meets the cusp in a point of its first

half, that cycloid is a line of shortest descent : and also if it be so

situated that Sj, is positive and ly
x
negative, and that the cycloid meets

the cusp in its second half.

Sometimes a further integration may be made in (0): thus, if

contain only y' and y", we have Y/— Y,/'=0 gives Y
/
—Y,/= const.= C,

whence, if X= 0, (0) becomes

For example,* let cf)— (l-\-y
f2y:y'r

, the limits being two fixed points

in the axis of x, and one of them the origin. We have then

in which, since c and C are arbitrary, 2 may be struck out. Let
y' =tan (3, y" dx = (1 +tan'2

/3) dft, and we have

dx=(c cos
2
/3 + C cos /3 sin (3) d/3, dy= (c cos /3 sin /3+ C sin2 /3) dp

4x=2cfi +csin2J6-Ccos2 /
8+K

47/= 2Cy6-Csin2/8—ccos 2/3 +L;
which may be shown to belong to a cycloid. The integrated part of

the variation is

0&r+(Y,—Y
tJ) w+ Y„ w', which gives Y//8 w'2—Y„, w\,

since Ix and w or cy — ylx vanish at both limits. And w'z=.ly'—y" Sx
gives Y//2 (iy's—Y,;1

dy\ for the above. If yS, and therefore y', be given

at the limits, this vanishes of itself, and the arbitrary character of the

constants c, C, K, and L, is no more than sufficient to enable us to make
the cycloid pass through the given points with given tangents at those

points. But if y' be undetermined at the limits, we have

Y„2V2-Y//8Vi= "^-"(l+rf) 3/32+^^(l+2/'D cA

;

y 2 y i

in which the power of giving different signs can only be avoided by
making the coefficients of c/3 2 and cfi l

severally =0. That is, the radii

of curvature at the extreme points are both =0 ; which in the cycloid

only happens at the cusps. Hence if A and B be the given points,

every such figure as that in the. diagram gives an
algebraical minimum : that is to say, any slight

variation of the upper curves with a corresponding

variation of the lower evolutes would increase the area contained.

* Let the student show that this answers to the following problem : between
two given points to draw a curve which with its extreme radii of curvature, and
their intercepted arc of the evolute, contains the least area. And let him show
that the problem may be susceptible of a minimum, but not of a maximum.
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There is no absolute arithmetical minimum; for by sufficiently in-

creasing the number of revolutions of the generating circle we might
diminish the whole area without limit.

Let it be required to draw on a surface the shortest line from one
curve to another, both curves being on the given surface.

Let dz—pdx+qdy be the differentiated equation of the curve

surface ; the function to be made a minimum is then

*=./7{ i +y'A+(p+qy'y} dx=f<t>dx ;

p and q being both functions of x and y. We have then

y_y'=o or
(p+gyQfr+ foO i (

y'+(p+<iy')<i\=Q
' ' <p dx\ )

Make a itself the independent variable, and hv p+ qy' write (dzida)

X {da : dx), remembering that da : dx^=.<p. We have then

dz da / dx dy\ _ d fdy dz\ da

da' dx \ da day da \da daJ' dx

dz f dx
„ , dy\ d'2y d*z dz f dx , dy\

T s T-+t 7T =li+<lT-*+ T s T+H >

da \ da daJ da* da* da \ da daJ

d-y d 2
z . lA . d*x d*z

d?+qd?=°>
aS m Pa§e 443

' ^ d? +P d?

might be deduced by combining this with the equation of the surface,

or else by altering f<fidx into f(xH -\-\ -\-(px' -\-qYJ
1 dy, and repeating

the process, on the supposition that x is a function of y. The integrated

part, <pdx-\-Y
7
w, is subject to the remarks already made in the pro-

blem of page 469. If x, y, and z be expressed as functions of v, the

preceding equations (page 158) become (jf being dx:dv, &c.)

a' (y"+ qz")—a" (y'+qz')=0, a !

(x" +pz")—a" (a?'+p2
/

)= °»

or (f+qz") : (x"+pz'>)= (y'+ qz>) : C*'+p*0 ;

which is nothing more than the. expression of the property that the

osculating plane of the curve must be everywhere perpendicular to the

tangent plane of the surface, partly proved in page 442.

Hitherto we have not supposed the function (j> to contain the limits of

integration directly, as constants. If this be the case, and if a? , xu t/ ,

Vv> y'c 2/'u &c - De the values of x, y, y', &c. at the limits, we shall have

to add to the variation of f<pdx the series of terms

( ~T~
^0+ t~ ^1+ • . • •

)
dx, or ()x — dx-{-dxi —dx+ . . . .,

j \dx dx
l J J dxQ J dx

t

remembering that 3r , dxl} &c. are constant throughout the integration.

The general form of (Y) = is, therefore, not affected, and the only

change which is required is the consideration of the new terms annexed
to the integrated part. Also if the quantity to be made a maximum or

minimum were of the form K+f(pdr, K being a function of limiting

values, the only alteration requisite would be the addition of SK to the

integrated part.

Thus, if in the question of the b rachysloch ron, or line of quickest

descent, page 462, we suppose the line is required to be drawn from one
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curve (y , x„) to another (y,,^), the velocity at any point depends upon
the height of the point on the first curve from which it fell, and the

expression to be minimized is

]"(££)**. i-tead ofJQ^Jdr;
'

in which, as it happens, d(p : dyQ — — d<p : dy = —Y=— Y/, since

Y—Y/=0. Hence hj f (dcf) :dy ) dx=—Y, cy , or —(Y„—

Y

/0) cy
between the limits. Consequently the integrated part is now

- (Y/i ~ Y/0) fy +<£i ^,—0o cr +

Y

n (cy^-i/i ox,)—Y/0
(Sy —y'

cx ).

But since
<fi
= Yjy'-t-C at all points, the preceding becomes

Cox
l
—Cdx —Y

ll
cy +Yn Sy,.

Ify,— i^jX, and y —i{s x be the equations of the curves ; substitution

gives

(C +Yii y i
x

l
)cr-(C +Yn f x )dx ;

and assuming each coefficient =0, we deduce ll/',!^^^, or the

points at which the cycloid passes through the curves have their

tangents 'parallel ; while from the former process it appears that the

cycloid has its cusp on the higher curve, and cuts the lower one at right

angles.* A cusp on one of the curves might offer an exception, as before.

Let it now be proposed to find, not the independent maximum or

minimum of an integral, f<f>dx, but that which exists under the con-

dition that ftydx shall remain constant, as in the following question

:

Of all curves of a given length, what is the curve of quickest descent

from one given point to another ? In this case we do not require

cj~(pdx to be always positive, or always negative, but only in such cases

as also satisfy cfydx=0. Let d\Js=.Edx-\-Hdy+ 'H / dy'+ . . . , and,

consequently, as in page 450,

Sf<pdx=<j)dx+f(Y) wdx+ (Y) 1
w+ ,

$ffdx=f$x-t-f(B.) wdx+ (H\ w+ ;

whence the following conditions : 1, (H) =0 must make(Y) =0. 2.

ft ^x
l—-fo hx + . . . .=0 must make fa Bx1

—
<f>

£x + .... l^Sm in the

case of a "kx'imuS-

To satisfy the first condition, it is sufficient that there should be any

one constant quantity a, such that of (jfi+ aty) dx=Q ; for then, since

%f<pdx-\-a()fydx=0, %ffdx=0 gives cf(pdx=0. To satisfy the

second condition it is sufficient that for the same quantity a we should

have 0! lx
r
— O cx {-... .+a (^ Zx,— if/ %x + ) always positive

or always negative. Hence it follows that if we proceed as in making

J (0+ aty) dx a maximum or minimum, and then determine a, so that

J^fdx may have a given value c, we shall give f(j)dx the greatest or

least value which it can have consistently with the condition ffdx=c.

* Having in the first three questions taken notice of the limitations and excep-

tions which sometimes occur, I shall, in the remaining problems, simply ascertain

the conditions under which the variation of the integral is nothing. But the

student must remember that the results require further examination, except when a
maximum or minimum resembling that indicated by the result is known to exist

a priori.

2 H
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For example, it is required, on a given line AB= &, with ACB a curve

of given length to inclose the greatest possible

area : here the maximum obviously exists, and

there is no minimum. Here f\ydx is to be

maximized, while f\J (l+y'^j dx = c, or we
must proceed as in making

J {y+ ajil+y12
)} dx=f<pdx, a maximum.

We have then 0=rY/2/'+C, which gives

y+ aJ(l+y'*)=—^-
)

+ C,or (y-C)V(l + 2/'
2
)= -«,

or the curve is circular. By properly assuming the three constants, we
may find the circular arc which passes through A and B, and has the

length c : this arc is the curve required. The integrated part vanishes

of itself, since the limits are fixed.

A curve of given length is to be drawn between two given curves in

such a way that its centre of gravity may be at the least possible dis-

tance from the axis of x. This distance isJ yds: S, S or fds being the

whole length : consequently Jyds is to be a minimum, fds being

constant, or we must proceed as in making f (y+ a) ds a minimum;
or

f<t>ds=f(y+ ay(l + y'*) dx, Y,= (y.+a) y> : V(l +/0
0=Y!y '+ Cgives^tf= cy(l+2/' 2

), Y,= Cy'

% =7W^*)> ^K= ciog (y+ ,+v((y+^-co
x+K x+K

ihe equation of a catenary, or of the curve in which the string would
hang if the axis of x were horizontal. Now take the integrated part,

derived from <j>Zx-\-Y , w, or (0— Y,?/') Ix +Y
/
tfy, or C&r-j-Y, cty,

which gives

Cctoi+ Cy\ cyi—CSxo— Cy' dy
;

and this is to be always positive, or nothing. Substituting ^y l
-=z-^f'

t
x

l
&r,

and tyo=f'o xo $x , we find, to make the preceding =0 independently
of lx

l and &r , the equations

l+^'tfi^^O, l+j/'of^o^O;

or the catenary must be perpendicular to both curves. But (C being
positive) let there be a pair of cusps, one in each curve, so that Si, must
be positive, $x negative, and y\ ly

v positive, and y\ ly^ negative, as in

the figure. There will then be the minimum
i

j

I j
required, if the string hang in a catenary from these

\i 1/ points.

If the distance were required to be a maximum.,
the process would appear to be the same, and to

determine the same curve. But it must be re-
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membered that K is arbitrary, and that by so assuming it that

K : C=L : C+ 7r
N/(

— 1), the equation of the catenary takes the form

x+L x+L

2(y+ a)=-s c -C3 £~~.

I have placed the curve downwards in the diagram, as the problem

obviously requires, and it would have been placed the other way, if the

maximum had been required. Such circumstances as these must be
determined by the apparent necessity of each case, until the integrals

answering to K2 in page 459 can be satisfactorily examined. This has

not yet been done in any manner which is sufficiently complete and
elementary for the learner.*

I shall now give some examples of the more extensive methods in

pages 450, &c. The following was solved by James Bernoulli, in the

early days of the differential calculus. On
a given line AB to draw a curve of given

length ACB, in such manner that NP, the

ordinate of another curve, being a given

function of the arc AS, the area APB shall

be the greatest possible.
;

Let AN= a;, NS=y, AS=v, let PN=S
(a function of v), and fSdx is to be a

maximum, while fjil + y'*) dx is constant,

between the fixed limits. We have then (page 465)

/0<^=/(S-W(l+y"2

)) d*> A^=/V(l+y2

) dx=v,

(page 450) P=0, P,=2/' (1 +y'Th
, Y= 0, YJ

= ay' (l+y' syi,

v=
f/S

dv'
n,=fVdx.y<(l+ y

'*)

<aj°4>dx—<fi()x

+

+f\dx{J

;(-
ay

y'

)dx+
«y

V(l+2/"2

)

VO+y' 2
)

u)dx+ y

V(i+y2

)_

y wdx —fVdx. y

from the formula in page 450, which gives (Y) =Y—Y/= — Y/, &c.

Taking all the integrated part between the fixed limits, all those terms

disappear which contain dx or w free of the integral sign. Also fYdx
is, relatively to the integration of arbitrary variations, an undetermined

constant, which we may call H. We have then

V*^J{(-
-*' Y ( :Hy '

+ (fVdx if

vci+yo

>dx

* The student who requires more problems may consult Woodhouse's most
valuable treatise on Isouerimetrical Problems, which is, in fact, a richly exemplified

and referenced history of this calculus from the time of the Jsnperimetrical pro-
blems, as they were called, to our own. Also the tract by Mr. Airy, in his Mathe-
matical Tracts, and Mr. Abbatt's Treatise on the Calculus of Variations.

2H2
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and, equating the coefficient of wdx to 0, and integrating, we have

ayf+ (H-fVdx)y>=Cj(l+y'*).. . .(H)

a+K-fVdx=Cy'-^(I+^ -V=-^f^
dS , Cv"dx „ _ C ' CdS, Cy"dx a ir C

Ccfo
7

(K—S)dv

V(Ca+ (K-S)«)* V( C2+(K--S)
2)

'

from which y and a? are to be found in terms of S, and by elimination y
in terms of x. There are four arbitrary constants, C, K, and the two
introduced in integration ; three are expended in making the curve

ACB of the given length, and passing through the given points A and B.
But the fourth constant is undetermined, a circumstance to be explained

as follows. The curve APB would remain a maximum if all its ordi-

nates were lengthened by Aa, as in apb : that is, no curve of the same
length (ending at a and b) can inclose so great an area as, AapbB.
Hence the problem is so far indefinite that the function S and S—

K

(K being any constant) must give the same form of the required curve.

The preceding result expresses the degree of indeterminateness which is

thus admissible into the function S, by presenting S always accom-
panied by an arbitrary constant. The given conditions must then be
satisfied by the three remaining constants, and K allowed to remain

:

the resulting curve APB will makey"(S — K) dx a maximum.
Before exemplifying the remaining method (page 451), it may be

shown, in the manner of Lagrange, that all the unconnected methods
given in this chapter may be reduced to one only. Let be a function

of x, y, y', y", &c, z, z', z", &c, &c. We have then as before (w being

hy —y'cx and £ being dz—z'dx),

c5/0^=0^-f-/{(Y)oW+ (Z)
o ^}^+(Y)lW+(Z)^

+ (YW+(Z)2 £'+....

In order that Sjfdx may be always of one sign, we must have, as

already explained, (Y)„ w+(Z) £=0 ; and if y and z be independent,

(Y )=0, (Z) =0. But if y and z be connected by an equation, say

L=0, we find that it is sufficient that there should be any one function

X, for which cfcpdx+ dj Xhdx is always of one sign, since then the

condition L=0, f\Ldx— const., I (const.)= 0, shows that the per-

manence of sign of Sfcfidx is only simultaneous with L= 0. If, then,

XL be a function of the same quantities, and if Y, Y
/} Z, Z

/5
&c. denote

its partial diff. co. with respect to y, y\ &c, z, z', &c, and if (Y) 0) (Z)
represent abbreviations similar to (Y) , (Z) , &c, we have

S/(0+XL)<ir=(0+\L)gj?+/{(Y)o+(Y)„}«dc

+/{(Z)o+(Z)o} ^+{(Y) 1+ (Y)
1 } w + {(Z)l+ (Z) x } £+

If, then, we eliminate X between

(Y) -KY) =0, (Z) +(Z)o=0,
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(which are necessary, since w and '( are now independent), we have an
equation between y, z, and x, which with L= will determine both

y and z in terms of x, if the integration can be effected.

But the preceding process may be materially simplified by showing
that the ultimate use of L= will allow us to proceed as if X were
a function of* only, and not of y, if y", &c. For we have

lf\Ldx=f (L\ .dlx+\.oL.dx+'L.Z\.dx)

= LXaz-f-/* {ZLdx—d\2x) \+f (cXdx— dkcx) L

;

of which the first term finally becomes nothing, and the third constant,

when L=0. So far as the integral part is concerned, L=0, and
l\dx—d\?ix=0, produce the same effect on the result, but the latter

would happen identically if X were a function of x alone.

In the simple case in which L is a function of x, 3/, and 2 only, we

have Y/^0, Z^=0, &c, so that (Y) =XY, (Z) =XZ, and (Y) +\Y=0,
(Z) +XZ=0, give*

(Y) Z-(Z)o(Y)=0, or ^(Y) -^(Z) =0.

Let z~J ydx, ty being a function of x, y, y', &c. ; or let the equa-

tion L be z'—f=0, whence XL= \z'—Xf. Consequently Z= 0,

Z^X, Z^^O, &c, and Y, Y/5 &c. are all derived from — \f. Hence

(Z) =: — X'. Again, if
<f>
be a function of z only, and not of z', z'', &c,

(which is the case in page 450,) we have (Z) =Z, whence (Z) +(Z)
=0 becomes Z— X'= 0, or \—fZdx—H, H being a constant. Sub-

stitute this in (Y) + (Y) — 0, which then becomes

Y-Y/+.... J-QI—fZdx) J?- {(H-fZdx)P,}'+.... =0;

a form similar to which might be deduced from page 450, in the

manner of the example in page 467 ; dty being Vdy -J- Pi dy 1'+

The following problem wdl illustrate every part of the preceding

method.

Required the curve of quickest descent, from one given limiting curve

to another, in a resisting medium, the resistance being R, a function of

the velocity. Let x be measured positively downwards in the direction

of the action of gravity, we have then, by the principles of mechanics,

v being the velocity, J *J(l-+ y' 2
) >dx: v to be minimized, and

V
Tx^ g

~R% ovz'+ 2R^(l+y^-2g=0,

where z— v 2 and R, being a function of v, is a function of z. Here,

then,

0=^—"^, XL=X.'+2XRV(1+y
,2)-2\g (1),

* Let the student deduce from these equations that of the shortest line between
two points on a given surface.
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Y=0 y- 2XR^_ Y =0 &c

Z=r2XRV(l+y 2
), Z t

—\, Zn—0, &c.

Here R' stands for dR : dz. We have then

^M^^SkH «

(Z) +(Z) =~^i^3+ 2XRV(i+y2)-^=o- • • .(3);
2«5

from which three equations, X, z, and j/, must be obtained in terms

of #.

Now (2) gives 2
_
*+2XRr= Ay'~ l

(1+y2)* and (dR : dx—R'z')

{ _ 1 «-i+2XR'-} z'+ 2RX'= - A2/V-2 (l+y'2)-*

;

or (3), (1), \'(l+ y
'«)-*(2g- 2R(l+2/'T)+ 2RX'

or 2gX' (l+2/'T*= -A^y
-2

(1 +*/2)~*, or 2g\'=-Ayny'-i
;

whence 2gX=Ay-I+B, anda+^R^ML^ (4).
gy y

From this equation, R being a function of z, z can be obtained in

terms of y', say z—fy'. Then (1) gives

fiy'.y"+ 2RJ(l+yi*)-2g= (5);

a diff. equ. from which y is to be found in terms of x. If there be no

resistance, or R=0, the equation of the cycloid (page 462) can easily be

found.

As to the equations at the limits, we have

($+ XL)&r, or 0&r (since L=0)=z~*(l +#")*. fa

(Y^z-Va+yT*' (Y) I= 2XRy'(l-|-^)-*, (Z)x=0, (Z) 1==X;

whence the part to be taken between the limits is

z~% (1 + i/
2)* fa+ (2"*+2XR) y' (1+2/

'

2)"* (Sy—tflx) + X (Sz-z'Sx) ;

or «"*(l+2/'2)s Zx+Mfy—y'Sx)+\tiz - {2Xg-2XR (1 +t/'
2
)*} S*

;

or A?/'"
1 (1+y'*) Zx+Ady—Ay'Zx+\h-2\gZx;

or (Ai/-1 - 2Xg) fa+Afy 4- Xfa.

There are four arbitrary constants, A, B, and the two introduced in

integration of (5). Two of these are expended in making the curve

pass through the proper points of the limiting curves ; by a third we
may make the initial velocity what we please, say a given function F of

the coordinates of the limiting curve at the commencement ; but the

fourth seems superfluous.* We shall, however, find that it is deter-

* Many problems in this calculus present more constants than can at first sight

be made determinate by the conditions, and until the theory is generalized (which
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mined by the following circumstance. At the first limit, cz is F'oj

+ F
/
cSy > F' and F t

being partial diff. co. ; but at the second, cz
t
must

be determined from Ziszfy'v giving cZi—f'ij'^.ly'y Now cy\ is in-

determinate, since it depends on the alteration of the angle at which the

curve cuts the second limiting curve, an alteration, which in no way
depends on the variation of the coordinates at the limits. Hence cz, is

indeterminate, and therefore when the whole is made =0, independently

of variations, we have Xj = 0, or Aj/r
1 + B = 0, whence 2g\

=A (y'~ l—2/T
1

)) and one arbitrary constant is lost. Let y z=\f/ x
,

and y l
zziff

l
x

l
be the equations of the limiting curves; we have then,

writing Ay'7 1
f°r Ay'"'— 2gX, and writing for cx , cxu &c, and cz

their values, the following conditions necessary to the complete vanish-

ing of the variation, independently of dx find Sx ly

Ay'v
1 +AV'o ^o+

X

(F'+

F

;
y' *«,)=

Ayr'+Ay'i^^o.

The second shows that the curve must cut the second limit at right

angles. If 2/=<fr Or, A, B, C l5 C 2) be the integral of (5), we have the

two equations just obtained, with

y x =$(x ,A, &c), ^^=$(1,^, &c),

i A+By AV(l+2/'D

y* 2/0

five in all, to determine x , xu A, C,, and C 2 ; while B is already

determined in terms of A.

Let us suppose a given velocity at the outset, independent of the

position at starting: we have then F=const, F'=0, F
y
=0, and

y'~ l+ yjr' x = 0; from which, and y'^+ fy'iX^O, we deduce V'o^o
— VA ^i> or the tangents of the limiting curves at the extremities of the

line of quickest descent are parallel. But if we suppose that the initial

velocity is, whatever the point of starting may be, to be that acquired in

falling from a given height, say from the axis of y, we have z =2gso

=F, whence F'=2g', F,=0; and

Ay,

T
l +Af' x + 2g\ =0, or A^'o x + Ay,-l~0;

whence the curve also cuts the first limiting curve at right angles. All

these conditions are independent of the law of resistance, and are true

if R= ; we have already seen some of them in this case, (page 462.)

I shall now take an instance in which there are two independent

variables. Looking back to the formula in page 454 we may see that

if "Bftf) dx dy is to preserve the same sign independently of w, the

coefficient inside the double integral sign Jf must vanish : for in every

other part of the expression an integration has been made, either with
respect to x or y ; those other parts are therefore to be taken between

limits, and w, do) : dx, &c, have only the restricted values derived from

it never will be until great progress is made in the solution of diff. equ.) the meaning
of the superfluous constants must be collected from the circumstances of each pro-
blem. Lagrange merely *ays that os l

is indeterminate, but does not give any
reason ; if he meant that it may be made indeterminate because another condition will

be thereby introduced to determine the fourth constant, his reasoning is not sound.
It is remarkable, that Woodhouse and Lacroix both omit this part of the problem
in silence.
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the conditions of the limits. But the term with the double sign ff
depends upon all the values of w intermediate to the limits, and may be
made to change its sign by changing the sign of o>, as in page 459.

The nature of the function which makes Sf <pdx dy=0, d<p being
Xdx+Ydy+Zdz + Pdp+ Qdq+Rdr+Sds+Tdt, is to satisfy the

diff. equ.

„ d.P d.Q d\R d2 .S , d2 .T
Z — -\ -\ =0;

dx dy dx2 dx dy dy2

z being implicitly a function of x and y. But the conditions relative to

the limits have had no progress* made in their solution which it would
be worth while to present.

What is the nature of the surface which under a given volume con-

tains the least possible superficial content, the volume being contained

by the surface itself, by cylinders whose projections are given on the

plane of xy, and by the plane of xy, in the same manner as in pages

390, &c. We have then to make J'JaJ(I +pi+ q
2
) dxdy a minimum,

on the supposition thatJJzdxdy remains constant. Hence we must
proceed as in minimizing

ff (V(l +p2
-h<f)+ a2) dx dy=ff<pdx dy,

Z=za, P=p(l+p*+ q
2y$, Q= ? (l+p

2+g2)-*, R=0, &c. s

J T>

-j- = r (i +p*+ q*y*-p (pr+ qs) (1 +/+?»)"*,

d
jQ=t(l+p*+ q

2yi-q(pS+ qt)(l+P*+ q
2)-*;

whence Z — (d

.

P : dx) — (d.Q: dy)= gives

(r+t)(l+p2+ cf)-(p
2
r+ 2pqs-}-qH)~a(l+p*+q2)s

or (l+q2)r— 2pqs-\-(\+p2
) t=a (l+f+q2

)\

Substitute this value of (l + g
2)r+&c. in the equation (page 435)

by which the radii of curvature of the surface are determined, and then,

p being one of these radii, we have,

(rt-,>?) P*-a(l+p
2+ q*yp + (l+f+qy=0.

Let p, and pu be the radii of curvature, derived from the preceding
equation, we have then p/+ p //

=ap
/ p //?

or in every surface which
under a given volume contains the least area, the sum of the radii of

curvature is in a constant ratio to their product, or the sum of the

curvatures is constant. This property is evidently true of the sphere.

Again, if rt—

s

2—0, or if the surface be developable, (that is, if p, be
infinite,) we find — «p//

+l= 0, or p /;
is constant: so that the common

circular cylinder is another surface which satisfies the equation.

If we make the conditions independent of a given volume ; that is, if

we ask for the surface which under a given contour contains the least

possible area, we simply minimize fj/J{\ +P
2+ q

2
) dxdy, or make

a=0 in the preceding. We find then the equations

* The paper of Poisson already cited may be referred to on this point ; but
after all, it is very little which has been done.
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(1 + 9
2
) r-2pqs+ ( 1 +p

n

) t=0, (rt-.s*) p
2+(l+;p9+g»)f=0.

Consequently the surface of least area must have its radii of curvature

equal in length and of contrary signs, except only in the case of a plane

in which the equation is satisfied hy r, s, and t severally vanishing.

The following method will frequently integrate an equation of the

preceding form R?-+S-?+17= 0, where R, S, and T are functions of p
and q. Assume x and y to be each a function of two new variables v

and id. We have then (zv meaning dz : dv, &c.)

z v=pxv+ qy„ zw=pxw+ qyw ;

or if p=—X : Z, q=—Y : Z, these become

Xxv+Yyv + Zzv= 0, Xrw+ Yyw + Zz „.= ;

which are satisfied by

X=yv zw
—yw zv , Y=z v xw— z,B xv , Z=xv yw

—xw yv .

Again zm — (rxv + syv ) xv + (s rv + tyv ) yv +pxm + qyvv

zvw= (rxw+ syw) x v + (sxw + tyw) y„ +pxvw + qy^
zww=(rxw+ syw) xw+ (sxw +tyw) yw+pxw ,l>+qylcu,.

Substitute —X : Z and —Y : Z for p and q, and let

XxV0+Yym-\-Zzm=(YY) )
Xa rK+ &c.= (VW), Xx,cw+ &c.= (WW).

We have then

rxl+ 2sxv yv + tyl = (VV).Z~ l

rxv x,c+ s ( xv yw+ x, yv ) + tyv yw= (VW) . Z- '

. rxl+ 2sxw yw +tyl =(WW).Z-';

from which, by solution or verification, may be proved

r={ yl(W)- 2yv yw (Y\Y) + ^(WW)}.Z"3

-s={xw y, (VV) - (Tv yw+ xw y^(YW) +xvyr>
(WW)} .Z" 3

t= { xl (VV) — 2xv xw (VW)+ xl (WW) } z-3
.

These, substituted in R?-+ S^+ T<^=0, give

{Ryl-Sx^y^+Txl} (VV) -.{2%,y„—S (xv yw +x,cyv)+Txv xK}(Y\Y)

+ {hyl—Sxvyv+Ta?v}(WW)-0.

In this equation, something is left arbitrary, since an infinite number
of ways can be assigned of producing any given relation between x, y,
and z, from three equations of the form z= cf> (v, w) , x=f(v,w),
y= F (y, w). Two of these, then, may be assumed in any manner winch
will simplify the resulting equation. Suppose, for example, as in the

given equation, that R— l+q-, S=

—

2pq, T=l+p 2
, or

RZ2=Y2+Z2
, SZ 2— -2XY, TZ 2=X2+Z2

,

(Ryl- St
;0^+T4) Z»=(Yy.+Xiw),+Z" (yl+ xl)

= Z*(xl+yl+zl-).

Proceeding thus, and substituting in the preceding equation, we find

^l+yl+^)(y^-2(xv xlc+yt,yw+ z,z,c)(VW')

+ (xl+yl+xl)(W\Y)=0.
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Now (VW)= is satisfied by x^— O, 2/„w=0, ^^=0, or

and the remaining terms of the equation vanish identically if

or XzW—J—1
i
/VW>'s w>

S

+Yr'a w ) dw, Xi v:=1J~ l fJif'iV+f'iv) dv -

But since f,» is a function of 0,z>, &c, we do not restrict our

solution by writing v and 10 for <p x
v and 2 w, whence if

x~v-\-w, y^iffyV+ tyzW, it follows that

z=V~l /V(l+^>
2

) dv+J~l/J(l +f
r
2'w) dw,

the elimination ofv and w will give the equation of the surface required.

Since there are two arbitrary functions, this is the most general solution.

From its form it would appear to be impossible ; but it must be

remembered that the elimination between equations involving </( — 1)
does not necessarily give that symbol in the result. The preceding

equations are useful as showing the nature of the problem, namely, that

it cannot be completely solved without elimination between equations

containing indefinite results of integration.

It is required to ascertain whether any surface of revolution can have

the radii of curvature at every point equal, and contrary in sign. Let

the axis of z be that of revolution, and z= <fi (x*+y
2
) the equation of the

surface ; we have then

p=2x<j>', q=2y<j)\ r=Ax*<j>"+ 24>', s=4xyfi', t=4if<p"+ 2j>'.

Substitute these in (1 + g
2
) r—2pqs+ (I + p*) t=0, and we find

(x*+y>) 0"-f 0'+ 2 (x2

-f y*) <//
J=0.

Write x for .r
2+ 3/

2
, y for (p, and we have

dx2 dx \dxj ' dy% x dif

Changing the independent variable, as in page 153. Multiply by
1 : x, and let dx : xdy—v, which gives

— =-, or 2dx=ixi vdv, and v=\ /( C ),

dy x V V XJ

dr 2

Subtract the constant (2 : *JC) log.^C, and make 2 : ^/C=a,

y— a log Q(x— a2
) -f *Jx) +C

;

whence the only surface of revolution which satisfies the conditions is

^«log{V(^+2/2+ a2)+V(x2
+i/

2

)} + C'.

The equation of the generating curve is

z=a log {x + J(x*-a*)} + C';
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which is that of the catenary, the axis of revolution being the well-

known directrix, the property of which is that the abscissa of any point

is the length of the chain whose weight represents the tension at that

point.

Chapter XVII.

APPLICATION TO MECHANICS.

Our object is here not to deduce any laws of matter from experiment,

nor to inquire into the truth or falsehood of any propositions relating

to material bodies, but only to show the mode of applying the prin-

ciples of the differential calculus upon the supposition of laws previously

established.

The aim of the science of mechanics is the discovery of the relations

which exist between motions and their producing causes. These
causes of motion might never have been considered separately from the

motions themselves, except* in a purely mathematical point of view, if

it had not happened that any cause of motion, prevented from pro-

ducing its effect by direct human agency, gives to the individual agent

the notion of pressure or resistance. Hence in pressure we have a cer-

tain antecedent of motion, which will begin to take place the moment
the opposition to the pressure is removed : and the pressure being one

thing, and motion another and a distinct thing, the investigation of the

manner in which the former produces or affects the latter is one science,

under the name of dynamics ; and the investigation of the method in

which pressures may act upon a material system so as to counter-

balance each other and produce no motion is another, under the name
of statics. There is a real distinction between the two : for in the

second it is not necessary to consider any laws of connexion between
pressure and motion ; whereas in the first, such connexion must be

made, and its laws either laid down hypothetically for future verification,

or deduced from actual experiments.

Any one pressure may be caused or counterbalanced by the weight of

a body : hence weight is made the measure of pressure ; and pressure,

force, resistance, attraction, repulsion, tension. &c. are all terms of the

same meaning, with differences expressive of the source from whence
pressure is derived, or the manner in which it is communicated. And
whereas bodies of very different bulks are found to possess the same
weights, it is assumed that the bulk of the larger body is the con-

sequence of a wider distribution of the actual matter contained in it, so

that bodies of the same weight contain the same quantities of matter.

The fundamental laws of motion are three in number, as follows :

—

1. A material point, moving with a certain velocity, will not change
its velocity nor the direction of its motion, without some cause external to

itself.

2. If two causes of motion act in two directions upon a material

point, neither cause in any way alters effect of the other. That is,

* That is to say, we probably should not, but for our sensations of pressure,
have considered ourselves as treating of cause and effect, in investigating the
relations of diff. co. and their functions : which is what we do in mechanics.
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if the point A be acted upon by one pressure in

r j the direction AB, such as would in a given

/ / time cause it to describe AB, and by another in

f— tj the direction AC, which would in the same time

cause it to describe AC, it will between the two

be found at the end of the time in the position D, at the opposite corner

of the parallelogram formed by AB and AC.
3. Action and reaction are equal and contrary. Action is a relative

term to be explained as follows. When pressure, continued for a cer-

tain time, produces a certain velocity in a mass of matter, it is found

that, for the same mass, the velocity produced is greater or less in the

same proportion as the pressure is greater or less : but the same pres-

sure acting on different masses, produces velocities which are inversely

as the masses ; that is, less or greater in the same proportion as the

masses are greater or less. If then P and P', two pressures, acting for

the same time upon masses M and M', produce velocities v and v'

;

that is, if, upon the sudden discontinuance of the pressures at the end of

the time, the masses then proceed with the uniform velocities v and vf

,

we may prove that P : P' : : Mu : MV, as follows. Since P' acting on
M' produces the velocity?;', it would in the same time have produced
in M the velocity v'M.' : M, and P would produce a velocity which is to

the preceding as P : P'. But P produces v, whence v : (v'M' : M)
: : P : P' or vM : v'M' : : P : P'. Now vM is called the momentum of

the mass M moving with the velocity v, and this word momentum is

but a synonyme for action in the preceding principle, which may be

thus stated : momentum is never produced in one mass by the action

of matter upon it, without the destruction elsewhere of as much mo-
mentum in that same direction, or the creation of as much in the con-

trary direction.

We may then write the equation P=cMv, where, as long as the

units of mass, velocity, and pressure, remain the same, c is a constant.

The value of this fundamental constant is determined by measuring the

motion produced by the species of pressure with which we are best

acquainted, namely, weight. And since the mass of a body is pro-

portional to its weight, we must have M=/<:W, W being the weight of

the mass, and k a constant depending on the units employed. Hence
P=ckWv ; that is, if such a mass as at the earth would weigh W
(pounds, ounces, or whatever the unit may be) were deprived of its

weight, and subjected to the action of a pressure P, such as would, in a

given time, produce in it the velocity v, the equation P= ckWv would
be true for certain values of c and k, which depend only on the units

employed, and not on the numbers of units in P, v, and W. But if P
be the weight itself, and if the number offeet per second measure the

velocity, and if one second be taken as the time during which the weight

acts, it is found that v, the velocity produced, is 32* 1908, which we
call g. Hence W=ck Wg, or ck=l : g, whence P=Wd :g."

The following, however, is the more usual mode of stating the

equation. Let one given substance (usually pure water at a given

temperature) be assumed as the standard, and let the density of every

substance be the number of times or parts of times by which the weight

of a cubic unit of it contains a cubic unit of water. Let the unit of

mass be a cubic unit of water, then k is the mass of a cubic unit of the

substance whose density is k, and if V be the volume or number of
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cubic units in a mass, kY is the number of units of mass, or M~kV.
Hence P=ckYv, where c depends upon the unit of P. Let the unit of

pressure be that, which acting uniformly upon one cubic unit of the

substance whose density is 1, would produce a velocity of one linear

unit in one second. Then l=cX lXlXl, or c=l, and P=kVv, or

Mv. This is the tacit supposition as to units, upon which the common
equation P=Mu must rest. If the pressure be the weight itself, we
have W= Mg, but only upon a supposition similar to the preceding.

The application of our science to mechanics does not consist in the

solution of isolated problems,* but in the investigation of general

methods. The most convenient foundation is the well-known pro-

position of the parallelogram of forces, namely, that any two pressures

acting upon a point, and represented in magnitude and direction by the

sides of a parallelogram, are equivalent to a third pressure represented

by the diagonal of that parallelogram, both in magnitude and direction.

From which it is easily proved, in the usual way, that three pressures

acting upon a point, represented in magnitude and direction by three

straight lines not in the same plane, are equivalent to a pressure repre-

sented in magnitude and direction by the diagonal of the parallelopiped

constructed upon those straight lines.

Let P represent a pressure exerted on a material point whose coor-

dinates are x, y, z, and directed towards another point whose coordinates

area, b, c. Let the distance from (x,y,z) to (a, b, c), or *J{(%
— aY

+ (y — b)
2+ (z— c)

2
}, be called p. Now p is the diagonal of a rect-

angular parallelopiped whose sides are x — a,y — b, and z— c, con-

sequently P is the equivalent (or resultant, as it is called) of three

forces applied to the point (x, y, z), in the directions of the three axes,

and expressed by P (a? — a) : p, P (y
— b) : p, and P (2— c) : p. And

these formulae will express the sign as well as magnitude of the com-
ponents, if we agree that a pressure is to be considered as positive when
it tends to move the point in the direction in which the coordinates

are measured positively, and the contrary.

Again, the value of p gives

dp x— a dp y
— b dp z— c

dx p dy p
' dz p

whence P -7-, P ~~, and P — are the components above deduced. If,
dx dy dz

then, we suppose a number of forces P1? P2, &c, applied to the point

(jx,y, 2), and severally tending to the 'points (a
{ ,
6 1? cj, (flr2 , 6 2 , cs), &c.

distant by p„ p2 , &c. from (x, y, z), it follows that all these forces

together are equivalent to one whose components in the directions of

x, y, and z are

P l
ii+ Pi

4?+&c 1
p

1^+ p2^+&c, v
lf+P/JL*+&c .

dx dx dy dy dz dz

Call these X, Y, and Z. The resultant is then of the magnitude

A/(X
2+Y2+ Z 2

) : and if P l5 P2 , &c. equilibrate each other, so that the

resultant is =0, we must have X=0, Y= 0, Z= 0. Consequently

Xdx+Ydy+ Zdz=Q, independently of the proportions of dx, dy, and
dz. This gives

* No student who is totally ignorant of the common elements of mechanics
should attempt to read this chapter.;
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j> fj^dx+ -p-dy+ -^dz
J
+ &c.= 0, or P

x
dp

x+ V2 dp2+ &c.— 0.

This last equation expresses the simplest case of what is called the

principle of virtual velocities. If, taking forces acting in one plane to

simplify the figure, we suppose one of them to he directed towards A,
and if the point P on which the force acts

be removed to Q, the distance PA is

shortened by PK, QK being an infinitely

small arc of a circle, or a perpendicular let

fall from Q upon AP. If PB be the

direction of another force, BP is shortened

by PL. Hence if PA=pX) PB=p2, we
havecZp!=: — PK, c/p2=-PL. HereifPbe

supposed to move to Q over FQ=ds in the time dt, and with a velocity

ds : dt, then dp x : dt is the velocity with which that part of the motion

takes place which is directly towards A, and dp2 : d,t the velocity with

which the point begins to move towards B. As the point does not actually

move, but a different position is taken for it, simply to examine geome-

trical, not mechanical, consequences of the change, this motion is called

virtual, and the velocity with which the point begins to move from or

towards each point of direction of a force, is called the virtual velocity of

the point with respect to that force ; or, for abbreviation, the virtual

velocity of the force. Again, P, being a force, and dp : dt its virtual

velocity, the product P
x
x (dp

x
: dt) is called the moment of that force.

Each moment, according to our preceding equations, is positive when its

virtual velocity is positive, or when the virtual velocity is opposed in direc-

tion to the force, and negative in the contrary case : but it would do equally

well to make the moment positive when the force and its virtual velocity

conspire in direction, and the contrary. When the terms virtual

velocity and moment are fully understood, the equation

V
x
dp

x
+P2 dp.2+ .... =0, or Y

x
ffc+P, *?+... . =

may be expressed as follows : if any number of forces applied to a

point equilibrate one another, then for every possible small motion

which can be given to the point, the sum of the moments of all the

forces is equal to nothing.

Let us now suppose a second point, acted only by forces Q t , Q2 , &c.

in directions also tending towards fixed points, distant from the second

point bv ffi, 02, &c Moreover, let the distance between the first and

second points be rlj2, and let a force T li2 be applied to the first point,

tending towards the second, and let another of the same magnitude be

applied to the second point tending towards the first. If these points

be both in equilibrio, we have the equations (Z.Pdp meaning V x do x

+ ....)

2P<*P+T li2
d

1
r

1 , a=0, 2Qd<r+T 1)2 d2 r1)8 ;

where by d x rx>2 we mean such a variation of r,, 2 as takes place when

the first point only varies its position, and by d2 r x , 2
the same when the

second point only varies. If both vary together, we have drx>2=d x
r Xi2

+ d2 rXt2 , so that from the preceding equations we have

2Pdp+ 2Qd<r+T x , 2
drXy2=0.
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The same reasoning might be applied to any number of points, and the

result is that if iPdp represent the sum of the moments of all the

forces applied independently, and if Tm> „ represent the action of the rath

point upon the nth, (or of the n\h upon the mth,) and rmyn the distance

from the mth point to the ?ith, we have

2Vdp +2Tm, u drmtn ;

the second 2 referring to every combination of values of m and n which

refer to points supposed to be connected. If the distances he invariable

in the system, and if such motions only be supposed as are consistent

with the invariability, we have rfrm , n=0, in every case in which it

appears in the equation, whence iPdj= 0, or the sum of the moments of

the forces of any invariable system is =0, whence we see that the

principle of virtual velocities applies also in this case.

It will be desirable to collect together the principal theorems by which
the differential calculus is made useful in the application of this prin-

ciple, whether to statics or dynamics.

If L=0 be the equation of a surface, L being a function of x, y, and
e, then if from a point (x, y, z) on the surface we pass to another point

(x+ dx, y+cy, z-\-ciz) infinitely near to the former, but not on the

surface, the perpendicular distance from the new point to the surface will

be SL:^/(L^-1-L|+ L?), Lx being dh : dr, &c. The equation of the

tangent plane being Lx (£

—

x)-\-&c.= 0, we employ the general theorem,

that if to the plane Aj:+B#+ Cz +H=0 we drop a perpendicular from
the point (a?\ y\ z'}, the length of that perpendicular is (Ax'-f&c.)

:
A/(A

2+B 2+ C). Applying this, knowing that at the given point

£-a?=&r,&c., we find (L,fcc-f&c.) : V(I4+ &c), or Sh:J(Ll+ &c).
The perpendicular drawn on the tangent plane can only differ from

that drawn to the surface by quantities of the second and higher orders.

A rigid system makes an infinitely small rotation, c<j), about an

axis, of which the equations are (£ — a):A= (»7—6) :B=(4— c) : C.

It is required to find the variations of the coordinates of the point

(x,y,z).

First, suppose the axis of rotation to pass through the origin, giving

£ : A=?/ : B= £ : C Through (x, y, z) draw a plane perpendicular to

this axis, the equation of which is A(£ — x) + B {rj—y) + C (£— £)= ().

This plane meets the axis in a point whose coordinates are determined

from

J_ __v_ ___£ _Ax+By+Cz
A ~ B"

~~ C ~ A'+B'+C5
"

'

which gives a—x) (A
2+ B 2+ C2

)=A (By + Cz) - (B 2+ C 2
) x,

with similar equations for tj — y and £ — z. Add the squares of these

together, and let p be the perpendicular distance from (x, y, z) to the

axis, or V((£— #)*+ &c), and, dividing by A2+B 2+ C 2
, we have

p*(A*+B*+C
2)=(Bx-Ayy+ (Cy-Bzy+(Az-Cxy.

Let (r, y, z), in consequence of the rotation, come to (x+cix, y+ £y,

z-\-Sz) ; whence since its second position is in the plane A (|— x) + &c.

= 0, we have A^x+ Bcy-\-CSz=.0 : also the distance from the origin,

or r, remaining unaltered, we have rc)r=0, or x$x -\-y£y+ zczz=0 : from
which equations it follows that £.r, cy, and 02 are in the proportion of
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Cy — Bz, Az— Cx, and Bx— Ay. But the sum of the squares of Sx,

&c. is the square of the infinitely small arc of rotation, or p
2
c)0

2
. From

this it follows that

s
(Cy-Bz)^ (Az-Ca?)^ (Ba?—Ay)g0

V(A2+B2
-t-C

2)' * V(A2+B2+C 2)' ^(A2+B 2+C3 )'

Conversely, if &c, &c. be in the proportion of Cy— B:, &c, the motion of

(a:, y, z) is an infinitely small rotation about the axis whose equation is

£:A=>7:B=:<r:C.
If the axis do not pass through the origin, let its equations be

(£— a) : A=(r)— b) : B=(£— c) : C, then x—a, &c. must be substi-

tuted for a?, &c. throughout the preceding process, and £— a, &c. for £
Every infinitely small motion of a rigid system may be compounded

of one motion of translation, in which all the points move through equal

and parallel straight lines, and one motion of rotation about an axis.

The axis of rotation may, by properly assuming the motion of translation,

be made to pass through any given point of the system. Suppose, for

instance, that the whole motion brings the points P, Q, &c. into the

positions P', Q', &c. Assume that the axis of rotation shall pass through

P; and first give the whole system the motion of translation PP\ so

that all the motions shall be equal and parallel to that of P. Let P, Q,
&c. thus be removed to P', Q", &c. Then there must be another

motion by which, P' remaining fixed, Q", &c. may be simultaneously

brought into the positions Q', &c. Take the points Q" and R" into

which Q and R aie brought by the translation, and through the lines

Q"Q' and R'R' draw a pair of parallel planes. The axis of rotation

must be perpendicular to these planes, and must pass through P'

;

hence a line drawn through P' perpendicular to these planes is the axis

of rotation. As the conception of the theorem that every small motion

of a system in which there is one fixed point is a motion of rotation

about an axis passing through that point, is not by any means easy to

the beginner, the following mode of illustration is given. Let P', the

fixed point, be made the centre of a sphere, immoveably connected with

the system. It follows then that we show the existence of an axis of

rotation, if we show that for every possible motion of the sphere about

its centre, there is one point of it, A, which does not move ; for if P' and

A be both fixed, the line P'A is fixed. Let a small motion take place

which removes the circle BFC into the posi-

tion UFE : either then F has remained fixed,

and P'F was an axis, or the circle BGC has

slipped as well as revolved, so that G has

come to F. This last supposition implies

that the sphere has had a motion of rotation

about HK, the axis of BC, as well as about

P'F. Let LM be the axis of DE : then since

GK moves into the position FM, the point A
does not move at all, or P'A is an axis of

rotation.

The existence and position of this axis of rotation may now be shown

algebraically, as follows. Let the original axes of coordinates be fixed

in space, and let there be another set attached to the system, and moving

with it. Let x, y, z and £, rj, £ be the coordinates of a point with

respect to these systems; the latter being unaltered by the motion.
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Let (X, Y, Z) be the origin of the new system, referred to the old one,

and let

x-ut+P V+7 £+X
y=aTM-j6

/i,+y'£+Y (1)

*=a"$+jS"i,+y"£+Z

where a is the cosine of the angle made by £ and x, &c. We have
also

a* +y8
2 + 7

8 =1, a'a"-f-/3'j3"+yV=0
j* + fi» +y« = i, a"a +/3"/3 + r'V =0 (2)

a
//2+/3"2+y"2=l, a ol +ft ft' + y y' =0

Let the system move so that (X, Y, Z) becomes (X-f-3X, &c), and

« becomes a+ 2cr, &c. ; in consequence^ of which the point (x, y, z)

becomes (x+ dx, &c). We have then

Zx^la +V$fi + £cy +oX
ly

=

W + 770/3' +^ + oY (3

)

^

=

sw+ ,3/3"

+

ay+ zz

Now, looking at the equations (2), which give

aS«+/3S/3+ydY=0, «
/a«//+W+yV--(«"oV+/3 //^'+ y"oy '),

&c, &c., let

«' S«"+/3' 2/3"+ y' cy"= -(aW + /3"8/3' + V'ty)-*
cc"Zx +/3"g/3 + y"3y = -(« oa"+/3 S/3"+y Sy")= K'

a Sa' +/3 2/3' +y Oy' = — (a'Sa + /3'c/3 + y'oy )=«".

To express £, &c. in terms of (a. — X), &c, we have

£=« (.i—X)+ «' (y-Y) + «" O - Z)

,=j3(*-X)+i8'-(y-Y)+/8"(*-Z) (4)

£=yO-X)+y'(y-Y)+y"(~-z)

Substitute these in (3), and we shall have

a(*-X)=tf(«-Z)-«?'(y-Y)

g(2/-Y)= K"(^-X)-K («-Z) (5)

a(r-Z).:=*<y-Y)-V(*--X);

which show (page 480) that the real excess of the motion above the

motions of translation <5X, cY, c)Z, common to all the points, is, for

every point (a?, y, 2), a motion of rotation about an axis passing through

(X, Y, Z), and inclined to the original axes at angles whose cosines are

proportional to k, k\ k".

If we wish to find, in the most simple manner, the position of the

axis of rotation with respect to £, ??, 4, we must remember that the points

of this axis have only the motion of translation, or for every one of them,

o\r=c)X, c>2/=(iY, cz= l7i. Hence equations (3) give

Soa-Ho73+ ay=0, $ot+&CJ=0, tfa" + &c.=0 (6).

' But between «, «', &c, we have the equations

21
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a2 +«'2 + «'/2= l, a|3+ «//3'+ a"/3"=0

/3»+/3"+/3"*:=OL, /3y+/3V+/3V'==0 (!)

y
2+y'2 +y"2= l, ya+yV+y"*"=0

Whence «S« + «'&«' +«"Sa"=0

aW+a'W +a'W~ - (fta+ fi'M+fiV, &c.) :

Assume /3gy+/3V+£'V= -(y^+y^'+ y"^")= -fdt

7^+yV+A"= -(aSy+ aV+aV)= -?<** (8)

«2/3+ cA6'+cA8"= - G88a+j8V+j6''Za")-—rdt

dt being the time in which the small motion is made. Multiply

equations (6) by a, a', a", and add, which gives rrj—q^—O. Multiply

by /3, &c, and by y, &c, and we thus have three equations,

qS,-pri—0, rr}—q£=0, pt—rZ—Q;

which are the equations of a straight line inclined to £, tj, and £ at

angles whose cosines are proportional to p, q, and r.

The following equations may be deduced from (2), as in page 491

following.

a= /3'y"— y'/S", a' ^/3"y—y"fi, a''=/5y'— yjB'

fi= y'a"—<xY
)
p~y"a —u"y, $"—yol— ay< (9).

7==a'y6"—fi'a", y'=a."fi—fi'cc, y" =s aj6'- $al.

To the order of which the following is the key,

(' ", " °, ° '), («£, fiy, y«).

Properly speaking, the preceding 'should be + a~fi'y"—y'fi", &c,
the sign depending on the manner of measuring £, &c. positively and
negatively, with reference to the manner of measuring x. Take a point

on the axis of £, so that 77=0, £=0. We have then, if both sets have

the same origin, #=«£, y~dl„ z— a,"};; so that, t, being positive, a, a',

and a" must have the signs of x, y, and z. And it can be shown that,

according as a is fi'y"— y'fi" or y'/S"

—

fi'y", so fi is y'a"—'ary" or

a'y"—y'a", and y is a'/3"—/3V or fi'a."—a'J3", &c. Hence, by proper

selection between the two ways of measuring £, 77, and £, the equations

(9) may always be made true as above written.

The quantities «, a', &c. are nine in number, connected by six

equations (for the set (1) is deducible from (2)). They can, there-

fore, be expressed by means of three quantities only, and the most

simple way of doing this is as follows. Through the origin of .r, y, z

draw lines parallel to the axes of £, ri, £.

Draw a sphere with the origin as a centre,

and let X, Y, Z and X', Y', TJ be the

points at which the several axes emerge

from the sphere, and let N be the point at

which the great circle in the plane of £17

cuts that in the plane of xy. Let X', Y', Z'

be each joined with X, Y, and Z, and let" the

angles subtended by ZZ', NX, and .NX' at

the centre be 6, if/, and <£. Then, making arcs the symbols of angles

subtended at the centre, and denoting by [a, b, c] the cosine of the third



APPLICATION TO MECHANICS. 483

side of a spherical triangle whose other two sides are a, b, and their

included angle c, we have (remembering that Z and Z' are the poles of

XY and XT', whence <XNX'=0)

a —cosX'X— [0, f, &]— cos sin
<f>

sin ">^+ cos 0003^

/$ =cosY'X=:l <£ + -, Y^ J=cos0cos0sin')/<-—sin cos ty

-, f,-—0 =sin0sin^

a' r=cosX'Y=J 0,i//+ -,0 I=cos0sin0cos'i^— cos0sini/5r

0H— > V+o' e J^cos cos cos i^+ sin 03^^

y'=cosZ'Y=l |, V+|i ^-0 |=Bin0cosV

a"=cosX'Z=r0, ^,^+ Q
|
=—sine sin

^"=cosY,Z=:r0+^ > |, |+0 |
=—sin cos

y"=:cosZ'Z = COS0.

From these we easily get

da = /3 20-f a'2i/r+ a"sin^20

Sy8 =s -« 20+/3'2i/r+ j6"sinY'20

gy == y
, Sy+y"sinVfSe

ga'= fi'W-cc Sf+ a" costy B
tifi' —-a! 20— fi tif+fi"costyti9

2y' = -y 2i^+ y"cos-|/r2e

2a"= j8"20 -y" sin 020
2y6"=

-

a"20' —7" cos 020

2y"= - sin 020

)6gy+y6V+ )
8

'/V=(/sy
/—y^O^+ly'^sin^+^'cos^-^'sin©}^

a2y+ a'2y'+ a"Sy''=(ay'-a'y)^+{y'/

(« sinYr+ a'cos1r
/
)
—a"sin0}S0

/33a+/3'V+/3V=^>+OSa'~/3'a) 2^

+ {a"(/S sin y+ fi' cos
,

tf)
— fi"y" sin 0} 20.

Write' —pdt, qdt, and rd£ for the first sides, and, after using equations

(9), substitute the values of a", /3", and 7", with those of /3 sin */*"

+ /3'cos^ and asmi^+a'cos^, which will bs found to be cos cos

and cos sin 0. This gives, after reduction,

pc/£=:sin sin tiifs— cos 20

qdl=cos sin 2^ + sin 20

rdt=z 20— cos 2^

The preceding results are of such fundamental importance in the

212
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application of our subject to dynamics, that it will be worth our while to

explain them at length. A simple rotatory motion is easily conceived

;

an axis remains fixed, and all the invariably connected points describe

circles about that axis, with an angular velocity which, however it may
vary from moment to moment, is the same for all the points at any one
moment. But any number of rotatory motions may be given to a system
at once. Suppose A, B, the pivots of the first axis, to rest in a frame

~ which ie itself supported by another axis

CD. If, then, the spheroid in the diagram

be made to revolve about AB at the same
time that the frame revolves about CD, the

points of the spheroid will take a motion

compounded of both rotations, the nature of

which we have now to investigate. Again,

if CD were attached to a frame, which

itself was connected with a third axis, a

third motion of rotation might be given, and
so on. At the first instant, these rotations, however many, produce
the effect of one rotation, if the axes all pass through the same point;

and the axis, or the instantaneous axis as it is called, may be found as

follows.

First, let two rotations be made round two axes which meet at 0, as

OA and OB. Then, both axes being in the plane of the paper, all

points in that plane begin to move per-

pendicular to it, from both rotations.

Also, in one of the angles made by BO
and BA, each point aforesaid will be

elevated by both rotations, in the oppo-

site angle they will be depressed by
both, while in the remaining two angles

they will be elevated by one and depressed by the other. Let BOA be

one of this last pair of angles, and let the points in it be elevated by the

rotation about OA, and depressed by the rotation about OB : also let a
and fi be the angular velocities of these rotations. Then any point P,

distant by PM and PN from OA and OB, would by 'the several rota-

tions be elevated by VM.adt, and depressed by PNfidt, in the first in-

finitely small time dt of the motion. Take PM.«=PN.y6, and the

point P is therefore not moved at all, or the double rotation (O being

also unmoved) produces one single rotation about OP as an axis. Take
OA and OB proportional to the angular velocities a and fi, and describe

the parallelogram OABC : it is then easily* proved that for any point

P in the diagonal OC (or OC produced) PM.OA-PN. OB, or

PM.a=PN.y6. Again, since the point B (which is on the axis of

one rotation, and therefore only affected by the other) only receives the

elevation JSQ.adt, let be the angular velocity with which the system

begins to revolve round OC ; whence BQ.ac^=BR..0r#, or BQ.a
= BR.0. But BQ.OA=BR.OC, whence a :0::OA:OC, or OC
represents the angular velocity about OC. That is to say; if upon two

axes of rotation lines be laid down representing the angular velocities,

* If with any point as a vertex, triangles be formed which have for their bases

the conterminous sides and diagonal of a parallelogram, the greater of the three

triangles is equal to the sum of the other two. When the point is on a side or on
the diagonal, one triangle vanishes, and the remaining two become equal.
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in such manner that the intervening points shall begin to move in

contrary directions: the resulting motion, at the first instant, will be

one of rotation about the diagonal line of the parallelogram formed

on the first lines as an axis, with an angular velocity represented by
the length of that diagonal. Moreover, the resulting rotation will be
in such a direction that points intervening between the diagonal and the
axis of elevating rotation will be depressed, and vice versa. From this

it may easily be proved, in a manner similar to that employed in com-
pounding motions of translation, that three such motions of rotation may be
compounded into one, by laying down on the three axes lines propor-

tional to the angular velocities, and finding the diagonal of the paral-

lelopiped constructed on these three lines, which diagonal will be in

the axis of the compound rotation, and will represent its angular velocity.

Hence any rotation about a line drawn through the origin of x, y } z
may be decomposed into three rotations, one about each axis. Let a

positive rotation about the axis of x be that which tends to move the

positive part of the axis of y towards that of * ; similarly, let positive

rotations about the axes of y and z be those which move the positive

parts of z towards those of x, and of x towards y : all which may be
easily remembered by xyz, yzx, zxy. Then a rotation about the line

which makes angles «, /S, y with the axes, the angular velocity being A,
may be decomposed into Acosa, Acos/3, A cosy round the several

axes of x, y, z, or else into —Acos«, — Acos/5, —A cos y," according

to the direction of the rotation A.

Secondly ; let the axes of rotation be parallel to one another, and per-

pendicular to the plane of the paper, and let them pass through A and B.
Let them be said to be in the same
direction when A and B begin to

move in contrary directions, and
A B v ice versa. If then the rotations be

of equal angular velocity, and contrary in direction, the result of the

two motions of rotation will be one motion of translation, in the direction

perpendicular to AB. For each of the points A and B only moves in

virtue of the rotation round the other : but the angular velocities being

equal, and the directions contrary, the initial velocities of A and B are

equal and in the same direction, whence AB is carried without change

of direction in the direction perpendicular to AB. In any other case,

take infinitely small lines described by A and B in the time dt, each of

which is therefore proportional to the angular velocity round the other

axis. Thus, let Aa=AB.fidt, Bb= BA.adt, whence a and b will

represent the positions of A and B at the end of the time dt. The
point 0, which remains at rest, and is therefore a point in the axis of

the compound rotation, is determined by OA : OB : AB fidt, AB .adt, or

OA.«=OB.£.
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1. "When the rotations are in contrary directions, that round A being

the greater, the axis of compound rotation is on the side of A, and
OA.a=(OA+AB)yS, or OA=AB/3 : (a—fi), OB=AB« :(a—fi).

The angular velocity gives the angle Aa : OA, or AB.fidt : (AB.yS : (a— /3)),

or (a—yS) dt in the time dt, and is a—fi.

2. By similar reasoning, if the directions be contrary, that round B
being the greater, we have OA=AB./3 : (/3—«), OB=AB.«: (j6—«),
and j6

—

a for the angular velocity.

3. If the directions be the same, we have OA=AB/3 : («+/3),
OB=ABa : (a-f-/3), and a+fi for the angular velocity.

If three rotations be communicated round axes parallel to one
another, two of them must be compounded by the preceding rules, and

the result compounded with the third.

Thirdly ; let the two axes of rotation neither meet nor be parallel,

the result is a motion of translation and one of rotation combined. Let

the axes be AK and BL, and let AK and BL be proportional to the

angular velocities. Take any point O, and axes

/f* passing through it parallel to AK and BL. About

M I OM impress two equal and opposite motions of rota-

;
_ / tion, of the same magnitude as that about AK : and

I /
—7b about OP impress two others equal and opposite, and

1 / / the same in magnitude as that about BL. The
If / motion of the system is not altered by this intro-

O / duction of new motions which destroy each other.

And the motion about AK with the equal and con-

trary motion about. OM produces a motion of translation only : as does

that about BL combined with the contrary motion about OP. The
whole motion, then, is equivalent to two translations and two rotations

about axes passing through O : of which each pair may be compounded
into one of its kind. The same reasoning may be extended to cases of

more rotations than two : and hence follows the theorem already alge-

braically proved, namely, that any motions whatever, translations or

rotations, how many soever, are at every instant equivalent to one motion

of translation and one, of rotation : also that the axis of rotation may be
made to pass through any point.

When a rotation is made round one of the coordinate axes, it is con-

venient to call it positive or negative, as previously described ; but when
the axis of rotation passes obliquely through the origin, though two
rotations may be made round this axis, in opposite directions, and there-

fore relatively to each other positive and negative, yet there is no reason

for assigning + to either rather than to the other. This ambiguity pre-

sents itself in formulae by the appearance of a square root with an

undetermined sign.

If we now return to page 480, and call X, p, v the angles made with

the axes by the line '£,
: A—v : B=£ : C. We have then

&r=(2COS/z

—

y cosy) £0, cy=(x cos v

—

z cosX) <50,

<b=: (y cos A.

—

x cos fx) Sep.

The signs here are not the same as in page 480, being changed to suit

the hypothesis as to positive and negative rotation laid down in page

485. Thus, if the whole rotation were about the axis of z, we should

have X=^7r, ju=^7r, v=0, or $x—~ ?/c)0, dy=xh(p, Sz=zO. If 30 be
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positive, Bx has the sign contrary to that of y, and cy has the sign of x.

Hence, as may readily be seen, this positive value of c0 moves the posi-

tive part of the axis of as towards that of y : which was required to be

the case.

Let ct be the angular velocity of rotation, and ts^ vy
y , zjz , the three

rotations round the axes of x, y, and z, of which the rotation about the

given axis maybe compounded. We have then S0=ztrrf/, CT^rrCT.cosX,

&c, whence

^^(roj.z-CT,.^)^, 03/— (^.cp

—

ixTx .z)dt, $z==:(vyx .y—'Gjy.x)di.

If the coordinates f, t?, and £ had been employed, we should have

obtained similar equations. In page 481, equations (6), suppose that

we consider a point which is not on the axis. We have then

c Or—X)=$a+i?S;8+ #y, &c.

;

which equations, multiplied by «, «', and «", and added, give

«2(tf-X)W%-Y)+ a"£(>-Z)==(?£-n,) dt, &c.

We have supposed the axes of £, y, C to move with the system. But
if we now suppose a set of axes, coinciding with these at the com-
mencement, to remain immoveable, so that the coordinates of a point

attached to this system vary, we shall have (page 481, equations 4)
&;==:«& (z— X)-fa'c) (y—Y) + ol'Z (2—Z), whence the preceding equa-

tions give

Z^(q(-Tri)dt, Sr,={r^POdt, H-(pv-qZ)dt,

which, compared with the preceding, show us that p, q, and r are mxy

m
y , and ts., the angular velocities of the three rotations about the fixed

axes of £, rj, £, into which the single rotation of the system and its

moving axes about the axis £ : p —tj : q— £ : r, may be resolved.

The values of p, q, and r have (page 483) been deduced in terms of

d<f> : dt, &c. : a geometrical confirmation of this connexion may easily be

given, now that we know the most simple meaning of/?, q, and r, as follows.

A change in <£ only, or NX', and f, or ZXNX' andNX remaining the

^ same, would obviously be nothing but a small

r,

'

rotation about the axis wdiich emerges at Z',

or the axis of 4. Hence 50 is wholly a part

of rdt. If alone were increased by BO, X'
and Y' would move perpendicularly to NXY'
through arcs, the angles of which are sin <p . dd
and sin (^7r+ 0)60, or sin £0 and cos0c0.
These angles, since X'Y' is a quadrant, belong

to corresponding rotations about the axes of Y' or t], and of X' or t, ;

but the second must be called negative, since its effect is to move Y'

from Z' (page 485). Hence —cos 0^0 and -f-sin030 are the terms

arising in pdt and qdt from the change of 0. Finally, let ^ he
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increased by Sty, <f>
and 6 remaining the same; and let nx'y' be the new

position of NX'Y'. Then, since the angles XNX' and X.nx r are equal,

the internal angles at n and N are together equal to two right angles :

but this, when true of the angles of a spherical triangle, is true of their

opposite sides; therefore NK+Kw is two right angles, or KN and ~Kn

are both infinitely near to one right angle. Hence X /v=N£.cos<f> and
y'w= ~Ntsincj) are either true, or only erroneous by small quantities of

the second order; it being remembered that since 7iK~x'y', we have

Ky/=wx'=:^. Hence we see, 1. A rotation about Z' of the magnitude

nt, or cos 9 . Sty, and negative, since Y' "is moved towards X'. 2. The
rotation X.'v about Y', which is Nf . cos <£, or cos

<f)
sin 9 Sty, and positive,

since Z' is brought towards X'. 3. A rotation wY' round X', which is

Nrf sin
<fi,

or sin sin 6 Sty, and positive, since Y' is moved towards Z'.

Hence arise the terms of pdt, qdt, and rdt, which depend on Sty.

The preceding formulae are adapted to one position of the figure,

which is that adopted by all writers as the principal case. As in other

problems, every modification of the figure requires modifications of the

signs of the letters whose values determine the relative positions of the

parts.

The preceding results relate entirely to what takes place at the first

instant after the system has been abandoned to the effect of two or more
rotations. Let us now suppose the combined rotations to continue, it

being supposed that each axis takes the motion of rotation round the

other axis. The axes themselves are, therefore, continually changing

their positions ; and the instantaneous axis of rotation, the position of

which is always given relatively to the other axes when the rotations

are uniform, changes with them. It is difficult at first to see what can

be meant by a line of rest which changes its place, but a description

in other words will make it clear. The motion of any system about a

fixed point, however many the rotations of which it is compounded,
must always have some one axis at rest for the instant, and as the motion

proceeds, one axis after another becomes quiescent, the quiescence not

continuing any finite time.* And instead of saying that axis after axis

is successively brought to a state of rest, we say that the axis of rest, or

the instantaneous axis, changes its place.

That the student may more clearly comprehend the necessity of there

being always an axis at rest, I shall show that any change of place

which a system can undergo, one point only remaining stationary, is

capable of being made by one rotation about one axis : or that, for any

given finite change of position whatsoever, some one point remaining at

rest, some one axis mayf remain at rest. Or thus, one point remaining

fixed, it is impossible to give change of place to all the lines of a system

at once. This may be proved either geometrically or algebraically, as

follows. About the fixed point as a centre, describe a sphere, and let

the motion bring PQ, an arc ou this sphere, into the position P'Q'.

Through V and V, the bisections of PP' and QQ', draw great circles

* When a ball is thrown up into the air, there is an instant at which it can

neither be said to be rising nor falling, and it is then said to be brought to rest; but

it does not rest any finite time, however small.

j- NotwzM*/; the following proposition is a parallel. Any given change of place

of a point may be made by moving it along a straight line ; but it may also be made
along an infinite number of different curves.
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,
VR and V'R, perpendicular to QQ' and PP', meeting

a? inR. Then we have RP=RF and RQ=RQ', so

/LA that if the angles P'RP and Q'RQ be equal, a rota-

/ !"^/r\ tion round a diameter passing through R would bring
($L^..J±..S>>q pQ in to the position P'Q'. But these angles are

i/-^^ equal: for the triangles PRQ and P'RQ', having their
? sides severally equal, have their angles equal ; whence

/^P'RQ' =ZPRQ. Add Q'RP to both, and ZP'RP= ZQ'RQ. A
similar proof may be given for every one of the varied alterations of

position which the figure will admit of. Hence, since every change

of place may involve a quiescent axis, every infinitely small change may
be considered as actually doing so : but it does not follow that the

quiescent axes of two successive infinitely small changes are the same.

The algebraical proof of the proposition will be as follows. Let r,

y, z, be coordinates fixed in space, and £, rj, £, coordinates fixed in the

system, and let cc—A'i,+ J5ii+ G£, t/= A'£+ &c, &c. be the relations

existing at the first position, and x—a'£,-\-br}-\-c'(, y= a'£,-[-&c., &c.

those at the second position. If, then, there be a line of the system

which belongs to both positions, x, y, and z will in that line remain

unchanged when the system has been removed from one position to

another. Consequently we shall have

(A-o)5.+(B'-6)i»+ (C-c)^=0, (A'-a')Z+ &c.=0,

(A"-a")£+&c=0.

Eliminate ?; : £ and '(
: £, and we have

(A-a)(B'—6')(C"-c")+ (B-6)(C'-c /)(A"-a ,/

)l

+ (C~c)(A'-a')(B"-6")

-(C-c)(B'-6 /)(A,/~a")-(A-«)(C'-c')(B"-^)
—(B--6)(A'—a')(C"-c")

which must be universally true, if the "proposition asserted be so. The
terms resulting from these products may be classed as those which contain

three capital letters, three small letters, one capital only, and one small

letter only. Also (page 482) we have A= B'C"-C'B", &c, or A=C'B"
—B'C", &c, the sign being indifferent, provided the proper order be ob-

served. The terms of the first class give A (B'C- C'B")+B(C'A"- A'C")
+ C(A'B"-B'A"), or Aa+ B 2+C 2

, or 1: those of the second give

-a(b lc"— c'b")-b{c'a"-a'c")—c{a'b"—b'a"), or -a2 -fr>-c 2
, or

— 1 : all these terms then disappear.* The terms containing A with two
small letters, make A (6V— d b"), or Aa; that containing a with two
capital letters is —a (B'C"— C'B"), or —Aa: these terms, therefore,

destroy each other. In a similar way the remaining terms of the third

and fourth classes destroy each other, and the identity of the equation is

proved.f

* It may be asked, why not adopt the order AB, BC, CA. in expressing A, &c,
in terms of the rest, and ba, ac, cb, in expressing a, &c, which may certainly be

done, consistently with the equations of condition ? The answer is, that if this were

done, it would lie equivalent to supposing or. &c. after the change, to be the same as

before, but with the signs changed, so that we should have (A+a)2(4-&c.:=0, &c,
which would give the same results as in the text.

f The ease of this demonstration will illustrate the advantage of symmetry in

mathematical processes. Euler, (Theor, Mot. Corp. Rigid.,) having proved the

t-0;
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We have shown, page 483, how to express «, /3, &c. in terms of three

angles ; the following method of determining six of them in terms of the

remaining three is due to Monge,* and will give an easy method of deter-

mining the axis of rotation just shown to exist.

Let the three data be the angles made by x and £, by y and 77, and by
z and £, or their cosines a, fi

r and y". These being given, the

position of the axes of £, 77, and £, with respect to x, y, and z, is also

given. We have then

y
2=l—7

'2_
y"2=l_

«

2—
fi% or a2+ /3

2=ry /2+y"2

=1— a'2 -/3' 2+ y"2
; whence (?+a'z=l— «

2—/S
/2+y"2

.

But y"==afi'— /3«', or 2/V=2«y6'-2y", whence we have

(/3+ «') 2=(l-7") 2 -(«-/S02
,

^+ a'=V(i+«-^ /-y")-V(i-«+/8'-y'/

),

06—«') 2=(i+ r")
2 -(«+/30 2

,

/3_ a'=:V(i+«+/s'+y").V(i-«-^+y"):

whence /3 and a' are found in terms of the data. Proceed in this way,

and the conclusions are as follows. Let

T=l + a+ j8'+ y", t= l+a-fi'-y"9 t'-l-a+j3'-y",t"=l-a-fi'+y"

fi+ tt'=J(tt') oc"+y-J(tt"), y>+ P»=J(t>t»)

0-«'=V(T*") cc»-y=zJ(Tl>), y'-(S''-J(Tt) ;

whence the remaining six are determined in terms of a, yS', and y".

The ambiguity of the signs will always put a serious practical difficulty

in the way of using these results for particular purposes.

Let it be required to find the axis round which the system must
revolve, so that the axes of x, y, z may come into the position of £, 77, '£.

We have then #=?, &c. for every point in that axis, or x~ax+fiy+yz,
&c. This givesf

(a— l)x+fiy+yz^
a!x+(fi'-l)y+ y'z=
a"x+fi"y+ (y"-l)z—0,

equations of which the coexistence has been proved. Taking the first

pair, we find that x, y, and z, must be in the proportion of

H—y^'+ y, y«'-«/+/, and (a-l)06'-l)-/3«',

or a"+y, /3"+y', and l+ y
"-a-fi

r

, or sj(tt"\ J(i't"), and t", or Jt,
Jt', and ^/i". Hence there is this restriction upon the data, that t, t',

and 2" must be all positive or all negative; but t+t'+t", or 3— a

—

fi'

— y" cannot be negative, whence a, fi', and y" must be so taken that

one more than either must be greater than the sum of the remaining

property in question geometrically, professes himself unable to give an algebraical

demonstration : Nemo facile stitpendum hunc laborem in se suscipere volet are his

words (as cited by Sr. Piola). In vol. xxii. of the Memoirs of the Italian Society

of Modena, Sr. Gabrio Piola has conquered Euler's difficulty in sixteen quarto
pages of calculation and description : the whole difficulty arising from the loss of
the view of general properties consequent upon preferring simplicity to symmetry.

* Or rather the results to Monge and the demonstration to Lacroix.

f These are the unsymmetrical equations referred to in the preceding note."
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ones. Hence the cosines of the angles made by the required axis of

rotation with those of x, y, and z are

\Z\t+t'+t"} \A.7+7+7'/ W\t+t'+t")
Resuming the equations in pages 481, &c, let all the rotations which are

to take place simultaneously be reduced to p, q, and r, round the axes of

£, 77, and '(, which move with the system. However these rotations may
vary, either as to amount or position of their axes, we have seen that

their effects may at any one instant be confounded with those of an in-

finitely small rotation round each fixed axis.

Given the position of the system, and the values of p, q, and r at a

given instant, required the velocities of a given point, parallel to the

axes in space, and to the axes in the system. We must first express

<?«, S/5, &c. in terms of p, q, and r. To do this we have (page 482)

PZa+fi'ca'-\-fi"ta"=rdt, yda+&c.— -qdt, aca+ &c.—0.

Multiply by /3, y, and«, and add, which gives (page 481, equations (2))

$a=(rfi-qy)dt; multiply by ^', y' and «', and by fi", y," «'', and we get

similar expressions for da,' and da". Proceeding in this way with the

other equations (7) and (8), (page 482), we find the following set

:

da ~{r$-qy) dt, Za'=(rp-qy') dt, la"= (r/3"—qy") dt

dfi~(py-ra)dt, Sfi'=z(py'-ra') dt, ip<= (py" -ra") dt

dy=z(qa-pP)dt, %y'=(qa'-p$) dt, Zy"-(qa'f
-pfi") dt.

dx da dp dy dy da!
z

.

Hence the velocities in the direction of x are expressed in terms of £,

&c. To find them in terms of x, &c, substitute k— ax+a'y+ od'z, &c,
which will give, making use of a=P'y"— y'fi", &c, (page 482),

. -^= ( pa
' + qfi' + ry> ) z- (pa"+ qfi"+ ry") y

~-(pa"+ qfi"+ ry") x-(pa +q$ +ry )z

dz—=(p« +qfi +ry)y-(pa' +qfi' +ry')x;

whence it appears (page 480) that rotations p, &c. round £, &c. are,

for the instant, equivalent to pa+qfi+ ry, &c. round x, &c. : a result

which may easily be shown to agree with that in page 481.
Lastly, to find the velocities in the momentary directions of £, &c, we

must suppose a, &c. to remain constant, and £, &c. to vary, which
gives

dl dx dy dz dr, ,dx

dT- a
dt
+a

dt+ a TV dT
=a ^+&c -' &c -

|= a(|^ &c.)+,(^,+ &c.)+^(^+&c .

=.q'(-rr).
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And thus we get

dt- q(- rv
> dt^~P(

' Tt^-*1 '

As an instance, let us suppose p, q, and r to he constants. To find a, /3,

and y we have to integrate the simultaneous equations

da dfi dy

r~rfi-qy, ^=Py~ra, ^.-p*
Differentiate the first, suhstituting from the second and third, and we
have

^=J>(?/3+ry)-(g 2+r B
)«.

But pda+qdfi+ rdy==O
y
whence qfi + ryt^K—pa. Let p

2+q*+r2— k\
and

CifY. 7?IC—-+ k*K=pK, a~acoskt-\-A.s\nkt+ 1-—
dfr Ic

Similarlv, fi— b cos^+B sinAtf+V"
#2

rK
y=c cos kt+ C sin &i+—

k2

Here are seven constants, where from the original equations it

appears that three only should enter. But pa+ qfi + ry= l\, and*

a
2+ yS

2+y2=l, which will be found to require the five equations

pa+ qb+ rc—0, pA+gB+rC^O, «A+ 6B + cC= 0,

a8+68+c2=A2+B2+C2=l—-j.

These jtfve equations between seven constants leave only two con-

stants arbitrary; whereas the complete solution of the equations would
require three. But it must be remembered that in assuming a-\-fi-

+ y
2=l, we have already obtained, and given a definitive value to, one

of the constants ; since a2+ /3
2+y2= L will equally satisfy the diff. equ.,

L being arbitrary.

In a similar manner, we may find a'— a' cos kt+ A' sin kt-\-pK! : £
z

,

&c, with similar relations between the constants. This shows how to

express «, &c. as functions of the time : but since pa+ qfi+ ry, &c. are

constants, being K, &c, the preceding values of dx : dt, &c, with page

491, show us that the system does nothing but revolve about an axis'

fixed in space, making angles with the fixed axes whose cosines are pro-

portional to K, K', and K".
There are, however, some important cautions to be given connected

with the subject of rotation. If we suppose the system always to have the

velocities of rotation p, q, r, about axes which are perpetually varying

in consequence of those motions, the effect is not the same in a given

time as if we suppose the whole rotation belonging to that time first

communicated about one axis, then about the second as it stands after

* Let it be particularly noted that this is a consequence of the equations them-
selves, which give ada-Yfrdfi-^ydy— Q, and therefore «a+/3

2+y2=const.
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the first, and then about the third as it stands after the second rotation.

For the actual motion in space depends not only on the rotation but on

the position of the axis, and the effect of an infinite number of infinitely

small motions, made round an axis which changes its position at the end

of each, is not the same as it would have been if the axis had preserved

its position.

Again, if a motion of rotation round a fixed axis passing through the

origin be continued for an infinitely small time dt, with an angular

velocity P, a point at the distance p from the axis will describe an arc

which belongs to the circular sector ^p"Ydt. The rotation may be

resolved into three others, round the axes of x, y, and z, and the area

just mentioned may be projected into three others, on the planes of yz,

zx, and xy. But the projected areas are not necessarily the areas made
by the resolved rotations, and must not be confounded with them.*

I now come to another subject, namely, the consideration of those

integrals depending solely on the constitution and arrangement of the

parts of a system, which are required in the investigation of its motion.

Let the whole system be divided by planes parallel to the coordinate

planes, as follows : parallel to the plane of xy, and distant from each

other by dz, let an infinite number of planes be drawn, and the same
parallel to the plane of yz, distant from each other by dx, and to the

plane of zx, distant from each other by dy. The whole system is then

divided into an infinite number of parallelopipeds, each having the

volume dx dy dz. If, then, p be the density at the point (x, y, z), which
may be a function of x, y, and z, the mass of an element contiguous to

(x, y, z) is pdx dy dz, and the whole mass is ffj'pdx dy dx, taken over

the whole extent of the solid. It is usual to write pdx dy dz as dmy

thus making the common symbol of a differential of the first dimension
stand for one of the third : in this manner fxd?n is made to denote a

triple integration, since it stands for fff^p dx dy dz.

If the system were to consist of a finite number of material points,f

having the masses ra,, ?nt, m 3 , &c, and if xlt y x , z x
be the coordinates of

the first, &c, the sum m l xl+m2 x.2 -\- .... or 2,rm must be substituted

for fxdm in all equations connected with the motion of the system. In
fact, ~2,xm and Jxdrn only differ in the supposition as to the distribution

of the system, the first becoming the second when the number of masses

is infinitely great, each being infinitely small, and the whole forming one
continuous mass.

If we change the coordinates, an integral of the form fffVdx dy dz
takes the form J/Jn d'i, dr\ d£ ; and it is important to show that in the

change from rectangular to other rectangular coordinates no other

change is requisite except substituting in P for x, y, and z their values

in terms of i;, rj, and '(, and changing dx dy dz into d'i, dr\ d'£. Now
first observe that a complete change of coordinates may be made by three

successive changes, at each of which one axis remains unchanged.

* On the subject of rotation generally there is an excellent pamphlet by
M. Poinsot, of which the title is " Theorie Nouvelle de la Rotation des Corps,"
Paris, Bachelier, 1834. Nothing but the press of matter more closely connected
with the application of the differential calculus has prevented my inserting the ;

whole of that pamphlet in the present chapter.

-J-
The material point, a common supposition of physical writers, should rather be

an infinitely small mass of matter: though there is no mathematical impropriety
in supposing a point to be endowed with the weight of a given mass, or with any
other property, the conception of which does not depend on that cf bulk.



494 DIFFERENTIAL AND INTEGRAL CALCULUS.

First, let the axes of x and y revolve round the axis of z until the plane

of zx includes the axis of £ ; in which case the axis of y becomes per-

pendicular to that of £. Secondly, the axis of y retaining its new
position, let those of z and x revolve round it until the axis of x coin-

cides with that of £ : the axes of rj, £, y, and z will then be all in the

same plane. Thirdly, the axis of x remaining in coincidence with that

of £, let the axis of y revolve until it coincides with that of rj, in which
case the axis of 2 will also coincide with that of £. If, then, we can show
that the theorem is true of one of these changes, it follows that it remains

true after any number of them.

Now the axis of 2 remaining fixed, let those of x and y revolve

through an angle 6, and let x', y', and z' be the coordinates of the point

whose coordinates were x, y, and z. We have then z= z\ y=x'smd
+y' cos 6, x=x' cos 8— y' sin 6. If we now write /// P dx dy dz in the

form* fdz { ffPdx dy), it being remembered that dx, dy, and dz are

independent, and return to page 394, we see that x' and y' stand in

place of u and v, and that to transpose ffP dx dy into the form

ff P' dx' dy', we must substitute for x and y their values in P, while

for dx dy we must write

±(i? % ~% S?)*^ °r +(sin2e+ cos2e
) ^'*A or dx'dy',

taking the positive sign. Hence ffP dxdy—ffV dx' dy', and put-

ting dz' for dz, we have ///P' dx' dy' dz' for the integral expressed in

terms of the new coordinates : no other changes being required than

those expressed in the enunciation of the theorem. The same is still

true after the second and third changes are made, which are requisite to

bring the axes of x, y, z into coincidence with those of '£,, y, £.

There is a point in every system which takes the name of the centre

of gravity, from the remarkable properties which it possesses in con-

nexion with the conditions of equilibrium, when the weight or gravity of

the system is one of the acting forces. This point possesses properties

as remarkable in connexion with the laws of motion of the system, inso-

much that if it were allowable to attempt to disturb any established

term, the present would be a most legitimate occasion for the use of

such permission. Retaining however the established phrase, I proceed

to point out the geometrical properties of this point, by means of which

its mechanical properties are found.

Let there be points, n in number, (x
x , y x , 2 S), (.x2,y2 z2), &c. Take a

point (X, Y, Z), whose distance from each of the coordinate planes is the

mean distance of all the n points from such planes, or assume

[x=> YsJy zdh
L n n n

The point thus obtained has the property that its distance from any

other plane whatsoever is the mean distance of the points from that

plane. Let the new plane, whatever it may be, be taken as a new
plane of xy, so that the distances of the points from that plane are the

* For actual integration this form would be useless unless the limits of z were the

same for all values of x and y ; but it must not be forgotten that a perfect con-

ception of the summations of infinitely small elements, in the order which the form

given implies, is attainable in every case.
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new coordinates of z. Let the point (x, y, z) be (V, y' z r
) in the new

system, and let (X, Y, Z) be (X', Y', Z'). If then x'^ax'+fiy'+yz',
&c, we have z'=yx+ y'y+y"z, &c, andj Z'~yX+ y'Y+ y"Z. Con-
sequently, the mean value of z' or

— isy— + y'— +y"— , or yX+ y'Y+y'Z, or 71.
n n n n

The preceding supposes that the new plane passes through the origin :

if, however, it should subsequently move, remaining parallel to its first

position, no alteration would be made in the truth of the theorem, since

each z' and also Z' would alter by the same length : so that the altered

value of 7J would still be of the mean of the altered values of z'.

If the plane just supposed pass through the point (X, Y, Z), we have

Z'=0, or 2Z=0, or the sum of the distances of the points on one side of

the plane is the same as that on the other.

Now let any number k
y
of those points be supposed to coincide at

(xlt y y , Zi), also A'2 at (x2 , y.2 , z2), &c. Then, counting (x, y, z) as a col-

lection of ki points, &c, the centre of mean distances (?i being 2&) has

the coordinates ~2,kx : 1.k, Zlcy : Z*k, and 2,/cz : Ik.

Next, let each of these points be supposed to have the mass fi : then

at the first point is collected the mass /<;
1 ^(= m,), at the second

k 2 fi(—ins), &c. Multiply the numerators and denominators of the

preceding coordinates by ju, and we have

2m^ ^Y.my _JZmz

Zm zm zm

for the coordinates of the centre of mean distance, on the supposition

that each point counts for a number of points proportional to the mass

there collected. The centre of mean distance, on this hypothesis, is

what is called the centre of gravity. If the system be one of which
the mass is continuous, we have

x=fxdm Y=_fydm z
_/z^

fdm
'

fdm '

fdm
'

dm standing for pdxdydz.
There are six other integrals, of which it will be necessary to consider

the connexion ; namely,

fx
zdm, fy-dm, fz^dm, fyzdm, fzxdm, fxydm;

or Unix2
, 2my2

, ~Emz2
, 1.myz, ' Z^mzx, J.mxy

;

according as the system is continuous or discontinuous. Of these it

may be shown that the theory is so intimately connected with that of the

ellipsoid, that a competent knowledge of the properties of that surface

should* be an indispensable preliminary to the study of dynamics.

Let x, x„ xu , &c, y, y„ ylh &c, z, zh zlh &c. be three independent
sets of quantities, positive or negative. Let

* By this I mean that the long, isolated, and inelegant investigations which
usually fill up the chapters of works on dynamics which treat of rotatory motions
might be almost entirely avoided, if the student were supposed to have that know-
ledge of the ellipsoid which he is supposed to have of the ellipse before he reads on
the theory of gravitation.
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A'=tyz+y
l
zl+y„zJi+ , B>—zx+ z,xl+z ll

x,
l
+....,

CJ=xy+xiy/+x„ytl+ ....

Lemma 1. The three quantities AB—C'% BC—A'2
, CA—B' 2

, are

necessarily positive. The first, AB— C'2 or 2*2
.2?/

2— (Say)", is the

sum of every possible variety of terms of the form x^.yl— (xy)m .(xy)„,

where (ry)
p
denotes x

p yp , and m and n denote numbers of subscript

accents. When m and n are equal, these terms destroy one another

;

and all the cases in which m and n are unequal can be collected in

couples of the form

xlyl—(xy)m (xy) n+xlyl- (xy) n (xy)m or (xm yn—xn ymy.

Hence AB— C' 2 being 2 (xm yn
—x„ymy is necessarily positive ; and the

same of the other two.

Lemma 2. The expression following is necessarily positive :

ABC+ 2A'B'C'-AA'2-BB'2-CC'2
.

This expression is a collection of all possible terms of the form

xlylzl+2{yz)m{zxX{xy\-xl{y-z\{yz\ -yl{^\{zx)p
-zl{xy) n(ixy)? .

Each term in which m, v, and p are equal vanishes; and so do the

terms which, when two are equal, arise from the term above with the

same accents varied in position. Thus

xlylzl+&c.+ xlyll zl+&c.+ xlylzl+ &c.= 0.

But if m, n, and p be all different, and if the term be called

\mnp], and if we collect the six terms answering to the preceding

with the order of in, n, p varied, and nothing else ; that is, if we form

{?nnp} + {nmp} + { npm}+ {mpn}+ {pmn} -f- {pnm},

we shall find the result to be a perfect square, namely,

iZm xn yp
xm zn yp

-\-xm yn zp ^myn xp~rym

^

n xp
—
ym xn zp \ ',

whence the expression given is the sum of squares, and is positive.

These results are equally true if for x we write sjm.x, for x„ „Jm.x\
&c, or if A='2.mx2

, &c, A'=^.myz, &c. And being independent of

the number of quantities, and of the magnitude of m, they are still true

if A=fx2
d,7n, &c, A'=fyz dm, &c.

I now proceed to point out the method of establishing those pro-

perties of the ellipsoid* which will be required. The coordinates being

rectangular, let the equation of a surface be

Ax*+By*+Cz2+2A'yz+ 2B'zx+ '2C'jt/=M (1).

Retaining the origin, change the directions of the coordinates, and, if

possible, let a, fi, &c. be so taken that A', B', and C', in the new
equation, shall vanish. Let this new equation be K.t,

i
-\-'K'rf-\-K!'C

= M, and let £= ax+ fiy+ yz, r?= oJx+ &c, £= a"x+ &c. Substituting

* For the general treatment of the surface of the second degree, in the same
manner, the advanced student may consult a memoir on the general equation of

surfaces of the second degree, published in the fifth volume of the Transactions of
the Cambridge Philosophical Society.
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these values in the last equation, and making the result identical with

(1), we have

A=K«s +KV2 + K"«"«, A'= Kfiy+ K'yS'y'+ K"fi"y"

B = Kfi
2 +K'/S'*+ K'fi"\ B'= Ky« + K'yV+ K"y"«" (2).

C=Ky2 +K'y'2+ K"y" 2
, C^Ka/6 + KV/8'+ K"«"£"

Multiply the first by a, the last by /3, and the last but one by y, which
gives

Aa+C'yS+ B'y=K«, or (A -K) a+ C'y8+ B'y=0.

And by similar processes we obtain C'a+ (B— K) /6+ A'y=0
B'a+A'/6+ (C-K)y=0.

The truth of these equations will remain unaltered if we accent all

the four, K, a, /3, y, once, or twice. Eliminate y8 : a and y : a from these

three equations, and there results m

(A-K)(B-K)(C-K)+2A'B'C'-(A-K)A'2-(B-K)B ,:! -(C-K)C'2=0,

while the same equation, with K' or K" substituted for K, would
result from eliminating ft : a. &c. or fi" : a" from the second and third

set just mentioned. Hence it follows that K, K', and K" are the roots

of the equation

K3_(A+B+ C)K2+(BC-A'-+CA— B' 2+AB-C' 2
) Kl

(g)
—(ABC+ 2A'B'C—AA'2-BB'2-CC,2)=0

)"'

The roots of this equation are all possible, as will be presently proved.

In the mean time, we may determine «, fi, &c. in terms of K, K', and

K", as follows. The equations aa'+ fifi'-{-yy'=0, ace" -{- fifi"+ yy"=0
show us that a, fi, and y are in the proportion of/3'y"— y'fi", yd'— a'y",

and a'y8"— y6'a". But a2+/32+ y
2=l, and the sum of the squares of

the last quantities will be found to be

(
«'2+ £'2+ y'2

)

(

a
1+r+ y"2

)- («'«"+ 73"+ y'y" )\ or 1

.

Hence a is either /3'y"~~ y'fi" or y'fi'— fi'y\ &c. It does not signify

which we now assume, as our present investigations will only contain

squares or products of these quantities. By help of these theorems,

we may obtain from (2), by actual calculation, the following equations,

BC - A'
2= K'K"a

2+ K"K*'2+ KK'a
"2

B + C= (K'+ K") a2
f (K"+ K) a

'2+ (K+ K') a"
2

B'C—A A'= VL'ICfiy+ K"K fi'y'+ KK' fi"y"

-A'=(K'+R")^y+(K"+ K)yS'y'+ (K+K')^"y";

which, with a
a+a'8+ a

"2=l, fiy-\-fi'y'-j-fi"y"=0, give

BC-A'2-(B + C)K+K 2 B'C—AA' +AK
a8= -

(K-K')(K—R") '

fiy (K-K')(K-K")

In which a'
2 and /3'y' may be found by interchanging K and K', and «"s

and /3"y" by interchanging K and K". By similar equations may also

be found

«'- CA-B'
2-

(C+A)K+ K 2 _ C'A'— BB'-f-B'K
fi ~~ (k-K'KK-K") ' ^"(iv-K'jCK-K")'

•2 K
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o_AB-C'2—(A+B) K+K2 A'B'-CC'+C'K
_

T ~~ (K—K')(K-K") '

a^- (K-K')(K^-K")
;

from which y6'
-2

, &c. may be found by similar interchanges.

One of the roots of (3) must be possible, let it be K, and if it can be,

let K' and K" be impossible; that is, of the forms \+ ^>J{— 1) and
X— /x^/(— 1). Then it will be found that a is possible, while a' and a"

are of the forms just written ; whence da" is the sum of two squares.

It may be similarly proved that /3'y6" and y'y'' are each the sum of two

squares: whence dd'+fi
r
fi"-{- y'y" ^s tne surn of six squares. But it

is =0, which contradicts what has just followed necessarily from two
of the roots being impossible. Hence this last is not true, or all the

roots are possible.

If, in (3), A-f&c., BC— &c, and ABC+ &C. be all positive, the

three roots are obviously positive; and this, M being positive, shows the

original equation to belong to an ellipsoid, since it can be reduced to

K£-+Ky+ K"f2=M. Here M : K, M : K', and M : K" are the squares

of the semiaxes, which can be found from (3) : and their position can

be ascertained from the equations last given.

Let there now be a given system, continuous or discontinuous, so that

fx* dm, &c, or l.mx2
, &c. are quantities, the value of which is deter-

mined as soon as the position of the axes is given. Let A—fa? dm, &c,
A'—fyzdm, &c, and let M=l. Let X, Y, and Z be the coordinates

of any point in a surface determined by the following equation,

JVdm .X2+ J y*dm . Y*+J^m . Z2+ 2/yzdm . YZ
+2/zxdm . ZX

+

2jxydm .XY= 1

.

Now with reference to any one fixed point of the surface just

described, the integration being made over the whole of the system from

which jx2 dm, &c. are obtained, we may treat X, Y, and Z as constants,

and the preceding obviously becomes

f(xX+yY+ zZ)2 dm-l.

The surface must be by an ellipsoid, for A, B, C, are positive, whence

A+ B-f-C is so, and the lemmas in page 496 establish that BC—A'2

-f &c. and ABC + 2A'B'C'-&c. are positive. Let R and r be the dis-

tances of the points (X, Y, Z) and (x, y, z) from the origin, and let be

the angle made by R and r : also let (Rx), &c, (rx), &c. be the angles

made by R and r with the axis of x, &c. We have then ,r=rcos (?\z),

&c, X=RcosR.r, &c, whence

xX+yY+zZ—rR {cos (rx) .cos (Rx) -f-&c.}=rR cos d

;

whence JV
2 R2

cos
2
d dm= 1 , or R2

JY
2
cos

2
6 dm— 1

.

This new integral fr* cos
2
Q dm is the sum of all the elements of the

mass, each multiplied by the square of rcos0, the projection of its dis-

tance from the origin upon the line on which R is measured. If this

line were a new axis of x, this would be the new value of fx
2 dm, if it

were a new axis of y or z, it would be the new value of (y* dm or

fz
2 dm. And the equation f (r cos 6)

s dm=R~i expresses the follow-

ing remarkable theorem. If any system be given, and also a point

through which axes are drawn, and if any one axis whatsoever be called

the axis of p, (meaning of x, y, or z, as the case may be,) there must
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always exist, in a fixed position with respect to that system, an ellipsoid,

which has the property that fp
2 dm=R~'\ R heing the radius vector of

the ellipsoid drawn from the origin to the surface upon the line p. And
the magnitude and position of this ellipsoid, the latter with respect to

given axes, depends solely upon the values of the six integrals A, B, C,
a', b', a.

If in the equation JV dm.

X

s+ &c.~l we substitute X^aX'-fa'Y'
+ a"Z', Y=fiX'+ &c, &c, we shall find that it is reduced to

f{x(aX'+ a,'Y
,+a"Z') + y(fiX'+ &c.)-j-z(i7X'+ &c.)Y=l,

or f(ccx+Py+yzydm.X' 2 +f(a'x+&c.ydm.Y2+&c, &c.= l.

Let x', y\ z' be the coordinates of the point (x, y, z) in the new
system : we have then x'=a.x+fiy+ yz, &c Hence the last equation is

JV2 dm . X'*+fy'
2 dm . Y'2

-f &c.= 1 ;

or the equation of the ellipsoid contains integrals of the same form in the

same manner, whatever axes may be taken.

The integrals fx
2 dm, &c. are not so much used as others derived from

them, which are called moments of inertia. By the moment of inertia

of any system with respect to an axis is meant fp
2 dm, where p is the

perpendicular distance of the element dm from that axis. If R be the

radius vector of the ellipsoid measured on the axis, and r and 9 as before,

we have p
2= r

2
sin

2 f3=r2 — r2 cos
2
9, and f p

2 dm=f r
2 dm—

R

-2
. Now

f r
2 dm is a given quantity, depending on the system only and the

point chosen through which to draw axes, since the distance of a point

from the origin is independent of the position of the axes of coordinates.

Hence the moment of rotation with respect to any axis can be readily

determined from the ellipsoid.

It is obvious that if R be, for instance, on the axis of x, we have

p
2=y2+ z

2 and fp
2 dm—f(y

2+ z
2)dm. If we had started with the

equations

f(y
2+z2)dm.X2+&c.+&c—2fyzdm.YZ—&c—&c.= l,

we should by the same reasoning have found

/ { (xY-yXy+ (yZ-zYf+izX-xZy} dm=l ;

and the same substitutions as before would have given f R
2
r
2
sin

2
9dm = 1

or f p
2 dra=R-2 . It might also have been shown that in this case we

have an ellipsoid, having its principal axes in the same directions as

those of the former one. But the first ellipsoid is more conveniently

derived, and equally useful in the exposition of results * I shall in

future call the first of the two the momental ellipsoid, as being that by

means of which we prefer to deduce the properties of moments of

inertia, though the name would apply more directly to the second, if it

were employed for the same purpose.

Let the axes in which the principal diameters of the momental ellip-

soid lie be called the principal axes. Let a, b, and c be the principal

* The second ellipsoid may be geometrically deduced from the first by the follow-

ing theorem. If there be two surfaces in which the sum of the reciprocals of

the squares of the radii drawn from a given point in the same direction is constant,

and if either be an ellipsoid, having its centre iti the given point, the other is the

same.

2K2
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semidiameters, whence, the principal axes being the axes of coordinates,

we have for the equation,

X2 Y2 Z2

—; +-r^- +—=1, which, compared with fx
2 dm.X2+&c.— 1, \

a1 be * j

gives fyzdm—0, fzxdm=0, fxydm—0. The disappearance of these

integrals, at the origin chosen, can only take place for this one set of

(rectangular) axes, since there is no other for which the equation of the

ellipsoid assumes the preceding form.

Let a be the greatest of the semiaxes, b the mean, and c the least.

The moments of inertia for the three axes are fr
2 dm—

a

-2
, JV

2 dm— &"*,

fr
2 dm—

c

-2
, of which the first is the greatest, and the last the least, for

fr
2 dm — Rr2 increases with R. And the axes of greatest and least

moment of all those which pass through a given point are the principal

axes on which the greatest and least semiaxes of the ellipsoid are

found.

Let a new axis make with the principal axes angles a, fi, and y.

Then, R being the radius of the ellipsoid on this axis, and fr"-dm being G,

COS
2 a C0S

s
yS C0S

2
y 1

a'
+ —7^ 1 — =^-> G (cos

2
a+ cos

2
j8 + cos

2 y)=G:
b" c~ li"

and calling M , M t , M„ and MR the moments of the principal axes and
of the new axis, we have, by subtracting the first from the second,

MR=Ma cos
2
a+Mh cos

2
j6+Mc cos

2
y,

which may easily be verified from Ma=f(y
2+zi)dm, &,c.

The locus of axes of equal 'moment passing through a given point is a

cone whose vertex is the given point, and whose generating lines pass

through the intersection of the ellipsoid with a sphere of which the given

point is the centre, and the radius of which depends upon the value of

the moment common to all the axes. Ifthemomental ellipsoid be one of

revolution, all axes equally inclined to the axis of revolution have

equal moments : if it be a sphere, all axes whatsoever have the same
moments.

Let us now consider the moments of two axes parallel to one another.

Let axes of x\ y, z be taken parallel to those of x, y, z, having their

origin in the point (g, h, k). Then x=x'+g, y—y'+ h, z=z'-\-k,

and we have

/ (*
2
+?/

s
) dm=f (x"

2+ y'2
) dm+ 2g fxdm-\-2h fy'dm+(g*+7f) fdm.

If (x, y', z') be the centre of gravity, this is reduced to

/ (*
2+/) dm=f 0'2

+2/'
2
) dm+ (g"+As

) fdm.
'

Now the first integral is the moment of rotation about the axis of z,

(which may stand for any axis;) the second is that about an axis

parallel to it passing through the centre of gravity: and g^+ h* is the

square of the distance between the two axes. Hence, of all axes parallel

to one another, that which passes through the centre of gravity has the

least moment, that of an axis distant from it by p, having a moment
greater by p' M, where M is the whole mass of the system.

Having seen that every motion of a system is, for any one instant,

compounded of one motion of translation and one of rotation, it becomes
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expedient to ascertain in what manner the efficiency of a pressure is to

be estimated, in causing one or the other species of motion. The former

has been already done, (page 476,) and it appears that a pressure which
may be represented by a weight W acting upon a mass which belongs

to the weight W, will create in one second a velocity Wg : W, g being
32*1908 feet. In order to consider the latter, let there be a system

which, if it move at all, can only revolve about a fixed axis passing

through O, and perpendicular to the plane of the paper. Any pressure

applied to a point of this system is wholly ineffective in producing rota-

tion, if applied parallel to the axis, or in a line passing through the axis.

Moreover, if the point of application of the pressure be altered by a
simple revolution about the axis, the line of direction of the pressure

revolving also, no alteration is produced in the effect of the pressure.

At the point A, distant by OA from the axis, let

the force AP=P be applied perpendicularly to

OA, and let OA=a. No difference in the effect

of the force Avill be caused if we apply it at B
instead of A, in the direction BP, B being any

A point in AP or AP produced. Let ZBOA=0, and
applying P at B, decompose it into two forces, one

P sin 6 in the direction BO, the other P cos 9 in the

direction perpendicular to BO. Let the perpendicu-

lar drawn from O to the direction of a force be called

the arm at which the force acts : then since the part

in the direction BO has no tendency to produce rotation, and since P sin

and P cos are together in all respects equivalent to P, we see that P
acting at the arm a is of the same rotatory power as P cos at the arm

OB, or a : cos 0. And since P X a=P cos 8x(«: cos 0), we see that two

forces are of the same rotatory power when the product of the forces and

arms are the same. The product of any force, and its arm of rotation,

is called the moment of rotation of the force. This investigation may
serve to explain the manner in which the product just mentioned

acquires the importance which it is soon seen to possess in all problems

connected with rotation.

The principle, of virtual velocities, like ail other fundamental theorems,

has had no proof given of it in the admission of which all writers agree.

From its universality and simplicity it may be supposed to be rather the

expression of some axiomatic truth than the proper consequence of first

principles by means of a long course of regular deduction.

I have here, however, only to suppose the truth of the principle, and

to show how to use it. In page 479, when it was proved in the case of

a rigid system, we supposed every force to tend towards a point, and esti-

mated the virtual velocity by means of the approach to or recess from

that point, of the point to which the force is applied. This, however,

is not absolutely necessary, since if A, the point of application of a force

in the direction AK, move to B, AC
may be considered as the part of the

motion which is in the direction of the

- force, as well as the differential of AK.
The principle may then be stated as

follows : if any number of forces P„ Ps , &c. act upon a system, and if

any infinitely small motion which can be given to the system (such as

the connexion of its parts will allow) give to the points of application the
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motions dpi, £p2, &c, in the lines of direction of the forces, then if the

system be in equilibrium, 2Pcip— 0, provided that hp be in every

case called positive or negative, according as it is in the direction of its

force, or in the opposite direction. And conversely, if 2Pop=0 for

every possible small motion of the system, it must be in equilibrium.

Let us'first suppose a rigid system ; that is, one of which the distance of

any two points remains unaltered. It is the characteristic of the motion

of such a system, that it may always be reduced to one motion of trans-

lation and one of rotation. Let a motion be given to the system, and let

it amount to moving the point (X, Y, Z) to (X+ 2X, Y+ 2Y, Z+ 2Z),

and at the same time giving a rotation 20 about an axis which passes

through (X, Y, Z), and makes angles X, /u, and v with the axes. We
have then for the motion of the point (x, y, z), as in page 481,

Zx—ZX+{cosfi(z—Z)-cosv(y—Y)}20

2y=2Y+ {cos v O—X) -cos X (2—Z)} 20

$z=&Z+ {cos\(y—Y) -cos^(a;-X)} 20

For dp write ~lx-{-~-hj-\-~ lzr and P£p becomes, when we put for

hx, &c, their values

ax ay dz

+{(y-Y)P*- ,-Z)p|}a0.cosX

+{(*-z)P^-o-x.)P^}a0.cos
Jl.

+{(*-X)P|-(y -Y)pg}^.cos,

.

Whence, remembering that X, Y, and Z enter in the same manner in

every term, we have, writing P„ P,,, and Pz for P (c/p : dx), &c,

f 2P,.3X-(Y2P,-Z2P
S) fycosX+2(yP,-zP,).fyco8\

12 (P2p)=j + 2P,.$Y-(Z2P,-X2P,) tycosju+SCzP.-aPO.tycos/*

I + 2P, . 2Z -(X2Py-Y2PJ ty cos v +Z(xPy-yPx) . ty cos v

Now in order that we may have 2 (P2/j)=0, independently of~eX,
2Y, and 2Z, 20 cos X, 20 cos ju, and 50 cos v, which are six arbitrary*
quantities, we must obviously have

2P,=0, 2P,=0, 2P,=0, 2(yPz-zP~)~0t
2(zP,-*P2)=0,

2(xPy-yPx)=o.

If the direction of P make the angles «, y6, and y with the axes, we
have, from page 477, P,=P cos «, P,,= Pcos/3, P,= Pcosy, and the
preceding are the six well-known equations of equilibrium of a rigid
body. The full development of the meaning of these equations belong

* Though cosx, cos^, and cos v are connected by an equation, yet the multipli-
cation by Itp, which is arbitrary, gives three arbitrary products.
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to professed treatises on the subject. I shall here only give one instance

of the manner in which conditions which restrict the motion of the

system are shown to be equivalent to the introduction of other forces.

Let one point of the system be obliged to be always upon a point of a

given surface, which amounts to supposing that the surface can always

exercise in either direction the force necessary to prevent the point from

leaving it either way. Let L=0 be the equation of the surface ; whence
it is only requisite that 2 (Pep) should be =0 for such motions of the

system as are consistent with oL= being true of the changes of coordi-

nates of the given point. This (page 455) is equivalent to the suppo-

sition that for some one quantity T, which may be a function of all the

variables of the problem, we have 2Pop+T2L— 0, for any motion of the

system, the given point being no longer restricted to move on the surface.

For the preceding fully satisfies the condition that when oL=0,
2Pc/?=0. Let a small distance perpendicular to the given surface,

contained between the surface and the point whose coordinates are

x+Sx, &c, be Sr; we have then (page 479) 2L=^/(Lf-f-L^+Lj).or,
Lj, being (TL : dx, &c, and we have

2PSp+TV(I4+ L«+L!) • or=0.

Now this is precisely the equation which we should have, if, in addition

to the other forces, we had a new force
r

I\/(L*-r-&c.) acting perpendicu-

larly (as pointed out by the direction of §?•) to the surface, the com-
ponents in the directions of x, y, and z being TL,., TL,,, and TL,.

The science of dynamics opens a wider field for the application of the

differential calculus than that of statics. The first problem in it will

be
;—given the motion of a system, that is, the curve described by every

particle, and the velocity of the particle at every point of its curve,

required the forces which will produce, and no more than produce, that

motion of the system, in such manner that every mass may be acted

upon by the forces which are just sufficient to produce the motion, with-

out any communication to, or reception from, the other masses of the

system.

Let us consider one of the particles, at which say a mass m is

collected. Let the equations of the curve which it describes be implied

in the expression of the three coordinates of any point in terms of a fourth

variable u : and let v, the velocity at any point, be known in terms of x,

y, and z ; that is, in terms of u. Let (x, y, z) be the point of the

Curve at which the moving point is found at the end of the time t

elapsed from an arbitrary epoch, (usually the commencement of the

motion.) The reasoning of pages 143—46 may be thus briefly con-

densed, using the language of infinitesimals. Looking at the motion

in the direction of x, we see that at the end of the time t-\-dt, the

abscissa will be x+ dx, and at the end of a further time dt, or at the end
of t-\-2dt, the abscissa will be x+ 2dx+ d2x : the increments described

in the successive times dt and dt. are dx ar)d dx + d2
x, and the velocities

are dx : dt and dx : dt+ d*x : dt. There is then, in the second infinitely

small time dt, another velocity than in the first, differing by d2x:dt;
and if this acceleration of velocity were to take place in every dt

throughout a second, (if seconds be the units of time,) the whole acce-

leration in a second would be drx : dt2
. Let W be the weight of m,

(removed to the earth's surface,) then (page 476), the pressure in the

direction of x, which is actually applied to the mass m, at the moment at
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which we are speaking, is (W : g) x (d2x : dt
2
). To suppose any less pres-

sure is to suppose an effect without a cause : and any greater pressure,

a cause without an effect.* Upon proper suppositions as to the units, we
may make m itself the representative of W : g, and m {d2x : dt1

) that of

the pressure in the direction of or: This supposes us to choose units of

mass and pressure in such manner that a unit of pressure acting during

one unit of" time upon a unit of mass, would produce a unit of velocity,

(page 477). If, then, more pressure were actually applied in the

system of which mis a part, the surplus must have been removed, by
the connexion of the parts of the system, and carried to other masses :

if less, the mass in (question must have received pressure from other

masses. And m (d2x : dt
2
) is called the effective force in the direction of

x : being that from which, and no other, the motion actually taking place

is produced. Similarly, m {d2y : dt2
) and m {d2

z : dt
2
) are called the

effective forces in the directions of y and z, and d2x:dt% &c, may be
called the effected accelerations,f
To find these effected accelerations when the motion is fully given,

remember that x, y, and z, as well as v (which is ds : dt) are expressed

in terms of u ; let dx : d%i—x\ &c, whence x', x", y' y", &c. are given

functions of u. We have then (s'—J(x'*+y'
2
-{-z '*))

dx dx ds dx vx1

dt ds dt ds s'

dsx d /dx\ ds d fdx\ ds

dt* ds ' \dt J' dt du \dt J
' du

_ v /vx'\'

"7" \7)
v
2
(sV

—

j/s")+ vv's'rf _v2
(s

ri
x"—x's'.s") vv'x

s'
3 s* s'

2

Change x into y or z, and we have the effected accelerations in those

directions. Each effected acceleration is made up of two parts, the

separate consideration of which will be worth while. The first term

obviously contains that part which is necessary to the mere maintenance
of v at its present value ; for if v were =0, that is, if v were constant,

it would be the only term. Now if the curve were a straight line, no
pressure would be required to maintain v at its present value, since the

constitution of matter gives it the power (if it be right to call it a power)

of maintaining its velocity in a straight line. It is then, we must
suppose, in the maintenance of the velocity in the curve that the part of

the effective force which produces this acceleration is expended, which

would make us suspect that it must depend for its value upon the

curvature : and this will turn out to be the case. If for s'
2 and *V we

write x'
2+y'2+z"2 and x'x"-t-y'y"+z'z", we find for the three effected

accelerations, (so far as they are now considered,)

vi
(z'y

//

— y'z;,) v
2
(x'z

/t

— z'x
/t ) »2 {y'x

i

— x'y
t/)

S* S* i
4

* The student must not take these words as a reason, but only as reminding

him of a reason already proved by experiment, the results of which are enunciated

in pages 475, &c.

f It is usual to call mtPx:dt2 the moving force, and d2x : dl* the accelerating

force. The word force, when used to signify both the pressure which produces

acceleration, and the acceleration itself, has always been a stumbling-block to

beginners.
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where x^—y'z'— z'y", &c, as in page 409. Now (page 410) if '£,, rj,

and '( be the coordinates of the centre of curvature, and p the radius, we
have

*„+&*+*„• '
,iy/^ j

'

- j jw+yW*)'
.V

whence z'y
lt

—y'z^—— (£— x), &c, and the effected accelerations here

considered are
o 9 2

-«-*), -fo-y), -(£-*);
p
2

p p-

which being proportional to £— j?, &c. have a resultant in the direction

of the radius of curvature, the value of which being the square root of

the suras of the squares of the preceding, is v2
: p. Hence the pressure

mv2
: p, directed towards the centre of curvature, is all that is necessary

to the maintenance of uniform velocity in a curve : and is that force

which is required to oppose the tendency of matter to maintain its

velocity in a straight line.

If we now look at the remaining parts of the effected accelerations,

we see

vv'x' : s'
2
, vv'y : s'

2
, vv'z : s'

e
,

proportional to x, y, z ; whence the pressure that is required to pro-

duce them is in the direction of the tangent of the curve, and is the

square root of the sum of the squares of the preceding, or vv : s.

Now
ds d2

s dv dv du ds vv'

dt ' dt2 dt du ds dt s
'

Whence m (dh : dt
2
) is the effective pressure which produces the

requisite alteration in the velocity, depending upon the function which
the arc is of the time according to precisely the same law as if the arc

were a straight line : the first considered force providing (if we may so

speak) all that is necessary on account of the curvature.

If the system consist only of a single point P, at which the mass m is

collected, the impressed pressures are altogether, effective in producing

motion, since there is no other mass in connexion with the one to which
they are applied. If, then, A, B, and C be the pressures applied in the

direction of x, y, and z, the accelerations produced in these several

directions will be A : m, B : m, C : m, which, being wholly effective,

we have (calling the latter X, Y, and Z)

d*x ds

y d2
z

^=X)
d?-
=Y

' de=z
(l)

'

three equations between x, y, z, and t, from which, if they can be

integrated, x, y, and ^ may be found in terms of t. This integration

will introduce six constants, and so many are necessary to the complete

determination of the problem. For one starting point must be given,

and the three velocities at that point in the direction of the three axes :

that is, at one given time, x, y, z, dx : dt, dy : dt, and dz : dt must be

known. The six constants are then expended in giving the required

values to these quantities for a given value of t.
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The preceding equations give (v being the velocity)

the first side of which is integrable, without reference to the depend-

ence of x, y, and z on t. If, then, Xclx+ Ydy+ Zdz be integrable,

(say =d.<p (x, y, z)), we can determine the velocity without knowing

anything of the manner in which x, &c. are functions of t: and we have

««-V*=20 (x, y, z) -2<t> (a, 6, c) (2) ;

it being supposed known that at the point (a, b, c) the velocity is V.

Hence it appears that, when Xdx+Ydy+ Zdz is integrable per se, and

the velocity at the starting point is given,* the velocity at any other point

is a function of the initial and terminal coordinates only, and of the

initial velocity, and does not depend at all upon the manner in which the

point moves from one to the other. But this is not necessarily the case

when the preceding function is not integrable.

If we substitute in (1) the values of d*x : df, &c. from page 504, we
have three equations of the form

t>
9 s'-\x"+ vs'-

3
(v's'—vs") x'=X, &c (3) ;

and if these be multiplied by x
tl , yn , and z„, and added together, the result

is (since xx^+ Scc—Q, ,r"<r
//
+&c.=0, as in page 409)

Xa^+Y^+Z^O (4)

;

whicn is one of the equations of the point's path. Again, if we remem-
ber that the equation of the resultant of X, Y, and Z is (£

—

x) : X
— (j)

—y) : Y=(£— 2) : Z, and that the equation of the osculating plane

is (£

—

x) j?
//
+ &c.=0, we may see that the preceding equation expresses

the following theorem :—the resultant of all the forces at any point lies

in the osculating plane of the curve at that point. Hence, since the

osculating plane always passes through the tangent, we see that at

every point of the motion, the osculating plane passes through the

tangent, and the resultant of the forces acting at that point.*

If ~Xdx+ &c. be integrable, so that (2) can be obtained, v2 can be
expressed as a function of x, y, and z, so that any two of the equations

(3) will be two equations of the path of the curve. Four constants will

be introduced in the integration ; a fifth, V, has already entered, and the

sixth will appear in finding t from dt=ds : v. But if X<ir-|-&c. be not

integrable, we must, from any two of the equations (3) find v* and vv'
;

then since the second is half the diff. co. of the first, we equate the value

of 2vv to the diff. co. of the value of v*. This gives an equation of the

third degree of differentiation ; and the last, and (4), are two equations

to the path of the curve. Their integration introduces five constants ;

and the sixth is found in integrating dt=ds: v.

It thus appears that the elimination of t between the three equations

* Hence, if a point move upon a surface unacted on by any forces except the

reaction of the surface, which is normal to it, the osculating plane must always pass

through the normal of the surface. Consequently (page 442) the curve in which
the point passes from one point to another is the shortest line which can be drawn
on the surface between those two points.
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(1) is always possible: but tbere are very few cases in which we can

completely integrate the resulting cliff, equ. I now show the process

by which the equations most convenient for astronomical purposes are

obtained.

Let r and 6 be the polar coordinates in the plane of xy of the pro-

jection of (x, y, z) on that plane, and let u be the reciprocal of r. We
have then x=rcosd, y—rsind. Let the forces X and Y, which ace in

the plane of xy, be each decomposed into two, one directed towards the

axis of 2, and the second perpendicular to the first. If these forces he

P and T, we have (P and T being supposed positive when their effect is

to increase r and 6)

(do. equ. 11)

P=Xcos0+ Ysin8=-

T=Ycose-Xsin0=:-

d*x d*y
T
dT+7J dF
d2
y d*x

T
~di?~

y Tt

d2r dd2

(Page 345, equ. 20) P=—-r—
dy dx\ ^d f

2
o?0

x
di
~

y
dt ) ~~"di V dt

Let r
2dd : d^=H, then dH : dt^zTr and the preceding give

HrfH=Tr3 d9, or H 2-h2+2fTr3 dd ;

h being the value of H at the commencement of the integral.

dd:dtz=B.:r2=zUu2
.

dr __ 1 du^_ 1 dd du du

dl~~~vF di~~~ ~u
2 di'dd~~ dd

d2r_ d2u dd dB. du_
2 g

d*u _ T du

df~ d&di ~dl'~dd~

'

de2 ~~u~ Id

Also

*r dQ" tt2 s

dt dt2

dru \_T_ du^v
dd*

+U
) ~u~ ~dd~

'

dht

dd'
+u+-

P T^du
u2 u3 dd

h*+ 2
'T

= 0, 00

a diff. equation which is here exhibited in a useful form for approxima-
tion when T is small. Take the third of the equations (1), and let a be
the tangent of the angle which the line joining (j, y, z) with the origin

makes with its projection on the plane of xy ; whence z=ra=a : u.

We have then

dz_ _1_
dt u

<£z _dU
dt

2 ~~di

da dd du dd' daa ao a au <?.»__ / aa

dd Tt ~u2 dd dt~~ \dd
""'

du

Td

da da
u
Td-

a
T9

+H
d9 f dra dhi\_

dt V dd 2 ddV
=z
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From (m), H2 w2— +— -^=-H2 u'-P j

whence W
(jg+^+ Pff+T^=Z

P<r-Z T </<r

+ ;

h2+:

&+*+— -^^-=o w.
2J»

If (u) and (a) can be integrated, exactly or approximately, we have
ne means of determining two equations between x, y, and z from the

expressions of u and a in terms of 6 : since M=(j?s
-j-y

2)~2
, tan 0=y : a*,

ff=z(#2+y2)~ a
. The path is thus determined, and the time at which

the moving point is at (<r, y, z) is found by integrating

,.dd_ d9

Hu2 uW+2fTu-dd) U *

Absolute velocities are rarely required for any astronomical purpose,

and angular velocities supply their places. And dd : dt is Hu2
, while

dcr da dd da

di ~dd 'dt~
U

dd'

All that precedes, excepting only the equation (2), page 506, is equally

true, whether ~Kdx-\-Ydy+Zdz be an exact differential independently of

relation between x, y, and z, or not. But in all problems of physics,

the former is the case ; and the consequence is that a great degree of

simplification is introduced into the details of operation as far as regards

the mode of expressing decompositions of the acting forces. The follow-

ing investigations will show in what manner.

Let Q be the function of x, y, and x, of which ~Kdx-\-Ydy+ Zdz is the

differential. Hence (dQ : dx being written Qj,, &c.) we have QJ!=X,
Qy=Y, QZ=Z. Let a new set of axes be taken, such that x=ocx'+ fiy

-r-y2'* y—a'x'+ &c. &c, and let R, the resultant of X, Y, and Z, make
with the axes angles whose cosines are (a), («'), and (a"). Then the

cosine of the angle made by Rand a?' is (a), a+ (a') a + (a"), a", which
multiplied by R gives «X+a'Y + «"Z, which is the component of R in

the direction of x'~. But

Xa+Ya'+Z«"=— — +— %L +^ —=z^
dx dx' dy dx' dz dx cfo/'

whence, if in Q be substituted for x, &c, their values in terms of x', &c,

and if the resulting functions of a/, &c. be differentiated with respect to

x1

, the diff. co. Q,. is the component of R in the direction of x : and

similarly of the other coordinates. And if (x, y, z) change to (x+dx,
y+dy, z+ dz), the resulting differential dQ is the moment of the force

R which is used in the principle of virtual velocities.

Next, let r cos 6 and r sin 6 be substituted for x and y, r being the
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projected radius vector, and 9 the angle it makes Avith x. We have

then

dQ dQ dx dQ dy rt „ . _ . A~ =~ -T- +~r -f =Q, cos + O.v sine
dr ax dr dy dr

dQ_dQdxdQdy_
dd ~~dx dd^dy dd~

WyX HlV '

It -will be found that if R be decomposed into three forces, one

parallel to z, one perpendicular to z passing through the axis, and one

perpendicular to the two former, (the Z, P, and T of the preceding

problem) ; Qr is the second, and Q„ the moment of the third to turn the

system about the axis of z, or TV. But if at the same time we put

a : u for z, cos 9 : u for x, and sin 9 : u for y, we have

dQ _dQ dx dQ dy dQ dz ,

du dx' du dy du dz du _ P a

cost? c/Q_sin0 dQ a r/Qj ~~>? ~"i?

it* dx v? dy u~ dz J

n sin0 _ cost? T _. _ 1 Z
Q e
=-Qx . + Q„ =—

, Q,= QS
—•=—

.

U 11 U U U

Hence —--—Q,-Q u ,
Z =i.Qw Z=mQ, ;

u- u u3 ir

which, substituted in the equations (?/), (o-), and (t), give

d^u ir dd u

dd
h*+2\±Q.d6

'Si

cfc:

MVCfeS+2Ji Q9<ze

These are the equations used by Laplace in his theory of the moon :

the function Q will be hereafter noticed.

I now come to the equations connected with the motion of a system.

If the connexion of the parts of a svstem were given, with the curve

described by each* of its points, together with the velocity at each point

of each curve, and the time at which the system is in some one position,

the whole motion would be completely given : and the accelerations

actually talcing place at each point, at any one moment of time, being

calculated as in page 504, the pressures simply sufficient to produce such

* The equations of the curves of three of its points would be sufficient if the

system were rigid.
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accelerations on the masses supposed to be collected at the different

points might also be calculated. Thus what are called the effective

forces might be found. But the forces impressed at the moment in

question may be very different from the effective forces : for if to the

latter we add any number of mutually destroying forces, which will pro-

duce no effect, the combination of these with the effective forces may
produce an infinite number of systems of forces, which being only the

effective forces combined with other of no effect, may be the forces

actually employed to produce the effect. Thus the problem, " given the

motion, to find the forces which produce it," is altogether indeterminate

;

though the following, " given the motion, to find the forces which will

just produce it, without any forces superfluous and mutually destructive

of each other," is determinate, and has been solved. It is to the inverse

problem, " given the forces impressed, required the motion produced,"

that our attention is now to be turned.

The system and the connexion of its parts being given, let the masses

collected at A„ A2, &c. be m„ m2, &c, at which act such pressures, in

the directions of x, y, and z, as would, if allowed to act uniformly for one

second, produce velocities Xl9 Y l5 Z,, X2 , Y2, Z 2, &c. in the several

masses and in the three directions. Then m t
is acted on by pressures

which may be represented by m
l
X l5 w l Y 1} m„ Z1} on condition that the

unit of pressure is in all cases that which would produce in the unit of

mass a unit of velocity, if allowed to act uniformly^for one second. The
effected accelerations d%x

x : df, d2

y l
: dtf, &c. are now unknown quan-

tities, as are m
x
<f xx : dt2

, &c. the effective forces. This only is known,
that the impressed forces may be resolved into 1. The effective forces.

2. A system of forces which destroys itself, or would if applied alone

to the system at rest not disturb the equilibrium. Any other supposition

would lead to the result that the forces proper to produce a motion,

being applied, do not produce that motion. For the effective forces are

so called because, being deduced from the actual motion, they would of

themselves produce that motion : if the remaining forces could produce

any motion they would, so that the motion of the system would be that

which it is, and that due to the forces just called remaining besides

:

which is absurd. Hence the impressed forces (I) may be resolved into

the effective forces (E), and an equilibrating system (Q).
If, then, the velocity of all the parts of the system were instantaneously

destroyed, and at the same moment were applied systems (E') and (Q'),

consisting of forces severally equal and opposite to those of (E) and (Q),
the state of rest thus arbitrarily created would continue : for (E) and

(Q) balance (E') and (Q'), and (I) is equivalent to (E) and (Q).
Hence (I) balances (E) and (Q') : of which (Q') balances itself, so that

(I) balances (E') : or, a system of forces composed of the impressed

forces, and the effective forces 'with all their directions diametrically

changed, must be in equilibrium. This is known by the name of

D'Alembert's principle, and reduces every problem of motion to one of

equilibrium (page 441).

The force impressed on m
l
in the direction of x is w,X|, and the

opposite of the effective force is — mi (d2^ : df), and so on. Hence the

forces applied to m^ when (I) and (E) are applied are

/__ d2 x\ ( d*yv

h^—aW) m\Y*—d¥
7 d* Zl
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If, then, we give the system any small motion, (either the one which

it was going to take when the velocity was destroyed, or any other

which is consistent with the connexion of its parts,) and apply the

principle of virtual velocities, we have, supposing that from the motion,

whether actual or virtual* a?, becomes Xi+dxu &c,

in which, for convenience, the sign of every term has been changed. In
this, remember that d2 x

l
: dt

2
, &c. are all supposed to be obtained from

the actual motion.

Let us now suppose the system to be rigid ; the six equations deduced
in page 502 become

1m(—— X
J= 0, or 1m —-^—ImX, &c.

2
{
m,@_,)_»,(-_x)}=o,

or ^(^- y^f)=tm(.xY-yX), &c.

Let x
, y , zQ be the coordinates of the centre of gravity, and let

x
t, y t,

z
t
be the coordinates of (x> y, z) referred to the centre of gravity

as an origin, and axes parallel to the former ones. We have then

(page 495)

x .1m-=-1mx, y .1m— 1?ny, z .1m=1?nz,

x=xQ+xp y=y +yn z= z +zr

d2 x d2x
The first set gives —-?.1m—1m-—, &c, whence we find

dv dt
2

d2 x _ 1?tiX d2 y _1mY d2
z _ IniL

~dT ~ 1m' ~dF~ 1m ' ~d~F ~ 1m '

or, the actual motion of the centre of gravity is that which a point would
have, if all the masses were collected in it, and all the impressed pres-

sures constantly applied to it. Again

. fd
2
y d2

y,\ d2
y. d'y,

mx
° dt

d2
yn d2

y.

If these be summed, remembering which terms are common, we have,

writing for d* y : dt
2
its value,

ImY
t

/ d*y\„ ImY _ / d2 y\
1m .x— + x l(m^)+1mx

i
.— +l(,nx

l-^y
But x—x +x

t
gives ImxzzxQ.lm+lmx,, and since 1mx=x 1m, we

* Actual, that which was about to take place ; virtual, any other which we may
require to be supposed in the application of the principle of virtual velocities.
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have 1,mx—0. Similarly, Smy^O and 1m (cP'y/: dt
2
)— 0. The

middle terms of the preceding, therefore, disappear, and if we inter-'

change x and y, and subtract the result, we have, as before shown, an

expression equal to 2m (xY—yX), or

/ (J«m (£ x \
a-elmY—

y

2mX+2m-( ^ -^—y, —/J=2m (x +x) Y -2/o+2//X)>

from which we get the first of the following equations, and correspond-

ing processes give the others,

Z™(*' W'~X' ^')=2mf.-,X-^Z).

These are the equations which would be obtained, if the centre of

gravity were a fixed point, so that its translation should be impossible :

that is to say, the motion of the system about its centre of gravity is

altogether independent of the motion of translation of that centre,* the

forces which act being the same.

Since any axes may be chosen, let us take, at the end of the time t,

the system of axes of £, rj, '(, which moves with the system : but during

each time dt, let a set of such axes remain in its position, while other

axes move with the system, the angular velocities of rotation being p, q,

and r. On this supposition, in page 487, we obtained

dt, d>) d?

Tr q'-rr}
> Tc-

rl~v^ di
=^- q" (A) -

In these equations we do not see dp, dq, or dr, because the motion of

the system during the first dt is round an instantaneous axis of rotation,

with velocities which change only by small quantities of the second

order. But if we consider a second dt, this instantaneous axis under-

goes an infinitely small change of position, generally speaking, and p,
&c. become p+dp,&c. Hence in forming d2|:dJ2

, &c, we must
consider p, &c. as varying, as well as £, &c. And of all the axes which

can pass through the given point the most convenient are the principal

axes, for which 2mSr/= 0, J.mr)£=0, 2.?n£t,= 0, using the symbol 2
belonging to a discontinuous system. We have then

* If the centre of the earth were suddenly to he fixed, this principle shows that

the rotation would continue as before. But the precession of the equinoxes would
not continue of the same magnitude, for the sun, &c. not acquiring the same posi-

tions relatively to ihe earth which would have been acquired, the forces which cause

the preces*ion would not be the same as they would have been if the motion of

the centre had continued, and different amounts of precession and nutation would
be created in any given time. But if, when the centre of the earth was fixed, the

actual motions of the heavenly bodies were altered, so that, relatively to the earth,

they should move in the same manner as they do when the earth moves, all phe-
nomena connected with the earth's rotation would be unaltered. This principle

simplifies all problems connected with the motions of bodies about their centres

of gravity, l>y requiring us only to consider the motion of translation so far as it

affects the magnitude of the impressed forces.
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d2
rj _ d'i d'( ..dr , dp

dT^ 1

Jt'~P dt dt ~^dt

/ o ox ...
dr , dp=

qrC+Pq,-{P+ r-)i
1+ i T-<-L

u~n or fin
2m£,---=qr2mt,i;+pq'Z.m£?-(p'i

-t-r'
i
) 2m £7+ -;- Im'C—

~

!m'i,'(

dr
—pq 1m k

3

+-f,
2m£8

.

Interchange £ and n, p and q, observing that the first two equations

(A) are not then interchanged, unless p, q, and r be made to change
sign, and we have

t cl t, cir _ „

2wj; -—=zqp Zmrf 2.mrf
df L dt

Let M|, M„, M. be the moments of inertia (page 499) with respect

to these principal axes, or

and let Ng, N„, N£ be the values of 2m (£H— ??#), &c., the impressed
pressures on the point (£, n, £) being mE, mil, mZ, in the directions of

the axes. We have then the first of the following equations, and the

others are obtained by similar processes.

dvM
?
— +(M„-M

?
)p?=N

?

M„^+(M
?
-M

?
) rp=N« (B).

M^|+(M
?
-M„) gr^Ng

As the impressed forces can generally be made functions of the

position of the system, we may consider Ng, &c. as functions of a, /3,

&c, or (page 482) of d, 4>, and \fs. If we were to substitute from page

483 the values of p, q, and r, in terms of 6, &c, we should have here

three equations between 9, f,
ijs, and t, each of the second order : these

being integrated, the values of 6, <fi, and y are obtained in terms of t.

Six arbitrary constants are introduced in integration ; three of which are

expended in giving the system the initial position assigned to it by the

conditions of the problem, and three more in giving it the initial motion

belonging to three given initial values of p, q, and r. Thus the problem
of finding the motion of any system, acted on by any forces whatever, is

reduced to that of the integration of three simultaneous cliff, equ. : but

these can seldom be completely integrated.

It must be observed that all that precedes is both necessary and
sufficient for the determination of the motion of a rigid system, or one
the position of which is given when that of three points not in the same
line is given : and necessary, but not sufficient, to the determination of

2L
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the motion of any other system. For if a system be not rigid, the equi-

librium of the counter-impressed and effective forces must still be true :

and in applying the laws of equilibrium every virtual motion which is

possible in a rigid system is possible in one which is not rigid, and
other motions besides. So that among the conditions which express that

2P<5/;= for every motion which a system of variable form may take,

must be found all those which express the same for every motion which
the system could take without varying its form.

The two most useful cases are the extremes ; namely, a rigid system,

in which variation of form is altogether impossible, and a system of

separate masses, supposed to be collected in points, and wholly uncon-

nected with each other, except by an attraction or repulsion existing

between every pair, which either attract or repel each other with equal

forces. If our object here were mechanical, and not mathematical, it

would be easy to show that the first is an extreme case of the second

:

but it will now be sufficient to point out some common properties of the

two systems. Let each of the two masses m
l
and ms attract the other

according to a law depending on r1>2 , the distance between the points at

which they are supposed to be collected. Let the attraction of each on

the other be as its mass, and let the two attractive pressures be equal.

Then m v
m2 <£r])2 must represent the attractive pressure of each on the

other, 4>7\,<z being that function of the distance on which the mutual
attraction depends : for of no other function of n\ and m2 is it true that

any alteration of m
x or m2 would alter the function in the same propor-

tion. Now on the suppositions which make pressure— mass X accelera-

tion (page 477), this pressure, allowed to act without alteration for one
second upon mu would produce the velocity m s dyruii and upon m2 the

velocity '>n
1
4>?-

it 2 : so that each mass would produce in the other, in a

given time, a velocity altogether independent of the other mass, and
dependent only upon its own.

If there be a system of such masses, each one acting on all the rest,

and acted on by it, it is obvious that the impressed forces would be

mutually destructive if the system were made rigid. Hence we have
the following equations, which belong equally to the rigid system acted

on by no forces, and to the system before us.

^ d2x „ _ d2

y _ d2
z

*m
de^°>

2m J=°> lm
a¥=°'

_ / d°z d2y\ n ^ f d'x d2z\ • ^ / d2
y d2x\ n

dt
2 dfj ' \ df dfj ' \df * dt

2

J

These equations might also be readily obtained by the formation of

2mX, &c, *Lm (#Y—«/X), &c, which would all be found to vanish.

It appears from the first three that the centre of gravity (,r
, y , z )

moves in a straight line, or is at rest : for they give d2x : df=0, &c, or

x ~at+b, yQ==.a't+ b', z =a"t+ b", the equations of a straight line, or

of a point, if a=0, a'=0, a"=0. To see the meaning of the second set

of equations, let r be the distance of (a?, y, z) from the origin, and let r,

be the projection of r upon the plane of xy. Let 9Z be the angle made
by this projection with the axis of x, we have then (page 345)

d?y d?x __ rf f dy dx\_d f 2
ddz \d2

y drx ^d / dy dx\ _ d /
2x

d7~ ydf ~di \
x
Jt~ y dt) ~dt v

z
dt J
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Substitute and integrate, and we have

2mrl~~ C, 1 (mfrt do,) as CJ+ C,

and similar equations for the other planes. Now r\ddx : dt represents

the ureal velocity; that is, the area which would be swept over by r. in

one second, at the rate at which the radius vector is proceeding, its

length being taken into account. And r\dOt : dt is to be reckoned as

positive or negative, according as 6Z is increasing or decreasing. Hence,

since the preceding property is independent of the origin and coor-

dinate planes, we have the principle, which is somewhat improperly

called that of the conservation of areas, namely, that if any point be

taken, and a plane passing through it, and if all the radii drawn from a

point to the different moving points of the system be projected upon this

plane throughout the motion, the sum of the areal velocities, each taken

with its proper sign and multiplied by the mass of the moving point to

which it belongs, will be always of the same value.

Let the constants above described belonging to the planes of yz, zx,

and xy be called A, B, and C. Take a new set of coordinates £, y, £,

with the same origin, (but also fixed in space,) and let x=at,-{- fin+ y£,
y=r«'i;4-&c., &c. Calculate ^dij—ydl, or

(ax+u'y+azXPdx+fi'dy+P'dz)--(l3x+fi'y+fi'zXadx+a'dy-{-a''dz),

which, by common development, is

(<xfi'-fia
lXxdy-ydx)+ (Py'-yfi'Xydz-zdy)+ (7a'-ay')(zdx-xdz).

Whence (page 482) (t,dn-vdZ) : dt is a"A+/6"B+ y
//
C. This is the

value of the function 2.m (areal vel.) for the plane of t,n ; those for the

planes of i{C and ft are aA+/3B+ yC and a'A+ jB'B + y'C. Now by
assuming the latter two equal to nothing, we find that A, B, and C are

in the proportion of /5y'

—

yfi', ya'—ay, and <y/3'

—

fia', or a", fi" and
y", whence, since a"*+fi"

2+y"2— I, we have

.."— ^ «//— ?_ y/—
. ~V(A2+B 2+C 2)' ~V(A2+B2+C2 )' '

-
V(A2+B 2+C2)'

«"A+y8"B + y"C=:V(A2+B 2+C2
).

And (aA+&c.) 2+(«'A+&c.) 2+(a"A+ &c.) 2
is always =A2+BHC2

If, then, we take for a new axis of z the line whose equations are

a; : A=y :B= z : C, the projected areal velocities on any plane passing

through this line, always give 2»i (areal vel.)= 0, and they give

V(A2
-f-B

2
-|-C

2
) for the plane perpendicular to this line.

To dwell upon the numerous applications of these principles which
are requisite for the complete elucidation of their physical bearings

would be to write a treatise on mechanics : in the preceding, we see the

manner in which the differential calculus is applied to general problems.

I now go on to the general treatment of the fundamental equation in

page 511, -which was reduced to a system by Lagrange. One important
step, lately supplied by Sir W. Hamilton,* renders the theoretical ex-

pression of a large class of dynamical problems in terms of the differential

calculus perfectly complete, and leaves only purely mathematical diffi-

* In a paper headed "On a general method iu Dynamics," Phil, Trans, for 1S34.

2L2
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culties, namely, those involved in the determination of one particular

function depending upon the data of the problem.
The equation in page 511 may be thus written :

In all the cases which occur in practice, the second side is a complete
differential, say £TJ. If the variations dx, &c. be actual, or those which
the motion of the system is itself about to produce (page 511) so that

dx=dx, &c., the first side becomes

2m
(
d^-^+&e-) or P^-(^+&c.\ or d.(Pm^);

v being the actual velocity of the point (a?, y, z). The second side is

dXJ, whence integration gives

±Zmv*= U + H, and pmw2—^Zmv\—U - U t (2) ;

v\ being the value of v at the beginning of the motion, and Ux the value
of U. This equation answers to (2) in page 506.
The expression 2 .mv2

, the sum of the products of each mass, and the

square of its velocity, is called the vis viva* or living force, of the

system. If no forces act, that is, if X=0, Y=0, &c, we have
U— Ui=0, or 1,mv2=1mVi ; that is, the living force of the system
always remains the same. This is called the principle of the conserva-
t ion of living force.

In all physical problems, the values of X, Y, Z depend entirely upon
the positions of the particles acted upon, and not upon the time at which
those positions are attained. Hence U is a function of coordinates only,

and not of the time ; that is, not directly, but only through coordinates :

the coordinates themselves are, from the nature of the question, functions

of the time. From this it follows that 2.rai>
2
, the living force at the

expiration of the time t from the commencement of the motion, is a

function of the initial living force, and of the initial and terminal coor-

dinates of the system. If, then, any position be given to the system,

such as, consistently with the connexion of its parts, it can occupy, the

living force belonging to that position can be found, whether the system
could ever arrive there or not, under the given circumstances. For, the

initial position and velocities being given, U t and *Z.mv\ are given, and
for any other assigned position (possible or not) U can be calculated

:

hence 2mu2
or 2?m;

2

-f 2 (U— UJ can be found ; being the living force

which the system must have if it pass through the assigned position

:

and there is nothing in the preceding mode of calculating 2.my2 to

point out whether the system can pass through the assigned position or

not. Consistently with preceding nomenclature, the value of 2.mu2

belonging to any position which the system does take, might be called

the actual living force ; that belonging to any other position, the virtual

living force. This distinction must be remembered, whether it be con-

veyed in words assigned to the purpose or not.

If the living force mv2
of the particle whose mass is m continue

* The meaning of this function, Imv1
, is of the greatest importance in a

mechanical point of view : here, however, we have only to consider it as a pure
result of calculation.
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uniform during the time /, the product rmft is called the action of the

particle during that time. But if v vary, then mv2
dt is the action

during the time dt ; and mj"v2
dt, taken between any limits, is the action

during the interval between those limits; and 2. .mfv^dt is the action of

the whole system during the same time.

But it is more useful to consider the action over a given portion of the

motion, without any but indirect reference to the time. For dt write

ds : v, ds being the element of the path of the particle m, which gives

^..mfvds ; and this, taken between any limiting positions, is the action

of the system in passing from one position to the other. And if we dis-

tinguish the path which the "system does describe from any other, we
may calculate the action in either, and distinguish the actual action from
the virtual, in the same manner as we have distinguished the actual

living force from the virtual.

Let us now suppose the initial position of the system to be altered,

and also the initial velocities, in the manner pursued in the calculus, of

variations. Let the final positions be altered in a similar manner, and
let the intermediate path be varied, so that ^..mfvds is altered by
r>2 . mfvds, or 2

.

i?icfvds. For each particle, dfvds is
J*(

dv . ds+ vdes),

which, ds being vdt, and ds.dds being dx dcx-\-&c, gives

-§->

being vdt, and ds.dds being dx dcx+&c.

Sfvds=zf(vdv.dt + ^dtx+^dhj+-
c

integration bv narts. take the integrateMake the integration by parts, take the integrated part between the

limits, and, x', &c. being dx : dt, &c, let x\, &c. be the initial values of

x', &c. Hence

lfvds—x'Zx-\-y'%y-\-z
,
Zz— x'^Zxy — y^y^—z^Zi

+ f(vdv-x"Sx-y"dy—z"Sz) dt.

Multiply by m, perform the same operations for every other particle,

add the results, and observe that equation (2) gives

2mu2u=2m'y 1
Sy

1+ 3U

—

%XJ
1

; whence

"2.
. mdfvds—l*. .?n (x'Sx +y'$y -i- z'Sz) — J..m (afJiXx+y'ltyi-kz'iSzi)

+ /{2mv1
fo

l
—SU 1

+SU.-2m (x"cx+y"hj+ z"cz)} dt.

In the integral part the last two terms vanish by equation (1), and the

preceding pair being independent of t, we find that $.2.?nfvds is com-

pletely integrated, as follows,*

S2..mfvds=lL.m (j/&r-f&c.)—2.m ( lr
1
'J.r 1

+&c.)

+ (2.«wj,Sv 1
— 5U,).< (3).

One case of this equation has been long known ; namely, that in

which the virtual path of the system (or that supposed to be made by
the variation) begins and ends in the same positions as the actual path,

* This equation was first noticed by Sir W. Hamilton, (in the paper cited,) who
proposes to call the relation which it enunciates the law of varying action. He also

calls Imfvds the characteristic function of the motion, anil U theforce-function. He
has also altered the phrase " principle of least action" into the more correct one
" principle of stationary action:" and has used the English term "living force"

instead of the Latin " vis viva,"
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the initial velocities being the same in both. This gives &c=-0, &c,
<$#!=(), &c., dv

l
=-0, &c., -whence cSU^O, and every term on the second

side disappears. Hence d.1.mfvds=0, and this, which may indicate

that the real action between any two positions of the real path is a maxi-
mum or minimum, was assumed always to indicate such a conclusion; an

error* of generalization perfectly similar to those already considered in

pages 458, &c. Hence the result was called the principle of leant

action; a maximum being apparently impossible from the nature of the

question. The true statement is, that if a path be made between two

positions, varying infinitely little from the real path, and beginning and
ending with the given positions, the variation of 2,mfvds will be an

infinitely small quantity of a higher order than the variations pf the

coordinates.

The object of this chapter being to show the student how to gene-

ralize those notions with which the study of elementary problems is pre-

sumed to have made him familiar, I proceed to the general treatment of

the fundamental equation (1). Let there be n distinct particles, having

the masses mu m2 . . . .mn , and let the points at which the particles are

at the end of the time t from some fixed epoch be (rlt yu z{) . . .

.

(#„, yn , zn). And since the repetition of the same functions of x, y, and
*fis unnecessary, let 2 stand for summation with respect to coordinates

as well as masses: thus ~2mx means m l
(x

1
-\-y

l+ z l
')+97i 2 (x.2+y2 -\-z 1i)

{-&C. The equation (1) then becomes 1,?n (x"—X) &r=0, which is

to be true, not for every value of each &z, necessarily, but for every set

of values which is consistent with the mutual connection of the parts of

the system. Suppose, for instance, that m x is attached to a surface on
which it moves freely, but which it cannot leave: let L=0 be the

equation of this surface, whence L=0 must be true of x
t , y x , and z t , and

Lt S-x'i+ L^ (^-r-Li^^i—O must be true of Sxu dy lt and dzv Hence
eta?! and Sy, are arbitrary, if we please, provided c^ be made to depend

upon them in the manner preceding, Substitute in (1) for Sz l
its value,

and there will remain 3n— 1 variations of coordinates ; and if for z
L be

substituted its value from L=0, there will be 3n— 1 coordinates remain-

ing. If the coefficient of each variation be then made to vanish, we
have 3n — 1 diff. equ., each of the second order, to be integrated. If

there had been p conditions, Li=0, L2=0. . . . L
p=0, we might in the

same way have eliminated p variations, leaving 3n—p distinct and

arbitrary variations in the equation (1), and as many distinct coordinates

in the coefficients. Hence, making each coefficient vanish, we have

3n—p diff. equ. between 3n—p coordinates and t, by means of which,

when integration is possible, these coordinates can be expressed in terms

* The assumption that A is a maximum or minimum when dA=r:0 has occasioned

many errors, and the greatest writers have their full share of them. Among other

things, it is frequently stated that a system acted on hy gravity only, is never in

equilibrium except when the centre of gravity is highest or lowest. This is not

correct; it being sufficient to make any position one of equilibrium, that the ten-

dency of the centre of gravity should be to move horizontally, or that the tangent of

its path should be horizontal. Thus a system of which the centre of gravity

describes a curve which has a cusp or point of contrary flexure with a horizontal

tangent, has a corresponding position of equilibrium. With regard to the point on
which this note is written, it must be noted that in most, if not all, of the cases

which actually occur, the value of the integral between two positions of the system is

really less, for the actual path, than for any other.
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of t : and the same can be done with the remaining p coordinates,* by
means of the p conditions, Lj=:0, L2=0, &c.

If, however, we prefer the process described in pages 455, 456, we
must alter the equation (1) into

1m O"—X) Sa?+Pl 3L1+P8 SL2+ .... + P
p
oL

p
=0. . . . (4),

which contains 3n arbitrary variations, and 3n+p quantities to be deter-

mined, namely, the 3rc coordinates, and P„ P2 . . . .Pp . The elimination

of the p last-named quantities (the cliff, co. of which do not occur)

between the 3n equations leaves 3w —p diff. equ., from which, with the

p conditions, L^O, &c, the 3n coordinates can be determined in terms

of t. In whichever way we take it, a system of n particles, moving
under given forces, and subject to p conditions, leads to 3n—p diff. equ.

of the second order, which introduce 2 (3ra—p) arbitrary constants in

integration. The manner in which these constants are found for any
particular case is as follows : since there are p conditions between 3n
coordinates, only 3n — p of them are independent ; this number of them
may, at the commencement of the motion, be made to have given values,

and made to begin with given first diff. co. .

It happens, however, for the most part, that the coordinates by means
of which the fundamental equations are most readily expressed, are not

those which it is desirable to use in the resulting equations. There must
be 3n—p independent quantities ; and it may be desirable that all the

3n coordinates, or any functions of them, should be expressed in terms

of 3?i—p quantities, which may be either simple coordinates, or any
other magnitudes determining positions. Of these it will be only neces-

sary to specify one, say £ : so that when we say that x, &c. are functions

of £, &c, it is meant that each of the 3n quantities x if y { , zlt xa, y 2 , zat
&c. is a function of one or more (it may be all) of the 3n—p quantities

£1, £2, &c. The following theorem will now be necessary.

Let the function f(x, y, &c, x', y', &c, a/', y\ &c), x\ x", &c being

diff. co. of x with respect to t, &c. be changed into 4> (£, 77, &c, £', ?/, &c,
£", 7}", &c), by substituting for each of x, y, &c. its value in terms of

£, 77, &c. Let dff.dt and dfqi.dt be found by the main process of the

calculus of variations, between corresponding limits : that is to say, if

x=if/ (£, &c.) 3 and we find f<p.dt from £=£„ to £=£1, we then take

ff-dt between x—x ' and x=x
x ,

x being —if/ (£ , &c.), and xx being

V (£1, &c). Let the results be L+ /P.cft, and A+ /lIc^, abbrevia-

tions of the results corresponding to those in page 450. Then the

theorem in question is that L=A and P— II, subject to the relations

between x, £, &c. That is to say, P would become identically = II if

ty (£, &c), were substituted for x, &c.

It is certain that L+fPdt—A+fUdt orf /(P—n)c/i=A—L:
the second side of this last, as far as variations are concerned, depends

only on limiting values, while the first side also depends on the manner
in which &«?, S£, &c. are connected with t, x, £, &c. between the limits.

Consequently, the value at the limits, and therefore, the second side,

remaining of one value, the value of the first can be altered ad libitum.

•' It is necessary that the p conditions should contain more than p coordinates

:

for otherwise they would either be contradictory, or else sufficient to determine

some coordinates absolutely, without reference to the rest.

f In these equations suppose for x, &c. their values in terms of £, &c. to be sub-

stituted : they must then become identically true.
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The equation last written, then, cannot be true if P— II and L—

A

have any values: but it must be true; therefore A= L and P= II.

Let the function to which this is to be applied be

2 denoting summation both with respect to coordinates and particles.

In page 449, if <p=:^my''
2
, we have, using the notation there explained,

X=0, Y=0, Y^my', Y^^nO, &c, whence the indeterminate part of

ffalx is f (0— (my')') wdx, where w= 2y — y'or. To adapt this to the

present case, we must write x for y and i for x, and (since t is not

varied, or St~0) fix for w. The preceding then becomes f(—mx"Sx)df,
and by applying the same reasoning to every term of 2^m#' 2

, Ave find

that the indeterminate integral part of df^mx''2 .dt is — jlmx"%x .dt,

or fPdt. But if we now consider x, &c. as functions of £, &c, then x'\

&c. will become functions of £, &c. and £', &c. ; so that the indeterminate

integral part of j^\mxh2
. dt will consist of as many parts as there are

quantities in the set £, &c. Let 1^mx'2=:T, after the substitutions;

we have then for the indeterminate integral part

dT d c/TV, (dT d dTV„ 1, -

&-* srJMar* m) tI+ "•' ' or/

Equating P and II,

The equation (1) then becomes, after substitution in U,

_ / d dT dT dU\ .,

If, then, we suppose £ l3 £2 , &c. to be independent of each other, we have
the equations

dt dt,\ di air dt dv2 ~~d% ~dir 0, (6) ;

as many in number as there are independent coordinates.

For example, let there be one particle, moving freely, acted on by
forces X, Y, and Z in the directions of the three coordinates. Let the

mass be unity, and let Xox+ YSy+Zdz=h\J. Let the transformation

required be as follows : z remaining the same, x and y are to be ex-

pressed in terms of r and 0, as in page 507 ; we have then ,z=rcos0,
y—r sin ; dx*+ dy2

-\- dz s — dr2+ r^ d9'
2
-\- dz

2
; whence

'

T=l (x'
2+ t/'

s+z'2
)= ^ (r'

2+ r
s
e'

2+ z'
2

)

rfT- /
dT

n,2
dT dT dT

,
dT

17^' d^=
T9

> d6'=
re

> d6=°> Tz'=
Z

> &=
d\] dV n dll .—= — .cos 6+ -J-. sin 0=X cos + Y sin0
dr dx ay

dU d\] . c/U
-rr= r- rsm0+ —— rcos0=r (Ycos0—XsinS).
dd dx dy
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These last results were P and rT in page 507. The final equations are

(d?J : dt being /•", &c., and T having the meaning of page 507,)

r''-rO' l-V-0, (r
2 d')'—Tr=0, z"—Z-0,

as in page 507.

This method of deducing the equations (5) and (6) is the second of

those given by Lagrange, and is the most general mode of treating the

question. The following, the first of the two, is more simple in prin-

ciple, as avoiding the formal calculus of variations.

It readily appears that

xnBx+y"ty+z,fBz=— (x'cx+ y'ty+z'dz) -±c (x^+y^+z'2
).

If the transformation into terms of, say £, i\f, &c. give dx=Ad^+ Bd^
-f&c, &c, we have x'=AE,'+By + &c, and &r=Ac$+BSv+&c.
Again, since x'£x+&c. is symmetrical with respect to dx and ox, &c,
the equivalent of this function must take the form

¥?%+ G a'of

+

f'20+ llf'cf+&c.= P,

and changing S into d, and dividing by 2dt, we change x'$z+&c. int
i /2+ &c.) This last then is

£F£'2+ G^Y+iHf 2+&c.= Q.

If we now form £Q and P', we shall have

igF.r+Fr^'+G ŝ '+G^'+2G.^/+iaH.V-'2+«S:c.=oQ

(F^)'^+ F4'^+(G^) ,

of+ Gr^'+(G^)'^+ Gf'^'+&c.= F.

The first subtracted from the second gives x"^x+y"dy+z"dz^=

(FO,«-44F.r+(GO^-SG.5y+(GYO':^-i«H.'v^+&c,i

in which F, G, &c. being functions of £, &c, and not of £', &c, it

follows that ££', &c. do not appear in £F, &c. Now the last result

maybe obtained from hQ, as appears from observation 1. By changing

the sign of every term of SQ in which o precedes unaccented letters. 2.

By obliterating the accent wherever ci precedes an accented letter, and
differentiating all the rest of the term with respect to t, or accenting it.

Thus in 3Q we see pF.£'2
, and in P'— c)Q we see — ^2F.4''2

; in the

former we see Yt,'dt,', and (F|')'S|; in the latter. But

make the changes just mentioned, and we have

„. ___ (d rfQ dQ\ /d c/Q dQ\
\dt dt,' dt, J \dt df' df/

7

Multiply both sides by m, repeat the process for every term of T, and
add the results, which shows that (5) follows from (1).

It is thus shown that the expressions T and U, transformed into

terms of any coordinates, may be immediately made to give those

equations of motion of a system which depend upon the coordinates
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used. This completes the theory of the mathematical expression of

dynamical conditions ; and the complete solution of every problem is

reduced to that of diff. equ. of the second order. But it can also be
shown* that the determination of H.mfvds from the beginning of the

motion through any time t, in terms of the initial and final coordinates

and of H, the initial value of T— U, leads to a complete solution of the

equations.

Let £, &c. be the independent coordinates, n in number, in terms of

which x, &c. can be expressed. Let subscript units denote initial

values, as before ; let 2.m (x'$x + &c.) be changed into 2.m(P^+&c),
and let 1,.mfvds be called V. The equation (3), page ,517 then

becomes

aV=2.m(P^+&c.)—2.mCP&i+&c.) + t$H.

In which each of P, &c. is a known function of £, &c, and £', &c, the

relations between x, Sec. and £, &c. being known. If then V be given

or determined in terms of £, &c, £u &c, and H, we have the equations

v=0 «, &c, iIS &c. h), n=^ «+ &c.+^ &+&&+%m ;
at, at,! ati

where rf0:c?4, &c, and d^idU. are given functions of £, &c, £„ &c,
and H, as obtained by differentiation. The two values of SV must be
identical, and we thus have

c/0 d4>
n equations of each of the forms —=mP, ~pr— -- wtPi. . . (A and A^,

at, at; l

one equation more —= t.. . . (B).
Ctrl

Now we are to remember that contains the initial values of ij, &c,
but not of t,', &c. ; it has also been supposed that x, &c. can be expressed

in terms of £, &c, without the initial values of tf, &c. ; which is but

saying that the dependence of the coordinates on each other is wholly

independent of time and velocity. Hence neither (A) nor (B) contain

the initial values of i;', &c ; and if between these n+ 1 equations we
eliminate H, and remember that (B) introduces t, we have n equations

between £, &c, £', &c, and t, containing n constants £ x , &c; which are n
first integrals of the equations of motion. But if we eliminate H
between (Aj) and (B), remembering that the equations (A,) do not

contain £', &c, we get n equations between £, &c. and t, containing 2a
arbitrary constants £1} &c. and |'

l5 &c. Hence each of £, &c. may be ex-

pressed in terms of t and constants, or the problem is completely solved ;

the solution of a dynamical question being the expression of everything

which varies with the time, in terms of the time and of constants depend-

ing on initial position. Consequently the solution of the problem of the

motion of a system under given forces is reduced to differentiation and
elimination, as soon as V, or *2..?nfvds, or what has been called the

action of the system, is expressed in terms of initial coordinates, variable

coordinates, and the initial value of the living force.t

From what precedes it appears that the integration of simultaneous

* This is the step made by Sir W. Hamilton, alluded to in page 515.
-j- Since H=Ti— Ui and Ui is a function of g', &c, any function of g, &c, \\, &c,

and H, is also a function of \, &c, %v &c, and TP
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diff. equ. of the second order is the sole difficulty which we meet with in

the solution of dynamical problems of which the data are known with

accuracy. In many most interesting questions, the absolute solution of

the equations has not been attained, and approximation must be had

recourse to : fortunately it happens that most of the problems connected

with the theory of the solar system have circumstances connected with

them which facilitate approximation to the required integrations. The
theory of this process has been generalized and methodized by Lagrange,

and it is now my object to present the peculiar manner in which the

resources of the differential calculus are applied to the approximate

development of the alterations which must be made in a solution, in

consequence of certain minute alterations in the d*,ta of the question.

The principles on which we are to proceed have been already laid down
in a particular case (page 155). As in page 189, (x, c), a function

of x and c, may be changed into any function of x and C, by substituting

instead of c the proper function of x and C. If, then, y=<j)(x,c) be

the solution of any one diff. equ. (A), it may be changed by substitution

into that of any other, (B). It is always open to us, then, to solve (B)
by investigating what substitution for one of the constants in the solu-

tion of (A) will give that of (B) : and, in certain cases, as in page 155,

this is the most direct road to a complete solution ; in others, to an
approximate solution.

For instance, let there be a couple of simultaneous diff. equ. of the

second order, U,— 0, U2=0, between x, y, and t. In the complete

solution four arbitrary constants enter, say a, b, c, e ; let the complete

solution be x~4> (t, a, b, c, e), y=ty {t,a,b,c,e). Let there be two
other equations, U^li,, TJ2=£22 , U t

and U2 being the same as before,

and 0^ and £22 functions which are always small in value. If a, b, c, and
e be made variable, we may, by taking proper values of them in terms of

t and other constants (say their initial values) make x~<b (J, a, &c.) and
y=^r (t, a, &c.) become the solutions of U 1

=tl
1
and U2=£22 . Moreover,

since the suppositions £1^=0, £12~0 destroy the variable parts of a, &c,
we may predict that a, &c. will vary slowly when £2

t
and £l2 ai'e small.

That is, if A, &c. be the initial values of a, &c, and if

a=A+ a(*,A,B,&c), &=B + jS(*,A,B,&c), &c,

the functions «, /6, &c. will vary slowly in comparison with t. This

circumstance is the main point of the approximation.

The object of investigation is now the manner in which a, &c. must
be made to depend upon t and initial values, in order that x= (/, a, &c),

y=ty (t, a, &c), which satisfy U t
— 0, U 2=0, when a, &c. are con-

stant, may satisfy U
l
= fi

1 , U 2 =r0.2 , when a, &c. are variable. From
x= <p (i,«,&c.) we find

dx __ d<f) d<p da d<j) db dip dc <70 de

dt dt da dt db dt ' dc dt de dt'

from which we might find d'
2x : df ; and similarly we might find dy : dt

and dz
y : dt2 . In these expressions da : dt, d*a : dt2

, &c. are unknown,
and d4> : dt, c?0 : da, &c. are known functions of /, «, &c, since LT 1

=
and U2r=0 are supposed to have been completely solved. Substitute

the values of x and y and their diff. co. in L^— t^ and U2=02 , and we
shall thus have tivo equations between four undetermined functions

a, b, c, e and the first two diff. co. of each. So far then it might seem
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as if we had made no~ progress, having merely converted a pair of

simultaneous equations of the second order into another pair of the same
kind. But since in the new pair we have four undetermined functions,

with only two conditions to satisfy, we can choose any two others which
may be most convenient : and thus we can reduce the question to the

solution of four simultaneous equations of the first order. Let the

additional conditions which we are at liberty to introduce be that the

parts of dx : dt and dy : dt which arise from supposing a, &c. to vary,

shall vanish by themselves. This gives

dd) da dd) db n n d% da dMt db , . .

daTt+i 5i+
&c-=°> I i>:+l « +&c-=° (A);

, . dx , dy dx dcf) dy d\U . . .

reducing -7- and -~ to — —-77 and — =-— , in which it must be ob-3
dt dt dt dt dt dt

served that since in dcf) : dt and dy : dt, t varies without a, &c, the forms of

dx : dt and dy : dt are precisely what they were in the solutions of

11!= and U2=:0. Again

d2x _ <Z
2

<i
2 da d2

(j) db dty dc <P<ft de

~d!?~~dF dt da' dt
'

dt db' It dtdc'dl dtde'dt

with a similar equation for d*y : dt
2

. Here d2
4> : dt

2
, d'4> •' dt da, &c.

are known functions, so that on substituting values of x and y and of their

cliff, co. in U^^! and U 2=£i2 , we have, with the equations marked
(A), four equations between a, &c, their first diff. co., and t. It is also

to be noted that if any other variable be more convenient than t, the

same process may still be applied.

In language borrowed from the planetary theory, to which this method
was first applied, L^rrO and U2=0 are called the undisturbed equations,

XJ 1
=ti

1
and U 2=£i2 the disturbed equations, and ii

x
and £22 the disturb-

ing functions. Thus the results above obtained may be enuntiated by
saying that the disturbed equations may be solved so as to allow both

the coordinates and their first diff. co. to retain their undisturbed forms,

provided that the elements (as the quantities a, &c. are called) which

are constant in the solution of the undisturbed equations, vary in that of

the disturbed equations in such manner as to satisfy the four simulta-

neous diff. equ. above deduced.

The preceding process is equally a preparation for exact solution

(when possible) or for approximation : in the latter the method of

successive substitution alluded to in page 223 must be employed. I

shall first give a simple example of this method, and then, after giving

an example of the application of the whole method of variation of
elements, shall proceed to Lagrange's generalization of this method.

d2u
Let —^-\-u==[j,u, n being a small quantity. The solution of this

equation (pages 155, 210) is w=C cos (^(1—ju).0+E), C and E being

arbitrary constants. But

V(l-/z).0+ E==0+E--^-4 /**-••• =0+E-V,
Z o

V being (&*+i/i8+ . . . ..) 0. Again
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Ccos(0+ E-V)==Ccos(0+ E)(l——+ .. .

+ Csin(0+E)(V-^+&c

Expand the powers of V in powers of li, and we shall have

?/-Ccos(0+ E)+ iC0sin(0+E). i
u+A

i
u2+B

/
x

;,+ &c .;

A, B, &c. being functions of 0, C, and E. Suppose* now that we
could not find the complete solution of the given equation, but that we
knew it can be developed in a series of powers of li. Suppose also that

we can integrate it completely when /a.=0. Perform this last process,

which gives m=Ccos(0+ E). If we substitute this value of u in the

term liu on the second side of the equation, we leave out of u terms having
li, ju

2
, &c, or out of liu terms having li

3
, li

3
, &c. We can therefore

make no error in terms of the first order by so doing. But (page 155)
cl 11

-t-^+ ii =?fxC cos (0+ E) gives w— C'cos (0 + E')+ ^ C sine/cos 0.cos

(0+E)dd— fiC cos 0/ sin cos (0 + E) dd =C cos (9 -f-E') + i f*
C cos

(0+ E)+ ^ li C0 sin (0+ E) ; where C and E' are new constants : but as

two, C and E, have already been introduced, and no more are allowable,

we must examine this result further. Taking the result

M=C, cos(0+E/)+iAt Cco3(0+E)+i/iC0sin(0+E),

which absolutely satisfies the equation whose second side is ii C cos (0+E),
we have

d*u~—
2 + u - Liu—Li C cos ((9+E)— li C cos (0+ E')

—i yu
2 C cos (0+E) - 1^ C 6 sin (0+ E)

.

if then E=E', and if C be either equal to C, or differ from it by a

quantity of the first order, so that /j,C—fiC is of the second order, the

second side of the preceding is entirely of the second order, or the given

equation is satisfied as far as terms of the first order inclusive. If

C — C'=^liC, the preceding value of u becomes precisely the first two
terms of the real value, as found by the exact solution. If we substitute

this value of u, exact to terms of the first order, in liu, the error will be
of the third order, and repeating the process of solution upon the

equation

d?u
-3--+u±C cos (0+ E) + i/Lt

2 C sin (0+ E)
do

we shall get a result which is exact to terms of the second order inclu-

sive. We may then repeat the process with the new value of n, and so

on. It appears, however, that we must, at the end of every process,

know independently how to determine the values of the new constants.

Let the undisturbed state of a system be as follows : a particle of

matter is attracted towards a fixed point by a force which varies inversely

as the square of the distance from that point. Let the disturbance be a

* These are the conditions under which equations usually present themselves in

our present subject.
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small additional force directed towards the same centre. If it were not

for this disturbing force, and if the particle were in the first instance

projected in any direction except directly to or from the centre of

attraction, it would describe a conic section. It is required to apply

the preceding principles to the determination of its actual motion.

It might easily be shown* that the particle must always move in the

plane which contains its first direction of motion and the attracting

centre; let the coordinates be taken in that plane, and let u be the

reciprocal of the distance of the particle from the centre of attraction at

the end of the time t from the beginning of the motion, and let yuu
2+ II

be the acceleration! belonging to the attraction at the distance r, where,

jx being constant, iiu* varies inversely as r
2
, and II is the acceleration

arising from the small disturbing force. Returning to page 507, we
have here a particular case of the problem there proposed, in which
T=0, P= — (/m2

-T-H)) since the force is supposed to be directed

towards the centre, c=:0, z—0, since the moving particle is always in

the plane of ocy. The equations of motion become then

dht fi n dd

and (<r), page 508, is satisfied identically. The second of these equations

can be integrated when 11=0, and gives "j

w^Jl+B COS (0-/6);

B and /3 being arbitrary constants introduced in integration, and depend-
ing upon the initial position and velocity of the "particle. Again, since

r*dO;dl—h, the constant h is determined by the initial value of

r9d6 : dt. The equation last obtained is that of a conic section, the

centre of attraction being the focus; and if we suppose it to be an
ellipse, of which a is the semiaxis major, and e the eccentricity, we
have

_£ I R f. 1_^
h* a(l— e

2)' a(l-e2
) h^

and yS is the value of 6 when the particle is at its least distance from'the

focus. We are nowj to apply these results to the integration of the

disturbed equation

<Pu
. fi __ n

d¥
+u

~J? ~¥1? (n);

the disturbing function being II : h? ?i
2

.

The integral of the undisturbed equation being

* This might he shown directly from the theorem relative to the osculating plane

in page 506.

f Meaning, that if the attraction, such as it is at the distance r, were fo act

without alteration upon the particle during one second, at the beginning of which it

was at rest, it would at the end of that second be moving at the rate of (*«?-{• n per

second.

I The greater part of the preceding paragraph is a recapitulation of restdts with

which the student is supposed to be familiar from the ordinary elements of analyti-

cal dynamics which he is presumed to have read.
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W=^'+^c6*(0-£) (t«) i

in which e and /3 are constants, let e and /3 now he such functions of

as will make the preceding satisfy the disturhed equation. We have
then

in which, there being two new indeterminate functions e and y8, with
only one condition to ,be satisfied by them, we may (page 524) create

another condition by supposing the part of du : dO which arises from
the variation of e and yS, to vanish by itself. This gives

d?u ea , „ N a . , n „. de e.a ,„ n . dfi

For -^ cos (0 — /3) write w— -£-, whence (II) gives

^de dfi n- 81n(^)_-,- e cos(S-« s =-;
which, with the condition previously created, gives

de II . ,. „. dfi II , ..

sm ( _^), e £ = CoS (0-/3).

If II be a known function of u and 0, substitution of the value of u
from (u) in the preceding will give two equations between e, ft, and 0,

from which, if by integration e and /3 can be determined in terms of 0,

the substitution of e and y8 in (m) will give an equation between u and

which is that of the path of the particle. The equation (u) is that of a

conic section when e and /3 are constant ; that is to say, pairs of values

of u and 6 which satisfy the equation are all coordinates of points in the

same conic section. And even if e and fi should be functions of 0, it is

still true that every point of the curve is a point of a conic section deter-

mined by (u), though two different points are not on the same conic

section : thus, if e=0 and /3= 2
, the equation w=l +0 cos (0— 2

) is not

that of a conic section ; but if0=a and ms=6 satisfy it, the point (a, b) is

one of the points of the conic section whose equation is«=l + acos

(9— a?). We may then say that the path of the particle is such as

would be traced out by a point moving on a conic section, which conic

section itself changes its dimensions, varying its eccentricity and the

place of its vertex in the manner indicated by the functions which e and

fi are of 0, and its semiaxis major in the manner indicated by a (1 — e2
)

It is only in this sense that planets and satellites can be said to move
in ellipses about their primaries ; that is to say, the ellipse must be con-

sidered, as continually varying its form and position. At any one

moment it is called the instantaneous ellipse.

The advantage of this supposition will be more clearly seen by a com-
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parison with a more simple case. When a point moves in a curve, we
talk of the "different directions of its motion, as if it could at each moment
be said to be moving in a straight line. The straight line chosen is the

tangent of the curve, in which, however, the point can never be said to

move, unless this tangent move also, and vary its point of contact with

the curve. Any other line passing through the particle might be chosen,

and the particle might be said to move on that line, if the line itself be

also supposed to change its position. The geometrical advantage of

choosing the tangent in preference to any other line is shown in

page 136 : the mechanical advantage lies in this, that the tangent at

any point is the line in which the particle would continue to move, if

all the forces were instantaneously withdrawn when the particle reaches

that point. This amounts to considering the tangent as the line of

undisturbed motion, and all the forces as disturbing forces :* and the

tangent might be called the instantaneous straight line.

In the preceding problem we have a similar geometrical and me-
chanical advantage which arises from the introduction of the instan-

taneous ellipse. Since first diff. co. are the same in both the ellipse

and the curve, the former is always a tangent to the latter, and since

velocities depend only on first diff. co., the actual velocity possessed by the

particle at any one point of its path is exactly that which it would have if it

had come to that point in revolving round the instantaneous ellipse. If

at the point we speak of, the disturbing forces were instantly removed,

the particle would continue its course, not in the disturbed orbit, but in

the instantaneous ellipse, allowed to remain as it was at the moment
when the disturbing forces were removed. The mathematical advantages

of this use of the instantaneous ellipse are increased by the circumstance

of the disturbing forces being always small, the consequence of which is

that the elements of the instantaneous ellipse vary very slowly, so that

the supposition of the orbits of planets and satellites being absolute

ellipses is not far from the truth.

To take a particular case of the example last discussed, let the dis-

turbing force vary as the inverse cube of the distance, and let the whole
force be — (fiu- 4- ku

3
) . We have then

n feu fc—1=— =-ri{l + e cos (0-/3)}=:J{l+ C cos (0-/3)};
IXvAt IX to

fc : A2 being called I. Let it also be supposed that I is less than unity.

The path of the particle, on these suppositions, can easily be determined

by direct integration ; for which purpose I have chosen it as an
exercise in the method of the variation of elements. Let 6—fi=4> ; we
have then

* LetY and X be the accelerations in the directions of y and x, so that #"=X,
y't— Y. The integrals of the undisturbed equations #"= 0, y"= are x=at-\-b,

y= At+ B, from which / being eliminated, we have the equation of a straight line.

Treat this by the general method in page 524, and we find for the diff. equ. of the
disturbed motion,

a't+b'=0, A'/+B'=0, a'=X, A'=Y;

X and Y being each a given function of at-\-b and A/+ B. If these four equations
can be integrated, we find how a, A, b, and B, the elements of the straight line of

undisturbed motion, must vary, in order that x=atJr b, ^=A/-fB may be the
equations of the line of disturbed motion, or of the line to what the straight line of
undisturbed motion is always tangent.
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—=-—Zsin<j6(l+ecos0), £[ 1— J-
)
= l cos0 (l+ecos0).

Eliminate <20, which gives

de — Zesin0 (1+e cos0)
, or ede—l (l+e cos 0) d . <? cos

;d0 e— £ cos ( I + e cos 0)

whence e
2=Z (1-fecos 0)

2
-}-L. Let e cos = 2, whence

d0 *« v '' J '

^(/+ l+ 2Z2-(1-/)2 2

)

eV(l-0+ C=coB-^fc^gL_ (page 28,).

For ^/{4Z
2+ 4 (L+Z) (I— /)}, which, L being arbitrary, is merely

an arbitrary constant, write 2M (1 — Z), which gives

z- -1-A-Mcos {d J(l-l)+ C}.

In m or (j.i : h2)(l-{-z) write the value just obtained for ~, and for /

put back its value k : h2
, which gives

u- -£- +^ 1VHM
for the equation of the particle's path. This may be easily obtained by
common methods from the substitution of lev? for n in (n), page 528,
and integration.*

When u has been found in terms of 6, the time of describing any
angle is found by integrating dt^=-dd :hu2

. It is also to be noticed that

in the preceding example we might express the infinitely small variations

of the elements in terms of dt, by substitution. Thus

de h . ,N dB h ,n _N dd
, „—= n sm (0-/5), e -£ =— n cos (9-/3), — -hu*

at /j, at fi at

is a system of three equations, the integration of which will give 6, e, j3,

and thence u, in terms of t.

From page 518 1 have been endeavouring to give notions preliminary

to the introduction of the method of Lagrange for the variation of

elements, to which I uow proceed, taking up the subject from the deter-

mination of the equations (6) in page 520?
To avoid indices let £, f, (j>, &c. be the independent coordinates,

* This is the problem of the ninth section of the Principia. The result is that

the path described is that obtained by making the particle revolve in a given ellipse

while that ellipse revolves about the focus with an angular velocity which always
bears a given ratio to the angular velocity of the particle in the ellipse. It may be

worthwhile to remind the readers of the Principia, that the ellipse of the ninth

section is not the instantaneous ellipse of the orbit.

2M
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instead of £1} £2J &c., and let T+U= Z. Remember that T is a function

both of coordinates and their diff. co., while U is a function of coor-

dinates only. Hence Z and T have the same diff. co. with respect to

£', 1//) &c, whence the equations (6) become

d dZ dZ d dZ dZ

Tt-d?-TrQ
> dt'd^'-d^

=0
'
&c (6) -

When we integrate these equations, we express £, ty, &c - ea*ch in

terms of t and a number of arbitrary constants (elements, as they are

frequently called) a, b, c, &c. twice as many in number as there are

equations. Now Z and its diff. co. are all known functions of £, £,', &c,
and only unknown in the same sense as, and so long as, £, tf, &c. are un-

known in terms of t. If, after the integration, we substitute for £, £',

&c, their (now) known values, then dZ : d£, &c. and dZ : d£, &c.

become known, the first can be explicitly differentiated with respect to

t, and the preceding equations then become identically true, and in-

dependently of the values of the elements a, 6, &c. If, then, these

elements be changed intoa+ Aa, 6+ A6, &c, the equations still remain

true, and if we denote by Aij, A£', A(c/Z:di;'), &c. the changes which

take place in consequence of the variations of these elements, we have

d / dZ\ clZ n d ( dZ\ dZ

If other variations be made, by which a, b, &c. are changed into

a+ Sa, b+db, &c, equations of the same form may be made by changing

A into 3. Multiply the S-equations by A£, Ai//, &c, and the A-equa-

tions by 3£, 2i/<-, &c, subtract the second results from the first, and

add all the results together, which gives

( d /\dZ\ ^d / dZ\ t , ,dZ „„ dZ)

2 referring to aggregation of the same functions of different coordinates.

Now

Form similar results by interchanging A and d, and substitute, which
gives

- 2 {Auf+^|}+2 {a,.f +a„f}=o,

which, for a moment, we call Si— S2+S3 . If Aa, &c, cia, &c. be

infinitely small variations, each of the terms is of the second order ; but

it may be shown that in —

S

2+S3 all the terms of the second order

vanish, leaving, as a differential equation, S^O. To show this,

observe that (using our abbreviated notation for partial differentiation)

we have, Ze
and Z*,, Zf and Z^, &c, being each a function of every one

of the sets £, % &c, £', f, &c,
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2Z
?
=Z„ 8£+ Zw 8f+&c. + Zu,oZ'+ Zt4, oV'+ &c.

8Z, =Z* 3$+Z*ty+ &c + Zw,o£'+Zw, 8y'+ &c - &c -

8Z
5
, =z,,, 8|+ z,v8y+ &c. + z^'-j-z^ oy

+

&c.

az,=z^as+ z^sy

+

&c -

+

zvA'

+

zw 8y'+ &c &c.

Hence S2 is entirely composed of terms of the following forms :

ZR A£ ft, z* (Ay 8£ + AS of), Z,v (A? Sy+Af 20,

Z^ (A^ &£'+ A? 3V0. ZW A? 24'

:

in fact, S2 is made by putting together all such functions of single

coordinates as are shown in the first and last of the preceding terms,

and all such functions of every combination of two coordinates as are

shown in the intermediate terms. But in no one of these terms would
any change be made by using 2 for A, and A for 8 ; now S2 is converted

into S3 by this change; whence S2=S3 ; or Si=rO. But S, is a diff. co.

with respect to t ; the quantity differentiated is therefore independent of

t, or

2 ( A£8——8£A -r-f
J
is independent of t. (A, 8),

This conclusion is one which it may be worth while to verify in a

particular case. Let there be a particle moving in a given plane, acted

on by pressures in the directions of x and y, the accelerations of which
are y and x. We have then

dU=ydx+ xdy, \J=xy, T=i (x'2 +yn), Z=T + U,

dZ , dZ
t , „ ,—:=£, —,—?/, and or=?/, y"^=.x

dx' ' dy' *' J a

are the equations of motion, (a result we might have looked for) which
give x'

v—x, y
w=y, or (page 211)

x= Aet+ Bs-'+ C cos t+ E sin t

y=Ast+Bs~i— C cos t— E sin t

Aa?=AA.s'+AB.g-'+AC.cos*+ AE.siri*; 2r = 8A.£(+&c.

dx'—dA.s'—m.s-'— 8C.sin£+ 8E.cos*; Aj/=AA.ef+&c.

And we want Ax 8 —
;
— ex A —

-, or Ax Bx'— 8.r Ax' ; form this by actual
dx dx 1

multiplication from the preceding, and we shall get

AxSx'— gj?Aa/=2(8AAB—AA8B)+ (AC8E—8CAE)
+ (8A AC—AAaC)(cos<+sin0s'+(AASE-3AAE)(cos<-8in0s

i

+ (AB8E-8BAE)(cos^+sinOs-'+(AB8C-8BAC)(cosf-sinOs-'.

Now observe that to change x into y we have only to alter the signs of

C and E, which will change those of AC, &c If this be done, and the

result added to the preceding, we find that all the portion depending on
t disappears, and part of the independent portion, giving

Ax lx'- $x Ax + Ay 8?/'- dy Ay'= 1 (8A AB - AA 8B) ;

a result independent of t, which verifies the theorem.

2M2
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This very remarkable result, which is perhaps the most characteristic

specimen of the genius of Lagrange which could be given, is the most
general theorem which has yet been attained in the mathematics of

mechanics, not excepting the principle of virtual velocities, or that of

D'Alembert;* for while the former gives a relation between the effects of

one virtual alteration only, this theorem of Lagrange assigns a relation

between the effects of two distinct and independent virtual alterations.

Returning to the equations (6)', page 530, let us now suppose such
disturbing forces to be introduced as add the disturbing function £2j

:

to

U, Q, being, as shown, a function of £, "»/>-, &c, but not of £', f', &c.

Hence dZ : dg, &c. remain as before, but rfZ : d£, &c. must be increased

by d£l : dt„ &c; so that allowing Z to represent T+U as in the undis-

turbed question, the equations of the disturbed motion are found by
writing Z+£l for Z, which gives

d dZ dZ_da <l_ dZ^ dZ _dn
d~t' df ~~M~W Tt'dY~df~dty' (

''

Let us, moreover, suppose that the formulae for the disturbed motion

are to be those of the undisturbed motion, except that the arbitrary con-

stants become functions of the time, and let cS£, &c, which are variations

arising from variations of elements only, be those variations which
actually take place in the time dt\ while A£, &c. arise from arbitrary

and virtual variations. The theorem of Lagrange still remains true, but

not in the words hitherto used; for (A, o) (page 531) now becomes a

function of the time ; but this is only through the elements which it

contains, which were the arbitrary constants of the undisturbed motion

;

and (A, 2) is now to be said to be not a function of the time, except

through these elements. Moreover, as previously explained, the number
of elements by proper determination of which we make the undisturbed

formulae represent the disturbed motion being double of the number of

equations to be satisfied, leaves it in our power to make it a condition of

this determination that S£, cty, &c. shall all vanish, the effect of which

upon (A, c>) being observed, we now see that 2 (
A£ c -j-, j

is independent

of the time, except through the elements.

Again, if we examine the first of equations (12), or d.Z^— Z^.dt
=£2

e
.eft, it is plain that d.Zv must consist of two parts: first, that

which arises from making t vary where it enters explicitly ; secondly,

that arising from making the elements (formerly arbitrary constants)

vary so as to make the whole satisfy the disturbed equation. But the

first is the d.Zv of the undisturbed question, and, therefore, page 530,

equations (6)', is equal to Zt
.dt\ the second must, from the hypothesis

above made as to the meaning of d, be denoted by VLV . Hence the pre-

* The principle of D'Alembert is perhaps rather of a metaphysical than a

mechanical character; by which I mean that its evidence depends rather on our

general notion of cause and effect, than on any conception particularly derived from

the cause which we call force, or its effect, velocity, or the counteraction of effects

called equilibrium. Assuming that a cause must produce its effect unless hindered

by the effect of some different cause, it follows that if a set of causes A produce only

the effect of another set of causes B, A and B can only differ in that A contains

besides B, a set of causes the effects of which neutralize each other : these being

removed, all that is left of A is B.
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ceding equation becomes cZ (l=a
i
.dt, or, in common notation, and

extending the same reasoning, we have

fc
dZ da , 'rfZ da , „

&— =-—
. dt, o -j-. =— dt, &c. (7)

di! dl df' df
' v J

k , ^dZ\ (da . da A \
,

whence Aa.dt is a function which is independent of £, except as t

enters through the now variable elements. Or rather, if in the expres-

sion 2 (A£ S Z
f(
— r)£ A ZE/), which is certainly independent of t, we intro-

duce the conditions ££= 0, oi^=0, &c, we then find an equivalent to

Aa dt, which is, therefore, independent of t. But we are* not to

suppose that if we were merely to find a in the most direct ma;:ncr,

and thence Aa dt, that we should produce this function in the form in

which it is independent of t. The theorem may be thus stated : the

expression Aadt—2.t5|AZ
E
, may be made independent of t directly, by

substitution in Aa of the values of a«, &c, furnished by the equations of

motion, (this is the reversal of the last process,) and this form, which is

independent of t, is in value an equivalent to Aa dt, if the equations

Cc,= 0, ch//-=0, &c. be also satisfied by the variations of the elements.

Let cc, fi, '&c. be the values of £, i//, &c. when 2= 0, and A.,//, &c.
those of Z,:,, Zy, &c, in the undisturbed question. These quantities,

twice as many in number as the coordinates, may be taken as the con-

stants of integration; since whatever constants integration may intro-

duce, tbey may be determined in terms of a, &c. and X, &c. But since

X (A£ IZV— I'i, AZ
f/) is independent of t, it might, in the undisturbed

question, be determined by making t=0, since the value which it then

has, it must retain. But its initial value is 2 (Aa-c)X

—

da AX), whence,
remembering that tbe value of the preceding is also Aa.dt, and,

substituting for £, Ys &c. in a their values in terms of t, «, X, &c, we
have

dt
/da da da \-—A«+— Ay6 + &e.-f— AX+&C. ]=AaaX-c«AM-Ay%-&c.,
\da dp d\- J

in which Aa, A/3, &c. are altogether indeterminate. Hence, then,

da
, „ da , . da

1
._ da

, nh\—~-dt, Za——^rdt, du=-T dt, 2/3= -— dt, &c. (8),
da d\ dp dfx.

* For example, (A^-f-B)a— (at-\-b) A is independent of /, unless as contained in

A, a, &c. But should it happen that at+ b= 0, we do not become immediately-

cognizant of this theorem by looking at (At -\-H) a, though we may deduce it either

by using the term (at-\-b)A, or by eliminating t from (A/+B)a by means of
at-\-b=i). The student who examines the Mecanique AnalyUque, pp. 333—337, will

see that Lagrange, when he has proved the equation

Anf//=2(A|.SZi-.-^AZ 5 5

adds " On voit que le second membre de l'equation precedente est la meme fonction

que nous avons vu devoir etre indeptndente du tems f.
3' But he does not venture to

add that therefore ihe Jirst side is independent, of/, and he cautiously abstains from
any use of that first side, except by means of the second. The fact is, that though
it is possible to write fi in such a form that ACldt shall be independent of

/, yet,

after the present step, he does not find it necessary to use or refer to that form:
and it is in fact never used in practice. The difficulty arises from the particulariza-

tion of the meaning of 2 being made a little too early in the process, which is avoided
in the second proof of the resulting equations presently given (page 535).



534 DIFFERENTIAL AND INTEGRAL CALCULUS.

and so on. And since SX is supposed to arise from a change of t into

t+ dt, as soon as we pass to the disturbed question and suppose a, X,

&c. functions* of t, it is not necessary to distinguish it further from dX,

a differential relative to the time. We have thus a number of simulta-

neous differential equations sufficient, if they can be integrated, to deter-

mine a, X, &c. in terms of t. Neither is it necessary that t should enter

directly in these equations; for since &£l.dt may be exhibited in a

form which does not contain t, and this absolutely independently of the

values of Aa, &c, the same thing is true if all but Aa vanish, in

which case A£2 dt is (<2£l : da) Aa dt, so that (dQ. : da) dt will not

contain t, if derived from the proper form of £1.

The equations (8) are only particular cases of a more general form,

from which it may be advisable to derive them. In the general equa-

tion

2 (A£ gZ
5
, - ag AZj,)=2 (Aa 3X—du AX),

which merely expresses that the first side, not containing t directly, has

always its initial form, substitute for A£, &c, AZ
? ,, &c. their developed

values, the elements, by variation of which the variation A arises, being

a, X, &c. We have then for the first side

2
{(I *+!*+**)*,-* (f

'*-+'§*+*-))

.

equate this to the second side, then since the equation must be true for

all values of A«, &c, we have a set of equations of the form

da da da da

d£ , df dZe _ dZ^.
-da=— £Z

5,+ ~- dZ,,+&c. -1 g£ _ —ity—&c -

d\ dX dX dX '

Without making any particular supposition as to the derivation of S,

repeat the process by substituting for 3ZP , &c, their developed forms

in terms of c>a, SX, &c, which must make the preceding equations

identical. The consequence is, that if p and q represent any two
whatever of the set #, ft, X, jx, &c, we find

/dt m? d% dz,;

\dp dq dq' dp

to be either +1, — 1, or 0; +1, if p and q be a and X, or ft and /x,

&c, ;
— 1 if p and q be X and a, or jj, and ft, &c, ; 0, in every other

case.

But if in the preceding equations we take I to arise from the simple

change in t, and make ciar, &c. so that ^=0, cifs=0, &c, we then find as

* In the undisturbed question a, A, &c. are found by making t**0. But the
student must not therefore imagine that t=0 in them when they become functions
of/. In fact the question relative to them is this: the values of a, &c. are certain
functions of the elements of the undisturbed orbits ; according to what law do these
functions change when the undisturbed orbit varies its dimensions perpetually, in
such manner that a body moving in the disturbed orbit may also be always in some
point of the undisturbed orbit ? And a, X, &c. are those functions of the elements
which |, Z'gf, &c. are when /=0, altered subsequently to this supposition by making
the elements take their proper forms in terms of t.
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before, from considering the fundamental equations, that oZs /

~
(d£l : c/O dt, &c, whence

,
(d'i, da dMt da c

\
?1

da u .

d\z=[-f-.~. +-f- — + &C. )dt=— dt, &c;
\da dt, da df J da

and thus we verify the equations (8).

Next, let the arbitrary constants be, not «, A, &c, but certain functions

of any or all of them, namely, a, b, c, &c. We have then

da da da da d\ _ fda da da da
dt da dt d\ dt ' \dX da da d\

2 referring to the change of a and \, into (3 and jx, y and v. &c. succes-

sively. But this is

[da fda da da db

\d\ \da da db da

„ \ da fda da da db .

p \\
&C
-)-Ta(da-dX +dbTx

+ &C-)\>

by development of which, and application of the same process to b, c,

&c, we get the following result. Let p and q be any two whatsoever of

the set a, b, c, &c, and let

(r, W^ ^ -^l ^1 s.^1 ^ _^ ^4-&c •

KF,qj
dX da dadX^dfidP dj3 dp

"'

dp
, v dQ , ,.dO 7 x da

then will ^-= (p, a)—+ (p, 6)— -f (p, c) —+ &c. ;

in which for p we may write either a, or 6, or c, &c. : it being remem-
bered, however, that da : dp does not appear in dp : eft, since (p,p) =0 ;

and also that (p, ^)=— (<?, p)-
This is the generalization of the problem of which a particular case

occurs in page 528, and we thus see that if the undisturbed question be

solved, and the values of £, &c. in terms of t and constants be substi-

tuted in a, we can immediately form the differential equations by which

these constants must depend on t, in order to make the undisturbed

formula represent the solution of the disturbed question. Up to this

point we have nothing but what is common to all dynamical problems,

and the results, though exhibited in a manner which is most practically

useful when a is always small in value, are yet true whatever may be the

nature of a. To proceed further would require that we should propose

a specific problem, and enter into its details, which it is not either within

the scope or limits of this work to do. I have placed the student at the

very threshold of the most important problems of the theory of gravita-

tion : and each of these, as he is probably aware, is matter for a

treatise, not for a portion of a chapter. I shall conclude the present

chapter by treating some remarkable points connected with disturbing

functions as they actually occur.

The gravitation of one particle of matter towards another is inversely

as the square of the distance between them : that is, if m and n^ be the

masses or quantities of matter in two particles whose distance is r, the

particle m exerts on m x an attractive force which would, were it allowed

to act uniformly for one second, create the velocity c??jr~
2
, c being, as in

page 476, a constant depending on the units employed, It is usually said
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that this force is mr~2
, but that is only on the supposition that if r were

= 1, the velocity created in one second would be ra, which requires that

such a unit of mass should be taken that the number of linear units in

the rate of velocity created by the action of m continued uniformly for

one unit of time such as it is at the distance of a unit, should be the

same as the number of units of mass in in. In physical problems, it is

only necessary to compare the ratios of different masses of the same
kind, and this renders it absolutely indifferent what units are used,

and makes it even unnecessary that they should be assigned. But the

student cannot safely proceed without a precise notion as to the method
of actually determining the force of attraction in any particular case if

required ; and this is done as follows. Suppose f—crnr'? to be the

formula, as above described. Let the unit of length be a foot, that of

time a second, that of mass may, as Ave shall see, be left indeterminate.

Suppose the earth a sphere of the mass E, and of a radius ofA feet : we
know that the action of this sphere creates in one second on a mass at its

surface a velocity of 32 "1908 feet. But a sphere acts on a particle at

its surface precisely 'as it would do if all the mass were removed to the

centre, and there collected into one particle ; which in this case would
amount to a particle of the mass E acting at the distance A. Hence
32* 1908=cEA~ 2

, from which c may be obtained, and this being sub-

stituted in the preceding, gives

in which the existence of the ratios m : E and A : r renders it indifferent

what units of mass are employed, or of distance, provided it be remem-
bered that the velocity which the result expresses is measured in feet per

second.

If we adapt the units so that f=mr~2
, and if the coordinates of the

particle acted on be (x, y, z), and if the force tend towards a point at the

distance r, whose coordinates are {a, b, c), we have ri=.{x—ay+(y— b)2

4- (z — c)% and the resolved accelerations in the directions of x, y, and z

are

in a— x in b — y in c— z a— x
or m , &c.

;

the condition under which all forces are represented being that they

shall be called positive* when their effect is to increase the coordinates of

their directions, and the contrary. But

d 1

dx A/{(x—ay+(y—by + (z-cy}

t.— n. a—x
, &C.

whence it appears that the above forces in the directions of x, y, and z

are the diff. co. of mr~ l with respect to x, y, and z. If there be

another particle m, placed at the point (a l5 6n c^, and if rj—a/((x— a^)*

-f-&c), in a similar manner the acceleration of m
v
on a particle at

* In page A77, x— or, &c, are inadvertently written for a— x, &c.
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(x,y,z) has for its components the diff. co. of 7/1,77' with respect to

x, y, z. Hence, if a number of particles so act, the whole accelerations

on a particle placed at (x, y, z) are the diff. co. of 2 (m?-
-1

).

Suppose, then, that a continuous mass acts upon a particle at (<r, y, z).

At the point (a,b,c) let pcladbdc be the element of the mass, as in

page 493, and let this be called dm. If, then, we compute

dm
^{(x-ay+iy-by+iz-cyy

p da db dc

J J J V{0-«) +(y-by+(z-cyy

throughout the whole extent of the attracting mass, the whole attraction

of the mass upon the particle at (x,y,z) in the direction of x is

(dV : dx) ; and similarly for y and z.

In the function r2 or (x—a)
2+ &c. preceding we have

dr x— a d.r~ l
1 dr x—a

-r-= ,&c; ——= —= — , &c,
ax r dx r 1 dx r

d2
.r- v

1 „ x— a dr 1 (x-a) 2
„— -+3 . — 1-3- — &c

dx2 r3 r4
' dx r3

rs

d*.r- 1 d2 .r~ l d2 r~ l_ 3
g

(x-ay+ (y-by+ Q-c) 2

=()
dx* dy2 dz'z r3 r5

- This simple result may be easily proved to be true of each of the

terms of 1?nr~\ how many soever ; it is, therefore, true of the integral

V above noticed, or we have

d*V cPY ^I_ .

dx' df
+

dz 2 ~
'

a result which we are now to express when the variables are r, 0, and ttt,

r being now the distance of (x,y, z) from the origin, being the angle
which r makes with x, and ct being the angle made by the projection of

r on the plane of yz with y; so that ,r=r cos 0, y=. r sin cos rrr,

2=7* sin 0. sinter.

Using the abbreviated notation, we have

Vx =Vr rx+Ye 0,+V« w,

+Vrr„+V9 ra+V«3^ i

and similar formulae for VOT and V„ ; the second side proceeding on the

supposition that each of r, 0, and w expressed as a function of x, y,
and z ; thus

r^+^+O, coa e=
V(j

,+^+ga
)

, tan ro=^.

Now let it be observed that a becomes 3/ if ]?rr become ro+ ij, and
that 2 becomes x if as become \ir and become + ^' at the same
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time. Hence, by determining r2 , r«, &c, we can easily deduce* r,,, ryy ,

rxi &c.
fine* 2T CIV (17*— =2—= sin0sinTO, —= sin0cosTO. —= cos0
dz r dy dx

dd x dr xz dd xz cos 9 sin to—smo — := —

whence

dz r2 dz r3 ' rfz r3 sin 9

dd cos cos to dd _ sin

dy r dx r

dm 1 cos to efer sin to cZto—=cos2 to.- =—— ; —== r-i; T~=°dz y r sm 9 dy r sm dx

d2
r . dm dd cos2 to cos2 sin

2
to—=sm0cosc7-—f-cos d sin to —- = 1

tf.?
2 dz ' dz r r

d*r sin
2 to cos2 cos

2 to d2
r sin

2

cfa/
2 y r ' dx2

r

d'
2
d cos sin to rfr cos cos to dm sin sin to d0

dz2 r| dz r dz r dz

2 cos sin 9 sin
2
to cos cos

2
to

r*l r
2
sin

d2 2 cos sin cos2 to cos sin
2
to

cZy'
2

r'
2 r

2
sin 9

d?d__ 2 cos sin

dx%~ ?'
2

cPto cos to c/r sin to dm cos to d<?

c/z
2 r

2
sin cfc r sin 9 dz r sin

2 dz

cos to sin to cos to sin to cos to sin to cos
2

•r
2 r sm2 r2

sin

d2
TO cos to sin to cos to sin to cos to sin to cos

2

dya
i
5 + ~

7-
2
sin

2 e
+

?-
2
sin

2!
d2

TO

Hence, 2 referring to summation of results of rectangular coordinates,

(as in l.rx =zrx+ r,j+ rz ), we obtain

2r2=l; 26l=—2 ; 2m*=
r
2

'
x

t*wi?0'

2rx 9x=0; 20,«V=O; tmx rxz=6

;

2 \ cos 9 _
»• r sm

* Though this is what is here done, it is desirable that the student should
deduce all these differential coefficients independently of each other.
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Substitute these in SV^— Vrr 2rB
.
+V

(,,
20*+ &c, obtained from the

values of Yxx , &c, and we bave, since 2V„.=0,

^!Y -i__L ^!X
1 c^V 2 rfV _cob£ dV_

1? ~r» de1
"

r2 sin
2

iter* r dr i^mO ~de~

Multiply by r2
, and the first and fourth terms together then make

rd2 (?"V) : dr2
; also let cos 6=^, which gives

dV .
' d.V d*V dV „ oN d*V

Substitute, and the second and fifth terms (after multiplication by

r-) are

-^+il-^d7~^ or ^ \
(l
->^dj\'>

whence the final equation (in the form employed by Laplace) is

d f 0N dVl 1 <fV d*(rV) ..

If the attracting surface be a homogeneous sphere, or spherical shell

of any thickness, with the origin for its centre, it is obvious a priori

that the attraction is altogether independent of everything but r ; whence
if <f>r be the whole attraction, (which must be towards the centre,) we
have

—— =—<0r— , &c, or dV=— 4>r,dr
;

dx
;

r

whence V is a function of r only ; so that dN : dfx and dY : dvs vanish,

while dN : dr is the whole attraction. Hence the preceding equation

gives

d2 (rV) n Tr A ,
B c/V B

dr r dr r
2

that is, the whole attraction of such a sphere or shell upon any external*

particle is directed towards the centre, and is inversely as the square of

the distance. Moreover, B is the mass of the sphere ; for if the dis-

tance r be very great compared with the radius of the sphere, the sphere

must act nearly as an isolated particle, and the more nearly the greater

r is. But B being a constant, cannot approximate to the mass of the

sphere as r increases, and the preceding condition cannot be true unless

B be the mass of the sphere itself. So that at all distances the attraction

of the sphere is as its mass directly and the square of the distance r

inversely : or the sphere acts as if it were all collectedf at the centre.

The equation (V), and another analogous to it, are employed by

* If the particle attracted were within the limits of the sphere, the denominator

in the function, which integrated gives V, would become infinite within the limits

of integration, and could not be relied on. And, in fact, the laws of attraction are

different for internal and external particles.

f If our object here were the particular discussion of this problem we should give

a better proof of this for the beginner.
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Laplace in the deduction of the properties of some very remarkable
functions, which it is usual to call Laplace's coefficients.*

Let there now be any number of particles, attracted by and attracting

each other, but otherwise moving freely. Let one of them, having the

mass M, be the one to which all the others are referred, (the sunf in the

case of a planet, the primary in the case of a satellite,) and let X, Y, Z
be its coordinates. Let the other particles have the masses ?rc, mn my/,

&c. ; let their situations at the end of a time t from the beginning of the

motion be at the points (x, y, z), (xn yn zj), &c, when the origin is

(X, Y, Z) : that is, let their actual coordinates in space be X+#, Y+ ?/,

Z-fz, X.+ xr &c. Let their distances from M be r, r , r
/; , &c., and let

rai b represent the distance between the particles ?na and m b . It is

required to exhibit the diff. equ. by which x, y, z, a?
/}

&c. are to be
determined.

First, as to the motion of M, it is obvious that the accelerations with
which it tends towards the several particles are mr~2

, mp',''
1
, &c., which,

decomposed in the directions of x, y, and z, give

d2X __ mx <¥Y_ my d*Z_ y mz
~df~

2'~?r ' 'df^^'V ~o¥~
1 ~^ ;

the signs of the sec'ond side being marked as positive : for m, for

instance, can only draw M towards the origin when it is in the direction

of x nearer to the plane of yz than M, that is, when X+ a; is less than

X, or when x is negative. This will make mx : r
3 negative, which is

according to the conditions laid down for estimating the signs of the

accelerations. Again, since the effect of M upon m is contrary in

direction to that of m upon M, the components of the latter are

— Mx: r3, —My.r3
,
—Mz:rs

, and, similarly, for m, &c. Also, the

attraction of ma on m b in the direction of x is (as before explained)

xa — xb 1 d ma m b
ora

{(^-^)2

+(.Va -^)
2
-r(^a-^)

5

}
1' m

"
dx

"
r«>»'

Consequently, putting together all the accelerations on mb in the direction

of x, we have

m h dx,

,mm b m
i
m b mumb \

4 I To, b rl, b T* b J

which contains every value of a except a=6. Suppose now we form
the function X= 2 {ma mb (ra> 6 )

-1
}, in which every pair of masses enters

in some one term : we have still

Whole acceleration on mb in direction #=— —

:

mb dx„

* The English reader may find the discussion of these functions in Murphy on
Electricity, Cambridge, 1833, and in O'Brien's Mathematical Tracts, Cambridge,
1840.

f The planets are spoken of and treated as particles ; being spheres, or very nearly

so, they attract each other very nearly as if they had their masses collected at their

centres. The small irregularities arising from their non-spherical forms are usually

treated subsequently to the main case of the problem.
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for with regard to terms already in (m h) they are also in X : and the terms

which are not in (ni b ) vanish from dk:dxb , since they arc not functions

o{ xb . Thus x
ni

is not in the term which has rn
l
m

ifl
and which only

contains x
t
and xN . But since all the particles enter in the same way

into the expression X, this function applies equally to the case of the

action of any one particle on any other : and reasoning similar to the

above shows it to apply also to the directions of?/ and z.

Collecting the accelerations on the particle m in the direction of x,

and equating them to their effect, we have

i2 (X + x)__ Mx
(

1 c/X rf
gX mx

d?
"~

J"
3

' m ~d~x

DUt
~dT*~ rJ '

d*x (M +m)x „mx 1 d\
whence ~Th— i ^~T" "I T *

dt r r3 m dx

... „ mx m,&, m
,
X„ a i, t

mx
^ i

in which z —— means —— 1
'

b&c., or all out —— , this last term
0-3 y 3 rt. 3 «w

having been taken into the preceding. But this last is the diff. co. with

respect to x of

/ xxb+ yyb+ zzb\
( *.
—-,—);

in which m b is successively made m
y
, ?7i

/t
, &c. The terms containing y

and z, which disappear in the differentiation, are introduced that the

same function may apply to the accelerations in the directions of these

coordinates. It will be remembered that rb contains only x b , yb , and zb .

If, then, we make

n J m
a function which, represented at length, is as follows,

/ xx
i
-\-yy

i
-\-zs

i
xx +yy +zz.. a^r -f-&c.m

' U?+i?+0
+m

" ^JtTjj^j)
+m

-7<sj^)
+&c -

m {<

mm,

m\J{(x-xy+(y-yy+(z-zy}

m
,
m„ o "I

the differential equations of the motion of m are (M+m being /.t)

d*x fix dR d2

y \xy e/R_ d?z fiz dR
rff

+^ +^-
' Je

+V +dy- ' lf
+^ +^=0;

which are the fundamental equations of the motion of a planet. These
equations may be approximately solved either by the direct application

of successive substitution, (after transformation somewhat resembling
those in page 507,) or by the method of variation of elements, described

in the preceding part of this chapter. But, as before observed, this

solution would require a treatise of itself.
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Chapter XVIII.

ON INTERPOLATION AND SUMMATION.

The present chapter is intended to exhibit some developments of the

general methods derived from differences, which are useful in practice.

By interpolation is meant the insertion of intermediate values of a

function, corresponding to intermediate values of the variable. If the

function itself be given, any value may be calculated without reference

to other values ; and the question of finding (fix for a given value of x
is not one of interpolation. Let us then suppose that all we know of

the function is that wben x—a , <fix—A , when i=a„ 0a?=A
l , &c.

It is required to investigate, as far as tbat can be done, the function

itself, so as to be able to find any values of it.

The question proposed is indeterminate ; that is, an infinite number
of functions can be found, which satisfy the proposed conditions. For

instance, suppose three values of the function to be given, A , A 1} A 2

answering to three given values of x, namely a , al3 a2.

Let X x, fi x, v r, &c. be any functions which vanish when x= a , and

do not become infinite when x is a,, or a2 ; also let X^, &c. and k.2x,

&c. be functions similarly related to x= a2 and x=a3 : and let ^x be

any function of x which vanishes when x=« , and also when x=a
t
or

a.2 . Then

\ia A2a Afoa i • p&i v a2 Vi«2

satisfies the conditions, and contains no less than seven arbitrary

functions. If, for instance, x=a , i{sx vanishes, and also /jl x and v x

;

whence the last three terms vanish, and the first obviously becomes
A . If we want the most simple algebraical function which will satisfy

the conditions, we must take \ x=ij. x—&c.—x — aQ , and so on: also

yx=0. This gives

(x— ffi)(j?—

a

2 ) (.r—

a

)O—

o

a) (x—a
l)
)(x—a

l)A + 7 T7 : A-i ~r -. —, r A2 .

(a — aOCoo-Os) («i— Oo)(«i— flg) («2—Oo)(a£— «i)

If a , a v , a2, &c. be themselves the values of a function of t correspond-

ing to £=0, £=1, &c, and if ifst be this function, and (fix the required

function of x, we have x=ft and <fix—(fi~tyt: whence A , A l5 &c. are

the values of <fiyjst answering to t=0, £=1, &c. Consequently (page

79)

0V' =Ao+ *AA
o
+*^=- A^Ao+f^-

1 ^A3A +&c.

satisfies the conditions ; which, since t—\j/~l
x, gives

ty
-1
x— 1

faz^Ao+f^x. AAo+i/^'tfi— A2A +&c.
A

Thus, if it should happen that A = l, AA =2, A2A =3, &c, or if A
,

A lf &c. be 1, 3, 8, 20, &c, we have (page 240, Ex. III.)
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But this is only one out of an infinite number of proper forms : for

since sin irt vanishes when t is any whole number, and also % (sni ^O?
provided that yx and x vanish together, we may add x (sin.Ti^

-
^) to

the preceding value of 0jc, without disturbing the values of <px when

x=za , or a
x

or a*, &c. But this change would evidently alter the

values of 4>x corresponding to intermediate values of x.

Having said thus much to show the indeterminate character of the

problem, we shall proceed to notice the particular cases upon which

arithmetical interpolation is practically attainable ; that is to say, in

which we determine intermediate values by means of given values alone.

I refer to the nest chapter for an instance of another and very-

distinct sort of interpolation, which we may call interpolation of form.

To simplify the mode of speaking, let us suppose that A , A„ &c. are

the ordinates of a curve, to the abscissae a , a 1} &c. Through any two

points we can draw a straight line y=p+ qx; through any three a

parabola y=p-\-qx+ rx* ; through any four a parabola of the third

order, y=p-\-qx ±rx2
-{-sx

3
: and so on. Again, if we take n points

near one another, and having their abscissa? in arithmetical progression,

with a small, or at least not very large common difference, and their

ordinates also not very unequal, as in the adjoining figure; the parabola

of the (n— l)thorder_which can be drawn through

these 7i points will very nearly coincide with any

regular curve of the same general appearance, at

least between the extreme points. Let a, a+ h,

a+2h, &c. represent the values of x to which

those of y are A^, A„ A 2 , &c, then

x— a .
, ,

x—a x—a—h
y=A +— AA +—.—— A«A.+ ....

will be the equation of the parabola which passes through all the points.

If all the differences of A vanish, from and after AmA , it shows that a

parabola of the mth order can pass through all the points, how many
soever there may be. If, then, all the differences of A diminish rapidly,

so that from and after AmA they are not worth taking into account in

practice, it denotes that a parabola of the ?»th order will be a sufficient

representation of the curve from x — a until x becomes so much greater

or less than a, that the coefficients of A"'A , &c. become large enough to

make those terms of sensible value. If x=:a+ nh, we have n,

n (n— 1) : 2, &c. for these coefficients, from which it may without much
difficulty be estimated, in any particular case, how many terms of the

series will be wranted to insure a given amount of accuracy. The pre-

ceding is also, generally speaking, the most convenient form, though it

does not differ essentially from the one proposed at the beginning of the

chapter. Suppose, for example, that according as x is a, a+A, or

a+ 2h, y is A„, A 1? or A.2 . Let x=a-\-nh, then n is in these cases

0, 1, or 2. By the first method of this chapter we have for the

simplest function which satisfies the condition

Q-l)(tt-2) nQi-2) n(n-l)

(0-1) (0—2)^ 1(1-2)
l 2(2— 1)

a "

for A, and A2 write A -j-AA and A +2AA +Aa
Afl, aud the preceding

may then easily be reduced to
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ft—

1

A + nAAo

+

n—— A8A .

Also it is to be observed that 0(a-fnA) and A +ftAA + . . . . are

identical if (pa=Ao,
<f>
(a-j-h)=A

l , &c. This follows most easily by
observing the laws of operation : the first expression is s

D - nh
(t>a or

(s
D
'')*A , or (l + A) nA , which leads to the operations indicated in the

second series. And if in (j)a+ (p'a.vh-\~&c. we substituted for f'a, &c,
their values" in terms of <j>a or Ao, and its differences, as found in

Chapter XIII., the result would be found identical with Ao+ ftAA + &c.

As an example, suppose that we have the following values; according

as x is 5, 7, 9, 11, or 13, y is 672971, 553676, 456387, 376889, or

311805. What is the value of y when #=10? If ^=5 + 2/?, n is 2£
when #:=:10; also we have

A^ 67297 1, AA = -1 19295, A2A = 22006, A3A =- 42 15, A4Ao= 838,

in which the differences [diminish with sufficient rapidity. The value

required is

672971-2-5xll92954-2-5x-^-X22006-2-5 ~ -5-x4215

1*5 "5 — '5
+2 ' 51T¥— x838

= 672971—29823+41261-1317-33=414644*

Examples may be made at pleasure and verified from a table of

logarithms; as follows. Take out the logarithms of tf, a+ h, a+ 2h, &c,
and difference them, as it is called; that is, take the successive differ-

ences of log a until the differences become very small. Let it then be

required to find the logarithm of a -f- k, k being a whole number
between ph and (p+ 1) h. Let a?=a+ ?i/z, whence, in the case required,

nh=k, or n=k : h, a fraction between p and p+ 1. Then calculate

loga+7iAloga+&c. as far as the differences have been taken, and
verify the result by the tables.

Suppose A„. A„ &c. to represent a number of results of observation

or calculation, for instance, the right ascensions of the moon at intervals

of twelve hours from a given date ; thus A is that at noon, A! that at

midnight, A2 that at the next noon, and so on. If, then, we wish to

calculate the right ascension at a time between the noon and midnight

at which it is A
6
and A

7
, let n be the fraction of twelve hours which has

elapsed, and we may compute the right ascension required by the for-

mulae A +?tAA
G
+^?t (n— 1) A2A6+&c. But we might also compute

it by A
5+ (l + ft)AA

5+J(l+70nA2A
5
+&c, or by A4+(2+ft)AA4

+ &c., and so on. These results would be slightly different, owing to

the necessary error of the process. And it is sufficiently obvious that

most reliance is to be placed on that result in which the differences

used come from the places which are nearest to the interval in which
the required right ascension lies. Thus if we are to go only as far as

fifth differences, which will require six right ascensions to be used, it is

better that they should be A4, A5 , A6,
Ar , A8 , A9

than A
6 , Ar, A,,, Ag, A 10 ,

* See this example in the Penny Cyclopsedia, article Interpolation, in which
also some other methods may be found which are convenient in particular cases.
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and An, the required interval lying between A c and A,. On this considera-

tion it is generally thought desirable to use an odd number of differ-

ences, and to let the values employed be distributed equally on one side

and the other of the interval ' in which the result lies. Let it now be

required to express A,, symmetrically, by means of A lt A2 , &c. following

A , and A_ 1} A_2 , &c, (which we write a ls a2 , &c.) preceding it;— thus,

...a
s

a4 a3 a% a, (c or A ) A, A2 A3 A, A5
. ...

On examining the manner in which differences are formed, we see

that Affo+A^! involves a„ A , A„ and is symmetrical; ABa|+A8
at in-

volves from a2 to Aa ; A5«2+ A5a3 involves from a3 to A3, and soon:
while A-cf.! involves au A , A! ; A4a2 involves from a., to A 2 ; A°a3 from «8

to Aa , and soon. If, then, we can expand Ax in a series, every term of

which is either of the form P (A2x+lax+ tfx+iax+1 ) or PA2^, the object

is gained as far as the symmetrical introduction of terms preceding and
following a is concerned. Now A,, is (1 + A) 1 A , and ax is (1 + A)~*A ,

also

A^+'^-l- A-Zr+
V/I+1=

A

2x+1
{ (1 + A)"* + (1 + A)-*" 1

} A

f A ) / A2 V / A* V.
=1A+ t+aI (i+a) *> mi^Ki+s) A

'
:

whence (1 + A)* is to be expanded in a formula involving powers of

A2 :(l + A). This is done by the method of generating functions,

(page 337). T'.e generating function of (1 + A)x
is

1 1— F' 1

1

-, or (1 + A being called E)
l-(l-r-A)*'

v
'

s ' 1— (E + E~ l

) t + t*

But As
: (1-f A)—E+ E""

1 — 2, say =F, whence the preceding denomi-

nator becomes (1— /)
2— Ft. The reciprocal of this is

1 Ft FH* F a
t
a

+ 7^^: + -r,
—

rr,+ + ~r,
—^=a+ • . .

.

(i-o- (i—

o

4 (i—

o

6
' (i— ty

2a+-

Now, x being greater than a, the coefficient of f in F a
.f-f-(l— ^)

?a+2
is

that of t
x~ a

in F°-r(l— 2a+s
, or

_ (2fl+ 2)(2a+3)....(2a+ 2+j:-a— 1) [2a + 2, a + .r+ 1]u a or r
1 . 2 .... (,r— a)

'

|>-a]

Hence, successively making a=0, 1, 2, &c, and simplifying and

summing the results, we have for the coefficient of t
x

in the above-

named reciprocal,

j_i _l
*_(£±l)(*+ 2) r ,

Cr-l).rGr+l)(^+2)( Jr+ 3)
x+ 1 + — Jb H t - + &c.1.2.3 1.2.3.4.5

Bat a?(«+2)=(af-r-l)2-l, (x— l)Cr+ 3) = (jr+l) 2 ~4, and so on;

whence the preceding becomes

, . , .
(x+i){(»+iy-ii (J+ i){(J+ i)»-.i}{(x+i)«-4}

'

1.2.3 1.2.3.4.5
"

Call this P,+1+ Q,+! F-f&c. Now the coefficient of t
1
in E_1

1 : {(.r— ty
-Ft} is E-1

multiplied by that of r~ l

in the simple reciprocal : whence
2N
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coeff. ofl 1-E- 1
* . „ ,

and this coefficient we also know to be (l-}-A)x or E*. From this I

leave the student to deduce the following

:

A,=P«+1 A + Q,+1 A«A_t+ R,+1 A*A_2+ &c.- P* A...,-Qx A2 A_2
- &c,

in which Vx—x, Qx=x (x2-l) : 1.2, Ux=x (x2-l)03— 4) : [5], &c.

This may sometimes be useful, but it has not the symmetrical form
required: this form, as before seen, introduces a series of terms, not

containing E" 1 Fm, but {A+A (l+ A)"1

} Fm, or (E-E-1
) Fm . Taking

the series obtained,

E*=P,+1+ Q,+1 F+ &c.-E- 1 {P,+Q
;i;
F+ &c.}.

For x write x— l, and multiply by E, which gives

E*=E{P*+Q*F+ &c.}-{Pa_ 1
-|-Q*- 1 F+ &c.}

The sum of these expansions gives

2Ea;=P,+1 -P;c_ 1-f(Qi+1 -Q,_ 1)F+&c.+ (E-E-1)(P
;i
.+&c)

Taking the numerators of P;,,+l—

P

a_i, &c, we find

(x+1)—(x— 1)= 2

x(x+l)(x+2)~(x—2)0—l)x=2.3x2

lx-l,x+3]~lx-3,x+l]=(x-l)x(x+l){{x+2)(x+3)-(x-2)(x-3)}

= 2.5x 2
(>

2 -l)

[x—2,#+4]-[a;-4
J
a>f2]= |>—2,x+2]{(x+3)(x+4)-^(x-3)(x~4:)}

=2.7a2 (f-l)(i2-4), &c.

Substitute these results, and divide by 2 ; then perform upon A or a
all the operations indicated on both sides of the equation, remembering,
as shown at the outset, that Fm A means A2m

{ (1 +A)_mA }, or A2mA_m ,

or A2maml and that (E—E" 1

) FmA means A2"l+1am+A2m+1am+1 ; also

that E^Aq means A*. This gives the formula required, namely,

x* A2 x2
(*

2— 1) A x z
(x

2— l)(x2-4) '

Ax-a + -~ A2
ai+ o

v J
fra2+ v

„
J \ A6«3+&c.

Z Z . o . i Z . . . . O

+-x (Aa + Aa.)+i ^§^— (A8^+ A3
«2)

1 x(x2-l)(x2 -4) ^ A , N
4

2 2.8.4.5 (^+A5«3)+&c

Change a? into x+ 1, and form AJ+1 — A„ or AA*. This can easily be

done with the coefficients in the second line, which are, constants

excepted, x, \_x— l,x+ l], [x— 2, x-j-2], &c,

A \x—a,x-\-a\ — [x—(a — 1), x+a+1] — [x— a, x-i-a]

= (2fH-l) [x—(a—l),x+ a], (as in p. 256).

In the first line, the same coefficients, constants excepted, are made
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by multiplying those of the second line by x. Now, Ax being 1, A.rP
is P+(x+ I) AP, or

A{x[x— a,x-\-a]}= [x—a, x+a] + (2a+l)(j;+l) [x— (a— l),.r+ a]

= [a-(a— 1), j?+a] {x—a+(2a+l)0+l), or (a+l)(2:c+ l)}

. \x— a, x-\-a\ \x—(a—l),x+a\
or A - - — - -

[2a+l] " [2a]

. i; [a?— a, x+a] _1 [#— (a

—

l),x+a](2x+l)

[2a+ 2] ~2 [2a+l]

Substitute these values, and having thus found AAr , write Bx for it.

We have then A'"A.c=A"t_1 BI ; also let B_ l5 B_ 2 , &e. be denoted by
61S 6a , &c.

R- 1 ^ -L^A/ -U
1 (2*+D *(*+!) A3 ,

1 (2a;+l)|>— l,a?+2] .
7 D+ - —- —~— A5 bs+&c.

2 1.2.3.4.5
3^

+1^+1^ + 1 ££±5(A*fc+ A«to

1 [^ll 1f+2] (A46 A4&) + &
2 1.2.3.4

V w

in which it is to be observed that as the former formula was symmetri-

cal with respect to values preceding and following A , so this one is the

same with respect to intervals preceding and following that of b and 6,.

Thus, up to third differences inclusive, this formula will be found

to require the use of b2 , 6P b , or B , and B 15 or of one interval on each

side of 6n b .

The method by which these formulae are

b2 ., found is instructive, but they give nothing

bi A ,

2 A2
62 .

3 , except the original formula in a different form.

b or B . -p A2
bi

2 For instance, taking the set of terms written at

B ! ° the side, let the origin be taken at 6 2 instead of

B , whence x=v — 2, if v=0 give the term 62 .

For a? write v— 2, for b and b
x
write 62+ 2A62+ A2

6 2 and b2+ Ab 2) &c.

We then have, up to third differences,

B^C^XA^A^+I ^^^l>A**a

+^(&a+2A62+A^2+6;+A63
)+i ^""^^ -^(2A5

6 8+A8
&8)

- b.2
-1- vAb2+ v —L. A2 62+ v ^- ^=- A3 68,

as will be found by actual reduction.

In astronomical interpolations, when third differences are used, it is

common to proceed as follows. Let p, q, r, s be the terms, the quantity

to be interpolated lying between q and r. If v be the value of the

variable, p being the origin, we have

2N2
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v— 1 . v— 1 v—

2

p + vAp+ v—— A2

p +u-— ^-&P

for the interpolated quantity. This may easily be transformed into

by writing for p, Ap, and A'jp, their values 9 — A<7+ A2
<7—

A

8
y;,

Agr—Asq+Aa
p, and A2

q — As
p. It is usual, however, to write this in

the following form

:

v— 2 As(7-t-A
2» (v— 2) 2u—

3

to which it may easily be Teduced. This formula may be more con-

venient than the preceding when it is required to bisect the interval of

p and q, in which case ,= 1^, 2i>—3= 0, and the last term vanishes.

But in every other case the second involves more calculation than the

first. As an example of its most advantageous application, let us find

the logarithm of 2" 15 by means of those of 2'0, 2*1, 2 '2, and 2*3.

We have then

,= .3010800
>0211893

v=n,v-l= i

9=- 3222193 .^^ -'0003859 .

000()876 (,-1)
V

2

2_
^ = '3617278 (v-1)— -jr-^0
r = - 3424227

. 0193051
--0008983 ,-2 2,-3

2 6

Hence the formula, when A2
^ alone is used, gives the first line, and

when J (A2
£>+ A2

g), the second,

•3222193+ -0101017+ '0001123+ '0000055= '3324388

•3222193+ -0101017+ "0001178+0= '3324388.

Extensive interpolations may be facilitated by tables, not only of the

values of. £, ^x(x— 1), &c, but also by multiplication tables, in which
these values are the multipliers. But when an interpolation is often

wanted, for the same fraction of an interval, it may be better to construct

a formula in terms of the given values themselves than of their differ-

ences. Thus the following method, deduced from that in page 542, may
be applied.

Let c, b, a, A, B, C be values of a function answering to the following

values of the variable, m, m + 1, ?ra+ 2, &c. : it is required, using fifth

differences inclusive, to interpose four values between a and A answering

to m+ 2i, m+2f, w+ 2f, m+ 24-. For symmetry, let m+x=m+ 2h

+ ^v, which amounts to reckoning ^v from the middle value of x
between those of a and A. Hence v=.2x— 5, and the values at which

the interpolation is to be made are v=— -§-, or —4-, or +-i, or +-?.

Again, if we represent the function required by

rc+qb+pa+VA+QB+UC,

q, &c. being functions of v, and the whole a function of v of the fifth

degree, (which is implied when we speak of rejecting all differences

after the fifth,) it is obvious that we satisfy one condition by supposing
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that when #=0 or ?,"= —5, we have r=l, 7= 0, p= 0, &c. ; or all but

r are divisible by r+ 5. Similarly, all but q are divisible by v+ 3, all

but p by u+ 1, all but P by v- 1, all but Q by 0—3, and all* but R by

v — 5. These conditions are satisfied by

R=(t—3)(y-l)(f+ l)<> + 3)(>+5),

Q=(»-5)0-l)0+l)(t; + 3)0 + 5),

P = (»-5)(r-3)(r+l)0+3)(y+5) ;

p= 0_5)(>-3)(z;-l)0+ 3)0+ 5),

?r=(r-5)(i;-3)(i>-l)(> + l)(>+5),

r=(>-5)0-3)(r-l)0+ l)(r+ 3) ;

and each of these must be divided by a coefficient, so that ;• may
become 1 when u=— 5, q when v=— 3, &c. These coefficients are,

then,

For R, 2. 4.6.8.10 For p, — 6.— 4.— 2. 2. 4

.. Q, —2. 2.4.G. 8 .. q, — 3.-6.-4.-2. 2

.. P, —4.-2.2.4. 6 .. r, -10.-8. -6.-4.-2
whence the required function is

(v
2-l)(v*-9Xv- 5) O s-l)Q-3)Q2- 25)

2.4.6.8.10
C

2.2.4.6.8

(r- l)(i?
2- 9)Q2— 25)

4.2.2.4.6
a

.
(t;+ l)(«8-9)(^- 25) (^-i)(^+ 3)(^-25)

6.4.2.2.4 8.6.4.2.2

(y-l )(^-9)(i;+ 5)

10.8.6.4.2

an expression which may be thus simplified

:

(l-V)(9-iO(25— t-2
) r c C 56 5B 10a 10A

+ 7 7T7--^ +T—

+

1UA|
2.4.6.8.10 \5 + y 5—u 3+ u 3-y 1-j-i-

a form which exhibits the law of the result, and shows us that a change
of sign in v is merely equivalent to an interchange of the large and
small letters. Hence having calculated the coefficients for r=-{-i and

v—+f, we have immediately the same for v= — 4- and v~ — -§-. The
general theorem is as follows : If we take any even number 2n of

terms z,y, . . . . a, A . . . . Y,Z, and if the variable ^v be the independent

variable of the function measured from the middle of the middle interval

of the terms, and if 1, ct . . . ,c„ be the coefficients of the development of

(l-\-x)*"~
l up to the first middle term inclusive, the function made by

rejecting all differences after the (2n— l)th is

(1-Q (9— ir) (2w-l8~Pg
)

2 .4 . . . . (4n- 2)~

[
Cna C„A Cn-J) cn .,B + z + Z 1

ll+» 1—v 3 + v 3— v ~2n—l+v ~2»— 1—vV
To find the value of the function answering to the mean of the values

which give a and A, we must make v— 0, and this gives



550 DIFFERENTIAL AND INTEGRAL CALCULUS.

9 (A+a)—(B+ 6) 150 (A+a)-25 (B + 6) + 3 (C + c)
&c.

16
'

256

according as we stop at third, fifth, &c. differences.

In the preceding process there is nothing which need necessarily

confine the values of x to the form m, m-\-l, m+ 2, &c, and it may
therefore be made to produce a more general result, though not so

simple. But at the same time another and more elementary method
may apply when the values of x are wholly unrelated to each other.

Let A, B, C, &c. be the values of a function when x = a, b, c, &c, and

suppose it required to interpolate for intermediate values on the

hypothesis that ail differences (made from uniformly increasing values

of x) after the fifth are to be neglected. That is, we suppose

that within the limits of the observed values, the function may, with-

out sensible inaccuracy, take the form L+M^+N^+P^-f-Q^+R*5
-

Taking six of the observed values, we may then deduce six equations

of the form A=L+Ma+Naz+&a, from which the six quantities

L, M, N, &c. may be determined. This is, in fact, the fundamental

method of all interpolation, nor is the common and easy case anything

but an indirect method of obtaining the solutions of these equations. To
illustrate this, suppose three values only and second differences, and
let the values of xbe. a, a+ 1, a+ 2, so that those of t are 0, 1, 2. We
have then (the function being L+Mf+Ni2

)

At=L, B=L+M+N, C= L-!-2M+ 4Nj

whence 2M==4B-3A— C, 2N=C—2B+A,
and

. 4B-3A-C C—2B +A . . w_ . X1 J-1„. „„ AxA+ t+ -—— f-A+t(B-A) + t— (C-2B+ A);

which is the common formula as far as second differences. This being

the case, it is to be asked whether we cannot, by a similar formula,

methodize the solution of the above equations when the values of x do
not increase in arithmetical progression.

Let A or A l5 &c. be the values corresponding to x=a , or a^ &c,
and assume for the required function the form

$x=P +~P l
(x -a )+P2(#—a )(j;— aO-f Psfa—a ){x -a^(x—0+&c.

This theorem requires the use of an extended method of taking differ-

ences, or rather divided differences, as follows : let the symbol of
operation be 6,

A°
A -A

0A o
=-~—

°

«i-«o eA.-GAo
A l A A

eA=

a.
*~%

Al=:^=^
a3-a

°
e <A-^—e^

A,
a

r°"! e»A»
OA3 - 0Aa

6A3-
a

A,

_
A4 A3 di tt%
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and so on; the law of relation being 6
nAr = (0"- lArH -6n ~ lA r ) :

(aB+r— ar). From these we find

A.rrAo+K—a ) 0A„, A2=A,+ (>2
— «,) 0A,

=A +(al
-« ) 0Ao -f-

(o2 -o,) {0Ao+(«2-flo) 2
A<>}

=

A

+ (Og— a ) ^Ao + O2- a,) («,- f/ ) 0*A>

A3=^A l
-\-{as -a l

)6A
l
+{a3

— a2)(«3— a,)0
2A,

==Ao+(«i— «o) QAo+ K-a.) {0Ao+(«2-oo) 6 2Ao}

+ (a3
— o2)(a3

—«i) {0.2A O+ (a3- cr )
3 A }

=A +(aB -ao)OA +(a3—a lXa3-a )d
9A +(a3—a2)(a3—a l

)(a3-a )d3A

and so on ; whence we find for all the values of x specified,

Ax—A +(x—a ) 0AO+ (x—

a

a)(x-a x)
2AO

+ (x— a )(x— a^){x—a2)
3 A -f &c.

;

which may he used as an approximation to any value of the function.

In observations of a comet, for example, which cannot be made at

stated intervals, but must be taken when opportunity offers, this method
or some other equivalent must be employed to interpolate, and also to

find the required function in a series of powers of x. If the preceding

be called Mo+ Mi a?+M2 ,z
2+&c., we have

M =

A

—a 0AO+ «O «i 6
2 A - a a

x
az 6

3 A + &c.

M,—0AO— (a +a1)6
2 A -i-(a a

l
+al a2+a2 a )6

3 Ao— &c.

M2— 2 Ao -(fio+a 1+ ^2)0
s A o+(ao a1 + &c.)e4 Ao -&c.

I leave it to the student to show how these formulae are reducible to the

common ones, on the supposition that a , aM &c. are in arithmetical pro-

gression. The method is, in fact, an extended method of differences,

rendered laborious by the number of symbols which occur. We may
simplify it by writing (run) to stand for am—an , and in actually working

the foregoing theorem even the parentheses may be omitted, since there

are no numbers with which mn will then be confounded. Thus 21
may represent a.2— au and 10 may represent a, — a . This notation,

like that for cliff, co., described in page 388, and also that of page 454,

is only for the actual process, and the result should be then written at

length. Thus, proceeding one step further in the theorem, we find

A
4
=A L

+4l 0A
1+ 42.41 0^+43.42.41 3At

=AO+1O0AO+41 (0AO+2O6
2AO)+42.41 (0^+300^)

+ 43.42.41 (0
3AO+4O04AO)

=A +(10+41) 0AO+41 (20+ 42)
2
A«

+ 42.41(3O+43)03AO+43.42.41.4O04AO .

But 10 + 41= 40, 20+ 42= 40, 30+ 43= 40,

A4=Ao+ 4O0Ao+4O.410
2Ao+4O.4l.4203Ao+4O.41.42.43^Au ;

and now, writing a
i
—a l) for 40, &c, we have a new case of the

theorem. By this simplification of notation, we may easily give a
general proof of the theorem, showing that if it be true up to x=a„, it

is true for x=an+1 . For if
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An~Ao+nO .9AQ+ nO.nl 6*Ao~\-&c, then A„+1:=A 1
+(to+1) IOA^&c.

-Ao+1O.0AO+Oi+I)l {0A
O
+2O02AO }

+ (n+1) 1 . 0+ 1) 2 {6
2A + &c.} + &c.

=A +{10 + O-f l)l}eA +(w+ l)l.{20 + (/J +l)2}e2A +&c.

But 10+ (w+l) l= (w+l) 0, 20+ (?z+ l) 2 = (»+l) 0, &c, or

Anfl=A -f (a„+1—

a

) 0Ao
+(an+1—

a

) (»,+,— a,)
2Ao+&c

The divided differences 0AO ,

2AO , &c. may be expressed in a manner
which will throw some new light on the binomial theorem. For we
rind

a a _^1_ A _ A,
.
A

- ° io~"io + oT

2().0 2A
(

A s

'"21 T 12 \

'At A„^

JO
+
01/

A* A — A'

6 Ao~ 20 ."21
+

A
10.

i

12 01.02

for
1

12
~ 1

10~
10—12

10.12

20

"10.12'
Similarly,

e
3A :

A3 A 2

20.21.23
+

A
' +

10.12.13 01

A
.02 .03

, &c.
' "30. 31.32 '

Now, if a =0, «!— 1, a2=2, &c, then 0"A o=A"Ao4-2.3. . . n, and
mn, as here used, means m—n ; then, from what we know of the law of

the coefficients of AnA , it appears that the coefficient of xm in the

development of (1 —x)n has the form

1 . 2 . 3 (n-\) . n
-, leaving out m—m.

(m-0)(m—l)(ra— 2) (pi— 7i+ l)(m— n)

I now proceed to some practical rules connected with the summation
of series, a subject already considered in pages 82 and 311.

We shall have to consider separately series in which all the terms are

of one sign, and those in which the signs are alternate. Let the series

for consideration be An+A^Aa^- . . .
.
-f A ;c+ &c, and A —At+A.,

— . . . . ; A x being a given function of x, and the series being convergent.

It is then to be remembered that A x and all its diff. co. diminish with-

out limit as x is increased without limit.

When the series is of the first class, and its analytical equivalent not

known, the limit of the sum must be found either by actual summation,
or by transformation of the series into another and more convenient one,

if possible one of the second class, which is often easier than one
of the first. If, for example, the series have the form 6 + 6

1+ 62 :2

+ b
3

: (2.3) + &c, we see (page 240) that

and the required transformation is made if the differences of b are, or

finally become, alternately positive and negative. In the series l-J-2
-"

+ 3~"+ &c, we have, calling the limit S, n being >1, and s being

l-2-n+ 3-"-&c,

S=s+ 2 1-"S, or S=^rn s -
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Also 1 +3-4 5-+&c.= S (l_2-»)=i Jl-1 s.

From page 311, the sum of all the terms up to ax inclusive, or ^.az+ax ,

which call Sax , is

2"'* ' 2 da; 2.3.4 dz8
T *'

'

_. /. , 1 B L dcCj,

Sc^—C+ ^a* d:r+ - ax+-

where, making a little alteration in the notation of page 248, we mean
by JE>i, B 3 , &c, the numbers of Bernoulli, as follows:11 1

Bl=
6'

Ba~30' B5=
42

B 7= B
'=H6'

&c.

The constant C, which depends on the lower limit of the integral,

may be made to represent the sum of the series ad irijinifum, by sup-

posing that jax dx is made to vanish when a:= <x : for jax dx
must be . finite when x = cc, if the series be convergent, and we
may so take C that it shall then be =0. But ax and all its cliff, co.

vanish when an= oc ; so that, C being as above, we have only C left on

the second side of the equation when x= oc, or Sam = C. This is an
important step in the summation of series, since we may now generally

reduce infinite summation to the summation of a finite number of terms

of the given series, and the approximation to a much more convergent

series whose terms are alternately positive and negative : thus

1 R
C or Sa s=Sa.,— fax dx— a, -a' +&c,

CO ** J x QO
it being remembered that the series ^ax+^B l a'x

— &e. may be of the species

discussed in page 226, as will appear in the next chapter. As an

example, let it be required to sum l + 2
_2+ 3

-2+ 4
-2+&c. ad. inf.

Let ,r=J.O, we have then, taking the reduced series from page 311,

observing that fx~* dx in its common form vanishes when x=z cc,

2 2.3.4 , „+ &c.s(cc)-=sio-+-L-
5
i
5
+

12000 72000000

1

2
-2

3-2

4- 2

5" 2

6- 2

r2

8~2

9~ 2

lO" 2

= 1 • 00000000
25000000
11111111
•06250000
04000000
•02777778
02040816
•01562500
•01234568
•01000000

(10)-

(6000)-

'=•10000000
'=•00016667

(200)
(3000000)'

•10016667

-'=•00500000
-'=•00000033

— •00500033
+ •10016667

S10"2= 1-54976773
+ •09516634

+ •09516634

S(cc)- 2 164493407

And this answer is correct to the last place, other methods giving

1*6449340668.. . . To obtain as correct a result bv actual summa-
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tion would require at least 10,000 terms of the series. The following

table may either serve for exercise or reference : the meaning of the first

line must be collected from page 312. Let 1 -+- 2""+ 3~"+&c.
= S(cc)-».

n

1

2

3

4
5

6

7

8

9
10

11

12

13
14
15

16

17

18

•57721

'64493
•20205
•08232
• 03692
01734
00834
00407
'00200
•00099

00049
•00024

00012
00006
00003
00001
00000
00000

S(cc)

56649
40668
69031
32337
77551
30619
92773
73561
83928
45751
41886
60865
27133
12481
05882
52822
76371
38172

01 5329+ log

482264
595943
111382
433700
844491
819227
979443
260822
278180
041194
533080
475785
350587
363070
594086
976379
932650

fa) 19 1-

20 1-

21 1-

22 r
23 i-

24 i-

25 r
26 i-

1
27 i-

28 r
29 1-

30 i-

31 r
32 i-

33 i-

34 i-

35 l-

S(
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
• ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo
•ooooo

a)-
19082
09539
04769
02384
01192
00596
00298
00149
00074
00037
00018
00009
00004
00002
00001
ooooo
ooooo

127166
620339
329868
505027
199260
081891
035035
015548
507118
253340
626597
313274
656629
328312
164155
582077
291038

There is no other general method of any note or utility for the direct ab-

breviation of the actual summation : though recourse is frequently had to

transformations, either into a finite algebraical quantity, or a definite

integral, as in the next chapter. If, however, it should be found more
convenient to sum a + an+

a

Sn-J-&c, the sum of a 4-#i+ &c. may be

found from the formula in page 318, making a ~y , an-=.y^ &c. Then
since anx vanishes when x is infinite, and also its differences, we have,

making a +an+&c. ad. inf.— k,

a +a l+ &c.— TiA-
n—\ n -1

I2n 24n
A2 a +&c.

where Aa , A?a , &c. are taken for the series a , an , a2„, &c. But it

would rarely happen that this method is preferable to the preceding.

We now pass to series whose terms are alternately positive and nega-

tive, included under the general form o —

a

x+ az
— .... The symbolic

representation of this is {1—(1+A) + (1 +A) 2—
. . }, cr ,or (2-fA)

_1 «
,

or (i-i-g
15)- 1 ^ (pages 164, 248). Hence

. ai+&c.=—

°

AX
4

+—— —77T + &C, (see also p. 240)

:ia -(22-l)B 1^+(24

16

1)B £

2.3.4
-(2S-1)B

5 2.3.4.5.6
+&c.

The last follows from page 248, by the principles in pages 164, &c,
altering the notation of Bernoulli's numbers as above : a'

Q , af"
, &c.

standing for the values of the diff. co. of ax when x= 0. In using this

last series it would be advisable in most cases to sum a few terms, and
then to make a the first term not included in the summation. This
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series might also be obtained from §172, p. 311, by making y infinite,

or from §174, by making a— — 1.

Previously to using these series, I set down both the series for

o+«i+ &c., an(l ao
— «

1+ &c., with reduced coefficients.* Let

aQ+a l+ &c.=(a + . . +<)—faxdx-\ax—

P

l
a'x+ ~P3 a

,"
x -P5 a

v

x+&c.

(to - «!+ &c.= (ff — • • ± «*-i) + ha*± Qi a'*+ Qa d"x±Q5
av

x + &c.

Pi es 1:12 =->
Pa ss 1 : 720 =S :[4J

P, = 1 : 30240 =4^
P

7
as 1 : 1209600

=SS :M

P
9
=s 1 : 47900160 Hs'™

P., =691:1307674368000-f,i-M
7

P13= 1:74724249600 =— : [14]

Q.= 1::4 =}x3:[2]

Q3 - 1 :48 ^X15:[4]

Q5 = 1::480 =-^x63:[6]

0,= 17: : 80640 =^X255:[8]

Q9 = 31 : 1451520 =|6 X1023:[10]

Qn= 691 : 319334400
691

=5^> x4095: £ 12]

7
Q 13— 5461 : 24908083200=— x 16383: [14].

o

Let it be proposed to determine 1—2~2+ 3
-2 — &c. ad. inf. Let the

terms be first summed as far as + 9
-2

, whence, ax being (r + 1)
-2

, we
have

a'x=-2(x+ iy3
, o;"«=s—[4](*+l)-», «I=-[6]Cr+l)--, &c.

1_2-2+&c.= (l-..,+9-2)-^10-8-|l0-3+^10-5~10-'+&c.

* Enough are here given, as I suppose, for every purpose ; but if more be
required, they must be calculated from the numbers of Bernoulli. These, up to

B
49 , will be found in the Penny Cyclopcedia, article Numbers of Bernoulli.
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1-2=1 0000 0000 0000 2-2=
3- 2= 1111 1111 1111 4-2_
5~2= 0400 0000 0000 6~2=
7- 3= 0204 0816 3265 8~2=
9-2= 0123 4567 9012

1-1838 6495 3388

-2500 0000 0000
0625 0000 0000
•0277 7777 7778
0156 2500 0000

3559 0277 7778
+ 1*1838 6495 3388,

S9~2=-8279 6217 5610

10-2 -+2=
10-3 x3+6=

10-7 x 63+42=
10"u x 5x1023+66=
10~ 15 X 7x16383+6= -0000 0000 0019

0050 0000 0000
0005 0000 0000
0000 0015 0000
0000 0000 0775

-•0055 0015 0794

•8279 6217 5610
10"S X 15+30= '0000 0500 0000
10~9 x 255+30= -0000 0000 8500

10~13 X 691x4095+2730= -0000 0000 0104

+ •8279 6718 4214
— •0055 0015 0794

•8224 6703 3420

By the theorem in page 552, n heing =2, it appears that 1 — 2
_2+ &c.

—I (l+ 2
-2+&c.) Halve the value given for l+2- 2+ &c. in the

table, and we have ' 822467033424, so that the preceding result is

wrong only in the last place. This process is much less convergent

than that for cr + a
1+ &c., owing to the entrance of the multipliers 3,

15, 63, &c.

We shall now try the same series by the formula ^a —iAa +&c.
(page 554). If we first sum the series up to dzax , the remainder is

then + ^ar+1 + |Aax+1+~&c. Taking the series as summed up to

+ 9
-2

, we find by taking 10
-2

and nine following terms, the results here

written : it is not worth while to write down the process.

10"

-A 10"

A2 10"

-A3 10"

A4 10"

-A5 10"

A6 10"

AnO"
A8 10-

A9 10-

2=
4=
8=
16=
32=
64=

• 128=
256=
512=

• 1024=

•oioooooooooo-
•001735537190-
•00041 5518824-
000122785139-
•000042217188-
•000016292396-
•000006890116-
•000003139573-
•000001522337-
•000000778115-

2:

4:

8:

16:

32:

64:
• 128=
• 256 =

512 =

1024=

Sum up to 9" +

005000000000
000433884298
000051939853
000007674071
0000013192S7
000000254569
000000053829
000000012263
000000002973
000000000759

005495141902
827962175610

Approximate sum ad infinitum ' 822467033708
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The result is only true to eight places, and involves much more

calculation than the preceding, which is true to eleven places : never-

theless the second method will be found preferable to the first, when the

differences diminish more rapidly than in the preceding instance.

Dr. Hutton (Tracts, vol. i. p. 176) gave a remarkable method of

exhibiting the results of the preceding process, and added a process by

which its power is much increased.

If we take the successive sums 0, ctn , aa—

a

n ff„— «, + #;,, &c, and

substitute values of au a.2 , &c. by means of the differences of a„, we
shall find

0, a , —Aa , a +Aa +A5
tf ,

— 2Acr —2AV —

A

3
^, &c.

Leave out the symbol a for brevity, and take a succession of means
between each of the consecutive pairs, and repeat the same process,

which gives

|, JO-A), 10+A2
), i(i-A-A'-A'), &c.

1-lA, HH1A\ J-^A-
:
}A3

, &c.

i-iA+iA2
,
i-iA+{AHA3

, &c.

J, 1 A 4- 1 A'2 -•- A3 & r

It thus appears that the first terms of the several rows are the successive

approximations

%a
,

^a ~iAa , ±au
—iAa +g-Aea , &c.

If instead of means we take simple sums, neglecting the division by

2, we must divide the several first terms at the end of the process by 2,

4,
r

8, &c, or rather we need only divide the one which is correct enough
for the purpose : the following exhibits the process in a more general

form.

Let the operation 1+A be called E; then the results of the sum-
mations give the performance upon a of the several operations following,

0, 1, 1-E, 1-E + ES 1—E+E 2—

E

3
, &c.

;

1+E 1-E2 1+E3
1—W

01
' 1 + E' 1 + E' 1 + E' 1 + E'

C '
;

and these results are alternately less and greater than (1 + E) -1
, the

sum of the whole series. Omit the common inverse operation (1 +E) _I
,

to be replaced at the end of the process ; the first, second, third, &c.

succession of sums are then, (1 + E being 2 + A),

2+ A, 2-EA, 2+ E 2A, 2-E3A, 2 +E4A, &c.

4 -A2
, 4 +EA2

, 4—

E

2A2
, 4 + E3A2

, &c.

8 +

A

3
, 8-EA3

, 8+ E3A3
, &c.

Conserpiently, when the rows have been divided by 2, 4, 8, &c, and
(1 + E) -1

is restored, the sth in the rth row is obtained from a by an

operation signified by

{1 + (-1)'+' E'-^-A'} (1 + E)" 1 au ,

or (I + E)" 1 a + (- 1 )
s+ r 2~* E*" 1 Ar

( 1 + E)- 1 a .
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The first term of this represents the whole sum in question, and

2-rAr E'-1
(1 + E)" 1 a -2-rAr

(E'" 1 - Es+ ) a

=2-r (Arfls.1-A'a,+&c.)

If, then, the terms and their differences diminish without limit, we thus

approach without limit to the sum of the series, whether by increasing r

or s, or both. And the same thing might happen, and be due solely to

the diminution of 2~~*.

The results in each row are alternately greater and less than the sum.
If the differences A, A2

, &c. be all of one sign, then the first terms of

the several rows give results alternately greater and less than the whole

sum. But if the differences be alternately positive and negative, this is

only the case with oblique columns taken in the other direction ; as, for

instance, 2+ E4A, 4+E3A2
, &c. And the errors of any such oblique

column (the nth, for instance, 2 — EA and 4 — A2 being the first)

depend upon E"A, E ra_1A 2 .... An+1
, which by the formula finally depend

on

2"1 (Aa„-&c), 2-2 (A2 a„_
1
-&c.),. . . .2- (n+1) (An+1 a -&c.)

Now it may happen that these increase or decrease from the begin-

ning to the end, or come to a maximum or minimum in the middle.

This point can only be tested by the actual operation ; the advantage of

this method being that we can always find a set of results which are

alternately greater and less than the truth, and the degree of approxima-

tion of these results to each other determines, of course, a quantity greater

than the error of either.

This method succeeds very well when the series is not too convergent

:

for it is remarkable, that the easiest series of all to treat by )t is one

which has no convergency whatever, or a — a +a — a + &c. This

follows from the method representing the results of ^a — 4Aa +&c,
which, if a =« 1=a2? &c., is reduced to %aQ . And by means of the

property proved in page 226, it even ascertains, exactly or approximately,

the algebraical equivalent of a divergent series : thus Dr. Hutton has

verified by it the known value of 1 — 1 + 1.2— 1.2.3+ &c. But if a

series converge too rapidly, this method will give approximations but

slowly. All that has been said will be illustrated by applying it to the

series already considered, 1— 2~2+3~ 2—&c. The first column contains

the sums 1, 1 —

2

-2
, 1— 2~ 2+3-2

, &c. : all the remaining columns

exhibit the sums of the several pairs, in the manner above described, the

Roman numerals which mark the columns being followed by the figures

common to every row in the column. Decimal points are omitted.

1000000000000
750000000000
861111111111
798611111111
838611111111
810833333333
831241496598
815616496598
827962175610
817962175610

I.-l

750000000000
611111111111
659722222222
637222222222
649444444444
642074829931
646857993196
643578672208
645924351220

II.—

3

361111111111
270833333333
296944444444
286666666666
291519274375
288932823127
290436665404
289503023428

III.—

6

631944444444
567777777777
583611111111
578185941041
580452097502
579369488531
579939688832
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IV.— 131

99722222222
51388888888
G1797052152
58638038543
59821586033
59309177363

V.—263

51111111111
13185941040
20435090695
18459624576
19130763396

VI.- 526

64297052151
33621031735
38894715271
37590387972

VII.— 1052

97918083886
72515147006

185103243

VIII.—2105 IX.—4211
70433830892
49000850249

19434G81141

The differences being alternately positive and negative, the last

numbers of the several columns, divided by 2, 4, 8, &c, will give a

succession of results alternately greater and less than the truth, and it

will be seen that the nearest approximation is in the middle of the set.

If we had commenced with 1 —

2

_2
-4- -10" 2

, and proceeded with

the summations up to 19~ 2
, not only would the approximation have

been more rapid, but the final termination would have been the most

correct result of all.

1645924351220-
3289503023428-
6579939688832-
13159309177363-
26319130763396-
52637590387972-
105276485103243-
210549000850249-
421119434681141-

2=822962175610
4= S22375755857
8= 822492461104
16=8224568235-5
32= S22472S36356
64=822462349812

-128=822472539869
-256= 822457034571
-512=S22498895862

Of these the fifth is the nearest to the truth.

If these results be taken, and used in the same manner as the original

sums, a close approximation will sometimes result, particularly when the

original series was divergent. No rule, however, can be given as a

guide when to expect additional advantage from carrying on the process.

As a more simple instance, take 1 -i+i- . . . ., beginning with the

sum of six terms, which is '744012, and taking means of the sums to

show more clearly the degree of approximation.

•744012

820935
754268
813091
760459
80S07S

782474
7S7601
783680
786775
784269

785037
785641
7S5227
785522

785339
785434
785375

7853S7
7S5405

785396

The result to six places of decimals is 7S539S, and the greater

rapidity of approximation in this example, as compared with the last, arises

from the slower convergency of the series treated.

Anv given result might be attained by one process, as follows. If

s , sK &c. represent the several sums c , a — ai, &c, it is easily shown

that the (??z+ l)th mean of the cth column is
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c-1
:+csmU^ 1 -]rC——~ sm+c_2 -\ +sm -r-2

Substitute the values of sm+n &c, and it will be seen that am enters all,

am+i all but the last, &c. : also the sum of all the coefficients is 2
e

.

Let

c— 1
C =2C

, C,=2 C -1, C2=2c -l-c, C3=2 C—1-c—c-—-,&c;
2i

and the (m+l)th mean of the cth column is

{C (ff — ai+ - . . . ± am) + Cj. am+1 + C2 am+i + .... ±Cc am+c }-^-C ,

. Ci cim+i—

C

2 am+ 2+ . . . . + Cc am+c
«o
— ^1+ • • • • iflm +'

Co

I have confined myself in this chapter to purely arithmetical con-

siderations, but in the next, and also in the one which follows, on

definite integrals, the reasons of the marked difference which exists

between a +ai + &c, and a — a 1
-
r-&c. will more fully appear.

Chapter XIX.

ON THE TRANSFORMATION OF DIVERGENT DEVELOPMENTS.

The theory of series is intimately connected with that of definite in-

tegrals, insomuch that previously to proceeding with the latter subject,

it may be advisable to resume the former. We have hitherto considered

series, pages 222—244, with reference to the actual arithmetical sum of

an infinite number of terms, and have given, page 326, the test for distin-

guishing between a convergent and divergent algebraical series. And
though we have deduced series which are sometimes divergent, it has

been hitherto a matter of trial merely : nor have we attempted to draw
any conclusions by means of divergent series. When, indeed, it happens
that the divergent series is known to arise from development of a given

function, we may safely use it, since we have the means of avoiding the

divergency by using Lagrange's theorem on the limits of Maclaurin's.

In such case we may use the terms of the diverging series freely, since

those which we neglect might have been from the beginning expressed

in a finite form (page 73). But when it happens that we do not know
the original function from which a diverging series was produced, the

use of such a series has been considered unauthorized by many eminent

mathematicians, whose opinions should be carefully weighed, whatever

conclusion may be adopted.

In general, a series of the form a +a l
x-\-ai xi+&c. is convergent for

all values of x less than a certain value (page 222), and divergent for

all greater values. And here a„ is a function of ?i, which we may call

<pn, so that the series is (O) + (1). x+ (p (2).#
2 -|- . . . . Let us

consider ourselves as led to this series by the performance of a number
of operations which obviously lead to terms having the law in question,

though thev end in a series which cannot be arithmeticallv summed :
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and let us ask whether we might not, by putting the operations in

another form, have obtained a convergent series ?

In the answer to this question there is a marked difference between the

case in which 0« may become infinite for a finite value of n, and that

in which it cannot. Let us suppose the latter case ; the transformation

is then rendered very easy by representing the whole series as one of

operations performed on a , which gives

a +«
1
tf+. .. = {1+ (1+A)cc+ . ..}r/ —

—

— «„

1 1 1

(1+A)x— 1
u

(l + z\).r
u (1+A) 2 x 2 "

~ x~
~1^~ "'' " '

or as follows,

0(O) + 0(l).-r+ 0(2). 1r2+....

= -{0(-l)..r- 1+0(-2).x- 2+ 0(-3).a;- 3+ &c.}.

The same result might be obtained by taking the series

4>(0) A0(O).*

x-i o-i) 2 '"'

developing the negative powers of x— 1 in negative powers of x, and
remembering that 0(— ?j)= (0) — «A0 (0)+ hi (n+ 1) A2 (0)— &c.

I shall call each of these series, (0)-{-&c, and — (— 1) .x~
l

, &c, the

inverted form of the other. If (n) .cc
n
=zif/n, we have i// (O)-f-y 0)

+ . . . „=:—i^ (
— 1)—V C—2)— . . . . The most condensed form of

the theorem is as follows : if yfsn be a function which does not become
infinite for any value of n, positive or negative, then, 1.fn=0, 2 extend-

ing from ?i=— cc to ?i= -f- oc. The theorem is to be understood in an

entirely algebraical sense, as meaning that the same operations which
give ijs (0) + ^ (l)-f-- • . • would, differently conducted, have led to

-V (-i)-V(-2)-....

For instance, let us take logf J— 2( ^-f—r- + • • • • ]• Here the

term
<f>
(n) . x" is n~ l

(1 — (— 1)") .r", and

1 -(-!)" ! n • —C-l)MogC-l) . , ,.
•, when n=0, is :

, or— log (—1),
n 1

and f (1) + V(2)+... . = -y (0)—y(—1)-...., or

. n+x\ .'
, N /iii ii \

which may easily be verified. But if we had taken the general term of

the series to be 2 (2m+ l)
_l

tf
2n+1

, we should have - 2 (r'+ix_3+ . .
.

)

for the inverted form, which is not true. But here observe, that in pass-

ing from n= to n— — 1, we pass through a value of /?, — ?, which

20
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makes the term infinite. As another instance, take tan
-1

a?=a?

+—— &c., one form of the general term of which is

. (w+l)» xn+l ... * . ...
sin .

, which =: when n= — 1, giving
2 »+l ' 2 »» 8

which holds in one case: for x— -£.a?
3+&c. is that value of tan""\r

which lies between — irf and +-hir ; in which case tan
-1
*+ tan

-1
*
-1

= — -57T, if tan
-1

a? lie].between and —\tt.

No great stress is to be laid on these examples, because the method of

supplying the function proper to make the even terms vanish, as

1— ( — 1)", &c. is arbitrary, and might be varied: and though I have

taken these instances to show that when the proper function is used, true

results follow, yet the determination of that proper function is not at

present always attainable, nor can a test be supplied for distinguishing

it from others.

But in the case in which
ty («) is always finite, the theorem may be

freely used, as showing, without reference to the arithmetical value of a

series, a variation of development which might have been given to its

algebraic invelopment. For example, let the series be

l + *+ 3*2+ 7*3+l7a4+41x5+ 99x6+.. ..=2A„aj";

of which the law of the coefficients is that AB=2AB_ 1+AB_2, whence

AB_2=A„— 2An_! and A_B=A_B+2-2A_„+1 ,
giving A_x= - 1, A_2=3,

Aj3=— 7, and the rest of these coefficients are 17, —41, 99, &c.

Hence the same series is

1 3" 1 17 41 99
H 5 H—r --r +—:

«+ &c -

X X X* X 4, X5 X6

Now the original series is the development of (1 — J?) : (1 — 2a?

—

xv
),

and if x=v~l
, this becomes (v—v2

) : (l + 2y —

v

2
), which developed by

common division gives v— 3i>
2 + 7t?

3—&c, which verifies the preceding.

As another example, take 1 + x cos 9+x* cos 28+ &c, which, by the

theorem = —x~* cosd — x~2 cos29—&c, which can be verified from

page 242.

If <£ (n) be an even function, or if (j> (— n)— <p (yi), we obviously have

a +«! ( x+- )+aJ a?
2+-T )+. ..=0,

or ao+2a1 cos0+ 2a2 cos 20 + &c.=O.,

making x+x~ l == 2 cos 6. Thus if qm=I, we have l+ 2cos#+ 2cos 29

-f .... =0, a well known result. If f (n)= cos n9, we seem to have

1 + 2 cos
2
9 + 2 cos

2 20+2 cos
2 39+ = 0,

a result which will require the following considerations.

Divergent series are mostly developments, which though arithmeti-

cally false, as presenting infinite arithmetical values for finite functions,

yet present specific cases in which the function actually does become
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infinite as well as the series. Thus, though l + 2x+ 3r2+. . . ., or the

development of (l—x)~2
, is divergent when <z>l, the invelopment is

not therefore infinite: except only in the isolated case in which a?=l,

when (1

—

x)~* and 1 + 2 + 3+.... agree in arithmetical value. In

this case we must guard ourselves from the fallacy of making an

arithmetical infinite the suhject of reasoning, and must stop at the first

step in which it appears. This fallacy, in its broadest form, is as fol-

lows : there are many cases in which infinity is equally positive and

negative; that is, 4>a being = cc, 0(a+ A) is (h being small) great

and positive, and (a— h) is great and negative. If we then say that

cc= — cc, we have 2 X cc =z 0, a result which is a sufficient caution against

the use of cc, that is, infinite in value, in the manner in which rational

considerations entitle us to use that which appears infinite in value by
divergent or (as those who reject divergent series say) wrong develop-

ment.

All I assert in the first instance is, that l + cos?0.#+ cos920. lr!+ &c.

is the development (whether right or wrong matters not here) of a

function which may also be developed into — cos2 0. x~ l— cos2 29.x' 2 - . .

.

Now the first series may be easily shown to arise from the develop-

ment of

1 x 1 cos 20. x—xa

2 1—# 2 1— 2 cos 26). x+x*'

11 ,1 COS26.X- 1— 1

2 1—x~ l
' 2 ar2—2 cos 20 . x~ l+

1

Develope the second form in negative powers of x, and we have

l—±(l+x- 1+x-2+ )—i(l+cos20.#-1+ cos40.ar2+ ),

or — cos^.ar 1— cos2 20 . jT"
2 — &c.

as asserted. In the particular case jt— 1, the original function becomes
infinite; consequently, though we may say that whenever we meet
with l + coss 0+ »..., we might by a different process have obtained

— cos2 — cos
2 20— &c, yet we may not say 1 + 2 cos

2 + 2 cos
2 29

+ . . . . =0, for by so doing we really commit the fallacy
' £ cc=— cc,

therefore cc+ cc= 0." But the student must not imagine that it is any
point connected with series that I have cautioned him upon : for the

same care should equally be taken with finite expressions, as to these

particular cases in which they become infinite. The real difficulty is,

that in using a general divergent series, and passing to a particular case,

we may light upon a divergent series which really represents infinity,

and we cannot as readily know whether this be the case or not as we
could if we had only finite expressions.

If an or f (n) be an odd function, or if (
— 7i)=

—

<j> (ft), we readily

obtain (since then a =0 or cc, and by hypothesis we are not speaking of

the latter case) a
x
(x— or 1

) + er2 (or2—x~2
) + .... =0, or a

t
sin +

«2 sin 20+ . . . . ==0. And if En and O n represent an even and an odd
function, and if (remembering that ' every function is the sum of

an even and odd function, if be included among functions) we make
«„=E„+On , we have

ao+a, (x+x~ l

) +a2 (^
2+ tr-2)+ . . = 0, (x+x "O+O, Cx

2+x~ 2
)+ ....

a +a
l
(x-x-l

)+ a2 (x*-x-
2)+ . .=E -rE i

{x-x-i)+E i (x'
i -x- 2

)+. .

.

202
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This sets in the clearest point of view the remark in page 32*7, that it

is not allowable to make two series of the form 2an (#" ± x
_
") identical

because they are derived from the same function.

The two forms of (0) + <£ (l).x+ . . . . cannot generally be both

convergent, though both may be divergent. To prove this, let i// (o)

+V(1)+ and —i^(-l) —V(— 2 )
—

• • • • De tne two f°rms '

The convergency or divergency depends in the first instance upon the

values of — ?t(logi/m)' and —n{log^(

—

n)}', when 7i is infinite.

These are — n^'n-.tyn and n^(— n) : "^ ( — «), which have different

signs whenever t/A* :^?i and^'(—w) : i^( — ?i) have the same limit as n
increases without limit. This is the case whenever fn is an algebraical

function of n, or one multiplied by xn
; and since convergency requires

that the function here treated should not be less than +1> this necessary

(though not sufficient) condition cannot be true for both forms, in any of

the cases specified. But it is possible that both may be divergent : for

instance, in l + 4*,r+ 99 x*+ . . . ., and its other development — x~ l

— 44 #_2— .... But extreme divergence in one form is frequently

attended by as great convergence in the other ; for instance, in 1 -f 2
2 x

+ 33 *2+ , and —x' 1—2"2
lr-2 -3-3 x~ 3-

Since we have a —a
v
x+a2 x

2 — . . . . —a^x-1— a_2 o?
-2+.... we

now see the confirmation of a fact which every algebraist observes,

namely, that in every series the terms of which follow a law expressible

by common methods, and in which the terms are alternately positive and
negative, the function so developed diminishes without limit when x

increases without limit. This will yet more fully appear in the next

chapter.

x2 x 3

"When a series has the form #<>+#! <z+a2 \-a
a
—-

t
4- . . . ., where

a_„ can be assigned, the present theorem fails from our not being able

to assign the value of the function from which 2.3. .. .71 is derived, in

the case in which n is negative. It will, however, appear in the next

chapter that these inverse values are not finite. In algebraical series,

the values of a
{ , a,2 , &c. being those of diff. co. generally contain ], 1.2,

&c, in the numerators. But in several remarkable cases the theorem
will not apply, owing to our ignorance of the method of inversion, in the

development of (l+x)" for instance. There are, however, cases in

which we may invert the process and infer negative values by means of

independent developments. Thus, n being a whole number,

(1— x)~n=l + nx+?i-^- x2+ = (—iy {x- n+nx-n-1+ };

hence, an being the coefficient of x" in the first series, we may infer that

a_i= 0, a_2=0,. . .a_n+1= 0, a_n~— ( — l)
ra

, a_„_i=—(—1 )".//, &c.

I leave the following to the student

:

a + a
l
x + a.2 x

2+ . . .—a_^ (l-a?)-^+Afl_2 (l-j?)-
a-Hii!a_ 3 (l-x)~

3

In most of the cases in which the general term of the series is of the

form an x" : (1 .2.3. .. ,/i), the denominator insures a high degree of

convergency. To examine this point, remember that (page 293)

1.2.3. . . .n has always a^ finite ratio to n
n+

* £~n
, as n increases without

limit, so that (page 234) we need only examine the convergency of the
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series whose general term is a„ x" s" : ?i
n+:i

. Let this be fn, and we
have

The only case in which this series can he divergent is that in which
— na'n :an is — cc when 71= cc, in such manner that the limit of the

first two terms is at least as small as +£• If, for instance, a„=7in,

which is a function increasing faster than 1.2.3. . . .to, we have for the

preceding ^

—

n log (rs), whence the series

,.2 r 3 -3

l +ir+ 2
2—+ 33— +44——+ ....
2 2.3 2.3.4

is convergent whenever x is <£-1
.

The following methods will often convert a divergent series into a

convergent one.

Let <fax=a + a
l
x+ a.z x-+ . . . ., and let a 6 + a, 6, r+ fr 2 62 #

2 4- • • • •

be the series in question : then, as in page 240, this series is obtained

by a train of operations on 6 , of which the symbol is <j) (jcE) .boi where
E stands for 1 + A. Assume E=?«4-F, which gives

a 6 + a
l
b 1 x+....-cfa (mr) . b + <f>'(mx) . x¥b + F v - — P 6 + . . .

Now E=ra+ F means Eb n=mb n +Fb„, or Fb„~bn+l—mbn , which gives

F6 =6i

—

mb , F2 6 =62
— 27n6,-j-"»i

s b , &c.

;

the process obviously being an extension of the method of differences,

by substitutien of the operations 6j—?»6 , b2— mbi, &c. for 6,

—

b0i
bn— b^&c. We thus get

__ 6 (b
l
— ?nb )x (&2— 2wi6

1+ ro*&p)j?a

1—m,r (1—wix)2
(1—mxy

b.+ b.x+b, |-

2

+. .. = £
mj;

|6 +(6 1
-m5 ) lr+(62-2m6 1

+m2 & ) |+. ..I

in which m may be any finite quantity, positive or negative. Let

w= — 1 in the first, and we have

60+M+ _+____ +—__+...,
If b , bu &c. be increasing, this series is convergent whenever

b +2bi v + ^b^v^-j-

.

. . . is convergent, v being x : (1 +x). If b„+l : b n

= k when ?i=cc, this last is convergent whenever v <(2&)
_1

, or

,r<l : (2& — 1). If 2&= or <1, the second side is convergent for all

positive values of jr.

If instead of E we write e
D

, by the theorem in page 307, we have

cf ^+a 1M+..=f^&o+*«l + A)}.0.6' + ^{.«-(l+A)}O s

y 4-...
J

where b'oi
6"

, &c. are written for Db , D 2
6 , &c. This, expanded, the

table in page 253 being used, gives
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b"

«,A+ aA ,r+ • • *= b fx-{-b' <i>'x.x+ ~((p'j;.x + <t>"x.Jc'
il

)

2-3
+ —i (cj>'x.x+3f''x.x*+f'"x.x

3
)

6W+-——-( (p'x.x+1cj)' /x.xs

+6(l>"
,x.xs

+(l)
i

''x.x
i)+ ;

a result which might easily be verified from page 239 by help of page

263. The remnant an b„x
n
-\-an+1 bn+1 x

n+l+ . . . . may often be ren-

dered more convergent by use of this form of development.

This chapter may serve to throw some light on the character of

divergent series. Further considerations will offer themselves in the

next chapter, previous to which it is hardly right to invite the atten-

tion of the student to any final opinion upon the use of divergent

series. This much, however, may here be said : the history of algebra

shows us that nothing is more unsound than the rejection of any method

which naturally arises, on account of one or more apparently valid cases

in which such method leads to erroneous results. Such cases should

indeed teach caution, but not rejection: if the latter had been preferred

to the former, negative quantities, and still more their square roots,

would have been an effectual bar to the progress of algebra, which

would have been confined to that universal arithmetic of which Newton
wished it to bear the name : and those immense fields of analysis over

which even the rejectors of divergent series now range without fear,

would have been not so much as discovered, much less cultivated and

settled.

Chapter XX.

ON DEFINITE INTEGRALS.

In commencing with a title which may induce the student to think that

he is already master of the principles on which the following pages rest,

a conclusion which would not be altogether correct, it will be uecessary

to point out the extension of views with which the subject must be

looked at, before the objects of the present chapter can become intel-

ligible. The subject of definite integrals becomes daily of more import-

ance : and, to judge from appearances, any very decided increase of the

power of the mathematical sciences can only arise from successful in-

vestigation of the methods of obtaining their general properties, and
computing their numerical values.

A definite integral is distinguished from an indefinite one by the sup-

position that both its limits are specified ; and the consequence is, that

the former is no longer a function of the variable, but only of the limits and
of such constants as enter into the function integrated previous to in-

tegration. If, therefore, all indefinite integration could be successfully

performed, all definite integration would necessarily follow. Thus when
we know that 2x is the diff. co. of ..r

2
, we therefore know that j

b
a 2xdx

is &
2—

«

2
, whatever b and a may be. But we know that indefinite

integration cannot always be performed; and, as in pages 103— 105,
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(which the student should here review attentively,) we may see that the

lifficulty arises from a deficiency of means of expression. To carry on
the same mode of illustration, remember that geometrical recollections

introduced the circle and its properties into algebra before the differential

calculus was invented. As algebra was applied to trigonometry, the

sine, cosine, &c. of the latter science were made fundamental modes of

expression in the former. The consequence was, that at last a broad
distinction was drawn between the two series 1—^x*+ \ -J- \ x*— &c,
x—%±xa+&c, and all others. The student finds, on his first intro-

duction to these series, that he is already master of their properties by the

hundred, is provided with tables to find their numerical values, and
knows how to make them of continual use. But if he had been com-
pelled to be a pure algebraist, without permission to draw suggestions

from any other science, he would have had no more occasion to investi-

gate the properties of these series than those of many others of equal

simplicity. And on the other hand, if the suggestions of geometry had
been more extensive,* he might have been familiar with mauv results

which are now to be presented for the first time, and might have had
common and well-known names for results of calculation which are now
only expressed by symbols, and have no distinct appellatives. In
geometry, the previous treatment of the curve y—*J (a.

2— x2
) made

JV(a
*

—

x'
2
) dx expressible in known functions as soon as jx dx : had

the same science directed attention to, and been made the means of

developing the properties of, the curve y=s—*2
, the integral fe—x2

dx,

to the consideration of which we shall come, would perhaps have been
already known, named, and tabulated.

If all the cases of f<fir dx were written down, when (fix stands for a

function in common use, the greater number of these integrals would be
inexpressible, except by infinite series. If all infinite series were con-

vergent, the difficulty of computation would not be insuperable ; and if

the general properties of an infinite series, for which no finite equivalent

is known, were as easily determined as those of a finite, expression, we
might satisfy the wants of any application of our science with compara-
tive ease, though the labour of computation might be considerable, But
it is not always readily practicable to reduce integrals to convergent series,

and it frequently happens that the form of a series does not throw any
light upon its properties. At the same time, nothing is more certain than

that the results of most of the problems in which the higher mathematics

are necessary, must from their nature require integration. Do we then

find in what precedes premises requiring a conclusion that most, or at

least many, of such problems must remain insoluble ?

This question is to be answered in the negative, and the reason is as

follows. Every particular case of an integral can be found by common
arithmetic, whatever the function may be. It may easily be that

J"* <f>x dx may not be expressible in terms of a and b, with such modes of

expression as we now have ; but specify the values of a and b, say

a=2 and 6= 3, and by the definition of the symbol the equation

Jl^r rf.r=i {^. (2) + ^>
(2+i) +0(2+ ^) + . . . . + (2+^)|

* If the hyperbola had received as much attention as the circle, its area mijrht

have suggested the notion and properties of logarithms, and the attention thereby-

excited might have led to the calculation of tables.
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may be made as nearly true as we please, by taking n sufficiently great.

This symbol, then, for an isolated and specified value of a and b, is

merely the limit of a simple arithmetical conception, and every case of it

may be calculated, quam proxime, by a person who knows only how to

calculate the value of an algebraical expression in any particular case.

The more artificial and rapid method of page 314 may be substituted:

and it must be observed that in calling every definite integration practi-

cable, we speak of possibility only. Should the actual computation of an

integral occupy twenty computers for a year, it might well be a question

(and one by no means always to be answered in the negative)whether it

were worth while to employ them : but this does not affect my asser-

tion.

It is, then, admitted to be possible in every case to construct a table of

the values of an integral which may be used like a table of logarithms,

so that reference and interpolation shall give any value we please, with

sufficient accuracy. Each integral so calculated is a fundamental table

of reference, and the question is to choose such integrals as will admit

of the largest number of uses, and to find out as many uses as possible

for those which have been calculated
;

previously using the shortest

and most convenient method in the actual construction of the table.

So much for the numerical attainment of results which can only

be exhibited in an integral form : but this is by no means the only use

of definite integrals. It frequently happens that one particular set of

limits have an importance which distinguishes them from all others, and

renders the case in which they are used perhaps the only one which it is

ofany use to examine. Thus, in the theory of probabilities, JV"(1

—

x)
n dx

is of the most frequent occurrence, but only between the limits x=0 and

x=l, and also between limits which lie near the value of x which

makes xn(l — x)n
& maximum: it would be only wasting time, so far

as the most important cases which occur in that science are concerned, to

examine any other limits. In such a case, we learn to look upon the

variable x, the most prominent symbol in the ordinary integration, as

subordinate in importance to m and n; the first being necessary only

in the conception of the manner of attaining a result which depends

for its magnitude only upon m and n. It frequently also happens
that the isolated cases which it is most important to examine are also

those which can be most easily attained ; and that we may thus arrive at

a particular value of a function, the general form of which must be

presumed to be an inexpressible transcendental. This happens, for

example, in f^s—^dt, which, when a is infinite, is ^/if, (page 294) ;

but cannot be finitely expressed in terms of a. Another important

branch of the calculus of definite integrals is, then, the determination of

useful isolated cases of general integral forms, of the complete solution

of which no hope can be given.

Again, an integral of the form
J*</>

(,r, a) dx, between specified limits,

whether those limits be functions of a or not, is, generally speaking, a

function of a, and of the limiting values of x. If these limits be

numerically specified, (say they are x=0 and ar=l,) /i 4* (*» a) dx is a

function of a. Say that this integral can be found, and that it is fa.
We have then a mode of expressing fa, which may lead us to proper-

ties of that function which would not othewise suggest themselves.

There may be an infinite number of ways in which fa may be thrown
into the form of a definite integral ; and each of them may be the easiest
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mode of expression for some one particular purpose, or for the develop-

ment of some one particular property.

Lastly, by looking at a definite integral as the mode of using a variable

.r, between given limits, to obtain an expression for a function of a, we
may not only learn new properties of this function of a, but may
even extend our views beyond what would be possible when the

function retains its usual form. Thus, if 1 .2.3. .. .n be considered as

a function of n, we can form no rational idea of its existence except when
n is a whole number ; but when we come to observe that 1, 1.2, 1.2.3,
&c. are values of H x" e~x dx answering to n= 0, n=l, n=2, &c, we
see no difficulty either in the conception or calculation of this integral

when n is a fraction, and we have thus the means of interpolating values

between 1, 1 .2, &c. answering to fractional values of n.

The mode of obtaining a definite integral supposes that in j
a
a
+h

fyxdx,

(px must not become infinite between x—a and x=a+ h : not that the

value of the integral is then necessarily infinite, but that we have no

obvious means of testing whether it be so or not. The diminution of m
(page 99) may more than compensate any increase of the terms of the

sum. To the criterion for determining the result in this case we first

turn our attention : say that b is the value, of x, intermediate between a
and a+ h, at which (px becomes infinite; it is required to ascertain the

conditions under which, in j
a
a
+k

(px dx, or /' (px dx -f-f
a
b
+h

(px dx, each of

the two portions is finite. Since

f
b

a cpx dx—(j>b .

b

— (pa . a—fb
a x(p'x dxz=(pa (b — d)+ b ((pb—0a) -f

b
a x(p'x dx

=:<pa (b—a) + b$b

a (p'x dx—fb
a X(p'x dx= (pa (b—a) +f

b

a (b-x) (p'x dx,

whenever (pb and (pa are finite, this last result is true when b is any quan-

tity (however little) less than that which makes (pb infinite ; and supposing

b to increase towards that value, it always remains true, and (page 22)
is therefore true when x=b makes (px infinite; qxt, b, and a being

supposed finite. Let y— (px give x=(p~ l

y ; then, since y=(pa and

y= cc correspond to x=a and x=zb, we have

f
b

a (px dx=(pa (b-a) + f;- (b - <jrhj) dy.

Now (page 325) the last integral is found to be finite or infinite,

precisely in the manner which determines whether the series whose
general term is b— (p~ l

y is convergent or divergent ; that is to say, let

ip-y = b— (p~ l

y, and find

i/Uf'iJ y (dr~ 1
)'?/

P„=:—^-^ =
, ,

, and a B , its value when y— cc :

fy b—(p~ l

y
9

according as a >1, or <1, the integral is finite or infinite. But when
a = l, finda

t
the limit of logy. (P — 1) when y= cc, and the integral is

finite or infinite, according as a Y > or <1. But when «!=1, find a 2

the limit of loglogy .(Pi— 1), &c. This seems to involve the necessity

of inverting (px, but it does not so in reality, for

y—4> $~ l

y gives y'=(p' (<£
_1
y) . i^Yy-y', or ((p- l)'y= 1 : (p'x

,

whence ~P — <px:4>'x {b— .r), and a is its limit when x=b.
If it be x=a which makes (px infinite, the same result applies, substi-
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tuting a for b, since f
b
a cj)xdx= — ft (fixdx, and — f4>xdx and j<f>xdx

are finite or infinite together.

Example 1. f
b (\ogxdx:x). Here x—0 makes 0jr= cc, and

cbx logo; . . ,, ,. ..

P =—-Z- ==—s— =1, when x=:0 (doubtful)
<fi'x(0-x) logo; — !

p.^(^)(p.-i)=log log x—log X

l0£X—

1

— 1 when #=0

;

whence, since — 1<1, this integral is infinite. This may easily be

verified, since the indefinite integral is ^ (log x) 2
.

J\*
tan x

tmxdX
-

Po=
(l + tan

2
t,)(^^)'

ao==1 -

So far, then, the result is doubtful, and this case is more easily solved

by inversion. We have f%* tan x dx=f^ydy : (1 +2/
z
), y being tan.r,

which falls under another rule. For the preceding rule does not apply

when 6= oc. It is obvious that f* 4>y dy is infinite if <fiy be finite when
yz=. oc. But here y : (l+yi)=0 when y=z<x, so that the rule to be

applied is that which determines whether 1,y : (1 +y~) is convergent or

divergent. Here

P Y^jfcl, Oo=lj P -_^M, rf -Q.
^y y

a+l • » > l+y2 *

whence the required integral is infinite.

Example 3. f
b
s~

x x~n dx, n being positive. P = (#+ n)
-1

, cr — 1 : w.

This integral is then finite when x <1, and infinite when x>l. In

the doubtful case, or when x—1, we have

or the integral is infinite.

Example 4. J* s~
ax

<fix dx. Here the method of Ex. 2 also applies,

and P — x (a

—

<p'x : 0x). The integral is therefore finite whenever

<fi'x : (£>x diminishes without limit, or tends to any finite limit <.a : for in

such cases a is + cc . But when <p'x : <fix has the limit a, then a
takes the form oc xO, and P19 &c. must be examined.

Though I have given these examples at full length, in order to illus-

trate the general rule, yet it must be remembered that any factor which
remains finite throughout the whole interval of integration may be
rejected ; and the result, as concerns the simple question whether the

integral be finite or infinite, may be obtained from the rest. Thus in

f* s~
ax x~n dx we might have rejected s~

ax
, and used jx~n dx only.

Resuming the general subject, it would seem at first sight that there

can be no difficulty in any case in which the integration can actually be

performed: thus, if f(px dx=cf>iX, f
b

a 4>x dx—^b— (fi^i, which is finite

when 0,6 and
t
a are finite, even though <px be infinite between the limits.

But we shall soon see reason to know that the difficulty which arises

from the definition of a definite integral as the limit of a summation is

not thus evaded. For instance,
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fx~
2 dx= — x~ l

, faX"
2 dxz=a~ i — b~ l

, which is finite

;

f°.m x-
2 dx= + oo, fZx~*dx=:+ cc, jtZx- 2 dx==z—

.

;ason why we put the sign + before oc in both i

nd that

/::+" x- 2 dx= -i-r +— , (lm+h x-
2 dx=—

J til h rnn " ' rn _

The reason why we put the sign + before oc in both cases is as follows.

We find that

in— h m — h

1

m

O B X

Both these are positive when h<m, however little in— /i may be

:

hence we call their limiting symbols positive when h= m. If, then, we
construct the curve whose equation is y^=x~ 2

,

and if OA= —in, OB=+m, we find the areas

PAOY and QOBY both positive and
infinite, which agrees with all our notions

derived from the theory of curves. Again, if

Ave attempt to find the area PYQB by sum-
ming PAOY and YOQB, we find an iufinite

and positive result, which still is strictly intel-

ligible. But if we want to find the area by integrating at once from P to

Q, we find, as above, - (2 : in), a negative result for the sum oftwo positive

infinite quantities. The integral then, y being infinite between the limits,

takes an algebraic character, standing in much the same relation to the

required arithmetical result which must have been observed in divergent

series. Thus 1 + 2+ 4+ &C. ad infinitum, is an algebraic representa-

tive of — 1, though it only gives the notion of infinity to any attempt to

conceive its arithmetical value. Whatever may be finally discovered as

to the interpretation of these results, I think there can ,be no doubt

that the student's first introduction to the subject of definite integrals

should be kept clear of them and it : and I shall accordingly avoid them,

at least till further notice ; confining myself to those integrals which, if

their subjects do become infinite, are not thereby rendered infinite.

There still remains a peculiar class of definite integrals, in which the

function integrated is periodic, and the integration is made over an

infinite interval; such as J™ sin x dx, f* cosxdx. Such integrals are

obviously made up of a succession of elements of one sign, followed by

a succession of another sign, ad infinitum. Thus we have

=1—2+2-2+

= 2— 2+ 2—2+ ....

. . = 1 and 1— 2+ 2 —

J-»=°

f^r PStt

co&xdx= I

J
cosxdx+ * cosxdx+..

o «7 i) 2

j*o sin x dx= jl sin x dx 4-
f'? sin x dx + . .

Now, as explained in algebra, 2 — 2+ 2—

.

....z=l— 1= 0: are we then to assign and 1 as values of these

integrals ? Examine the grounds of the algebraical assertion, and we
shall find them to be as follows. The series a — a

t + as— . .. . =ita
— ^Aa + . . . . : any supposition which diminishes Aa , A2a , &c. without

limit makes o — «,+ . . . . rigorously approach the limit ^« , as long as

a , au &c. really diminish without limit. And thus in the extreme case,

in which Aao=0, A2a =0, &c, or ac= a l
= ai, &c, we see that ^a

must be the substitute which a —a + a — &c. ad infinitum requires.

Similarly, let P be any function which =0 when x= oc, we have then

J'PcosLrc/o.— Psino:

—

fP'sinxdx, or
J"„
P cosxdx= —f* P'sin xdx.
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This is rigorously and arithmetically true as long as f™ P cos x dx is

finite : any supposition, then, which makes P approach to a simple con-

stant ; that is, makes P vary more and more slowly whatever x may be,

or diminishes P' without limit in all cases, also diminishes
J*™

P' sin x dx
and fg P cos x dx. Consequently, at the final limit, or when P is a con-

stant, we must write /™P cos x dx= 0, or Jo cos x dx=0. Again, since

J P sin x dx == — P cos x -\-f P' cos x dx, we have
J""
P sin x dx = (P)

+ /o P' cos ^ dx, (P) being the value of P when a:= 0. By the same
reasoning, any supposition which diminishes P' without limit brings the

truth nearer to f*P s'mxdx— (P). This is, then, the final limit when
P is made constant, or P=(P); and it gives f*sinxdx— 1. For
instance, (« being positive,)

sin x—acosx
s- tt* cos a, dx=ze- a* —-

; f e
ax

cos x dx~j
%̂

r . . cos x+ a sin x ra> . . 1

{ s~
ax

sin x dx=--—s : „£ "'siiuw;:- .

J l+a- J0
l+ «'2

For every positive value of a, however small, these equations are

arithmetically true, and might be verified to any extent by actual sum-
mation : when a=0, they become and 1, and s~ax is reduced to a

constant and =1.
It may diminish any regret which the ambitious student may feel at

being desired to lay aside, for the present, all idea of considering definite

integrals in which the subject of integration becomes infinite between
the limits, if we show explicitly that even those considerations on which
we propose to enter necessarily require the algebra of discontinuous

functions ; and that those which we throw aside would probably intro-

duce the same sort of difficulty in a more complicated form. Let

fo x
~l smaxdx be proposed, which it should seem must be a function of

a, and the more so, since it changes sign with a, on account of sin {ax)
=— sin ( — ax): and when a=zO it is obviously reduced to C— C or

: that is, it changes sign, passing through 0, when a changes sign.

Nor is it one of the excluded integrals] for sin ax : x is finite wheu
.r=0, being then =a. But

J^sinaa? , Csinax ,, . /^"sinv
,

a.r= a (ax)= dv,

o « J o
ax J v

since writing v for ax does not alter the limits. The last result must be

independent of a, so that we have a constant, not a function of a, which
as when as=0, and changes sign with a. Unless, then, this integral

be always =0, it is a discontinuous constant. But it is not always =0,
is will be afterwards shown. It must then be a discontinuous constant;

and thus, even in such definite integrals as we do consider, we cannot

always procure general algebraical expressions of the results.

Our sole restriction being that in J<px dx, <fix must not become infinite

between the limits, unless we can show, as in page 570, that the result

is arithmetically finite, we are at liberty to substitute for x any function

whatsoever which does not invade this restriction. Thus even if the

function substituted should be impossible in form, the truth of the results

is not affected. For example, take f tan~" 6 dd from 6=0 to0=g7r, n
being positive. Here $6= cc when 0=0, and we therefore examine
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00-4-^0(0—6), or the more convenient form {(log 00)' (0— 0)}"*.

This gives

„ l+tan a 0\- 1

, • i « ,

no , which =n , when = :

tan0 /

so that the integral is finite when n is less than unity ; this we must
therefore suppose, the case ofrc= l being left doubtful, as unnecessary for

our present purpose (it gives the integral infinite). For tan
-

" write

its value

(-1) •( ---)
,

which is, say =(-l)~^(A +A
1

*-*>*z:i+Az er
i°y/
~

l+ ....);

and — 1 being g* , we find for integration «

(

A

g-**BVri+ A, s-a«+*>^+

A

2
g" ««»-h»W=t+ . . . ,) dd ,

of which the impossible part must vanish by itself, since the required

integral must be possible and finite. The possible part is

{Ao cos(i7r«)+A 1
cos(i7r/i+20)4-A2 cos(i7r/i+ 40)+ } dd.

Now/cos(c+ 2A:0)d0, from = to = -
2-tf, is (2k)- 1 {sin (c+ kv)

— sin.c}: whence this integral vanishes when Jc is even, and becomes
— AT L

sin c when n is odd. This gives for the integral required the

series

\n Ao cos (\-rrri) - sin (\mt) . ( A,+ -^-
3 +—5+

J.

We might, however, obtain a finite result,* as follows. We have

(-l)^/tan-"0 f/0=J*(A o+ A 1
g-29VrT+A2

g- iaVri+ . . . .)d9,

and (— l) 2 is cos-5-7r;/,+^/(— l).sin^*/i. Now integrate, and equate

the possible parts on both sides to each other : the possible parts on the

second side being all of the form A n fcos2kd.dd, must vanish when
taken from #=0 to x=^tt, and we find (A being =1, as appears from

the function to be developed)

; hitn I

'*"

tan
-" 9 c/0=: Atf, or

2
tan-" de =—

2

Jo Jo _:.m^. coscos htn

A further examination (or simple substitution of \tt — for 0) will

show that this integral is true for negative values of n also (if between
and —1). Let t&r? d—ocw , in being a positive integer, which gives

J

ml x 2 dx
tan- 6d9=z~\ ~

m
~ =—^r— (;i>-1< + 1 )

.

2 J o l + x cos -kirn

Let£m(l— n)— l= r, or ^x (1— n)=ir (r+ 1) : 7??, and cos (£irn)

=sin (t (r+1) :ni). Hence

* For this proof, which is much shorter than the one usually given, I am indebted
to a writer who signs S. S. in the Cambridge Mathematical Journal, (vol. i. p. 17.)
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It will, however, soon be observed that there is a liability to fallacy in

an incautious use of the preceding method. If, having deduced
A+B^/(—1)=P+ QV(-1), we infer A=B, P=Q, we are justi-

fied only when we know A, B, P, and Q to be real. Now if either

of these quantities be an infinite series, and divergent, it may represent

an impossible quantity, as does x+^x*-^ .... when a?>l. And even

ifwe have a series which is real^before integration, it may become im-

possible after it; thus 1 +x+x2+ . . . , is real when a?>T, while its

integral, beginning at oc—Q, represents an impossible quantity.

We shall, therefore, add the common proof of this result, which, though
employing impossible quantities, does in a manner free from the pre-

ceding objection.

If we denote the n roots of the equation xri+ 1 =0 by a, y8, &c, we
find, as in page 276, (m<w— 1),

i+i /nxm dx __

It would appear as if this must = tc when x ~ cc, but if it be
remembered that 2am+1=0 (page 319), and that log (_x—a), log (x — fi),

continually approach to log xasa; increases, it also appears that the limit

of the preceding is that of 2«m+1 .log#, which takes the form Ox cc

when x is infinite. In fact, since \ogxJ,a
m+l (ra-flO)is =0 for all

finite values of x, add it to the integral as found, and we have

;nxm dx ,,, fx—a\ ,,, fx—$\—-=-«- iog(_)-r»ios(^Wc
which diminishes without limit in every term as x increases. The value,

therefore, of the above form is when #=oc, and the required integral

from x=.Q to x= cc is the value of the first form when x=0, with its

sign changed, or 2 {a
m+l

log ( — a)}. Let e stand for £v<-1) , and 6 for

if:n; we know then that «— e*, fi~e
39

, &c, up to e
(Zn_1)9

, and since

e°'== — 1, these roots with their signs changed are e
6+

*, e
39+,r

, &c. Con-
sequently

2{ a
m+1 log(- a)}= (0+ 7r)V(-l)e ("1+1)9+ (3^4-^V(-l)^(m+1)s+...

+ {(2ft-l)0+ 7r}
/V
/(— l)e (2re+1Xm+1)9

.

For e
(m+1)9

write z, and On for if, whence the preceding, divided by
6V(-l),is (n+l)z+ (n+ 3)z*+ +(w+ 2n-l) z*

n~\ We show
generally how to find a+(a-\-b) z+ (a+ 2b) z4+ . . . +(a+nb-b) z

n~ l
.

This obviously consists of two parts, the first a(l+ . . . . + z
n~l

),

or a(l

—

z
n
) : 1 — z; the second bz X diff. co. of (2-fz 2+ .... + z

n_1
), or

bzx diff. co. of (z— z
n
) : (1— z). Thus we have

, . , ,, ,
. , * JN „ . l-zn

J
z—nzn+(n—l)z',+1

a+(a+b)z+.. . + (a+ nb-b) z
n ~'=za - + b -T_L__^

.

L z {1 z)

For z write z", multiply by z, let a=n-\- 1, b= 2, and

(«+ !)«+ +(3/1-1) z*"-
1
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=(w+1)2i^+2^^+i

+(»ziLgr.

In the instance before us, 2= e
(m+I)9 and z2n—e(m+l '

) ' i'r=l ; whence
the first term vanishes, and the second numerator becomes In {z9— 2},
while the whole becomes — 2nz:(l—

2

2
). Restore the factor 0^(— 1),

and we have

Cm
xmdx __ 2tt,J

J 1 + xn ~ z

V(-l).-^_ 2tV(-1)
e
cm+i A.__e-«m+D» sin {(m+ 1) t : w}

J™
Xmd,X 7T= :

nsin - (m+l)
In

a result of great importance. If we examine the limits within which it

is true, we find that, as far as the lower limit is concerned, m must be
>— 1, while, for the higher limit, m must be <n— 1.

The preceding, though it employs impossible quantities, is yet pre-

cisely the same in its processes as the longer method which would be
followed if xm (\-\-xn)~ l were integrated from the rational form found in

page 276, § 89, by collecting the impossible factors of the preceding

process in pairs.

It would seem as if hitherto I had given nothing but cautions, and
this I have purposely done to impress upon the student the idea of the

very slippery character of the subject ; or, which is the same thing, of the

very imperfect manner in which it is understood. Some further hints of

this kind will still be necessary.

Every integral of the form jl4>x dx may be thus expressed :

/" 0,r dx=jl° (px dx+ f"l fa dx-\-f
a
* $% dx+. . . . ad infinitum ;

a , au a.2, &c. being a series increasing without limit. Every such
integral, then, is really an infinite series, of which it is found that

the divergent case is not so well understood as that of ordinary divergent

series. Let us divide series into four classes, simple divergent and
convergent series, in which all the terms are positive, and alternately

divergent or convergent series, in which the terms are alternately

positive and negative. Besides these we have the intermediate series,

of which the terms are or become of the form a+ a+ a-\- .

.

. . and
a—a+a— . ...

When the above infinite series of integrals is of the simple diver-

gent kind, we have rejected the consideration of jl4>x dx as being

infinite; though it might reasonably be asked why such a diverging

series of integrals should be called infinite, when a diverging series

of simple terms is only called at most a wrong development of a finite

quantity. About converging series of either kind there is no question

;

while diverging alternating series will be readily admitted, even by those

who reject them, to staud upon a different footing from simple diverging

series. But having thus pointed out that integrals taken from to oc

must have a general resemblance to series in their properties, or at least

a similar classification, I now show that there is decided danger of error

in any attempt to apply these conclusions to series in general, which are

demonstrated in algebra to be true of series ofpowers of the same variable.



576 DIFFERENTIAL AND INTEGRAL CALCULUS.

For example, take /cos x dx^=Ofxom a?=0 to o?=oc. We see (page 572)

from what this springs; if we write bx for x, which does not alter the

limits, we have bfcos bx.dx=Q, or J~cos bx.dx—Q. Now it is a funda-

mental property of any integral, that if the limits remain the same,

[q fPdp=J
d
^.dP (page 197). ...(P),

provided always that dP : dq does not become infinite between the limits,

in which case the second side of the equation may not be within our

present conventional boundary. This proposition is easily proved,

independently of the page referred to: for since (returning to the

definition in page 99)

d dP— 2P 6p—y. — Ap, for any number of terms, ,

dq dq '

the limiting proposition must be true, or (P) must be true. Take, then,

fcosbx.dx=.0, and differentiate twice with respect to b, which gives

—fcosbx.xidx= 0, or fcosbx,xidx=0. We may readily find, as in

page 572, that

/; s-cos bxdx =/—, f; s-«cosbx.x*dx=-i (-^),
which verifies the preceding when c= Q Also, if we differentiate twice

with respect to c, we have a conclusion of the same kind, verifiable

in the same manner.
Differentiate again twice, and so on, which gives

J"°
.cos bx.x*"dx=0,

by making c=0. Various other methods coincide in the same result;

surely, then, we should say

J
cos bx= 0.

o
1+a"

This result is, nevertheless, not true, and we may see tliat we have

here made an assertion which need not necessarily be true, in saying that

J*cos bx dx+ j"cos bx.x2dx+ .... =0, because each of its terms is so. If

each of the terms jl cos bx . dx, fI cos bx . x2dx, &c. diminish without

limit when a increases without limit, it by no means follows that their

sum ad infinitum does the same. If we assume this in the case of

a+ bx+ cx1-^ . . . ., it is because we never have to use such a series,

unless as the development of a function ; and this function may always

have (as in page 73) all the terms after a given term expressed in a

finite form, from which it easily follows that the series is comminuent
with x. But if it ever should happen that we find a series such as

a-\-bx-\- . . . . always divergent, no matter how small x may be, and
not having any assignable mode of invelopment, I then say that we have
no right whatever to assume that such a series is comminuent with x.

To prove the preceding assertion, assume

_. C cosbxdx d8P f*
M
cos bx.x*dx ~a 7 , „ „P= r—, -7--==:— =—

| n cosom£-|-P=P ;

J 1 + tf
2 db* J 1+ 3* Jo

whence P= C£6+ C 1
£~i

.

Now C= 0, for otherwise this integral, which is always finite, being

necessarily not greater than j™(dx : (l + #2
)), or %ir, would increase
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without limit with b. And Ci must be the value of the integral when
b==0, or y7T. Hence are deduced the following results, being the above
and what arises from differentiation with respect to b.

' C^cosbx dx it _ b
f
>a

sin bx.xdx it _ 6

If we suppose the sign of b to change, cos (bx) remains the same,
and the integral, while its equivalent becomes ^ 77

'£+ ''- The result is

evidently not allowable, since it would be then Ci, which is :=0, and C
which is =^7T. Consequently, this integral is represented by rj7rs~

b

when b is positive, and by \its
b when b is negative. Similar circum-

stances frequently occur, and they arise from the difference of treatment

of series and definite integrals. If we had rejected divergent series, we
should have called x+ x-\-x*-{- . . . .(<z>l), a mistake which is to be
corrected by writing - 1 — x~ l—x~2— . . . Both series have the proper-

ties of x(l —x)~ l
. An extended theory of definite integrals will, I con-

fidently expect, at some future time contain the same distinction : ex-

hibiting results in a form which points out numerical values when they

exist, and algebraical equivalents when the numerical values are infinite:

though I admit that there are some circumstances which appear to

create a marked distinction between integrals and series.

Many definite integrals of the form js~""<jivdv from v= to ar= cc

have received particular attention. The most celebrated of all is fs~
v
v
x
dv,

which, being 1 . 2 . 3 ... .x when x is a whole number, supplies an expres-

sion which is intelligible and calculable when x is a fraction ; and is the

same extension of the notion of 1 .2.3. . . ,x, which a fractional expo-

nent is of that of a whole one. This function fs~" v
x dv is generally

denoted by Y (x+ 1), or Tx—fs~ v v
x~ l dv. This last integral is finite

(page 570) whenever x is >0, andr (#+ 1)—xTx is a functional equa-

tion which its values satisfy. For

f£~
v
v
x'dv= — s~".vx+ xf£~

v

L
vx

~
1 dv,

which, taken from to cc, gives T (x+l)— xFx, since v
x s~v vanishes at

both limits. And it is perfectly possible that this equation may be true

of fractional values, or any other of the same kind. Thus if cj)x stand

for x terms of the series l~n -\-2~n -\- .... +x~*i
we have before us a

function which, when a? is a whole number, satisfies <fi(x+l)=(£>x

+ Cz+1)~", and as to which the mode of derivation entirely fails when
x is not a whole number. Nevertheless, there may be a continuous

function which satisfies the above equation for all values of x. Thus
0j?=l +2+3+ .... +x gives (p (x+ 1)" <fix+ (x+ 1), and the deriva-

tion is unintelligible when x is a fraction; but <px=^x (x+ 1) satisfies

the equation for fractional and even negative and impossible values of x.

Let us now take $x from /(0)+/(l)-p/(2)+ .... +/(-r), which

satisfies $ (x+l)=4>x+f(x+l) : required, if possible, the expansion

of §x in powers of x. Let fx~f(x+l)+f(x-{-2) + . . . . ad inf.

when a? is a whole number, and let yx in all cases satisfy ^tx—f (x+ 1)

~f(x+l). Then \[tx+ <pxz=f (a?.+ 1)+ <£ (#+1) or fx+ 4>x is con-

stant. Now when a? is a whole number, fx+ 4>x is obviously the sum of

the series jT(0)-f-/(l)4- ... • ad inf., say =2; whence in all cases

^+0.rr='2. We have then <£:r=2—^x, or 2—V (0) — ^' (0).a-&c.

But since yMx—f n
>(x+ l) + fw(x+2) + , we have y^°0

2P
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==/(n)
( 1 ) +f°° (2)+ . . . . This equation is not derived from differentia-

ting with respect to x a function in which a; is a whole number only,

but as follows : since tyx in all cases satisfies i}/x—-f (#+ 1)=/ (x+ 1),

we have f
(n)x- fM(x+ 1 )—/w(x+ 1 ) , or

ty&XSSfW (a;+ 1 ) 4-/^ (J?+ 2)+V°° (*+ 2>

=/c'° (o?+ 1 )+/00 (a + 2 ) +/('° (a?+ 3) +V Cn)
(J?+ 3) + &c.

;

or VrW*=:/c*)
('r+0+ ad inf.+tyw( oc ) (as in page 228) ;

and all the series being supposed convergent, we have i^ (n,
( cc )

— 0.

Hence if

/

('l)

(l)-i-&c.= 2;
(")

, we have

. 00=1—

2

(0)—

S

co .^—

I

C2) .— -

1

(3\ ——
Observe, that it matters nothing if 2 be divergent, provided 2 (1)

, &c.

be convergent, since 2— 2 (0) is simply (0).

To apply this, consider F (l + tf)= #rx j -we have then logT (1-f.r)

= log,z+logr.r, but since both j.\ogx and 2#_1
are divergent, differ-

entiate both sides, and let <px be the diff. co. of log Tx or r'* : Tx.

Required the development of (l-{-x) in powers of a1

, having (1 + a;)

x=a- l+ <f>x. Letyx=(x+l)- l+ (x-j-2)~ 1+ , or fx-f(x+l)
= cj)(x+2)—0(#+T), and (a? +l)+^— const. ; whence c" }(<z+l)

,„, ,2.3 w :;•: , x ,2.3...n 2.3. . .w

or i/rW(0)
: 2.3. . . ,rc=±(l 4-2-("+1>-r-3-

(n+1)+ ....), which call SB+1 ,

0(*-f1)=0 (l)+ S2 j:-S3a;
2
-r-S4^-

a series which converges when a?<l. It only remains to find (1).

Since <j>(x+l)=x- 1
+(j)x, we have (l)r=—

l

-1
-f 0(2)=r—

l

-1— 2~'

+ 0(3)=, or

[: 0(l)=-l- 1 -2- 1 -... .-^+0(^+1)
=— (l

_1 +2-'+ -f-^-
1— loga?) + 0(a;+ l)-loga?.

If we take the series for r (x+ l) in page 312, in which x is a whole
number, we see that this series is intelligible when x is fractional, and
therefore* is in all cases the function required. We have then

r(x+i)=V(2^).(^V,

or logr(j?+l) = log^(2tf)+^loga?+a;log*—x+R;
where R is a series which diminishes rapidly when x increases, and
its diff. co. diminish rapidly. Differentiate both sides of the last, and
subtract logx, which gives (x + 1)— logo; = (2ir)

-1+ R', whence
(x+ 1 ) —log x diminishes without limit as x increases. Consequently,

—0(1) is the limit of 1
_1+ 2

_1+ ... . +>r~ 1— logo? as x increases, which
was shown in page 312 to be the constant" '5772157, (more correctly

•5772156649015328606065,) which, being'called y, we have

*• Another proof of this will subsequently be given.
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r'(dr+ l):T(.r+ l)=—y+S.a-Sa^+ S,*3 -
. . .

.

logr(*+l)=-y*+i- S2 a;
8~^S8 a;

8H-iS4
*•—...';,

no constant being added, since log r (x+ 1) vanishes with at. This series

is convergent from a?—— 1 (exclusive) to x= + l (inclusive); but we
shall presently show that still more convergent ones may be used.

Again, since r (x+l)z=:f™e~
v
v
x
dv, we have Tr (x+l)=fe~ v

v
x

log v dv, and r' (1)= fe~
v
log v dv, while r (1) == 1 . Consequently, the

constant — '5172. . . ., or — y, is the value of f™
s~ v \ogvdv, and thus

this (hitherto) pure result of computation obtains a symbolical expres-

sion. The student may now try if he can make the preceding process

suggest proof of the following.

1. /Ts-logQ^l + Q+log
l)
+Q+bg|)+

(l+log?)+...

Prove, both from the nature of this series, and from page 326, that

it is not only convergent, but ultimately as convergent as Ice**.

cHogrq+s) l l i

1..9, -l „ "T" r»9
dr" l+x r

22 (l+,r)(l+£aO

+
i? cn-)(i+M<i+g>+

(page 166) '

1

3- (i+| +^+-)=^+(1+5)^ +(1+5+l)

, d"logr(a?+l)
, , N f 1 1 1 1

n being >'l.

We can thus calculate log r (#+].)» and thence logRr, which is

log r(.r-j-l)— logo?. The former function, which, since r(l)=T, vanishes

when x= 0, is what may be called the general function of log 1 + log 2+
. . . . -f log x, being the function of which log 1, log 1 + log 2, logJ + log 2

+ log3, &c. ^are the values when #=0, 1, 2, &c. We proceed to some
properties of the function rCr-t-l), the general function of 1.2.3. . .x.

Turning back to page 388, we see that ff<pv.fw.dv.dw, if the

limits of each variable be independent of the other, is fcf>v dv X ftyw dw.
Hence

r(j;+l)xr(y+l) = /"g-» v
xdv x /" s~w^dw=f;f;s-—V w» dv dw.

If we assume w=.tv, we may perform this integration by first integrating

with respect to v from to oc , and then with respect to t, also from to

cc. For, to change v and w into v
1
and v

x
t, we have v=vu w=Vi t, and

dv dw dv dw .m ,.m

^Tt-Tt^r 1^"^ t=v
"
whence fo jo^W*1*****

is the integral above given ; while and oc are limiting values of vx and
t, answering to those oft; and w. Now, integrating first with respect to

v„ we have

2P2
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and and cc are the limits both of ?;, and v x (1+0- Multiplying by

t
ydt, and integrating, the original form compared with the transposed

expression gives

' f (* tydt "1

ro+i).r (j/+i)=r
(*.+y+2){J (Tpp^|,

Let 2=£ (1-M)
-1

, which gives and 1 for the limits of z, and we
have finally

J ° ' r(ar+y+2)

which requires, to be finite, that x and y should both be > — 1. Thus
an extensive class of integrals is made to depend on the general factorial,

function, as Vx is called. Tf x——y, which requires y and x to be
numerically <1, we have, r (2) being 1 x T (1), or 1,

r(i+*).r(i—,*):=/»*— (i_ Z)"<fe.

Again, let cr+y— — 1, or, for y and x, write —£+a? and — £-— .r,

which gives

/i2-*
+af (l—*)"

1*^&f=rg
,

+ar).r(i-*)!

This integral admits of being found; for if 2=sin2
6>, it is reduced

(page 573) to 2j**'r
tan

2x
d dd or it : cos (nx) ; which may also be written

thus, by writing J — x for x,

I\rr(l-aO=-^— Cr>0<l). .

sm xir

Let a?— ^, then F (i)=^7r, a result found in page 294, though in a very

different form.

In the integral j+*£-tn dt, let T— u, which does not alter the limits

if n be positive We have then

S;s->*it={ f:
«- if" *-4 r (I)=r (I+i) j^o)

' f"s-t*dt—% ?(%)= % J*, as in -page 294.
"

Returning to the series in page 579, we have

logr(l+T)=-y^+lS2
^-iS

3
J;
3+ i:S4 ^-....

logr.(l-*)= 7^+AS2 ^+ lS
3 ^+ iS4

*4+....;

but T(l+a0 .T (1—x)—xTx.F (l—x)=zirx : smtf.r, whence

logf^—Vs2 **+ J S4
^+i S

6
x6+. . .

.

°\sm7ro?/

logr(l-|-,r):=ijlog7i-r— ^logsin7i\r— yx— ±S3 x
s— i-S

5
<.T
5— . . .

.

Now r(f+*).r(*-*)== (**«)(*-*)? (l+»).F(i--*)

costfs
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and we can thus calculate r(l+i+ 2), or F (1 + lz)whcre x is >£
by means of Y (1+J— z), or r,'(l+^) where x<\- When .i<^ the

preceding series is very convergent.

If we differentiate the last series but one, we have

(.r-
1 - 7rcot7™)= 2(S2lr+ S,r,+ S6 a-

5

-f ).

Turn to the series for cot a? in page 248, and we find (making the slight

change of notation alluded* to in page 553, so that B,= 1 : 6, B 3= 1 : 30,

B
5
=l:42, &c.)

coU^a" 1—

2

BB 1 f-24 B3
—-;—26B3

2 "2.3.4 J

2.3.4.5.6

whence jt'-tt cot?r.r=(27r)
B B 1 ^+(27r)

4 B 3 ^4,— + . . . .

;

2 2.3.4 ,

whence S2„, or 1-+2-+3--+ .. . =\ S&£*S=L-. "

a result remarkable in itself, and useful as showing how to estimate the

degree of convergencyof series in which Bernoulli's numbers are among
the coefficients. For since the first side of the equation has the limit 1

as n increases, if we write for 1.2.3. ...2n its limiting form ^(2^)

.

(2/0
2"+i £

_8",Ve find that B^., and i?i
Sn+i v-2n+i s~2n

continually approxi-

mate to equality as n is increased. Also we have

B„1+1 (2rc+ l)(27i+ 2) n 2—— s= , very nearly, or =:—

,

when n is very great.

A higher degree of convergency is given to the series for logr(l+,r)
by writing it as follows :

iogr ( i + ,)==iiog(^)-iiog(i±f)

+ (1 -y) x-1 (S3-l) x*- \ (S5-l) <-
We now proceed to other properties of T (x). If l/«, a2

,. . . ,a"~ 2

be the roots of x2" — 1= 0, we know that a, a, &c are the roots of

Lr"+ 1 =0, and 1, a2
, a4

, &c. are the roots of x"— 1= 0. Hence Ave have

O— 1 )O- «2
) (x - a*"--) - xn - 1 . For x write x\ divide both

sides bv ^".a.a2
. . . .a"

-1
, and

"*A« JU'2 x)""\a"- 1 x ) V x'

Now a is — 1 : divide both sides by 2"
{»J{— 1)}"; make Jr=£n' (-J)

,

and for a choose the value =""^-1
>, 10 being — -a : n. We have then

sin0sin(e+ - )sinf0+— J sm(d+
1^=- it

J=2-"
+, sinw0;

; .

and various other of Euler's formula; of the same kind may be proved

* Or for B., in the page cited, write Bi for — B 4
write B 3 , for B« write B5 , &c. A

list of the numbers of Bernoulli will be found in the article Numbers of Bernoulli in

the Benny Cyclopaedia.
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in the same way. Now divide both sides by sin 0, and make 0—0,
which a;ives

. 7r . 2tt 3tt
sin- . sin— . sin—

,

n n n

n— 1

n

n

Now consider the function

*«r».r(*+I).r(»+ ?).... r(«+V)
Change co into x+n~ l

, and the second side becomes x^tx, whence
ifs (x-\-?i~

l)—xfx. This is satisfied by n~ nx T (nx), which, when the

change is made, becomes

F(?w?+1), or n \nxY {nx), or a?.7ir"*T (nx)
;

and on the principles explained in page 229, there can be no other solu-

tion unless it be the preceding multiplied by a periodic factor %x, such
that x(j:+] )==^. This factor having been rejected when Fx was
taken as the solution of ^ (x+ l)=x^x, must be also rejected here :

though a multiplier P, which is a function'of n, may be requisite. "We
have then ij/x=P.n~"x F (nx), and P may be determined by making
x~n~l

, which gives

niM=)""Ks
Now F (n: n)=T (1) =1, and tbe remaining ?i— 1 factors maybe

resolved into F/i
_I .r (1—n~ l

), F 2tr\Y (1—2n~ l

) with a middle

term F (^) if n be even, and none if n be odd. This gives

n=2m

/?=2m+l

(2m)-1 P=Um- 1

(2m+l)- 1 P=7rm :| !

TT . 2t
sin— sin —

,

2m 2m
. m—

1

• sin —— 7r If X V 71
"

2tt

2m+l 2m + 1 2m+1

Examine the value above given of n :
2"-1

, and it will appear that it

can be resolved in a similar manner into sin .irrf
1
sin (w — irn~ l

), or

sin
2
.T7i

-1
, sin.27rn

_1
sin (tt— 2Trn~ l

), or sin
2

. 27m-1 , &c. with a middle
factor sin ^ir, or 1, when n is even, and none when n is odd. Hence

n=2m

m=2m-r-l

. , * •

2
2rr

sm~— . sm2 —
2m 2m

,sm tts:
2m

2m
2tt

sin' — .sin^ -,

2m+l 2m+l

92m—

i

m7r

2m+ 1
'

2m+ l

22'"

Extract the square roots of the last pair, and divide the preceding pair by
them, which gives

n—2m, P= it
m-i .2m

-i (2m)i
; nz=2m+l, P= 7r

m 2'n (2m+l)K

Both are contained in P=(2x)iin~i)
.n*, whence

Tx.T[x+~\T
n

,
2\ _/ n-

x+- . . .T x+
nj

= (2*)

n—

l

T(nx).

This equation is useful in reducing the calculation of T(l:n),
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F (2 : ri), . . . . F (n— 1 : n) to the smallest number of applications of the

series for logT^. Suppose, for instance, we want to determine T/j,

FTV . .T\h which we call A„ A 2,. . . .A„. We first have Tx F (l-x)
==v : sin irx, which gives A^,, A 2 A I0 , A3 A9, A4

A
8, A5

A
7,

and A^.

Making ?t=2 in the preceding, we have

Tx F (*+£)= (2tt)* 2*^T2a?

(ky Ar A2) (A 2 A A4) (A3 A9
A6) (A, A 10 Aj) (A

5
A„ A, )

;

and those quantities are bracketted together, between which equations

are thus given. But only the two first are of any use, for A„ is known,
andA3xA 9 ; again, (A4 A 10 , A8 ) is only the same as (A

B
A2 , A*) in

another form, &c. Again, make n= 3, and we have

TxT(x+±).T(.v+%)= 27T.3i-s*T3x, (A A 5
A

9 , A3) (A2 A6
A 10) A6

). .

.

of which only the first is of use; thus (A3 Ar
Au , A9) is the same as, or

may be reduced to, (A, A
s
A9 , A3 ). Collect all the equations, and we

have, T : 12 being 0,

A, Ausr-r-s-, AjAjoS-r^r-, A3 A9=-r^— , A4 ABsin0
3 ' '" sin 20' °"

a
sin 30' *

8
sin 40

A5 A?
———PTjj A

6
— 7r,

sin 50

A
1
A

?
=(2tt)*23A2 , A2 A8

=(27t)*2bA
4 , A l A5 A9

=2ff.3* A3 :

nine equations between eleven quantities ; so that all can be determined
by means of two only. It might appear at first as if we might carrv

the main theorem one step further, and form an equation (A! A4 A7 Ai ,

A4) ; but if we do so, we should find that the new equation is really

contained in the others.

The importance of this function Tx can hardly be over-estimated, and
the progress of the mathematical sciences will probably render its use as

frequent as that of its particular case 1.2.3. .. .(#— 1) has been
hitherto. Legendre has given a table of the values of com. log T (1 + x)

for every thousand part of a unit from x= to x=zl. This is all that is

necessary, if the table be carried to a sufficient number of .figures ; for

Tx= (x-l)T(x - l)— (x-2)(x- l)r(a?-2), &c, which can be continued

until r (x— ?i) falls between 1 and 2; whence Tx can be found from
r (x—n). Again, Tx=x~* r(l+^) ?

which gives Tx when x is less

than unity. The table presently given is an abridgment of Legendre's, and
the last column will enable any one to reconstruct as much more of the

original as he wants.

The value of Tx, considered as fs~
v vx

~l
dv, is finite as long as #>0,

but infinite for #= or -<0. But if Tx be considered as a solution of

<j> (x+l)—x<px, it does not become infinite when x is negative, except
when x is a whole number. Thus

i=r(i)=o.ro=o(-i).r(-i)=o.(— 1)(—2).r(—2), &c. ;

whence T (0) .T ( —1), &c. must be infinite. But .r being >0<1,

Tx=(x - 1) T O— l)= (x—l)(x—2) r O— 2)

= Gr-l)Cr-2)0-3)rO-3), &c.

:
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so that T (x— 1), T (x—2), &c. are not infinite. It must be remem-
bered that many of the properties of Tx have been derived from the

equation, not from the integral ; and negative values given to x, and

used in the series for log T (1 +#) give results perfectly coinciding with

the formulae just given. This point requires further examination.

Tx, the integral, satisfies <p(x+ l)— xcpx, and so does ^r.Tx, £r

being any function which satisfies £ (x+l)= £r; for instance, £r may
=cos27i\r. The series for log T {x+1) was derived entirely from the

equation ; how then do we know that this series represents Tx, and not

cos 2-irx.Tx, or any other solution of the equation?

We should answer this, ifwe remember that the condition Tx T (1— *r)

=7r : sin 7rx is derived from the integral alone, if we could show, 1 . That no

other solution of the equation will satisfy this condition ; 2. That the

series obtained does satisfy this condition.

If possible, let t,x.Tx satisfy the condition; then since Tx also satis-

fies it, we have £x t, (1 — x)= l, an equation which can only be satisfied

by the form P2*-1
, where P is a symmetrical function of x and 1 — x, or a

function of a'+l

—

x and of x (1

—

x), or of x (1

—

x) simply; so that

changing x into 1— x does not alter P, and changes 2x— 1 into 1

—

2x.

Let log Ps=0 (#— a?
2

) ; then since £#=£ (&'+ 1), we have

(2a;— 1) (x -x*-)— (2x+ 1) (—x— x*).

Change the signs, and both sides become integrable, giving t
(x— a;

2
)

— 0i (— x ~ *2
)> which, if it can be solved, determines Lr, and thence

q>x, and thence (2x— 1) (x — a 2
), or log.P 2*-1

. The calculus of

functions does not give any reason for supposing that this equation

cannot be solved, though no solution has been attained ; and therefore,

so far as we have yet gone, we fail in showing that the series for Tx is

that particular solution of (r+ 1) =r x$x, which Legendre and others

have assumed it to be. There are plenty of solutions which coincide

with jy~" v
x~l

dv, when x is a whole number, but not when x is a

fraction. For example,

1 + COS2 2liX . | , , , OS/* .TO
.

—--— \s~v vx^dx, (I—cos 27r.r+cos
'2
2ttx) i s~v

v
x~ l

dx, &c;
2 + sm'2 2tcx j

.

any one of which may, for anything to the contrary shown in the method
quoted from Legendre, be the function whose values have been tabulated

for those of $s~v vx
~ l

dv.

By the following method, however, I find that the series for log T (1 +x)
may be deduced entirely from the integral, without any reference to the

equation <p (x+ l)=X(px. Take T (x+ I)=fs~v
v
x
dv, (the limits

and cc always understood,) and remember that if is the limit to which

(1 — s~av
)
x

: ax approaches when a is diminished without limit. If, then,

we find fs~
v (1

—

B~av
)
x dv, and then divide by ax, and diminish a with-

out limit, we see F(a;+1) in the limit attained. Let £
_™=y, which

changes the limits to and 1, giving (page 580)

,^ rcr+i).r
/

V
Let 1 : a=&, whence T (x4-l)= T (x+l).Tbbx+l :T(x+b+V is an

«r(»+i+i)
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equation which approaches without limit to truth as b is increased without

limit; or Tb.bx+l : T (#+6+1) has the limit unity. If, then, 6 be a

whole number, we have

(r+6)0+ 6-l)Q+6-2),... (x+ l)T(x+l) u

(A-i)(6-2)....i.6-+i
has thc hmit mn[y :

or log r (1 +x)= x log 6 -log (l+^-logU+l )
—log (l+f)

continued ad infinitum. Use the logarithmic scries, and we have

-i(i+ ....4>-—
provided 6 be increased without limit. This gives (y being as in pace
578)

logF (1+x)——y^+ i S2 x
2— i S3 x 3+ .... as before.

We also find, when 6 is considerable, the means of calculating ap-
proximately (a?+ l)( tr+2) .... (.r+ 6) for all values of x from > — 1,

by means of

O+l) Cr+ 2). . ..(a+ 6)^6aj^±12 very ncariy .

It will be convenient here to introduce some theorems by which the

preceding results will be confirmed. It is required to expand £*+£"*

and s— s~
x
into products of an infinite number of factors. Let w=7r : n,

and it is known that

x*n+ a2„_ ry __ 2ax t CQS J^ + as
| [fWJ .

[-5w] .... r^Y^ <*

1

x2n_a 2,,= | a;
2_

2cfa;
, j-cos w-j+ aa j

j-2o^ _
r^j.

. . . [n— 1 . w] x O2— a=

) ;

whereby [|w], [|-w], &c. we mean the repetition of the first factor with
|w, |w, &c. instead of ^w, &c. For a? write 1 + a;: 2/?, and for a write

l—o?: 2«, and we easily find

T
2«J V 2nJ\ In) \ 'In

= 2 a-coS a)(1+^>)
remembering that (1 + cos 0) : (1 — cos 0) = cot

2
i 0. For n write tt : w,

and w,e readily obtain

cot
2 h Pa

0==a« gives 5- =-r^ J
where Pa= (law) 2

: (tan kw) 2
.

4?r a2 ir

And for a;
3—

a

9 write [ 1 +~) — (

1

—£-
)

, or 2—

.

\ 2»y \ 2«y ?t

Substitution cives
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'In— 1

1 +
2n

+ 1
x

'2n

>{l»cos[lw]}[fw ][4W].. x

l+ :̂
fPiiirPa
[i (2n"-Tj2J

in which one factor of each set is written down, and the part which is

altered in the other factors being in brackets, the alterations necessary

to make the other factors are adjoined, also in brackets. This notation,

with which I do not feel quite satisfied, is here used merely to show how
much some such notation is wanted. We have also

2""1
{ 1 -cos [«]} [2w] [3w] . . . [n— 1 .«] X

Hn-&i^4m
Let £=0 in the first ; 2=2" {1—cos [*&>]} [fw]

.

"n—1

L<n-i)\

2n-l

Divide the second by x, aiid make a;=0, which gives

l=:-2"- 1 {l-cos[w]} [2w] [3w] [ra-l.w].

Substitute, which makes the first and second become

l ^ 7T
2

l
2

2a?il+-

rPii
}

~p
3n rp.r

i
2 32

5
2

« t • •

p.

}

Pa Pa

[_p_ _22
_ _32

_

_ (2/1-1)'

IP-I
(n-l) S

Increase 7J, and diminish w, without limit, and equate the limits of

equal quantities which gives an infinite number of factors in both pro-

ducts, and the results, restoring the common notation, are as follows :

1+K)
4X 1

1 +
4x*

25^
1 +

4j;
2

49t?

e-- ff-=2* 1 + -T 1 + T-, 1+TTF 1 + 77-5
4tt

:

9ir
2

For <r write xj(— 1), and we deduce

4*2
cos,z= 1 -

7T
2 9T2

4*a

25ir
s

16tt
s

49W
™*=*(i-^)(i-£ l—

9tt
2

1-
167

results which can be easily proved by the theory of equations, provided

it be first shown that sin x and cos x have no impossible roots, to intro-

duce other factors. This can be readily shown, for if sin x had an im-

possible root, s* — g-^would have either a possible root, (which, except

x=0, it cannot have,) or an impossible root of the form a+ b*J(— 1)

which it cannot have, a and b being finite. I know of no results better
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calculated to establish confidence in widely extended chains of algebrai-

cal deduction than these formulae, which can be verified to any extent by

actual calculation. Take tbe logarithms of both sides, and expand by the

common logarithmic series, which readily gives (?„ being \ + 3~n+5~"

+ •'-)
3b OC OC Oft

i ( * S-« x\l **4.q * +*
*"

+ .

Write ra; for x in the second series, which then agrees with that in page

580, deduced from log T (1 +x) : compare the first with page 253.

The values of Tx are found from the following table :

a. Common lo
(
?r(i+«). A(- )• A2

(+). A8
(-)

00 000 000 000 000 250 324 559 713 343 1039 841045084
01 997 528 730 659 243 237 587 703 070 1014 SS428S229
02 995 127 871 989 236 252 129 693 065 985 327541762
03 992 796 420 889 229 365 528 683 323 961 764805228
04 990 533 400 409 222 575 220 673 830 935 409732884
05 988 337 858 790 215 878 738 664 580 911 184228633
06 986 208 868 556 209 273 702 655 562 887 860286311
07 984 145 525 635 202 757 818 646 770 866 531955216
08 982 146 948 534 196 328 874 638 197 848 328963018
09 980 212 277 540 189 984 731 629 829 824 249654297
10 978 340 673 962 183 723 330 621 667 806 419954217
11 976 531 319 409 177 542 679 613 699 787 430985220
12 974 783 415 092 171 440 853 605 919 768 634998532
13 973 096 181 165 165 415 996 598 322 749 973419865
14 971 468 856 086 159 466 309 590 901 732 016644088
15 969 900 696 012 153 590 056 583 652 717 251788331
'16 968 390 974 219 147 785 556 576 567 700 874339984
•17 966 938 980 539 142 051 183 569 642 684 490873511
•18 965 544 020 828 136 385 362 562 870 666 055210976
•19 964 205 416 457 130 786 570 556 249 652 428975520
•20 962 922 503 814 125 253 332 549 775 642 777250006
•21 961 694 633 839 119 784 217 543 439 627 514006862
•22 960 521 171 565 114 377 841 537 240 613 209675240
•23 959 401 495 687 109 032 859 531 172 600 876523199
•24 958 334 998 144 103 747 971 525 232 586 653227176
•25 957 321 083 716 98 521 914 519 417 575 522105863
•26 956 359 169 640 93 353 463 513 723 563 111778333
•27 955 448 685 234 88 241 427 508 146 554 988955233
•28 954 589 071 553 83 184 656 502 680 539 988652429
•29 953 779 781 029 78 182 029 497 328 531 86853503S
•30 953 020 277 150 73 232 457 492 081 519 983724129
•31 952 310 034 141 68 334 883 486 937 508 964562398
•32 951 648 536 655 63 488 283 431 897 501

: 775732149
•33 951 035 279 481 58 691 656 476 951 487 i 083844304
•34 950 469 767 254 53 944 033 472 102 4S0 - 689545349
•35 949 951 514 191 49 244 477 467 349 472 060846540
•36 949 480 043 811 44 592 065 462 684 462 1 299896544



DIFFERENTIAL AND INTEGRAL CALCULUS.

a. Common log r(l+a).

949 054 888 692
948 675 590 223
948 341 698 363
948 052 771 411

947 808 375 789
947 608 085 823
947 451 483 542
947 338 158 474
947 267 707 452
947 239 734 430
947 253 850 302
947 309 672 726
947 406 825 958
947 544 940 683

947 723 653 862
947 942 608 575
948 201 453 875

948 499 844 642
948 837 441 447
949 213 910 410
949 628 923 078
950 082 156 289
950 573 292 058
951 102 017 450
951 668 024 467
952 '271 009 938
952 910 675 402
953 586 727 102

954 298 875 428
955 046 835 712
955 830 327 238
956 649 073 596

957 502 802 498
958 391 245 692
959 314 138 872
960 271 221 596

961 262 237 206
962 286 932 741

963 345 058 874
964 436 369 818
965 560 623 269

966 717 580 322
967 907 005 412

969 128 666 241

970 382 333 711

971 667 781 864
972 984 787 816
974 333 131 699
975 712 596 599
977 122 968 499
978 564 036 225

A( + ). A«(+). A3
(-).

'

39 985 904 458 106 454 201097945
35 425 131 453 615 447 322209087
30 908 899 449 205 436 652522018
26 436 388 444 878 429 687543439
22 006 796 440 630 421 287886544
17 619 343 436 457 414 040918867
13 273 272 432 360 407 443421009
8 967 844 428 336 400 858472532
4 702 338 424 382 392 000889575
- 476 052 420 498 385 343201288
+ 3 711 698 416 682 378 884654421

7 861 580 412 932 374 000880666
11 974 244 409 244 365 543314829
16 050 324 405 620 359 978666453
20 090 439 402 057 353 249100987
24 095 193 398 554 348 756444511
28 065 175 395 109 342 209998776
32 000 961 391 720 337 464251221
35 903 111 388 386 331 728959674
39 772 173 385 108 327 336131229
43 608 683 381 881 319 007787657
47 413 165 378 705 313 445113209
51 186 126 375 583 311 078985765
54 928 068 372 507 305 354322110
58 639 478 369 481 302 981687874
62 320 830 366 501 296 546314320
65 972 593 363 567 291 109161758
69 595 221 360 678 287 665453432
73 189 158 357 833 283 292378297
76 754 840 355 031 279 678567354
SO 292 693 352 271 274 333130399
83 803 132 349 553 269 199868758
87 2S6 569 316 873 266 546155304
90 743 396 344 234 261 020108097
9-1 174 007 341 635 261 640756556
97 578 784 339 070 252 614502311

100 958 099 336 545 250 018007878
104 312 320 334 056 249 450634634
107 641 S03 331 602 245 233131101
110 946 901 329 182 241 990889787
114 227 956 326 796 237 576474445
117 485 306 324 443 232 342140111
120 719 280 322 124 230 008088978
123 930 201 319 836 226 857575364
127 US 386 317 580 224 343322212
130 2S4 146 315 354 221 019009970
133 427 784 313 158 217 886694756
136 549 598 310 992 214 554433431
139 649 881 308 856 214 022119118
142 728 920 306 747 210 999789865
145 786 995 304 667 209 576556363
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«. Common log T(l-l-«).

980 035 591 388
981 537 428 333•89

•90

•91

•92

•93

•94

•95

•96

•97

•98

-99

1-00

983 069 344 086

984 631 138 300
986 222 613 211

987 843 573 586

989 493 826 67G
991 173 182 172

992 881 452
994 618 451

156

063
996 383 995 632
998 177 904 868
000 000 000 000

101

391

A (4-).

148 824 384
151 841 355
154 838 173
157 815
160 772
163 710 296
166 629 061
169 528 926
172 410 131

175 272 906
17S 117 481
180 944 079
183 752 920

A'(+). A-'(-).

302 612 205
300 585 203
298 585 201

296 608 195
294 659 194
292 733 189
290 832 187
288 957 187

287 103 184
285 273 182
283 464 177
281 679 177
279 916 175

334233121
920001726
797968596
755645453
334141222
481108271
989868785
577554545
434333222
203921811
271616069
694956665

The explanation of this table is as follows : it is an abbreviation of

that of Legendre, in which the values of common-log r (1 -\-a) are given

for all values of a differing by ' 001 of a unit from a= ' 000, through • 001

,

•002, &c. up to 1 '000. Out of this table every tenth value has been
extracted, namely, those for - 00, *01, &c, up to 1*00; and the deci-

mals of the logarithms are given, omitting the characteristic, which is

always — 1, or 9, if — 10 be understood. But the differences attached

are those of the original table; significant figures only being retained,

and twelve places understood. Thus, opposite to a='22 we find

— •000 114 377 841,notlogF(l-23)-logr(l-22),butlogr(l-221)
— log r (1*220). Since the fourth differences in Legendre's* work
(which is not very commonly met with) only differ in the last places, the

row of figures following the third differences has been added, which gives

the last figures of the fourth differences for the omitted rows of the

table. Thus opposite to "46 we have 385, say '000 000 000 385, for

the fourth difference, followed by 3, 4, 3, 2, 0, 1. 2, 8, 8, which means
that the nine fourth differences next following 385 are 3S3, 384, 383,
3S2, 380, 381, 382, 378, 378. Thus the decad which begins with "460

may be reconstructed, as it is in Legendre, and the row which follows

•46 in the preceding table verified, as follows :

—385 420 498 — 476 052 947 239 734 430 •460

383 420 113 — *55 554 947 239 258 378 •461

384 419 730 + 364 559 947 239 202 824 •462

383 419 346 784 289 947 239 567 383 •463

382 418 963 1 203 635 947 240 351 672 •464

380 418 581 1 622 598 947 241 555 307 •465

381 418 201 2 041 179 947 243 177 905 •466

382 417 820 2 459 380 947 245 219 0S4 •467

378 417 438 2 877 200 947 247 678 464 •468

378 417 060 3 294 638 947 250 555 664 •469

416 682 3 711 69S 947 253 S50 302 •470

* Traite des Fonctions Ellipliques et des Integrates Eulerieuues. Paris, 1S26
Also Exercices de Galcul Integral. Paris, 1817.
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I have chosen this decad for reconstruction, as it contains the mini-

mum value of r(l-l-a), which answers to l+a=l -461" nearly, or

to 1 -4616321451105 : the logarithm is 9-94723917439340*
The values of Ta, when the denominator of a is 12, being frequently

useful, their logarithms are here inserted, with those of T (! + #)•

a. log Ta. log r(l+a).
1-1 2th 1-06067 62454 1387 9-98149 49993 6625
2-12ths 0-74556 78577 5330 9-96741 66073 6966
3-12ths 0*55938 10750 4347 9-95732 10837 1551
4-12ths 0-42796 27493 1426 9-95084 14945 9460
5-12ths 0-32788 12161 8498 9-94766 99744 7338
6-12ths 0-24857 49363 4707 9-94754 49406 8309
7-12ths 0-18432 48784 0648 9-95024 16723 7311
8-12ths 0-13165 64916 8402 9-95556 52326 2834
9-12ths 0-08828 37954 8265 9-96334 50588 7435

10-1 2ths 0-05261 20106 0482 9-97343 07645 5719
ll-12ths 0-02347 73967 1089 9-98568 88358 2149

When in the integral fs~" v
n
dv, the superior limit is not cc, but r/,

series or continued fractions must be had recourse to. The following

series may be easily obtained from integration by parts

:

J° r
I

dV~^T V +n+2 +
(/H-2)(

+

2) (?i+3)

a" i

(w+2)(n+3XH~4)
+ *

'
* *

1

n n(ji—Y) n(n— l)(w— 2)
J

[ a a°
+ ....}.

The first is always convergent, the second always divergent ; but the

convergency of the first is slow if a>l, and the terms of the second

(which gives the integral in finite terms when n is a whole number)
become alternately positive and negative if n be fractional ; so that, if a

be great enough, the principle in page 226 may be applied. One
method of reducing the latter integral to a continued fraction is as

follows.

Assume /" s~v
v
n dv=r* vnY, f

v e- vn dv—T ( 1 +?i)- s~v vn V.

Differentiation gives s~
v vn=s - ns~ v v"'1 Y+ s

v
v
n Y—e-v v

tt

Y',

or vY'—(v—?i) V

—

v.

Consider the equation vY'=(v— a^) V—v+ bCV2
, divide by V2

, and
make 1 :Y=l + k l V l :v, which gives

vr
v+ bA l+h-v.h—r--(v-al)t

K
l + k l

-

vY'l=(v+ a l+ 1) Yx-
bj~ v+kiVi

fCi

Let k^bt—

a

l} bs=k1} «2=— («i-f-l)> and we have
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an equation resembling the preceding, in which if wc make 1 : V,

= 1 + /cgVa : v, we shall get another equation of the same form by making

ksz=bz—

a

s, bz—k%, as— — (a2+ 1)- Go on in this way, and it is obvious

that we have

1 1 k x
v~ l

1 kx v~
l t2 v~

l ks v-*

l+k
l
v~ l V l 1 + l+ Ar2 u-

x V2 1+ 1+ 1+ 1+ &C.'

using a recognised notation for the continued fraction ; that which

follows each + in any denominator being printed as a factor, to save

room. To determine the law of kn k2i &c, remember that a^—n, i
t
— 0,

whence we have

4 5 6 7 8 &c.

n — (ti+1) n — (ti+ 1) n — (n+l) n — (n+l) &c.

—n 1 1—w 2 2—n 3 3—71 &c.

-7i 1 1—n 2 2-n 3 3-w 4 &c.

y.„ , 1 1 nv ' v ' (1

—

?i) v
or fu s"

v vndv=£- v vn
r
=£- v

v
n - — -— ^-—f—

J "

, nv-1 1— 1+1+ 1 +&C
l + v-

1 + &C.

which converges rapidly when v is large.

I leave the following* to the student

:

JaS at ~2a 1+ 1+ 1+ 1+ 1+ &C. \
q~2a*)

em . Tj-
1 it 1 2v~ x 2v~ l 3v~x 3v~l

£»/„S MogU efelog»+— — _ — — — &c-

Before proceeding further, I touch upon the general question which
the consideration of Toe has raised, namely, that of the interpolation of

form, as, according to the suggestion in page 543, it might be called.

When any process is constructed by successive operations, n in number,
the result is a function of n ; that is, depends for its value on n, and
changes value with n. Nevertheless, this function is not imaginable

when n is fractional, for there is no such thing as going through a

process more than n times, and fewer than n+l times. Students,, how-
ever, are apt to confound going through a process with a fraction, and
going through a fraction of a process : and many figures of speech favour

the misunderstanding. Thus it would not be a violent use of language

to speak of multiplication by 10 as being the operation of multiplication

by 4 performed twice and a half; whereas three multiplications are

performed, two of them using 4, and the third ^ of 4 ; this third multi-

plication is not the less a multiplication because its multiplier is one
half of preceding ones

; just as a house is not the less a house because it

has only half the size of another.

* The values of the first of these integrals, though all important in the theory of
probabilities, are of little use for general purposes. They will be found (reprinted

from Kramp) in my article on that subject in the Encyclopaedia Metropolitana.
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Let there he a function of x which is 1 when a?==l, 1 + 2 when x=2,
1+2 + 3 when x=3, and so on: what is it when x=3^? Here x
means, when x is a whole number, the number of terms in a series

;

we have no right whatever to say that 1 + 2 + 3+ 3^ is the value of the

function when x= 3^, for the additional term is not the less a term
because we make it 3g instead of 4. There is not then any direct

mode of deciding upon the value of (fix when # is a fraction, because

(fix—. 1 +2+3+ .... -\-x when x is a whole number. If, however, we
write ^x(x+ l) for 1 +2+3+ . . . . +x, we see that the new form is

intelligible when x is a fraction. The question now is, how far we are

justified in asserting that (fix—\x (x+ 1) must be true when x is a

fraction, because it is true when x is an integer ?

The sole condition necessary to determine 0.ris (x-\-l)— (px-{-(x+l),

nor even this universall)', but only when x is integer. If, then, tyx and
yx be two functions the first of which is always unity and the second

zero, whenever x is integer, we have

(fix— ^x (x+ 1 ) . fx+ Px^,

where P may be any function whatsoever, provided that Pyx and yx
vanish together. For instance, Jjx (£+l).cos 27i\r + P sin 2iix satisfies

every condition. Nor is this the most general form, for the following

will do equally well

:

4>x—f(±x(x+I), x),

provided t\mtf(z, a?)— z when x is a whole number. For instance,
j

4>x={& (x+ 1 ) Y*. f,x+ Px*,
where ty^x is of the same kind as fx above described.

Again, if 0.r=l—2+ 3—4+ . . . . + x when x is a whole number, we
have for one solution (fix=^ {1— (2#+l) cos 7f:r}= z, and for a general

solution y=f(z,x), where/(i, a:) == ~ "when x is integer. The general

problem of interpolation of form is therefore doubly indefinite, every

solution involving two distinct sorts of arbitrary functions.

The ends of mathematical analysis are best answered by selecting from
among this mass of interpolated forms certain of them for particular

consideration. The first limitation is made by requiring that the form
selected shall not only satisfy the functional equation when a? is a whole
number, but also when a? is a fraction. This reduces the two arbitrary

functions to one: thus, in the first example, taking (j?+ 1)= (a?)

+x+ 1, and assuming (fix=^x (x+ 1) +^r, substitution gives i//- (x+ 1)

z=\lfx as the sole condition for determining tyx. The most general

answer which the present state of algebra will allow of is fx=f(cos 2itx),

where fx is any function of which the operations do not require the

inversion of cos 2t?x ; any function, in fact, which remains periodic as

long as its subject is periodic. It seems, then, that every solution of

such an equation as (x+\)= <f>x-\-ax, ax being a given function of x,

may be separated into two terms, one not generally periodic, the finding

of which is the only difficulty, and the other periodic, its period being a

unit : the latter may, without hurting the solution, be changed into any
other of the same kind. This non-periodic part of the solution is some-

times treated as if it were the only solution ; that is to say, all series or

developments derived from the equation are considered as equivalent

forms of the non-periodic solution, which may or may not be the case.
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Let this non-periodic solution be called the principal solution. It must,

however, be remembered that this principal solution altered by any con-

stant does not cease to be a principal solution ; so that nothing but the

accession of the variable and periodic term can deprive it of that

character. If then P and Q can be shown independently to be principal

solutions of (x+ l)=0x+ aa,

)
we may not affirm that P=Q, but that

P=Q+ C, where C is a constant.

The function a (l) + a(2)+ . . . . +a (r— 1), is l.ax (page 82)
which may be considered as the general representation of the function

which, when x is a whole number, and then only, represents the sum of

the series above given : it is a principal solution of the equation

<P(x+l)=4>x+ <xx ; and we consider la as a common functional

symbol. It is then easily shown that (2a)',r is a principal solution of

(x+l)= (f)x+ <zx, and so on. Having shown then that Tx=
fs~" v*~ l dv is a principal solution of (x-\- l)=j:0r, we now know that

log r# is a principal solution of (jr-{-l) = 0.r-l-log r, and must there-

fore be the general form of Zlog(.c). Similarly, log Pr being written

At, we find that A'x is the general form of 1x~ l

, —A''x of Saf"
8
, ^A'"x

of 1x~3
, and generally (— l)

n+1 (rw)~x
.Atn\c of 1x~", ji being any

positive whole number.
Let us now consider 2.r

-1
independently. It is easily proved by

expansion and integration, that (x being a whole number)

1
-i+2-l+3-1

-r-. . . .-f (r-1)-
1^

f

'
]^—dv,

J o i — y

and the integral is intelligible when x is fractional. This integral is a

principal solution of (,r-f l)=z<fix+ x~\ and so is P'.r : Tx or A'x,

whence Ave have

A'(l+ *)= i
du+C.

J n 1 V

To determine C, make x—0, which gives, by the series in page 5S0,

A'( i) — —y, and the integral obviously becomes nothing, whence we have

A'(l+*)= C~—dv-y (y=- 5772156649....);
J o 1—

«

which affords a ready mode of finding the last mentioned integral, since

A'(l+:r) can be found from the table by means of the differences; it

being remembered, however, that as the logarithms of the table are

common ones, the result must be divided by the modulus •43429545 . . .

Integrate the last equation with respect to x from x=0,

A (l + x)- \- +- :
\ dv-yx.

J 1 1 — v 1 —vm log V J

Make x=l, and A (l+x)=log r(2)=0, whence

a form frequently used. I leave the following to the student :

1 x—l 1 a— 1 x-2
A'(l. + x) —x—- x —-- + - x

2 2 3 2 3

2Q
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Since A'(x) is a principal solution of (x+1)= (fix+ a?
-1

, it follows

that —A"x, A'".!?: 2, —Aiv#:2.3, &c. are principal solutions of

(x+l)~(px+os~n
for w=2, ra=3, ?i=4, &c. But S.aT" is a prin-

cipal solution of this equation ; whence we find the general function

2if" by the equation

ir- (-ir A
; +c.

2.3. . . (7i— 1)

Write l+x for .r, and for A(l + #) write its value — yjr-r-^S2 tf
s

—4-S3 #
3+&c, which gives

n4-l
2 (1 +a?)-^=C--S„+nSB+1 x—n -±-S„+2 *

2
-f- . . . (rc>l)

Make ,rt=0, then since 2 1~2=0, we have C=S„, or

2 (l + J;)-
n=n$n+1 x—n—- S)1+2 o;

9-r-?i— —— Sn+a a;
3-

(S '

fl /SO
Let #=1, which gives, S3-* being 1,

i c n+ l v ,

=
„ w+l n+8 a

l= ?iSn+1—w —— Sn+2+n— — S„+3—

But 2~"=:1—n+^w(?i+l)—&c, whence

2-"=w (Sn+1-l)-n ^±i (S„+2-l) + . . .

.

These last two equations may be verified in various ways. From the

integral form for A'(l-f x) we also obtain

J o 1—

w

2J 1 — 1>

and so on. The series for A'(l + #), &c. maybe verified in a par-

ticular way, as follows.

Let Sax be the general form of the function which when a? is a whole

number becomes « (x)-\-a (jr+ l)+ &c. ad infinitum. This function

is then a principal solution of ty (x-\-Y)-=."tyx — ax\ again, 'Lax being

a solution of (x+ l)=<frx+ ax, we find that <fi (x+ l) +y (x+l)
= 0.r+ i/i\r has Lax+ Sax for one of its principal solutions. But this

equation being of the form £ (x-\- l)= ^x, can have no principal solution

except a constant, all its variable solutions being periodic. We have

then lax -{-Sax—C, and C may be readily determined when a (0) +
a (1)+ .... is convergent, by making x any whole number ; in which
case Lax+ Sax becomes a (0) + « (1)+ . . . . ad infinitum: so that,

representing this series by S« (0), we have

Lax-\- Sax=.Sa (0).

But when the series is not convergent, still Lax and Sax may be finite

functions: thus when ax—x~*, Sa (0) maybe the constant y (page

578) which occupies the place of 1 +^+i+ • • • • ad infinitum^ and looks

like a sort of algebraical equivalent of it. This point may be further

elucidated as follows. Let us take
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S(l + a0

-1= + = +——+v
' x+1 ^x+2 x+ 3

The arithmetical value of the second side is unquestionably infinite,

whatever the value of x may be. Now let x be less than unity, and
expand each of the terms in powers of x, we have then

S(l + x)-1= l+ ±+±+. . . .-S^x+^x*- . . .

.

The first term of which is infinite, but all the others finite ; and even

(if tr<l) forming a convergent series. Now since Sx~ l
altered by any

constant is still a solution of "^ (x+I)—i{/x— a?
-1

, and since the value

of that constant is altogether immaterial, strike off the constant

l+i+ . . . . , and it appears that —

S

2 #+ S3 o;
2— . . . . is also a solution,

whence

2 (1+x)- 1—S^+ Sbo;
3 - =C.

And since 2 1
-1=0, we find by making x—0 that C=0, or

2 (1+ x)-1- S2 x- S3 x*+ S4 x
z— .

.

.

.

If, however, we choose A'(l+#) for the principal solution of

(x+l)=cjix+x~1

, we have A,(l+x)zz?Lx~1— y (page 593), whence
we get

A'(l+ a0+ r-S2 #+S3 tf
2 = 0, A/ (l + .r) + S(l+a;)-1=-y;

in which, if the distinction between principal solutions differing by a

constant be forgotten, we might imagine* we see 2 (l+a;)
-1+S(l+,r)~1

=—y ; that is, —y in the place of l + i+T+ * • • •

Let it now be required to generalize the function

^a+bx a a+ b a+ 2b a+b (x— 1)2—— , or - + —— + + . ..H ;

—

-,—-r-r,

p+ qx p p+ q p+ 2q p+q(x—l)

supposed to vanish with x. This is obviously the integral of av"" 1

4-(a+&)V+*-1+ . . . . + {a+b (x— 1)} vv+q (*_1)_1 from v=0 to v—1.
This last series being summed, gives for the function

For vq write v, which, q being positive, does not alter the limits, and we
have, writing for 1 : q,

f I-V Jo (l-«)

The multiplier of dv in the second integral is easily found to be

y^Xdiff. co. of (v—

v

x
) : (1— v) ; integrate by parts, taking the in-

tegrated term between the limits, and we have

* I think Legendre has very obviously fallen into this misconception (Fonctions

Elliptiques, vol. ii. p. 429), but it has led him to no false results. Indeed it is

obvious that confounding ' A may be written for B' with ' A is equal to B,' though
it must affect the logic, may not affect the result, of a process/

2Q2
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rt\ -I ^ f% x

ie(x-Y)+aQ\ T— v*
9-1 dv- bpd1

l—~ v^-1 dv
i J ol—v J 1-v ~

If we consider Hlx
-1

as a known function, we have
]

/- do— dv— dv—1. —rr-2 r. ,

o
1—» Jol— v J 1-v n+ l m+1 _

Apply this, and the preceding becomes

69 O- 1) +fl0 [
2—I

2—^-totf2 (2 —^ 2 ——\ .v }
Xj pe+x PdJ

l

\ pd+x pd+ij .

For 2 (pQ+l) -1
write its value 2 (pd)~ l + (pO)~\ which gives finally

Z
a-±^= hdx+e(a-bPd){z :-* £±1.

(There is a remark which it is here essential to make, to prevent the

student from transforming expressions of the form 2a„r, generally con-

sidered, in the same manner which he would have done when they stood for

no more than simple summations. If we consider 2. px and p 2#, we
see that both mean the same thing if 2 . px merely stand for p . 1 +p . 2+
.... -j-p (x— 1). In this case x is the index of the extent of summa-
tion, and p a multiplier in each term. But if 1,.px be a case of 2#, and
ifpxbe a whole number, the symbol means 1+2 + .. ..+(px— 1),

which is altogether a different thing. We might easily make them dis-

tinct either by appending the index of the extent of summation to the

symbol 2, which would make 2X px = p 2* x evidently true, and
^Lpx px—py,xT evidently false, or else by putting the index of summation
in parentheses. Thus, x and a being whole numbers,

_ 1 1 . 1 ^,111 1

a+ (x) a ' a+x—V («+.r) 12 a +x-V
'1 " 1 1

which then gives 2——,—=2 7—;—r—2 7-r . ,

«+ (x) («+ #) («)

Both methods have inconveniences ; a third is to use a specific

symbol for each form of 2, as we have done in making A (1+x) or

logr(l+ #) the representative of the generalized function of log 1

+ log2+ . . . . +log (x— 1). Thus Abel uses IjX to signify the func-

tion which, when x is a whole number, becomes 1~ 1+ 2~ 1+ . . +(x- 1)
_1

.

We have, however, a symbol for this function in A'x— y.)

If in the last equation we make a—\
) 6=0, we have

J^n=iA'f
£++iA'"f

£
p+qW q \q J q \q

When tyx satisfies $ (x-\- l)=r cjjx+ ar, it is obvious that ftjrxdx
satisfies <p („r+ l)= 0:c+ faxdx. Consequently, multiplying by q, and
integrating, we have

2(log{p+ g(T)}+ C)=A(-^+*VffA'^--A-^+ C,,-'
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in which the second side is corrected for the supposition that the value
of the general function may become C t when #=0. It may here appear
difficult to see why the constant is retained on the first side, while the
second is corrected ; but remember that the last equation was not
obtained from the preceding by integration only ; but that there are two
distinct introductions of arbitrary constants. If lfrx satisfy 0(^+1)
= 0.1- + ax, then fty xdx, that is, "^l tf+C„ satisfies (x+l)= 4>x+<x

1x+C
Here C^ may be determined without reference to C ; for it disappears
entirely when Vitf+ Ci is substituted for 0j, while C remains dependent
upon the manner in which Y^x and a\X were obtained. Now, remem-
bering that £C in its most general form is C (x— 1), the preceding
gives for the function which becomes p (p+ q) • . . (p+ q (x— 1)) when
# is a whole number, the value

£
c+Cl £

-(c+Ai> r(y:g+g> rQ>:g+j)
T(p:q) V(p:q)

'

For since the first is to be p when g=l, and p (p+ q) when a?=2,

Cl-A'Lp p
g i -—p, or Ci—A l-=los,q

q
l

q
&7

e
Cl"C"aA

'^-(|+l)=p(p+g)s orC1-C-2A'|==2loggi

whence C 1+ C=0, C+ A -=— logo, from which the asserted result is

easily obtained.

This conclusion might apparently have been obtained more easily, as

follows. Let x be a whole number, then

V (P+q)-- • {/>+? 0-i)}=9*.£ (|+i).
• • (!+»-*)

_ t
r(p:g+ .r)

7 r(p: 9 )

'

Why not then assume that the second side, which is always intelligible

when x is fractional, is the function which gives the first side when x
is a whole number ? With our present knowledge of the function T,

and applying the doctrine of principal solutions to the equation

(x+ l)— (fix+ \og(p+ qx), I doubt if there would lie any solid ob-

jection against such a proceeding ; but I prefer, in the first instance, the

actual deduction of a definite integral which represents the function

required when x is a whole number, for I think the habit of making the

passage from whole to fractional values a purely arbitrary process is

likely to lead the beginner to do it Avhen he should not.

The most striking use of the interpolation of form is in its appli-

cation to the symbol of differentiation. I do not intend to go folly

into this unsettled subject, but only to supply some general considera-

tions which may be useful to the student of this work in reading the dis-

cussions which have been written on the subject.

Let an equation (p(n-\- 1, x)= T>4> («, .r) exist, where D means the

operation of differentiation with respect to x, and let the equation be

true for all values of n. For instance,
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(n, x)— an s"*, (n, x)= F?i . (— 1
)" or", (rc, a?) =r cos f a?+ n ~

J.

Let 7i be a whole number; then (l,:c) = D0(O,a:), 0(2, a;)

=: D0(1, a?) = D?0(O, #)» and so on; whence (to being integer)

0(w, #)=D"0(O, x), or 0(n, #) is nothing but the nth diff. co. of

(0, a?) with respect to x. Are we then to infer that it would be proper

to define the solution of (?i+l,o?)=D0 (?*, x) to be for all values of

x
t the differential coefficient of (0, #) ; are we, for instance, to take

D 3 s
x=.n3

s
x
, D 7

cos a?— cos [
x—- - 1, &c. ?

On the answer to this question there has been some difference of

opinion, such as we have seen might arise if different solutions of the

same functional equation were represented by one symbol.

Let <*! (n, x), a2 (n, #), &c. be solutions of (w+ l,#)= D0(n,.2),

and let fai, £2w, &c. be periodic functions satisfying £,(n+l)—'t;n, and
vanishing when n is a whole number (such as sin 2irn). Let x in, x)

be another solution, and let En be a similar periodic function, which

always becomes 1 when n is a whole number, such as cos 2%n. If then

we examine

X (ra,a?).#n+a
1 (w, #).£•, ?i+a2 (rc, a?).^+ (x),

we readily see that a change of n into ?i+ l is equivalent to differentia-

tion with respect to a?, or the preceding satisfies the functional equation.

Also, if n be a whole number, the preceding is always reduced to

%(n, x), or Dn
x(0,x). Which of the infinite number of cases con-

tained in the preceding solution is entitled to be called D*x(0, #) when
n is fractional? are all to have that title, or some only, or none? But
the preceding (x) may not even be the widest form of the solution,

though fettered by the condition that (0, x) is to be a given function

x(0 3
x). Let x(n >

x)i one solution, have been found, and let it be
asked whether A„, x x (n, x) cannot be a solution, where A„, x is a func-

tion of n and r, subject to the condition A 0> s—

1

; such, for instance, as

1+ Tjra?. K7i, where % (0)=0. We have then to solve

A„+,,"* X (»+'!« aO=D {A„, i x (n, x)}~A'n , , x (™> x)+K x x

(

n+ 1
>
r)>

the accent meaning differentiation with respect to x : whence

A' -(A -A >
*(»+ 1»*)A n , x-{An+l , x-A n , x) ^^^

an equation which in all probability has an infinite number of solutions,

containing arbitrary functions and constants, the proper values of which
may make A 0> I= 1.

The essential properties of the symbol D are D".DmM=Dm .D"M
=J)m+nu, and D"(?/+u)=DnM+ D"t;, and these relations should be

required to remain true for all values of the symbol n. It may happen
that many solutions of the form (x) fulfil these conditions: and cer-

tainly no function can be absolutely asserted to be the general diff.

co. of x(re>^)> unless it can be shown that no other solution of (x)
whatsoever satisfies these conditions.
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Several modes, reducible to two, have been proposed ;* the first pro-

ceeding upon the fundamental properties of e
x
, the second upon those of

a;?. We shall take the second of these first in order.

Let P («) represent Dn xn
for all values ofx ; and since D" xm=Mxm""

for all whole values of n, let us extend this to fractional values. If we
perform the operation Dra_" upon both sides (assuming for the present
that Dm-"M=0) we have Vm xm=:MT)m - n xm-\ or M=P (ra) : P (?n-n),
whence

Dn xm— p (™) „m-„f~ r(m+l)/ r(m+l )

\ r (m— 71+P(m— ri) \ F (m—Ti+1)
X"

The question then is, what is P (m). When m is a whole number it is

m(m— 1). . .3.2.1, say —F (m+ 1), or a solution of <j> (m+ l)= m<j>m.

Let it stand for this same solution when m is fractional or negative, and
let us choose the solution which contains no periodic function, which is

found when m is positive by T (m) = f* s~v vm
~ l dv, and extended to the

case where m is negative, as in page 583. We have then the second
expression given above.

The first mentioned mode is as follows. Since D" £
mx=?nn

s
mx

for

every whole value of n, let this expression be generalized and made to

hold good when n is fractional, as the definition of D" £
mx

. Now when
x is positive, we have

/„
£-*v vm

~l dv=x~™ F (m), or ( - iyf*er*v vm+n
~ l dv= Yrn D* x~m

,

whenever n is a whole number. If this formula be generalized, we
have

x-m-nV (m+n ). (_i)-=:rm.D"a?-w , or D" x~m= ( " 1 )'T ^m+n)
x
-™-»

.

Tm

a formula which has been assertedf to be universal, and demonstrated

in a manner to which, on the assumptions laid down, I am not prepared

to offer any objection. But according to the first system D n x"™ is

r(—m+ l)x~m
~n :T (—m—7t+l). Now as both these expressions

are certainly true when n is a whole number, the one becomes the other

after multiplication by a factor similar to Bn (page 598) ; namely,

which becomes unity when n is a whole number. Both these systems,

then, may very possibly be parts of a more general system ; but at

present I incline (and incline only, in deference to the well-known
ability of the supporters of the opponent systems) to the conclusion

that neither system has any claim to be considered as giving the form of

Dn xn
, though either may be a form.

The following considerations may help to explain my meaning. In
common numerical interpolation, we proceed without the introduction of

* The subject has been mentioned by Leibnitz, Euler, &c, and has been system-
atized by M. Liouville, in the Journal de I'Eco/e Polytechmque for 1832, and after

him by S. S., in the first and third numbers of the Cambridge Mathematical
Journal : and still later by Professor Kelland, in vol. xiv. of tbe Transactions of the
Royal Society of Edinburgh. Professor Peacock has proposed another and a dis-

tinct system in his well-known report on the state of analysis (Proceedings of the

British Association, third meeting). To avoid perpetual reiteration of names, we
may here state that the system of MM. Liouville, &c. takes z

x as the funda-
mental function, and Dr. Peacock takes xn

.

f By Mr. Kelland iii the memoir cited.
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any periodic function (as represented in page 543). When we know-

that the given values are those of a given function, as log-r, our reason

for this is, that we absolutely know the function to be of a uniformly

increasing or decreasing character, without the undulations of a periodic

function.

But if a question were to arise, in which, from the nature of the case,

we could only make our first approach by limiting the value of x to a

whole number, and if the result of this first approach always gave log x,

we should have no assurance whatever that logo? was the function

required ; it might be log a?. cos 27r.r, or log #+ sin 2jrx, or log .r.cos 2ttx

+ sin27ra?; all of which are reduced to log x whenever x is a whole

number. Those, therefore, who would prefer either of these to the

others, or to all the rest of the infinite number of cases which might be

cited, must show some very cogent and direct reason why they take the

one which they prefer.

Again, when we interpolate between values derived from observed

phenomena, we exclude functions of intervening undulation, because we
know in the first place that it must be impossible that times of observa-

tion arbitrarily chosen should always fall precisely at the epochs of dis-

appearance, &c. of the undulating terms. But even this must be taken

with restriction. Suppose, for example, that a planet had been observed

only at one place, and could only be observed when on the meridian, the

general laws of planetary motion being unknown. It might be satis-

factorily deduced that the planet always was in a great circle, or in-

sensibly near to it, at those times, but it would not at all follow that it was

in that great circle at intervening times. How would it be known but

that the place of the planet wras connected with the earth's diurnal

motion by a law which allows of periodic departures from the great

circle on one side and the other, the whole period being the interval

between two transits, and the time of coincidence with the great circle

being precisely that of transit.*

I now quit the subject of interpolation of form, and proceed to modes

of determining the value of definite integrals by approximation. Among
these one of the most celebrated is that of Laplace, which applies when

an integral contains a large number of factors or large exponents.

Let V be a function of 0, and 6 a function of t, it is required to find

the successive differential coefficients of V with respect to t. These

might be easily expressed by means of the derivation in pages 331, &c.

;

but by a direct process, denoting differentiation with respect to t by

accentuation, and with respect to 6 by subscript numerals, we have

v'=d ,yu v//=e'2V2-r-0'
/vl3 V"=0'3v3 -i-30'e"v 2+0'"V1

V iv=0'*V4+ 6d' 26"Y,+ (30"2+ 40'0'") V 2+ hV;

* The question of the interpolation of differential forms is embarrassed with con-

siderations of a nature precisely similar to the preceding ones. I am not willing

positively to assert that there exists no reason for one system in preference to the

other, nor even that such reason has not been shown by the assertors of one or the

other system. I can only say for certain that I cannot see the reason in their

writings; and I am sure that they themselves will admit that the doubt I have

raised is one that requires solution. The reason why it should strike me more

forcibly than them is perhaps that I have written on the calculus of functions, and

have had my attention particularly drawn to the wide character of the solutions of

even the most simple functional equations.
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V , ^flW
5
+100'30''V4 +(150'0''Hlor^O''')V :i

+(10r/V''+5f/O ivjY,+O i V
1

Vvi==0'6V
6
+150'4e''V5+(45^'

2
e''

a+2O0'8O ,

V'
4
+(159''8+6Ofl'0''0'''

+ 150'?O
iv)V3+ (150"(? iv + 100"'H-G6'0

V)V,+ V,V
1

Vv

;

i

==0'7V7+2ieV%+(lO5^
J0''2+350'V,')Va+(lO50

,0''8+2]O0/!
fl'

/0'''

+ 350'3 iv)V4 +(lO50'
,2
6»'"+ 7O9'6''

72 -flO59'0"r + 210'-0v
)^3

+ (350'//
e

iv+ 210//ev+ 70
/

6>
vi)V2+9 viiV

1
.

The law of this apparently complicated process (which should he per-

formed by common differentiation, and verified as now explained) is as

follows. Suppose we would form the coefficient of V 3 in V v
". Investi-

gate every way in which 7 can be subdivided into three parts ; which

will be found to be 1 + 1 + 5, 1 + 2 + 4, 1+3+ 3, 2+ 2+ 3. The
terms in the required coefficient have then 6'd'Q\ d't)"d'

v
, 0'B'"0'", and

&'e"0'". And the coefficient of each of these is the number of distinct

ways in which seven counters differently marked can be so parcelled

into (1,1, and 5"), (1, 2, and 4), &c, that all the parcels shall not

be the same in any two modes. This coefficient is found as follows.

Let m= a+b + c+ . . . . ; then the number of ways in which m counters

can be parcelled into a set of a, a set of 6, &c. is

1 1.2.3.4 m—l.m
"P ' (1.2...a)(1.2...6)(1.2...c)'-

Ifa, b, &c. be all different, then P=l : but if there be /parcels of

one and the same number in each, s; parcels of another, h of another, &c,
then P= (1.2 . .f)(1.2...#)(1.2.../0... Thus 7 being 1+ 3+ 3,

the coefficient of & d'"* is

17.6.5.4.3.2.1 hn .- « , ,—•
, or 70, as m the formula.

1.2 (1.2.3) (1.2.3) (1)'

Given 00 = A£-< 2
, required the expansion of in powers of t. This

equation cannot exist unless 00 be a maximum when 2= 0; and we
shall suppose that cjJO is =0 (and not oc) in that case. Let us more-

over suppose that = at the maximum; whence (0)=A, and

0'(O)=O. Let log00=rV; then V— logA + f
9=0, V'+2#=0,

V"+2s=0, V'"=0, V iv=0, &c, from which, as obtained by the pre-

ceding process, we are to calculate the values of 9', 0", &c. for substitu-

tion in

G= (ff)+(d')A+ (9") ~+(6>") ~3+ . . . . ;

parentheses denoting values when 2=0. Let v, i\, r2 , &c. be the values

ofV, V„ V2, &c. when t=0, then u=log A, Ui==0, since V!= 4>'Q : 00,
and cp'O vanishes with ; that is, with t.

V" +2= gives u3 e
,2+2=0, or (^)=V(~2r7 1

)

V'"=0 gives 6'3 vs -\-3Q
!e"v^0

t
(0')-'

2
- %
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and so on. Hence (fid—As—*
2,

gives

-V(-|)-^l-^w*V(-f>*+

where v2 , v3 , v4, &c. are values (for 6—0) of the second, third, fourth,

&c. diff. co. ®f log (fid with respect to : the conditions heing that (fid is

a function which is a maximum when (fid — A, and that t>2 is not =0.
H v2=0, and generally if m diff. co. of log 00 vanish when 0=0, (and

m must he an odd number, or there could not be then a maximum,) we
must use the equation 4>d==As- im+1 in the same manner.

It would be a work of great labour to calculate as far as the sixth

power of t by the preceding method, and an expression of the general

term of the series would be altogether out of the question. The powerful

method of Arbogast, however, (pages 328—335), will enable us to give

the general term with very little trouble, and to deduce more coefficients

than those given above.

Having given ^^(log A — V), where i?=log A, ^i= 0, it is required

to expand 0, of which V is a function, in powers of t. We have then,

by Burmann's theorem, page 305, the marks { } denoting that £, and
therefore 0, =0,

•={t1 - t+\i (t)
!

},t +li (f)'} h+•
[ dm

~x / Y") 1
say =XB.r; whence Bm={—, (^j } X——

,

Write a for —v2-i-2, b for —v3-^-2. 3, &c, and we have

: t-0 : V(log A-V)= : V(«^
2+^3+ • • • .)= {a+bd+ . ...}-*.

Develope (a+bd+ . .. .)
2" by Arbogast's method into 2.Pm m

, which
gives for Pm_j the following series of terms, m : 2 being n,

Lm—l
~D
m^b 71+I Dm-3 6'2 [n,n+m-Z] b

v

71

a"~
+n ~2~ "5=s~-"- ±n>=rn ^^••• (A) -

If (a+ 60+ . . .
.

)"" be differentiated m— 1 times, and be then
made =0, the result will be Pm_! X 1.2. . . .(m— 1), which, divided by
2 . 3 ....m gives the rath part of the expression (A) for Bm the co-
efficient of t

m
in the development required. We have then the following,

the first of which is independently obtained (title, page 331) :

„ . „ 1 b 1 D6 1 5 62 a*(562 -4ac)B L=a K B2
=

, B, = —: -l— . ——-

B _1 |_ 2D 26 3D6°- 463\_ 4b3—6abc+2a*e

4 1 a3 a4 a5
) \a b

B= l f 5 D3
6 5 7 D 2

//
2 _5 7 9 M3

^ Z P 11 ^! 1
5 51 2 a3* 2 4 a4* 2 4 6 asi + 2 I 6 I <?*/

_ ft
i {7.9.H64-7.9.8.3a62c+7.6.8g2(26e+c i!)-4.6.8a3

/'}

2.4.6. Sa7
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Now write — v.2 :2, —v.d :2.3, —vt : 2.3.4, &c. for a, h, c, &c, and we
have

B4= - (40vl- 45uB w3 w4+ 9wfv5)-f-270t>!

B
5
= - {385^- 630»av«i>4+21»!(8iw>5+5tf) - 24»Jwal^/Y -

|
2Y 2160 i&

The use of this method is as follows. Let it be required to devclopc

fydx between any given limits x=p, x=v, y being a function

with factors having exponents of considerable magnitude, such as

y=pm q
n

y
where m and n are considerable, and p and q are functions of

x. Let there be a value x~a which makes p
m
q
n
a maximum, and let

//and v lie between two roots of y preceding and following the value of x
which makes y a maximum. If, then, A be the maximum value of y,
and if we assume y= As-'2

, there are real values of t for every

value of x, from £=— oc, which gives x— the first root, to t= + oc,

which gives x — the second root; and when ^=0, we have y=A, or

xzza. Let x~\, x=p, be the values for which y vanishes, so that X,

p., v, p are in order of magnitude, A. being the least. Let x=zp and
x—v give t=a, t=j3; let x=a+d and y=0(x). Then 6 and t

vanish together, and cp (a+ 6)=As-^ gives d=B
l
t+B i t

z+ . . . . as

just determined. From this find dd, which is dx, and we have

f%ydx^A{B l fU- t2dt+2B2 fi s-t
2
tdt+ 3B3 ft e-t*l*dt+ ....}.

If we examine B^ B 2 , &c, we shall find that if each of the set v2 , v3,

&c. had a large numerical multiplier n, these coefficients would severally

have the multipliers n~^, n~\ ji~ 7

\ &c, which would make the series

convergent enough for use if n were considerable. A further reduction

may be made as follows. Let fe—t
2

t
n dt= G„,

Take limits, and substitute, which gives

f%ydx=a(bi+Ib 3+^B5+ ...'"jfU-^dt

+^g- a2A{2B 2+a.3B3+(a
s+l)4B4+fa3

+^ a^5B5+ ...}

-ig-/B2A{2B2+i8.3B3+(y6
2+ l)4B,+ ('y6

3+?^5B5+ . . . }.

If the limits be p and v, two values at which y vanishes, one preceding

and the other succeeding that at which y is a maximum, (that is, if

p=i\ v=p,) it follows that « and /3 are — cc and + cc, these being

the only values at which [As-
1'2 vanishes. But f±* e-'

2 dt=z
2J„ s-^dt

(page 294)=V7r > whence (as in this case, the two last lines vanish)
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For instance, let it be required to find an approximate expression for

1 .2.3. .. .77, where n is a large number, or generally for T(n+1),
where n is a large number, whole or fractional. In J^"* x" dx, it will

be observed that e~
x xn vanishes when x is or cc, and that there is an

intermediate value of x, namely x—n, at which s~x xn
is a maximum.

We have then

y—s~x xn,
/x=0, v— cc, a—7i

t
k=s~n nn

,

1 2
1

3

V= log (s
x xn

)— - (n+0) + n log (n+ 0)

=

n log n- n---+--—..

.

tt^+171" 1

, J = -^-n-2
, crr^r3

, e=-|?i-4
, /=J-rz-

5
, &c.

.;b1= v^), ^ij~y B-5"io^ &c -

frc»+iW(ta).r4+s+
§^+.

a result which may be made to agree, as far as it goes, with page 312.

The student is now prepared for the higher class of investigations

connected with the theory of probabilities. The integrals which are of

most importance in this science are T(x), already treated, fs— 1
'2
dt, and

fx
m (1—x)

n
dx. It will be worth while to make the calculations neces-

sary in the latter case, m and n being considerable numbers.
Here y—xm (1— x) n

, which vanishes when x=0 or 1, and is a maxi-
mum when x=m : (m+n), 1 —x=n : (m-\-?i) : let the first be ct and
the second p. We have then

logy=V=wzlog (CT-f-0)-f-nlog (p— 0)

r . 1 / m n \ 1 / m n \ na
=log {..>•}-- ^+7)»'+3 (^-7)fl'-....

«=1 (??ir7j
-2+ 7?p-

2
), £>= — A.(mTCr 3— ?/p~3

), C=l (77ZtD"
4
-r-?7p""

4
), &c.

or a^Ao-i+ p- 1

), 6=~-y(CT
- 2-p- r

0, c=^(^-3+p- 3
), &c;

where m-\-n—k. Hence we find by actual reduction

T __ //^25T(l-ro)^ _ 13ct2 -13ct+ 1]

.
1_V\ * / 3~97| 2^(1 -*>)/>}'

fi -/, v, /2M 1--ST) j, ,
13^-:

13sx'+l\
/

' xm ( 1 — x)
n

c/.r =: a/ \ 1 -\ —— >,Jo V } V
ft I 12c7(l—&)k J

very nearly : which might be verified by applying the value of F (?/)

just found to the result in page 580.

When y has high exponents, but does not arrive at a maximum
between the limits ; or rather when it is not required that either of the

limits of integration should be near to that value of x which makes y a

maximum, the formula in page 290 will give a convergent series, and
even for the indefinite integral.
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dx ~ . f, du d / du\ d \ d ( du\}
)

J dy JJ ff
\ dx dx \ dx) dx \ dx \ dxji J

For example, let y=zxn
, or u—x : n. We have then

^+i ^+i
r 11 1 . .=— < 1 1 .... r, which is easily verified.

The preceding is taken from tfmO on both sides, hut any limits may
he taken in the usual way. Thus

J
s
-na-aZ C "

2 2*
. 3 2

3
. 3 .

5

e-«.t—x'2 » J 1 j I

2a+rc I (2a+w)2 (2a+«) 4 (2a+ 70 c

^"(sin,2?)"dj?=—7— \ 1 +— ——

;

;
+ \Jo ™V2 l " w ?i J

na
s~

aan+l L n rc
a+2na 1 ,

g-a-rfo;= h-
7

r-2 + 7
— -.... J<»«).J w—a l (?i-a) 2

(11 — ay j

I now proceed to the doctrine of periodic series, one of the most
important applications of definite integrals ; the results are of a new
and extraordinary character, on which account this part of the subject

will be treated in detail, and by two distinct methods.

From page 291, § 121, the following is easily proved : if a and a' be

two whole numbers, and m and n two other whole numbers, positive or

negative,

cosad.cosa'd.dd, and sin a0. sin a'0.a6 are —0 or (n—m)- :

namely, when a and a! are unequal, tj (n—m) tt when a and a' are

equal.

This property is applied to the expansion of ordinary algebraical

quantities in series of periodic terms, a subject which will require a close

examination of its first principles.

If we take such a series as A x
sin^r+ A2 sin 2^+ A3 sin3^+ .... ad

infinitum, we see that, whatever its algebraical equivalent may be, it

must go through a succession of values from x — to £=27r, which suc-

cession is repeated from o?=2t to tr= 4;r, and so on. It might seem,

then, as if wre could affirm a priori that any function which admits the

preceding development must itself be periodic and trigonometrical : but

we should be mistaken if wre drew any such conclusion ; at least wre can
only drawn such a conclusion with some extension of the term trigono-

metrical.

If we integrate both sides of (l + a0
2

)
_1=l

—

ad
2
-{- a~ 0*— . . ,.,we

find

1 8
3

85 67

-rtan- 1 (Ja.d)=:C+8-— a+ — a2—- a3+ . . .
.

;

V«
' 3 5 7

the first side of which is indefinite, since tan
-1

(a given quantity) has
an infinite number of values ; the second side is also indefinite, con-
taining an arbitrary constant. Nor do we avoid this indefiniteness bv
integrating from a given commencement, say from = 0, which gives
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1
3 5 7

4- {tan"1 (Va.e)-tan- 1 0} =0-— a+ —a?-—

a

3+ . . . . ;

V« 5 i> 1

for tan
-1

is mir, where m is any whole number positive or negative.

For given values of and a, the second side has one value only, the

first side (but for restrictions imposed by the equation itself) has an

infinite number. Consequently, whatever value may be taken for

tan
-1

(Ja.d), such a value of tan
-1 must be taken as will give that

value of the first side which is equal to the second side. Leta= l,

and let be tan t, then one of the values of tan
-1

(tan t) is t, whence

t— tan" 1 (0)=tan t—\ tan
8 t+i tan5 £-....

Now as we begin from tan t— 0, let us choose rair for the correspond-

ing angle. We must not then carry our series of integrations (of

lxd.tan t, tan2 t.d tan t, &c.) up to a limit higher than t=mir+h?>

nor might we have begun before tz=nnr— \tc, since tan* is infinite in

both cases. But between m-r+^-r and mw— ^rthe equality of the two

sides is unobjectionably deduced, and the answer to the question, what

value of tan
_1 must be taken is, wit, whenever t lies between

mir±%ir : so that tan t—i tan
3 1+ . . . . is, for a given value of t&nl, that

one of the corresponding angles which lies between —\v and +^t-

Let us now consider the equations (pages 242, 243)

1—x cos 6 2 „
-== 1 -f a? cos + # cos 20 4- &c.

1

—

2x cos0+ a?

x sin
=a;sin 04-#2 sin204-&c.

..(A).

l-2a?cos0-f-tf
2

Here the periodic character of one side is a counterpart to that of the

other, and when ar<l, these equations are arithmetically true in all

cases. When af=rl, we have the limiting equations

1 I sin'0 ; _ ,
' .

: „„.',

-==l+cos04-cos20+ - - =sin04-sin204-
2 2 1—cos0

The series are no longer convergent, but are of that character the simplest

instance of which is seen in 1 — 1 4- 1— 1 4- • • • • It is easily shown by

the methods of Chapter VII., that

„ 1 cos w0—cos (n 4- 1)0
14-cos04-cos204-. • .. 4-costi0=- 4-

sin04-sin204-. •• • 4-sinn0=:

2 2(1—cos 0)

sin 04- sin nd—sin (w4- 1)

2(1—cos 0)

Now we have f% sin xdx= 1 — sin a, j'% cos xdx = cos a, and when
a== cc these have been found to be 1 and 0, which makes it seem as if

sin cc and cos cc should both be taken as =0. If we take this assump-

tion, and make n infinite in the preceding, we find J and \ sin :

(1—cos0), being precisely what we have before found for the series

continued ad infinitum. Many more instances occur in which

sin cc = 0, cos cc=0, give results which can be otherwise obtained;

but I am not aware of any proof that these are to be considered as

universally true.
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Let cos 9= 1 ; then the first equation hecomes ^=1 + 1 + 1+ • • • •

,

which is certainly false. This arises from omitting to notice an

isolated conception to the truth of the general deduction. Our first step

was to make x=l, our second to make cos 0—1. Invert the order of

these steps, and we have first (l—x) : (1 — #)
2=l + .r+ lz

i!+ ...., and
cc= l + l + l+...., which is true. If we write

1— a; cos 9 . , . 1— .zcosft
— in the iorm

1-2*cos9+<p2 2(1—«cos0)+(^2 -l)'

we see that x= 1 gives ^ in every case except that in which 1 — x cos 9

also =0, in which latter case the form -g- is produced, and cc is the

result. Consequently 1 + cos 9+cos29+ . . . =£ in every case, unless

d—2it?n, in which case it is infinite. The second equation remains true

when cos 9=1; divide hoth sides by sin 9, and it becomes cc= l

+ 2+3+ ... . In both cases, however, there is a bar to integration
;

no even multiple of it must lie between the limits.

If we make a?= — 1, we find

-=1—cos0+cos29— . .. - - =sin9—sin29+sin30— .. .. :

2 2 l+ cos9

the excepted case similar to the preceding is when cos 9= — 1, in which

case the first series is infinite, and the second may be treated as before.

There is here also a bar to integration : no odd multiple of it must he

between the limits. If we integrate the second and fourth series, deter-

mining the constant by means of 9=ir and 9=0, we have

log(2 sin -j

1 cos 29 cos 39 cos 49
=0080+— +_+—+.

, / 6\ n cos 29 , cos 30 cos 49
log(^2cos-J =cos9 — +—— +—£-+.... ;

series which happen to be true at the limits at which we could not be

assured of their being true from the method. And it may be noted that

such series will generally be universally true, when the periodic form of

the second side is accompanied by one as explicitly periodic on the first

side. Also

1 9 cos 39 cos 59
-logcot-=cos0+-^— +——+....

Take the expressions (A), changed into —x, subtract, divide both sides

by 2#,"and then write x for a;
2

. We shall^thus obtain

COS0. (1

—

x)\

1—2cos20.£+ £2

sin 0.(1 + a?)

:COS0+ COS 30.0?+ cos 50. X2

O= cos0+ cos30+ cos50+ .... O= sin0— sin 30+ sin 50—

1 = cos0— cos30+ cos50, , .
—

:
—= sin 9+ sin 3(9+ sin 59+, *.

.

2 cos 6 2 sm
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In the first and fourth cos 29 must not =1, or 6 must not be any

multiple of if, or any even multiple of \tt : in the second and third

cos 29 must not =: — I , or 9 must not be any odd multiple of |t. If we
integrate the first pair, we have

ir . sin 30 sin 50
-=sin0-i f-—-z— + ,...
4 do it „ cos 30 cos 50

-=COS0—- +-—
the constant being determined from 0=^tt in the first, and from 6=0 in

the second. These results are certainly true, the first from 0=0 to

0=t, both exclusive; the second from 0= — Jt to 0=-r-^-ir both

exclusive. This we may briefly express as follows : the restrictions of

these series are (0) it and —\it (0) \it.

If we suppose to lie between if and 2it in the first, and between \rt

and |- it in the second, we must take the value of the constant after

integration from 0=rf7T, in the first, and from 0=ir in the second,

which gives
t

it . , sin 30 sin 50
,

ic cos 30 , cos 50

and so on; each of these series being +iir or —it, according as the

value of makes the first term positive or negative.

All the series which we have yet had, which have their denominators

increasing without limit, are really convergent, and arithmetically equal

to the quantities found for them. And the discontinuity observable in

their values is of a curious character, which admits of complete illustra-

tion from geometry. If we take any finite number of terms of the

A V B G

2

c

3) Q E

first series, and draw the curve whose equation is 7/=sin x+4- sin 3x
+ lsin 5x+ . . . ., or OPCQF, the greater the number of terms we take,

the more nearly will the curve coincide with the succession of discon-

tinuous straight lines 2OABCDEFG, &c, to which the whole series

continued ad infinitum is therefore the equation ; OA being \it

We now resume the equation 1— cos 0+cos 20 — = ^, or

J-=rcos0— cos 20-}- . . . ., which is true for all values of except

(2m+l)ir- Integrate, and determine the constant by 0=0, which
eives

9 .

-=smi
2

sin 29 sin 30—;r- +—s

—

-«(0)ir.

But if we determine the constant by 0=2t, we find \d-it for the

preceding, with the restriction it (0) 3r, and so on : whence the value

of sin0 — 4- sin 30+ .... is ^Q— mit, the value of m being that which
will make the preceding lie between —^it and -\-\it. In the same way,

we might prove from \=. 1 -f cos -f- cos 20+ ... . that
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*'&: sin 20 sin 30 ,-

_ __=sin0+-_ +—
3
— + • ... (ft) 2*.

It will, however, be noticed, that tliis is nothing but the preceding

series with x— written for x, both in the equation and in its restriction.

We shall now proceed with the results of the first series. Let s
(„ su s.Zy

&c. be particular values of s„—

l

-
"— 2~ n+3~"—

. . . ., and let K„ stand

for sin0— 2~'1 sin20+ &c. when n is odd, and for cos 0—

2

_n
cos 2$ + &c.

when n is even. Continual integration with determination of the con-

stants from = 0, beginning with ,y =K , or ^=cos0— cos 20+....
will give the following results, with the restriction -x (0) x

:

„ 2

r
3

„

V— **•<» 5O 0=K 15 so~pr— s2 — 1^-2j ^o „— ^2 — — 1^1

4 2
Tr

5 3

„ Tjrj
2
— +.?4= K ,, s ———— .

- s2
—— + $. 0=K 5 ,"2.3.4 2

4 2.3.4.5 2.3

and so on : from which it readily follows that each of the divided powers

of can be expressed in terms of K , K„ &c, whence, cpd, if it can be
expanded in a series of whole powers of 0, can also be expressed in a

series of the form A + Ai cos 0+ . . . . +Bx sin 04- . . . ., which shall

hold good for all values of from — x to + t, both exclusive. Having
thus shown the possibility of this expansion, we shall presently arrive

at a more convenient way of doing it. In the mean while, let us observe

that we have thus fallen upon an elementary mode of determining the

values of s2 , s4 , &c. Thus, if in K2 , we make 6=%x, we find it becomes
j2-t-2'

2
, whence we have

ir
2

S2 Xs

sn sa=——, or s2=— ;

8 4 12'

a result which might be verified from pages 553 and 581.

In the same way, by beginning with the proper value for K,, it might
be shown to be possible to make a similar expansion for 00, which
should be true for any value of lying between (2m+l) -rand (2ra+3) x,

m being any whole number positive or negative.

We have seen that every function of x which is itself neither even nor
odd (page 295) can be made the sum of an even and odd function.

From the character of A +A l
cos 0+ . . . . and Bi sin 0+&c, it is' the

even part of the function which is developed into the former, and the odd
part into 'the latter. But we shall see that an odd function can be
developed into cosines or an even one into sines, between given limits.

Let there be a function 00, the development of which has the form

B, sin +B 2 sin 20+ . . . . Multiply both sides of the latter by sin md,
and integrate from = 0. This gives, from the term BOT sin w0, the

following pair of terms :

sin2w0
Bm~2~ Bm ^2^''

and from each of the other terms, a pair of the form following;

r -o • 7« Bk fsm(m-k)d sin (m+ k)Q
from B* sin fed comes

2 V m—

&

m-\-k

2 R
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each of these terms vanishes when0=7r. But we have had warning
against supposing an infinite series of such terms to vanish, or sup-

posing the equivalent algebraical expression to vanish. If we make
0— it— a, we have smpd=+sinpa, according as p is odd or even;
begin from k=m+ \, and we have for the whole series from and after

the term Bm sin md the half of the following series :

/sin a sin (2m+1) a\ /sin2« sin (2m+2) a\ ._.
B^\—i 2mTi— ;~B"H"2 2^r+2-;+

-- (B)
'

neglecting the previous terms, which, being finite in number, vanish

with «, leaving only 1 Bm (tt— a). It would not be easy to give a direct

proof of the comminuence of this series with a, and another method
must be had recourse to ; if we could assume that comminuence, we
should have, observing that h Bm is the only term which does not

diminish as approaches to ir,

~Bm=fl 00. sin mddd;

a result which may be established, though the preceding method is in-

complete.

Let it be required to find a function which agrees in value with 00, (a

function which vanishes with 0,) when # is 0, ir : ft, 2tt : ft, . . . . up to

(ft

—

1)tt : n. Assume for this purpose

00=^1 sin 6+k2 sin 20

+

K sin 30+.... + &„_i sin (n- 1)0. ...(1);

a function which fulfils the first condition, since it vanishes with 0. Let
7t : ft:=j/, then we must have

0y=rAr,sinv+ . . . ., 02y= fr 1
sin2v + . . . ., ....,

0(ft— 1) v = A:isin(ft— 1) y+ ....

Multiply successively by sin my, sin2mv, . . . .sin (ft— 1) mv, which
will give on the first side

0v. sin my + 02y. sin 2my+ . . . +0 (n— 1) y.sin (n—l)my,

and on the second a set of terms of which the one containing kv is

kv{ sin vv. sin mv+ sin 2w. sin 2mv+ . . . + sin (ft— 1) t'y.sin(ft— 1) my}.

The coefficient may be resolved into

ij{cos(t>—m)y}+l. . . +-|cos{n — 1 v—mv} — %cos{(y+ in) y}— . . ,

.

—-|cos {n—lv+m.v}.

cos («— 1) x— cos nx 1

iSow cos#+cos2 lr+ .... +cos (n—l)x—- r->- c
; — „•

2(1— cos x) 2

If nx be a multiple of ir, as in the preceding cases, we find for an odd

multiple,

— cosjr+l 1 , cos a;— 1 1 ,

--, or 0; and ——: r — -, or — 1,
2(1— cos a?) 2'

'
2.(1 -cos a?) 2'
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for an even multiple. But when j;=0, the series hecomes n— 1. Now
when v+m and v — ni are unequal, they are either both even or hotli

odd; so that (v—m)nv and (v+m) nv are (nv= ir) both even or both

odd multiples of ir: in this case, then, the preceding coefficient is either

^(0—0) or ^{— 1— (— 1)}; that is, =0 in both cases. But when
v=m, in which case v +m is even, it becomes \ {n— 1 — (— 1)}, or fyi.

We have then

2
km—- {0v.sinmv+ 02v.sin2?ny-i- . . . +0 0*-l) v. sin (n— 1) mv\ ;

n

from which the several coefficients in (1) may be found. If we increase

n without limit, so as to make 00 and the series of periodic terms coin-

cide at smaller and smaller intervals, and so as finally, at the limit, to

make <f)9 and the series (which then becomes an infinite series) coincide

altogether from 0=0 (inclusive) to 0=t (exclusive), we have

2
km~-v {0v.sinmj/+ • • . . +<p («— 1) v. sin («— 1) mv}

it

2 .=—
J
* 00 . sin md d9,

it

as already suspected.

We might now suppose, perhaps, that we are at liberty to infer that

the series (B) does vanish with «, since the immediate consequence of

such supposition is true. But still we are to remember that we have

not proved

(/j 00. sin dd) .sin 0+ (/J00 sin 20 dd) .sin 29+

to be the. development of 09, subject to the restriction (0, 0) ir, but

merely one of its developments, of which there may be any number.
In fact we have shown (page 563), if Om be any odd function of m which
never becomes infinite, that C^ sin 0+-O2 sin 20+ ... . =0, provided that

H.Om x
m be a continuous function. Consequently, the preceding deve-

lopment Bisin0+.... is only one of the proper developments; an
infinite number of others is included under (B^Oi) sin 0-(-(B 2+ O.2)
sin20 +...., and it is not possible to affirm that there may not be
others.

If we exclude the limit 0, in the preceding process, we find there is

nothing in it which prevents our allowing 00 to be, not merely an odd
function, but any function whatsoever which does not become infinite

between 0=0 and 0=t. Thus we find from fl cos x. sin mxdx=Q or

2m : (ma — 1), according as m is odd or even,

7T 2 - 4 6
- cos #=- sin 2x+— sin 4x+— sin 6.r+ .... (j?) ir,

4 o 15 aJ

and fle^s'mmxdxzzm (1—»£OT cosM7r) : («
2
-f-ra

2

) gives

ir sin x 2 sin 2x f sin x 2 sin 2x
,

\
2 a2+l^ a2+4 ^ + \a~+l «2+4 T

J

Change a into —a, and subtract, which gives

v g
a*_

£
-a* sma; 2 sin 2x 3sin3x-— = -4 . . .

.

— ir (x) ir.

2 £"_£-*' a?+l aa 4-4 a2+9 v

2R2
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The reason of the alteration of the restriction is, that s
ax— s~ ttx

is an

odd function, so that the equation remains true when x—0, and hoth

sides being odd functions, it is true from x= — ic to x=0, because it is

true from x=z-\-it to x=0. I leave the following to the student:

ait 1 4 9

Change x into %—x, and we have, by this and subsequent integration,

T _g*(»-*)_g-ac«)
s[nx 2 sin 2.C 3sin3.r «, x „+ , . , +-TT-7T+---- 0)2* '

2 2 £"—s^" «2+l 0+4 «
2+9

ff g»C«)+
:g
-«(»-«)

i COs.r cos2x- n . . n+-TTT- +-^T-r+ • • • • ° CO 2t-

2a g^—g-*- 2a2 a2+l a2+ 4

The constant 1 :2a2
is determined by making X— ir, and using the last

series but one, from which we find, after reduction,

C=d~s (l-l + l— . . . .)=l:2a?.

In a similar way might be proved

tv s
ax+ s~ax 1 cosjc cos2# . , .— • = — — .... — ir(x) t

2a s
*"-

s
-a" 2a2 a2+l a2+ 4

'

Returning to the main result, let us now examine f*<f>9. sin md.dd.

f00 . sin md dd = cos m9 -{ sin mQ fd>"9 .s'mmddO;

which taken from to t gives

f ,~ . , 07T.COS?ttff—-00 1 * ,. " . „ .„

\l <bd sin m9 de—— -
f' fi'd . sin m6 dd

J m miJ

4>ic. cosmic—00 (fJ'it. cosmic—0"O (fi

iv
ic. cosmic— lvO

m rn? m5

ff ^n Afa+00 4>"ic+ <j>"0
iT T+0"O

2
sin 9

/07T+ 0O 0"t+ 0"O iT T+ <i
iVO \ .{— if— +—p— ..-;»

/0T-0O 0" ff -0"Q 0Nr-0w O \ .-^— +— ...Jsin20 0(0).

,
/0T+ 0O 0'V+ 0"O W 7T+0iV O V.

+ f— — + - ...Jsin30

which is convenient in the case of rational and integral functions. But
if 00 be an odd function, so are 0"0, iv

0, &c, and 00= 0, 0"O=O,
&c, whence the preceding becomes, with the restriction — it (0) it, for

reasons above given,

It v /07T 0"* 5 \
-00=(0 7r_0",r+...)sin0-f^- -^F

-....)sin20+...

If we require a periodic series which shall be equal to 00 with the
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restriction 2mir'(0)(2m+l) t, the shortest way is to put </;0=y/ (2>mc+9),
and to expand ^ (2mT+ 0) with the restriction (0) t, as above.

In the equation ^tt00= 2 {/o/Ac &™ ™% dr. sin m0\ write r//0 for (JjO,

and integrate, which gives

^ 7r00=C—fl fix sin a? d.r . cos —
J"*

0'.r sin 2.r dr

.

....

* = C + f
r
d)'x cos.rdc.cos + J*;0jr cos 2.r dr. cos 20 + . . . .,

since f* $0 cos vid dQ— —m~ l

fI
(/)'6 sin mO dO.

But C is not yet determined, and it would not here be easy to find the
constant from a particular case of the series, in a satisfactory manner

:

so that we shall find it necessary to institute a new process similar to the
one already adopted.

Let it be required, having decided it into n equal parts, each — v, to

determine /f , k
v , kit &c. in such manner that

0<?=A:
o+ A'lCose+ />-oCos20+ +£„_, cos (/i— 1)

is true for 6= v, or 2v, . . . . up to (?i— 1) v. Substitute these several

values, and multiply the equations by cos?nr, cos2wiy. . .cos (re— 1) mv
for all values of m from 1 to n— 1 both inclusive, &c, and add, remem-
bering that, as may easily be proved, in the manner of page 610,

c'osw.cosmv+. . . . +cos (n— 1) t;j/.cos («— 1) niv=0, or — I,

according as v+m and v—m are odd or even; but when v=m, the

series becomes ^(n— 1— 1) or \n— 1. If, then, 0j/.cospj'+ .... +
(n— 1) v. cos (?t— 1) /n'=Kp, we have

K =(n— 1) k
Q—k2—lH-k6

—

K^Qn-Vh-h-k,.—^.... (K)

K2=_& +(in-l)*
2-V-....

and so on, n equations in all. Suppose n to be an even number, and
add, which gives

1^+1^+ 1^+ .... =%n (2*0+/^+ . . .
.)-i?i (A-o+^H-. • . .)=*«* -

For n write -n- : v, and v (K + Ki+ . . . . )=^7rA- - Proceed as before to

increase n without limit, and we have f(p9 (1 +cos + cos 20+ . . . . ) dd
=ibrA" . The limits of this integral require some attention : it will be
observed that however small v may be, we have summed values relative

to v, 2v. . . (n— 1) j',"and never relative to or t absolutely. We do not,

therefore, include, but exclude, the case of 0=0 or t absolutely, or we
integrate, as it were from « to -k— /3, where a and yS are infinitely small.

We may then consider 1 + cos 0+ .... (page 606) as being =^ through-

out the whole extent of the integration, and thus

1^0= limit of fr^^ddd—^fl^ddd; ick^—jl^d dd.

The student must take care to observe that this sort of reasoning-

would elude no difficulty if 1+cos 6+ . . . . increased without limit as

diminishes: it applies because 1 + cos 0+ ... . is absolutely =i.,

except when is absolutely ™0.
We might from (K) verify the other coefficients already obtained.
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The first now gives vK —7r& — v (k2 -{-

k

4+

k

6+ . . .
. ), and vK has

J(p8 d9 or rfk for its limit, whence v (£2+^ 4+ • • • •) diminishes without

limit. Hence from the third, fifth, &c. equations we learn that ^irk 2 ,

^7rA:
4,

&c. are the limits of ^K2 , vK4,
&c, which give the integrals

already obtained for ks , k
t , &c. Now adding together the second, fourth,

&c. equations, we find, supposing n an odd number, in which case

there are \ (n— 1) of these last equations,

K 1+K3+... . =in(A 1+^3+....)-i(w-l)(^i+k+....)

but v (K1+K3+ . . . .) has for its limit the limit of f<fi6 (cos 0+ cos 30

+ ....) dd from a to v— fi, reasoning as before : and this (page 607) is

= ; whence v (^i+ &
3+ . . .) diminishes without limit, and the remain-

ing coefficients can be verified. We assume here that the same result

will be attained whether we increase n without limit through odd num-
bers only, or even numbers only.

We thus have, with the restriction (©) tt",

-06= (fl (fix sin x dx) sin 0+ (f% (fix sm 2>x dx) sin 20

-f- (fl (fix sin 3x dx) . sin 39+ . . .

.

-<£0=l j^ <fix dx+(fI (fix cos x dx).cos d+(fI (fix cos 2xdx). cos 20+. . . ;

in which x is written under the symbols of definite integration (page

568), merely to make the parts which vary with 6 more prominent.

Also, if (fid be an odd function, the restriction on the first may be

extended to —it (0) it ; and the same extension may be made in the

second, if (fid be an even function (the value 0=0 possibly excepted).

As examples of the second, take

it . 1 cos 2x cos 4x cos 6x

4
SinX= 2 3

15 35~— •'• ° (x)ir

it 1 a cos a? a cos 2x f\ acosx acos2x \

2 2a a?+\ «2
-f4 ." \2a a*+ 1 a2+ 4 '"J

k s"
x+ s"" _ 1 acosi ocos2i

2 g«-_g^ ~~2a'~ a?+l
+

a%+ 4
—*(*)*.

Further to verify the preceding methods, I add one which is of

frequent use in the writings of Poisson, and which I consider much the

best adapted of any to give a sound view of the subject, as soon as the

new and difficult considerations which it introduces have become
familiar. Let us consider the equation, derived from page 242,

-+ COS y (x-V) . A+COS 2 y (x— v) . A*+ ....

1 1-A9

= 2 =Yrr "

1-2 cosj(x—v)A-j-A2

If A=l, the preceding becomes in every case except when
cos { tt (a?—v) : /}= 1 , in which case it is infinite. This isolated exception,
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which seems only the embarrassment of preceding theorems, is in fact

the sole cause of their existence : were it not for this we should have a

right to infer that the preceding series, multiplied by (pv dv, and in-

tegrated between definite limits, would always give when A=l : and so

it does unless x fall between the limits of integration. Let this be the

case, and let — Z and -\-l be the limits. Let A, instead of being 1, be
1

—

g, where g is supposed infinitely small. Consequently, fvdv is

infinitely small as compared with dv, except only when the denominator
is also infinitely small. Let x—v+ z ; that denominator is then

1-2(1-^+ ....)(i-
ff
)+(i- ff)

,=^*1+g1
-|' .... ;

the remaining terms being of the third and higher orders. The portion

of the integral N>v . fv dv which belongs to the infinitely small deno-

minator (namely, when z is infinitely small) is (dx being = e/u and
1-A2=2g-)

fgl
2 cj)(x-z) r dz f zdz

Now as long as z is infinitely small, the second and following integrals

will be infinitely small as compared with the first, and may therefore be
neglected. Again, in the first integral, any portion in which z is not in-

finitely small may be introduced, for all will be rendered infinitely small

by the final value of g, except only the required portion. Integrate the

first then from — cc to + cc, and we have

4-^r? =4;
-"'

i^ " « <° +«K (K-i)>' ;

whence l<fix is all that remains, or we have

*»=i/+{0f,«fo +y 2 |/+|-coi-^=^01»*} -1{X)L

The sign 2 extending from m— 1 to m— cc.

This reasoning requires some alteration when x is either -J- / or — I.

In the first case, for instance, * (l—v) : I approaches to or — 2tt, accord-

ing as v approaches to +/ or — /, and in both cases the cosine ap-

proaches to unity. We must then repeat the preceding process at both

limits, but as we must keep within both, we have as a result,

4>l

and the same if x=— l; consequently the preceding series is <px for

every value of a- between — I and -f-Z, and ^((px+ d>^—x)) for x— + l

or lC=— I ; but it is =0 if x do not lie between — I and +/.

The preceding reasoning will require the following remarks

:

1. Though it is expressed in the language of infinitely small quan-

tities, yet this is only abbreviation. If we had expanded \jtv in powers

of z and g, those terms which we throw away as being infinitely small

quantities of an inferior order would have diminished without limit in

the fully expressed result, as compared with those which are kept.
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2. If in the result (Z : icl) tan
-1

(xz : gl), we were to choose infinitely

small limits between which to take the result, we should not arrive at any

determinate result whatever. But seeing from gt~fdz : (g
a

Z
2+ 7r

2
z
9

)

that all that part of the integral which arises from finite values of z

must vanish with g, we take any finite limits whatever, (not necessarily

— cc and + cc ,) say — « and /5, which give

tan
-1 -7 + tan

-1 -7
gl gl

which r=Z when £= 0,

B c—

'

1)

Af c \
^~*~^ 15 C v. y is

\

whatever « and fi may be.

The function cbx need not be one continuous function between the
5 limits. By a discontinuous function is meant

such an one as the ordinate, of the curve

ABCD, composed of branches of different

curves, joining or not. If a, /6, y, h be the

abscissae of A, B, C, and D, and if y== nr, x,

yz=zj
z x, y=ro31r be the equations of the

complete curves, of which AB, EC, and CD
are parts : then (f>x, to be the ordinate of

ABCD, must be a function which is i^^^x

from x~ot to lT^/5, C72 # from x=fi to x~y, and tp3 x from x=y to

a?=S. To find the area of this curve, by one operation of integration,

we must assume y=ia
l
t^

x x-\-a2 7^z x+ a3 'Cj3 x, and find fydx from a to

/3, from ft to y, and from y to £: then, in the first result, make «i™l,
a2~0, a3=0; in the second a^O, a2=l, a3=0; in the third 0^=0,
a2=0, a3==l. It would of course be more convenient in practice to find

jimyxdx, f% ro2 xdx, J\ zr3 xdx, and to add the results ; but for repre-

sentation and conception of results, it would be desirable to have recog-

nized symbols of discontinuity. These might be either made conven-
tionally,* or obtained from the limiting forms of algebraical expressions

;

thus I* might represent a constant which is unity whenever x lies

between a and b both inclusive, and nothing in every other case. The
ordinate of the preceding curve, (that in which value is continuous,)

between x~a and xz=<H, would then be If ns
l
x-it-\'^w2 x-\-l\/ 'cyz x.

Again, y(y
a
) is =0 when*y=:0 if a be negative or 0, and =1 if a be

positive. If, then, we represent

yV
x-ajry

b - x
when y-0 by QV-a+&-*

or
0*-«

o
0>-

we have an algebraical symbol which is 1 when x lies between a and b,

(both exclusive,) and in all other cases. There would be no particular

advantage in this symbol, which would certainly require conventional

abbreviation if often used ; our object here is merely to aid the student's

conception of a discontinuous function by showing him how he may
accustom himself to its representation.

If we further agree to denote by I„ a constant which is unity when
x=a, and for all other values, then I*— IJ— 14 denotes a constant

which is always except when x lies between a and b, (both exclusive,)

in which case it is unity.

In the theorem last proved, there is no occasion to suppose that <\>.t

is continuous, and it is true whatever the limits may be : if <frx on one

* Peacock's Report, p. 248. Dr. Peacock proposes xD«, but D is in this work
too often used in another sense.
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side of the equation be discontinuous, so is 0u on the other. And even

if we imagine all the values of (fix to be unconnected by any law, save

only that 0u when v= a means the same quantity as 0.r when x=a, the

theorem still remains true. If we then suppose the function 4>x to be
= from #=— / to x=\ (exclusive) to have any values from a?=X to

x=\u (both inclusive,) and to be equal to from a:= X (exclusive) to

x= l, <frx will be given as here described by using 0y, subject to the

same conditions, in the series. Now in such case, it is evident that

fl\ (frvPdv^fx 1 0u Pdv, if P be never infinite
;

and it would actually be found by computation, if the series be con-

vergent, that

1 ry u , ,
1 v.f n mz(x—v) '}—

f$} 0u dv+-j Z U i
l cos . rpv dv \

is =0 from x—— I to x~.\, = 0j? from ar=X to x— \, and =0
from cT=X, to xzsl : except only when x—\ or X 15 at which, X and X

x

being unequal without reference to sign, the values are not 0X and 0Xj,

but ^4>\ and i0Xu as appears from the process. But if X and X
x
be

numerically equal, and have contrary signs, the value both for x=X and
ar£=X, is \ (0X+ 0X,)-

Say that X=0 and \i~=l, we have then

(*).

0*=^-/o 0B dv+
~f

2 {/ocosm ^ (x—v).+v rfwj (j) I

0=—• /' <pv dv+—2 |/' cosm - (x—v) . <j>v dv > —I (x)

Change x into —x in the second, then the restriction becomes (x) I,

and the restrictions of both become the same, while
a

cos m — (x— v) becomes cos ( — m-(x+ v)
J,

or cos m - (x+v) .

Add and subtract the second equation, thus altered, to and from the

first, and we have (extracting the constants from the sign of integra-

tion)

1 n , , 2 v ( f,
mm . niirx)

(j>x=.— J
l (pvdv+—Z. <J cos —— <pv dv . cos —-— >

2 ' f >, . m-rtv
, . ?nirx)

,

<j)X= -j- 2-jJoSm—— Qvdv.sm—— >.

If Z=7r, we have the theorems already proved, with something-more,

as follows. When x=0, the preceding series (<£) are each =j^O, so

that their sum is 00, and their difference 0. But when x=l, each is

equal to ^<j>l, and their sum is $1 and their difference 0. Hence the

series for <{>.r in cosines is true when x=0 and x=l ; while in that for

sines the series becomes both when jr=0 and when x= /, and con-

sequently will not then represent 0x unless 00= and (pl=0. Thus
we can now infer from page 614, that

+——- + . . , . =—, which may be verified

;

22— 1 42 -l 2
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2 £<"— £
-^ —

2<z a2+l +
rf+4 a'+9

+

1 a a a
- cot an :=
2 2a 1—

a

2 4-a* 9-a2

Returning to the original formula, let ivm : l=w, whence in passing

from term to term by alteration of m, we have t: l=Aw. We have

then

(bx——f¥i<l>vdv+ - 2 {ft\ cos w(x — v).(j»v dv Aw}. . . .(A) ;

which being true for all values of I is true at the limit when I is infinite.

Now f(pv dv in the first term may increase without limit with I, and

ffv dv : 21 may in such case either increase without limit,t have a finite

limit, or diminish without limit. If the latter be the case, which it cer-

tainly will be whenever flZfvdv is finite, then, observing that w
increases by continually diminishing gradations from to cc, we have,

by the definition of a definite integral,

v(j>x= fo{f-° C0SW (.^—v)<f>v dv} e?«;=J*"J*+™cos w (x—v)$vdw dv;

a result which is usually called Fourier's Theorem. We shall presently

have to consider the proposed limitation further ; in the mean while we
shall see an apparent neglect of a corresponding limitation in every one

of three methods which have been employed to verify it, or else an in-

version of the order of integration. It is to be remembered that the

theorem was obtained by integrating first with respect to v.

1 . Consider ff cos w(x - v) . s~hw tyv dw dv. We easily find

k r+a

f™cosio(x-v).e-'cwdw-.Tr— ^ and
J0 A

a+(a?— ») J _ K

k $v dv

Jc
2+(x-v) 2

is to be determined. Now since k is to be diminished without limit in

the result, we may, by reasoning similar to that of page 615, consider

only that portion of the integral at which v is nearly =#. Let v=x— z,

then the preceding becomes

_ — —- 1- . . . . , or <hx tan

J k*+z* J ft*+za T

•taking this from — cc to + cc, or from — a to +fi, as before explained,

we find W>.r, which verifies the theorem, apparently without limitation.

But what are we to say to this verification in those numerous cases in which

* The student must particularly observe that the theorem in Chapter xix. does

not necessarily apply to series deduced from discontinuous expressions, or from any

considerations m which discontinuity is involved.

•j- The reasoning of Poisson neglects this limitation, though obvious enough, and

Fourier makes a similar apparent error. Poisson makes J <pu dv:2l always vanish

when / is infinite: Fourier has missed this term by writing a series Pjcoso;

+P
2
cos 2x+ .... , which should have been P +Pj cos a-r-P2 cos 2x+ .... Both

are certainly wrong in expression, though the remarks to which I shall presently

come remove the limitation, and show the theorem to be universal.
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f<fjvdv : {k'2+(v — x)*} is infinite, taken from v——a to v=+fi?
This question requires more answer than it can receive from the pre-

ceding reasoning.

« /•„ , n 7 sin«Cr—v) f
+co

sin a (x— v)
, ,

2. I „ cos w (<z - v)w= and rpv dv

is' to be determined, a being made infinite in the result. Let x=v — za~\
which gives

J
+W

sin z f z\
, ,

r +:°sin2
, ,

x -\ )dz, or <px dz, or tfcpx,

-» * \ a / J -co" 3

as will be afterwards shown. It is here assumed that since a is to be

made infinite in the result, all finite values of z produce no effect, while

the infinite ones are compensated by the infinitely small value of sin z : z.

But it is well known that z~ x
does not diminish fast enough to compen-

sate the increase of any function whatsoever. This verification I hold

to be decidedly unsound, though its results are true, unless that meaning
of sin cc should be admitted which has been already hinted at, and will

hereafter be further discussed.

3. /
M
cos w (x-v) er

kl°*dw=-
^J-^

as will be shown. Multiply by <pv dv, and make v=zx+ z. Then
since k is to diminish without limit, it is easily shown that the function

to be integrated diminishes without limit, except when z is infinitely

small ; and reasoning as before, we have

— . I^r e-*
2
"(/) (x+z) dz, or <px >Jir s~'

2 :ik d(z: 2^),

or v(px, since fs-^ dt from t— — cc to i= + cc is *Jtt.

This seems to be subject to the same objections as before, for if <pv

increase without limit with v, when the latter increases positively or

negatively, it may be that the conversion of <p(x+z) into <px is not

allowable. I now go on to point out what I conceive to be the manner
in which the theorem is to be proved; and I do not regret the space

apparently wasted upon the incautious phraseology of some of the

analysts* to whose brilliant labours we owe these truly remarkable

views, because the preceding considerations will serve the better to

enable the student to see this new point of the integral calculus, nothing

approaching to which has appeared in the preceding part of this work.

Returning to the expression (A) (page 619), first observe that

fAi.da.a^-fjA2 da.x2
-\- . . ., or 2 (jAda.x) is identical with J

,

(A
1
.j,

1

+ A 2 .#g -r- . . . . ) da or f(2Ax) .da, provided only that xlt x2 , &c. are

independent of a. Write the expression (A) in the form

* The greatest writers on mathematical subjects have a genius which saves them
from their own slips, and guides them to true results through inaccuracies of ex-

pression, and sometimes through absolute error (see that of Legendre, page 59.3).

But their humbler followers must not permit themselves such license, uud those

above all who write for students must correct that as an error of reasoning,

which, in the guide they follow, was little more than an error of the pen.
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tAw cos. (x—v) + Aw; cos. Aw; (x—v)

-f Aw; cos. 2Aw (z-r) + . . ..}<£i> dv=(fix.

i/>

This expression is absolutely true for — / (#) /, whatever the values of

/ may be, and the series it contains is the limit of a set of convergent

series made by diminishing k without limit in

J Aw cos. (x—'v). s~okA'°-{-Aw cos. Aw (x~v) . s"
l
'Aw

+ Aro cos. 2Aw> (,r—u) .
£-2*a»_j_

Let Z; have any positive value, however small, and let the preceding

be multiplied by <pv and integrated with respect to v, from v=— I to

v^z+l; that is, from «==— (ir:Az^) to u= -}- (ir : Aw>) ; and, if a? lie

between these limits, the result will be as near as we please to (fix, if k be

taken small enough. Since the series is convergent, this might be veri-

fied by actual arithmetical operation. Now since the individual terms

of the preceding diminish without limit with Aw, any one or more of

them, in fact any finite and fixed number, might be erased or altered in

any finite ratio, without affecting the result. If, then, in the first term

we change ^ into 1, (or if we erased the first term altogether,) the limit

of the result, when Aw is diminished without limit, is strictly

— cos. w(x— v) .s~i,B
<f>vdvclw~<px-{-oct

KJ -r:0 J o

where a and k are comminuent. Diminish k without limit, and we have

Fourier's theorem as given.

Now for the first verification (page 618). If we begin by integrating

with respect to w, we have, as before, f cos w(x—v) s~kw dw=k:
(A-

2 +(.r—v)
2
), which vanishes with k, or is =0. Consequently, com-

pleting the process, it jmight appear that we must have fO . (fiv dv (from
— cc to -r- oc), and divided by ir, or 0, for the result, even though

ffv dv were infinite. But here it must be observed that if an integra-

tion with respect to v is to follow our last conclusion, we are not entitled

to say that k:(k2+(v—x)
2
) always vanishes with It. Among the

coming cases to which this conclusion is to be applied is the case of

v.=x ; in this case the preceding fraction, instead of vanishing, becomes

infinite. But this we have gained, namely, that we have a right to use

the results of k—0 as to every value of v except v= x, or infinitely near

to x. And we might have applied all this process to the series before

Aw diminished without limit, or / increased without limit, as is actually

done in page 615. Hence we have no occasion to consider more of

ftZk 4)V dv : (&2+ (x— v)'
1
) than is involved in those values of v which

are infinitely near to x. The rest of the verification need not now be

repeated.

In this theorem of Fourier, as well as in the formula from which it

was derived, <fix and cjjv may be discontinuous. The same thing may be

said of the formulae in page 61 7, or of their particular cases in page 614.

We shall now ask what these last formulas represent forother values of a;

not included between and I ? If we write them thus,
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yfrrlBj+B, cos -r+Bj cos— -f , (0, r, t),

I1'^ A^iny+Aa sin —+...., 0(r)ir,

JBm—J o ^y cos ~)'~ " y 5 Am= J o <pV Sill —

—

t/r

we see that while u changes from to 21, irv : I changes from to 2t, or

completes a whole revolution; and the same while v changes from 2/ to

41, from 41 to 61, &c, or from — 21 to 0, from —41 to — 21, &c. From
the periodic character of the series, it is plain that the values of one

interval recur in all the rest ; now in half the interval, from to /,

I4>x : 2 is the value of the series ; what is it in the other half, from / to

21?

Since sin (2m-rt — z)=— sin 2 and cos (2mz—z)= cos z, it is obvious

that if we make either series the coordinate of a curve, and measure
equal abscissas from the beginning of the interval 2/ forwards, and from
the end backwards, the ordinates will be altogether equal in the series

of cosines, and equal with different signs in the series of sines. For

smm— (2/— v)= — sin-- v, cos?)i— (2l—v)— cos-^-v;
I I I

so that all the terms of the cosine-series remain the same, and all the

terms of the sine-series only change sign. If, then, OL=LLi5 &c.=zl,

r^

~L.z l.i

C D

~^^T

C D

La X3 1,4

rv

i-2 L.i L2

VVe

L3 L-i

and if l$x : 2 be from #— to x—l, the discontinuous curve ABCD, the

cosine-series is always the ordinate of the upper figure, and the sine

series that of the lower. According to the last investigations, however,
(page 617.) the points A, D, E, F, &c. in the lower figure do not belong

to the series, but the conjugate points O, L, L2! &c. take their places.

But if we took for ordinates successively Ai sin 6, Aj sin +A2 sin 2d,

&c. (Jd—vx-.l), we should have a set of curves which perpetually
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approach to the continued line ABCDLDEL2E, &c, and all the lines

"OLD, ELJ3, &c. form parts of the limiting figure.

Let it be required, for instance, to find the equation to a set of simple

isosceles slopes, as dotted in the upper figure. From a?=0 to x=^l,
let y—ax ; then from x=z^l to x=.l, y=z—« (#— Z), or a (£—<r). We
are then to find

f¥ mvv ' ft mvo
Bm— ay cos —-

—

dv+ a (I—v) cos —-— dv

al2 / trnt ,= 2 cos 1

—

cos mv
m2

7r
2 V 2

which is — 4aZ2
:??r

2
7r
2 when m is of the form 4Ar+ 2 and in every

other case ; except only when m=:0, in which case it should be ^al'1 .

Hence, multiplying by 2 : 1, and putting ^B„ for the first term, we have

for cfix the-ordinate required,

al 8ocl f 1 2%x 1 6in1

^=---^-cos-+-cos-r -

Verify this when x=0, tf=$2, anda?=^; and also verify the differ-

ential coefficient by page 608, showing it to be « from x—0 to <r=^/,

and —a from x—\l to x—l.
By the same process which gave Fourier's theorem, the equations in

page 617 may be made to give

2 f* ("°

<t>x—— cos wv. cos wx, (j)v dvdw

sin ivv sin wx <fiv dv dw

;

f JoJo
the first of which is true when x=i0, but not the second, unless ^0=0,
Both are true for all positive values of x : and if (f>x be even, the first is

also true for negative values, and if rfrx be odd, the same may be said

of the second.

Poisson has applied the fundamental equations

1 c
+i

,
i v f r

+! «* (x-v) ,•» ....
<pxi=i— <pvdv+—z< cos <pvdv> —l(x)l

i {0Z+0 (-»}=±j
+l

<pv dv+± 2
{J

+

cos
m7r(±

/~*V «*>}

in many remarkable ways, from which we select two.

Let the function employed, which for any thing to the contrary im-
plied in the demonstration, may contain / as well as x, be 4> (x+l+2M),
k being or a positive integer. Let v+ l+2kl==z^ then the limits of z

(answering to v= —I and v= + are 2kl and (2&-f-2) /, and we have

« nm+u
^(a?+/+ 2A/)=—

-

<f>zdz
2ll . I oW

+— 2i (-l)m cos — '-4>zdz\ -l(x)l;
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m-wtx— v) m-r (l+2kl+ x~z) ._, . ,. mir(x-z)
since — -= -. -=(2/c-+l)wiiH -

.

Take k successively =0, 1, 2, &c, and add the results, which gives

0Cz+D+0C*+3/)+0(a?+5O+....

~2TJ
<
5
6z ^+7 2

\J
(-1) cos ^ '0Z(fcJ.

But if #=/ or — £, the preceding expression represents

\ («/>0+ </>20+ Htf>2£+00 + .-..; or ^>0+</>2Z + </>4/+. ...

For Z write \l, and we have

1 /•« , 2 _ f -„, 2/nirz , i ,» .

.

<p0+(j)l+(j)2l+ . . .=^0+— f (t>zdz + -j- 2 jj
cos—-.fzcfel (A).

By using (j>(x-\-2kl) instead of <p(x+l+2kl), the following may be
deduced from the previous results of Poisson,

<px+<j>(x+2l)+... =—f_ t <j>zdz +- 2j/_,cos ^ ' 0* dzj

which, when a?= — I or +£, becomes £<£ (

—

l) + (pl-\-(}>2l+.

]_

2Z'
fc-0 (j?+i)+ </> (x+ 21) - . . . . =- f% (j>z dz

+y 2 j/li COS ^ * 0S C/Z

J

2
j fa (2m +l)ir (x-z)

\+y 2 j/ COS </>2 dzj.

If in the expression for <pO+q>l+ &c. above given, we change the sign

of I, and add, we have
2<t>0+ $1 +<}>(- 1)+ (j> (21) +<p (—21) + . . .^fO,

or . . .^ (

—

l)+fO-\-(f>l+ ... —0, which verifies the theorem in Chapter

xix. And if in the last result we change the sign of I and add, we
have

1 r+i

...-<j>(x-l)+2<px—</>(x+ l)+ cj>(x+2l)— "-—IT, <t>zdz

+— 2 < \ cos j 02 dz >=0X,

or ...-0O— Z) +0a? -0(^+0+0(a'+2O— =0,

which is another verification of the same.

To verify one of these formulae, take that for 0O-J-0Z+ . . . .and let

(pz—s~z
. Then /o cos (2mrz : I) 02 dz=P : (Z2+4m2

n-
2

) gives

, « 112 / I* I
3 \

write (1— e~l)~l
for the first side, and show that this agrees with the

series deduced in page 612.

Again, multiply the formula for 0O+ 0Z+ . . . . by 2, then for I write

21, and subtract the original equation. This gives
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0O-0/+02/-...=-0O4-- l{ J

(cos
n
^-cos?^jfadz\(E)i

The second application may be made to have reference to the following

point. We have now gone through a number of new and strange ex-

pressions, involving the remarkable new form of an integral which has

only instantaneous values, a term, the meaning of which the student

will see if he understand the preceding pages. The following must be

made to furnish verification, or something to show that these unusual

expressions have some affinity with others. I shall now point out, for

this purpose, not only how to recover the theorems in pages 266 and 311,

but to complete the conception of them, by giving values for all the

rest of the series they contain, from and after any given term.

In (A) make (/)(?d-\-z) the subject of the equation, whence we find

for the value of the series (//Z)-l-0 {(rc+1) /}+ 0{(n-r-2) l} +
the following

:

L cjjnl+ l-f;cptnl+ z)d:+ ~ 2 {j7cos^- <Knl+ z)dz]

1 , , 1 ra , , 2 „ f ra 2mir(z—nl)
, 7 )

or ~j' T J nl<̂ z + T iV
"zC0S

1
—

I

'

in which remember that 2m it (z—hi) : I and 2nncz : I have the same
cosine. Subtract the preceding from (A), which gives

0O+0J+ .... +0(n-l)Z=^(0O-0rcO+y/?0*<k

+f 2 {.A cos ——- (j>zdz^

Now integrating by parts, we find

Ck , , 07c-0'O 1 Ck ... .

| "cos az. tpz dz— „ |„ cos az.o"zdz,JO a2 a2 J

if Jca be a multiple of 2ir. Carry this on, meaning 2zm : I by a, and nl

by k, remembering that m and n are whole numbers, which gives

/., _, , 0'&—0'O 0"/&-0"'O tiV'-Vk-^-^O
fcosaztzdz^—^ -— +.... ± -

+—c fo cos az <p^
c)
z dz.

Substitute 1, 2, 3, &c. ad infinitum successively for ni, write for a
and k their values, and add, making Sm= l~m+ 2_m+ 3~m+ This

gives

0O+0Z+ . . . +0 (n-1) l=y- ff4>z dz-\ (0^-00)+^ (f'nl-t'O)

J*
-1 „ f -. 1 2irm« ._, , )
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For S2 , S4 , &c. write the values deduced in page 581, and we then

see the theorem in page 260, § 69; that is, if in that theorem we make

;/H= (/>ii, we have what the preceding becomes when /s=l. And we here

see more, namely, that all the rest of the series, from and after any term,

can be represented by a definite integral ; and from that definite integral,

that the error made by stopping at the term which contains S 2c (inclusive)

is not, generally speaking, so great as that term itself. For that error

is the definite integral last mentioned : throw out cos (2irmz : /), and we
certainly get a greater result ; for by so doing we not only increase all the

elements of the integral, but we make them all of one sign (that is, if
(2c,

2 be of one sign, from 2= to z-=.nl, as almost always happens).

Hence the error in question is less than

OS,: ^ ^)'WC)Z f/Z
'

OT tlmnl^ {^ C-i;»'-^- 1J0
}>

which is the last term included. And even though <^
(2c) should change

sign between the limits, yet if A„ be a constant quantity numerically

greater than any value it has between the limits, it is easily shown that

the error is less than

P-1
' nPc

osc-i Ss'Sje'/oAds, or than -j—;—- S 2c A.
Z 7T A It

Again, the above series gives the definite integral j'S<t>z dz in terms of

I (%(j)Q+ <j>l + +<p (ji— l)l+^(bnl) and diff. co. of 0z, so that

approximation may be made by it to a definite integral in a manner re-

sembling that of page 314.

The series (B), page 624, might in like manner be made to give the

series in page 311, but most easily by writing for the integral its equiva-

lent form

J°Y
mirz 2mirz\

, , (
ta

mitz f , 1 k V,
(cos— cos —— ) 4* dz—I cos— ( 02 -— <j>

—
j
dz.

I here finish the account of the manner in which periodic integrals

are made to connect the mathematics of continuous and discontinuous

quantity ; but it is still necessary to make a few remarks upon the very

new species of results at which we have arrived.

The impression which ordinary algebra leaves upon the mind of the

student is that he has been studying the science of continuous quantity,

represented by expressions which always vary according to regular laws.

And he learns to imagine that every equation which is true for all values

of a variable within certain limits must be true for all other values. The
first exception to this rule occurs in the passage from the arithmetical

to the algebraical view of series, in which we see that a series, as

1-fx2 + x*+ . . . ., may be the representative of the arithmetical value of

a function, (1—

a

,)"~ 1

, when x lies between —1 and -f-1, and infinite in

every other case. We soon learn, however, that the series still retains

all the algebraical properties of the expression to which, when finite, it

is an arithmetical equivalent ; so that the use of the series for the finite

function is allowable. A series of the form a+ bx+cx*+ .... seems,

if I may use the expression, to escape discontinuity by having recourse

to divergency (pages 230—234) : and even in series of other forms, those

which can become divergent, or as near divergency as we please, never

2S
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are discontinuously connected with different functions ; that is, never

represent one function for a value of x between one pair of limits, and
another for values between another pair. And by a series as near

divergency as we please, I mean one which cannot diverge, but of

which any given number of terms may diverge, such as the development
of sc. But if we take a series which never diverges, nor appears to

diverge, we almost universally find (as in page 230) that discontinuity

is the result.* Sometimes, however, discontinuity is more apparent

than real, and of this character is all that arises from the introduction

of ( — 1)". Thus an odd number of terms of 1 —x+x*— .... + X71' 1
is

(l+xn
) :(l-\-x), and an even number is (l—xn):(l + x): both are

represented by (1— (— l)"af) :(l+x). There is here no real discon-

tinuity : if we suppose n to vary continuously, and write the preceding

expression with the numerator 1 — cos n-s . xn, we find a perfectly con-

tinuous change; for instance, from 1— a;
4 to 1 + x 5

,
when n changes from

4 to 5.

In the theorems we have just left, however, we see the most complete

discontinuity, not obtained by any new or arbitrary process, but fairly

derived from the limits of continuous expressions. Some notion of the

manner in which this arises is given in page 615, but as it is most
essential that the student should fully see the meaning of such expres-

sions as we have obtained, I now enter more at length into that matter.

Through any given number of points (page 231) a purely algebraical

curve can be drawn ; from which it is possible to draw a curve which
shall (page 621) from <r=0 to x=l, resemble as nearly as we please

the discontinuous line ABCD. The reason why it is more convenient

to take a series of sines or cosines appears in page 610, in which it is

shown that the actual determination of the equation of a line passing

through the contiguous points is easy when compared with the cor-

responding purely algebraical process. And if by a finite number of

terms in the ordinate, we can make a curve as nearly coinciding with

ABCD as we please, it follows that by increasing the number of terms

without limit the infinite series thus attained actually represents the

ordinate of ABCD. This series is one of sines or of cosines, at pleasure,

and having noted that hitherto series which are always convergent seem
to be those which are discontinuous, it may be interesting to showf that

all the series of sines and cosines to which we have come must be con-

vergent. Their coefficients are all of the form JJ cos rx (fix dx and

fl sin rx 4>x dx, and these must diminish as r increases. For if these

integrals were so taken that the negative elements should be made positive

and all added together, still each would be less than fl cjjx dx, since

cosrx and sinra; never exceed, and are generally less than, unity. But
in the actual integration, there are successive positive and negative por-

tions, the balance of which is the integral required : moreover, the larger

r is, that is, the more rapidly rx goes through a revolution, the more
nearly equal is each portion, numerically speaking, to those which are

contiguous. Hence the integral is in each case of the form Ai—

A

2
-|- . .

.

± A„, in which A^ A2+ • • • . + A„ cannot exceed fl<j>x dx, and A15 A2,

&c. all diminish, approaching to equality, as n increases. Hence

* The preceding sentences contain matter of observation, not of demonstration.

f This is a mere sketch of a proof, and requires some enlargement, but matters
of more importance prevent me from giving the requisite space.
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A,+A
a+ &c. and A 2+Ai

+ .... are finite quantities, always remaining

finite, and ultimately equal, or A,—

A

2+ .... diminishes without limit.

With regard to the signs of these integrals, it is obvious that when r is

even, rx goes through a complete number of revolutions from x=0 to

x—tt; and when r is odd, through a complete number of revolutions

and half a revolution besides. There is no reason to assume, then, that

/cos rx . (j>x dx and /cos (r+1) x.cfix dx must have the same signs

when r is great; but by the law of continuity /cos rx . (fix dx and
/cos (?*+2) x.ffixdx are obtained in the same manner, and must at last

have the same signs. Consequently the only series we need examine
are of the forms A! cos a?+ A 2 cos2 lr+ . . . and A! cos x—A2 cos 2x-\- . . .,

and the same series with sines, it being supposed that the coefficients A,,

A2 , &c. begin to diminish without limit, sooner or later. Take any case

of these kinds, and suppose x any quantity commensurable with 7r, say

m-r'.n, and owing to the recurrence of the values of sin rx and cosra,

it will be found that each series can be subdivided into two other series,

each consisting of alternately positive and negative diminishing terms.

If we now take the curve whose ordinate is (1—p2
) { 1— 2p cos (,r

—

v)

-hps}~ 1
to the abscissa v, x being a fixed quantity &n&p<l, we shall

find it to consist of a series of similar undulations on the positive side of

the axis of v, the least ordinates, answering to v=x+ (2m+l) t, being

each = (1 — p) : (1 + p), and the greatest ordinates, answering to

v=x±2mir, being each =(l-J-p) : (1—p), as in the figure, in which
OX.=x. If 1

—

p be exceedingly small,

(J
f the ordinate is everywhere small except

.. when cos (x—v) is very nearly =1, in

: I ;

j

which case the denominator is also very

\J \]_J VJ_ small, and much smaller than the nume-
!

'

rator. If we find the area of this curve

from v=zx—irto v=x+ it, or indeed from
v~x—k to v—x+ k, provided k be sen-

sibly less than 2t, we see that (1—p being very small) no portion of the

abscissa contributes sensibly to the area, except for values of v very near

to x. Let 1 - p diminish without limit, and the curve becomes more and more
near to the axis oft? in every part except where v—x nearly, so that the

limit of the curve is the axis of v and the positive parts of a set of straight

lines perpendicular to it, at distances xdt2nnr from the axis of y, m being

any whole number, included. The whole area seems to vanish, but it

is not so in the formula, for on examining, as in page 615, the value of

fydx, it is found that the diminution in breadth of the parts adjacent to

v=x + 2mn: is compensated by the increase of the ordinates, so that 2t
square units are left as the limit of each portion, one portion being from

v=x+ 2nnr~- it to v=x+2mir+ Tr. If a new curve be formed by
multiplying every ordinate of the preceding by cfrv, the nature of the final

limit will not be altered as long as 4>v is finite, and the limit of each portion

of the area above described will be 2ir (fix square units. Hence the theorem

in page 615, and also the reason why extension of the limits gives sums
in page 623. When we suppose x to vary, we pass in thought from one

such system of undulations to another, and there is no reason why x
should vary continuously, or why (fix should be a continuous function.

We are thus able to lay down the formula for any ordinate varying con-

tinuously or discontinuously, within the limits x— rr and x+ v. By
using n(v— x):l

}
we are able to introduce the limits x — l and x+l.

2S2
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Finally, by increasing I without limit, we arrive at Fourier's theorem,

an expression for any ordinate varying continuously or discontinuously,

in any manner whatever, from x— — a to x= -\- cc. I now show how
that theorem furnishes a complete and natural expression of discon-

tinuity of any kind.

We have (px=T~ lf*dw {/i"cos w (v—x) <\>v dv},

where <f>u may undergo any number of changes of law, and §x would be

found by actual calculation to do the same. Let us suppose §v= Q from
v~— cc to v~a ;

0y=T//y, a continuous function, from v=a to v = b ;

and <fiv= fromv=6to v—cc. Obviously, then, that part of the first inte-

gration which is made from — cc to a gives nothing, and the same of that

from b to cc ; whence a and b may be substituted for — cc and + cc , and
we see in n~ x

fo dw {j
b

a cos w (v — x) . <\>v dv } a function which is ijsv from

v~a to v=b, and everywhere else. But at v—a and v~b, it only

gives ^a and ^fb. Thus, if T//y=l, we find that

3
f (*>>

-|

dw\
[
cosw (v—x).dv [

>,

or
1 ra

sm(b—x) w , 1 f
ia

sin (a—x) w .— dw div
V J W itJ W

is from x—— cc to x— a, ^ when xzza, 1 from x—a to x—b, i when
x=b, and from x—b to x=cc : a prolixity of expression which might

be more briefly, and sometimes usefully, represented by — cc (0) a (^)
a (1) b (i-) b (0) cc . And if we would express that the function is 1 at,

as well as between, the limits a and b, we might write it thus, — cc (0)

{a (1)6} (0)oc ; or perhaps — cc (0) (a, 1, b) (0)cc might be prefer-

able : the value of the function being in all cases in the middle of a

parenthesis, and limits being written outside or inside the parenthesis

according as they are included or excluded in the description.

The preceding expression may be actually verified, either absolutely

by analysis or approximately by computation, for both the integrals are

finite and convergent. We shall presently arrive at the result f% sin kw
dw : w—-\-^tt, or —--Jit, according as k is positive or negative. Now,
a being the less of the two quantities, k is positive or negative in

both the preceding integrals, according as x is <# or >6: these

integrals, then, destroy one another. But if a?>a<&, the first is §ir

and the second —\-k, so that we have t
_1 {^v+^tt} or ]. And when

x=a, the second vanishes, and the first is ir
—
'.Jiror ^ ; when x=b, the

first vanishes, and the second is — 7r
_1

(— ^ir), or also ^, whence the

result is verified.*

Observing that in r^f^dw {f
b

a cosw(v—x).$vdv}vre can always

construct the expression when $x, a, and b are given, we may denote it

* It will thus appear that the verification (2) in page 619 shows the force of
the theorem exceedingly well. It was first seen by the late M. Deflers, professor of
the Bourbon College : and Poisson has shown his opinion of this verification by
citing it whenever he proves Fourier's theorem, which he does in four or five

different places. But the defect alluded to in page 619 cannot be denied, and I

have no doubt that sin z : z should be said to make the function integrated vanish,
not merely because (go )— vanishes, but because sin (oo ) is of the same dimension
as g-«

m
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bv F„ §x, and §x F* 1 is an equivalent of this. If, then, we wish to ex-

press a function which is <$>x from a to b, tyx from b to c, xx from c to

e, &c, &c, we have it in Y'a4>x+ Flfx+ ¥lxx+ • • • •> with this excep-

tion only, that x=a gives %$a, x=b gives £(<}>& +V&) 5
^=c gives

£ Oc+Xc)» and so on -

To take another example : suppose it required to find a function of x
which is =x from #=0 to a?=l, and =0 everywhere else. First we
have

cosw(v—x)

from which

f cos w (v—x) . vdv—— sin w (v—x) -f

— <£mm cos w (v—x) vdv ?

1 C'
a

fsin 10 (1

—

x) cgsw(I-x)—cos mr
~ * J I W I

and /cos (1 — x) 10— cos xw

-;
w2

(1 — x) sin (1

dw='

1Saw,w J

cos (1— a:) w?—cos xw

w
x)w-

dw;

and the first term vanishes at both w=0 and w= oc . Hence if ~Pk

denote tt
-1

fsin lew dw : w, we find for the function in the second line

(which Fourier's theorem shows to he that required, and which we are

now verifying)

P^-O-*) Pi-,+ffP« or x (P.+P,.,).

If tf<0, P^—J' axld Pi-*— ^> or the preceding vanishes; if

#=0, it also vanishes; if 1r>0<l, P^P^sr-J, or it becomes =,r; if

*>1, Pl_x~—j£,'Px=.
:

h, or it vanishes agairi; whena,= l,P
:i=i,P,_a,=0,

or it becomes %x or J. The geometrical explanation of this is as

follows: if we take the curve whose equation is, for any point (a',?/),

yz=— £~kw div\ cos w (v—x). vdv \,

k being a small and positive quantity, we should find it to have a form
resembling 1 2 OCB 3 4 : the smaller k becomes, the more nearly does

OCB coincide with OB, and B3 with BA, while the undulations preceding

and following diminish without limit in every ordinate. Finally, when
A;— 0, the limit of the curve is the dark line 1 0BA4, but when
#=OA= l, the formula does not become indeterminate, but gives only

•JAB, whereas every point on AB is in the limit of the curve. This is

by no means the only instance where, when one side of an equation takes

an indefinite value, the other gives the mean of all the values denoted by
the first.
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I now proceed to another branch of the subject, namely, the transform-

ation of integrals which arises from giving impossible values to con-

stants contained in them. It is a matter of some difficulty to say how far

this practice may be carried, it being most certain that there is an exten-

sive class of cases in which it is allowable, and as extensive a class in

which either the transformation, or neglect of some essential modifica-

tion incident to the manner of doing it, leads to positive error. It is

also certain that the line which separates the first and second class has
not been distinctly drawn. The best plan will be to examine some cases

of the transformation, both in their results and in the verification of

those results, taking those instances which are valuable in themselves as

the subjects of examination.

Let us take f^s~
ax cos bxxn~ ldx and

J*„
s~ax sin bx x"~ldx, where a

and n are both positive, and b is a real quantity : these integrals

must then be finite. Now fa£~
px xn

~ l dx—p~n Yn gives as follows

;

let r—J(a?+ b*), 0=tan- 1
(b : a),

then f*£-&
±b ^(-^*xn-1 dxm{a±h tJ(~-I')}-

n.Tn

—

r

-" {cos nO + sin nO ^/(— 1) } Fn

;

whence, adding and subtracting the two equations here written,' and

dividing by 2 and 2^(— 1), we find

~a 7 . , Tn . cos \n tan
-1

(b : a) }

ffryk bx *"-M*=
r
* •t//?"I t

: a) }
-j0 V02+&)}

These results can be obtained without the introduction of *J(
— l), by

a process similar to that in page 5*76, and can each be verified in two

distinct ways by differentiation. Let the first of these be C„, and the

second Sn , which gives

dCn_ „ dCn_ cZS d$ n

We might verify either of these, but the following will be better. For

a and b write r cos 9 and r sin 9, and taking r positive, then cos 9 must
be positive, since r cos 9— a. We have then

prjc COS

f s-'
c°a °-* g"

n (r sine. a?).*"-
1 dx-r~n Tn

sin (w0)

—"= r sin 6C„+1—r cos 0S„+1=

{sin 9 cos (n+ 1) 0- cos sin (n+ 1) 0}— n+ ;

= —nTnr~n
sin nO, the same as from the second side of the equation.

In a similar way, dCn : dr, dSn : d9, and dSn : dr might be verified.

Consequently, if the two sides of the preceding equation differ at all, it

must be by a function of n and constants not depending on r and :

but this cannot be, for in such a case C„ and S„ would not be reduced to

fs~
rx xn

~1 dx and 0, or r~n Tn and 0, by making 0—O-, to these they
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are reduced as the equation stands, but would riot be if a function of n
were added to the second side.

What value of 6 is to be taken, of the infinite number which satisfy

rcos0=«, rs'm6—b? It must be of the form 2&7T+ 0,, 0, lying between
— tlj7r and +^ir, for otherwise cosQ would not be positive. When n is

integer, it matters nothing what value of k is taken, the second side not

being altered by any change of k from integer to integer; when n is

fractional, the case is different. But the integrals must be reduced to

r~n Tn and by sin — 0, whether n be whole or fractional, but in the

latter case r~n Tncos (2knir+n9 l), which becomes r~" Tn cos 2kmr, is

not so reduced unless kn be a whole number, in which case 2kmr may
be suppressed. Consequently, X

is the value required, or must lie

between — \it and -\-\-k.

The following are remarkably particular cases, and deductions from
them : b is supposed positive.

J" cos bx.xn~ ldx—b~" Tn cos |bt, /"sin bx.x^dx— b~n Tn sin \mt

^cosbxm .xn dx-—b~
n

-^T(
7-^) cos (—«}m \ m J \2m J

/•» • , , 1 7
-—l.^fn+ \\ . /n+ 1 \

l„sm bxm .xn dx =— b m T[ Jsml -—— ir ).J0 m \ m J \ 2m J :

Write Fn sin init in the form F (n+ 1) {sin %n<ir : n}, and let n diminish

without limit.

/COS uX i Sill u3C
dx—<z, dx—^n* (pages 572 and 628).

X J x

Let 7i:=l, which gives f*cosbx.dx=0, /"sin 6a: dx—b~\ results

already noticed.

If all the preceding process be carefully examined, it will be seen that

there is nothing in the change of possible into impossible quantities

which either makes the subject of integration become infinite between
the limits, or prevents us from expanding the possible form fs~'"

:

s
bx
.xndx

into an infinite series, then making b become 6^/(— 1), and concluding

that the result is identical with the impossible form. But if the change
should make the subject of integration infinite between the limits, it is

by no means to be inferred that the results of the change are true.

Again, if the change should turn a convergent series into a divergent

one, in the subject of integration, it is not to be inferred that the results

will agree after integration; for it has happenedf that discontinuity is

introduced by the integration of divergent series, and there are no means
of knowing when this happens, and when it does not

:

Thus pa fxdx-(f: -/D <t>xdx^f {<{> (x+a)-<)> (x+ b)} dx.

Write kx for x in the last, which does not affect its limits, and wre have

f
b

a $xdxs=kfi {<{> (kx+a)— <f>
(kx+b) } dx.

* It is obvious that a change of sign in b changes the sign of the result.

f One of Poisson's objections to divergent series (Journ. Ec. Polytech. Call. 19,

p. 484) turns upon this point. It seems to me that the objection here is not to the

divergent series, as such, but to inferences drawn from its integration.
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Let k=/J{— 1), and first let $x—sx
, we have

=^/(— l)(s°—

£

s
), and this multiplied by V(~ *) giyes £b~ £<*> tne

obvious result of J*^ <fo from o;=a to x—b. So if we take

J
b dx ° f f

1 1
\

we should find a-1— 2r x as the result of both sides. But let us now
apply Ar=V(— 1) to the theorem f*$xdx==kfo$ (kx) dx, where $x is,

say (l + ;c
2)-\ We have then J" (l + x°-)-

idx=j(— 1)/"(1—a*)-ldx
t

an equation which we cannot either affirm or deny, since the subject of

integration in the second side becomes infinite between the limits.

I now proceed to give some account of the method of considering

such integrals proposed by M. Cauchy. Let (1 — a;
2

)
-1= V, then

f
l~k ~Vdx—^\og (2

—

k)— ^log^, a calculable result, however small k

maybe: and j*+l Vdo.'—jlog I— ^ log (2+ /), also a calculable result.

Hence fYdx from to cc, with the exception of the part from 1 —k to

1+Zis ^log(/:/fc)-ilog{(2+ /):(2-£)}, of which the latter term

diminishes without limit with k and I ; but the former entirely depends

on the ratio in which I and k vanish. If we now take the part from

1— * to 1 + Z,we find it to be J log (— 1c :Z)+£log{(2+ Z) : (2— *)},
which, if I and k are diminished so that k : I has the limit a, has ^log
(—«) for its limit. If a=l, this becomes ^log(— 1), or^(2/i+l)7r

V( — 1) ; and if we multiply by J(—l), which gives — O'-f-o) t, one

of the values so obtained (for n= — 1) certainly isj „ (1 + j?
8

)
-1

dx, or \x.

But, at the same time, we cannot form a distinct idea of f[±
l

k Ydx by

summation, as in page 100, because V becomes infinite when x=z 1.

If §x become infinite when x=a, and if (x— a)<px be then finite

and =A, the value of fl±
l

,t (/>x dx, or

J"+i
dx r«+i

cix / /\
§x (x—a) must approach to A , or A log I

),

a-k % a J a—k X a \ k J

as It and I diminish without limit : that is, assuming the ordinary rule

of integration, in spite of the infinite intermediate value of (a?— a)
-1

.

In the same way, if ^ (x— a) . (j?— a) be finite and =A when x=a,
ij/x being the dimetient function (page 324), which satisfies this con-

dition, Aftyx^dx is the limit towards which f(f>xdx approaches,

under the same extension. Many results may thus be obtained, and
many incontestably true, but all labouring under the same difficulty,

namely, the want of definition for f
b

a 4>xdx, when <px becomes infinite

between the limits. It will certainly not do to define it as <pib— 0iO,

where 4>\x=L<f>r, for such a definition would give the same result, no
matter how many times x becomes infinite between a and b, which, in

the developed theory to which we have alluded, is not* always the

case : and the summative definition of page 100 is unintelligible.

There are, however, some results obtained with reference to this

subject by M. Cauchy, which, though not quite complete in their

* M. Cauchy has shown, as in the results we shall presently obtain, that every

place in which the subject of integration becomes infinite gives a term to the

result, generally speaking.
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fundamental explanation, ought not to be omitted. A function of the

form 0(«+ O) — (a— 0) is continuous, and vanishes with 0, when (fia

is finite: but if 0#=gc, there may be an evident discontinuity. Thus
log (a+0)—log (a—6) vanishes with 9, except when a=0, in which
case it is Jog (— 1) for all values of 9. If, then, we have J"l^ x~

l dx,

which represents the area of an hyperbola from x= —m to x~ n, we
find logn—log (— ?n), which can represent no area. But if we remove
the portion fll x~

x dx, 6 being infinitely small, we also remove that dis-

continuity which, though essential to the function, has no geometrical

interpretation. We thus get log n — log (

—

m) —log ( — 1), or lug (n : m),
which is algebraically intelligible. Thus, if 7i=m, we have for the

area, which is visibly true, since its positive and negative portions are then

absolutely equal. But if, instead of removing the portion from —6 to

+ 0, we had removed f+ft,e x~
i
dx, p. and v being any given finite quan-

tities, we should have had log (yn : prn), which we may make any-
thing we please. It seems, then, that if we wish to accommodate
our notions of f4>xdx, when <fix—& between the limits, to those which
we derive from applications, we must consider f(fix d.r as divested of the

part fa±l4>xdx, where 0a=oc . And if (x—a) (fix be finite and = A,
when x=a, we find, as before, Alog( — 1) for the effect of discon-

tinuity which is to be removed. When this result of discontinuity has
been removed, M. Cauchy calls the remainder the principal value of
the integral. Now, if the limits of the integral be x and x„ and if from

fll (fix dx, we remove the portion f*±
e

e (fix dx, there remains
f°j* (fix dx

+f
x
+̂e (fixdx. If the portion removed, namely, f

a
atl4>x dx, diminish

without limit with 6, then the limit of the remaining part is /*' (fix dr.

But if the part removed have the limit L, then J^(px dx— L, and not

fll 4>x dx, is the value of the portion of area of the curve y—<fix.
Leaving for a moment the case in which the subject of integration

becomes infinite, take the identical equation

eb dx_ d?z _ d f»dz\ _ d / dz\

dx dy dxdy ~~
dx \ dyj ~~ dy \~ dx/

and integrate both sides with respect to .r and y, namely, from x
Q
to xu

and from y to y v . Let z=^ (a,y), and let
ty'

and ')/''/ denote results

of differentiation with respect to x and y.

S% iff 0', yd Y-'O, yd -ff O, y ) .f O, y ) } dx

=/» {ff to- v) Vote, y^-ff (*« y) Yo (^ y) } *f-

This equation* is absolutely identical, whether the function be pos-
sible or impossible, for any degree of approximation may be made to it,

as in page 289, and the first side represents the limit of a process which
consists in summing rows and adding the results, each one in the row
thus becoming a column, while the second consists in summing the same
columns, and adding the results, each number in a column thus
becoming one of the first rows. Thus, if U- (x,y)= x+ y </( — 1), we
have (£=V(— !))

f*4 {/(*+yi'*)-/(*'+y.*)} dx =kfH {/(a-1+y*)-/(^+yA)} dy (1).

* This should be called Cauchy's theorem, on account of the results which that
eminent mathematician has deduced from it,
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For instance, letfi~£-"*
2
, orf(x+yk)= $-**+&

(cos 2axy—k sin 2axy)

£avl f*l {cos 2axy
x
— k sin 2axyx } s~

ax2 dx

— saHofxo ( cos 2cs^y —^ sm 2a#y } s
-"*2 dx

=ke-ax\ JV {cos 2ax
1
y—k sin 2^;?/} s"^

2
tfo?

— lis— a^lfH {cos 2ax y— k sin 2a^r 2/} £
a2/2

<fy.

Let ^= + 00; the first term of the second side vanishes and the

equation of possible and impossible parts gives

safi f?*s-
axS

cos 2axy1 dx—sty'i ftas
~ax* cos 2axy dx

= _ s- ax*
Jjjj

s
ayi

sin 2ax y dy

S«y\ /+* £~a*2
sin 2axy x dx— s<*yl ftfe*"*

2
sin 2axy dx

= s- axlj% e"^ cos 2ax y dy.

Let ^o^O, y — ; we have then (page 619, verification 3)

/o
£~m2 cos 2cm/! dx~s—ay\ jl

s- ax<2 dx—\^K.cTh s-ay\

foST**
2
sin 20mA cfcc=s-«y?

J**
1 £

a*2
cfy.

Many other such tranformations may be made, and with the utmost

certainty, as long as fx does not become infinite between the limits.

But let us now suppose that f(x+ yk) becomes infinite once only between

the limits, namely, when tf= a, y==b. Avoid the point by integrating

from x-=zx to x=a — 9, and from x—a-\-9 to x—x^ also from y=y to

y—yi in both cases. We have then

JV {f^+yJ<)-f{*+y»K)}dx

=*/$ {/(a-e+y*)-/(* +2/ft)} #

-*/& {/(^i+^) -/(a+e+ yfc) } dy

If we add these together, and then diminish 6 without limit, the first

side presents no singularity, since neither f(x -\-y x
k) norf(x+y k)

becomes infinite from x—x to x= x1 ; so that the limit is the complete
integral from x to xl : but on the second side we see

*/£ {f(.^+yV-f(*a
+yk)} dy

-kf^{f{(<*+e+yk)-f<ia-e+yk)}dy.

The first term being what we should get in an ordinary case, and the

second an integral which would vanish with d, iff{x-\-y\ — 1) did not

become infinite, but which may have a finite value when #=0, as in the

instance given (page 633). Again, since all parts of the integral just

named must vanish (when 0=:O) for any limits which do not include ele-

ments adjacent to y=b, we may, without altering the value of the limit,

take y from — cc to -fee if 6 lie between y and yx \ but if y =b, we
must only allow those adjacent elements to enter in which y^>b, after

which we may go on to y== cc , so that y and oo may be the limits.
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Similarly, if 6=y1? we must take — $ and _?/, for the limits.* Con-
sequently, the correction for discontinuity described in page 633 is the

subtraction of

kf {f(a+6+yk)—f(a—6+ yk)} dy, with limits as just shown.

Let (z—a — bk)fz=yffz be finite and ==A when z=a+bk, then
since only values infinitely near to zzza+ bk affect the preceding
integral, we may write instead of it, first,

J I e+ (y-b) k -e+(y-b)ki
aiJ '

Now fax . yx dx, between limits infinitely near top, cannot, if if/p be

finite, differ from ^pjxx dx i
hence we may in the preceding write A

for if (a-i-0+yk), and for f (a—d+yk), and the result is, making
y—b—z,

kA \
——7 —rf, or kA -, .

J W+ zk -6+ zkV J
2+22

When this is taken from — oc to + oc , it gives 2n7tA ; but when from
— oc to 0, or from to oc , it gives irkA. And if there be any number
of such roots of {f(x-\-ylc)\~ l between the limits, and if A be determined

for each, the correction for discontinuity is the sum of the individual

corrections, so that we have (k~J(— 1))

A {/0+2A *)-/O+y m dx
3) m

=*JS{/(*i+yA)-/(* +y*)}rfy-2*A2A ; '

in which, however, JA is to be written for A in every term in which 6

is y or yu x—a and y—b being values for which f{x+yk) is infinite.

It might also be shown that ^A is to be written for A if x z=a or Xi=za.

Now A is the value of (x—pi) fx when x—p and fp=QC : let fie be

<px : ilsx, and let -ty-p^zQ, 4>p being finite. The value of (^

—

p)fx is then

(Chapter X.) that of 4>v : ifs'x, when x^,p.

Let .r =— oc, x
l
=-\-a:, y ~0, 2/1— <*>

t
and let f(x+yk) be a

function which vanishes when x—— oc or + cc independently of y, and
when y=oc independently of x. We have then f{x + y l

k)z=0,
f(xi+yk)z=0,f(x +yk)==0, and the equation (3) becomes

f±Zfxdx=2vkJ.A (4);

in which all the roots of fx—. cc must be taken which give positive

coefficients of k (0 included) since the limits of y are and 00 , but for

every real root (6=0) iA must be written for A, since is one of the

limits of?/.

Example 1. fx=(j)x: (l + ,r
9
), <px^cc having no finite roots. Here

the only admissible value of b is 1, the root of 1+x3 being k : the cor-

responding value of A is <pk : 2k, and we have

(5).

* This is a new application of what may be called instantaneous integration, on
which I do not think it necessary to dwell after what has been said in pages
615 and 627. .
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Let 0x=r£a;c

\ a being positive, (x+yk)i= (cos ax+ksm ax) €-"",

which vanishes when «r=co or — go, and when y=co (N. B. s~
axk

would not admit of the preceding demonstration being applied). Also

0[(£)= £
-a

3
and we have

/:.

cosaxdx ,, v P
a

s'maxdx

of which the first term is twice the same integral from to co , and
tbe second vanishes, which gives the same result as in page 517 for

f^cGsax dx: (1+j;2
).

But it must be noticed that if in (5) each of the portions of the

integral, from — oo to 0, and from to oo , be infinite and of different

signs, there may be, as in preceding instances, an effect of discontinuity,

for the removal of which no provision has been made. Let (px—x'm
,

whence, if m<2, <px: (l+x1

) satisfies all the conditions. We have
then

f+°x"dx_ = r> X"d*_
1¥
.r>«fa

J.-i+?-*
<-1)

.' J-.i+s- (_1)
J.i+3:*

r a
xm dx Tr(-l)^" t

whence =r -——- —

IT

"2cos{J(2A+l)mir}

where k may be any odd number. But since this integral cannot become
infinite until m=l, we must have 2&+1— 1 or tt : 2 cos (hfnir) is the

value of the integral from to oo , which agrees* with page 575. If

m=l, we have

/" xdx C xdx f
+m xdx i—

=oo, =— oo, -:=7rV— 1.

The two first are correct ; the third is a singular value, and should be
= 0. It can only be obtained by remembering that log ,^(1 -fa;

2
) is

the indefinite integral, and using the negative sign of the square root

when x is negative.

Example 2. Let fxzz<£>x : (1 — a:
2
), where 0(1) and 0(— i) are

both finite, and (px=zco has no finite root. Here fx becomes infinite

for xt= + l and x= — 1, and in these cases <fix:(— 2x) becomes

* The very great care which this method required may be illustrated by the fact,

that its discoverer, M. Caucliy, in a most elaborate memoir, (Mem. Sav. Etrangers,

vol. i.), hardly ventured it upon an instance which could not be verified by other

means. This very wise precaution, in presenting so new and difficult a method,
was misunderstood, I suspect, by the members of the Institute who reported upon
it : they notice the fact of the examples presented being previously known, and
seem to infer something against the power of the method. M. Lacroix has quoted
their report, and 1 think it possible that many may have been deterred from the
study of this method by the impression produced by the remarks alluded to. The
student must take it, not as a method which he can yet use, but as one which he must
learn to use, and in which he is very liable to error. I am not aware that it has yet
appeared in any English work : the demonstration in the text is drawn from
Cauchy's Resume des Lemons sur le Cedent Infinitesimal, Paris, 1823.
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— £0(1) an(l h^ (-I)? anc^) Dot ' 1 roots being real, we have irk 2A or

\irlc {0 (—1)— (1)} for the integral. Hence

Let 03?= x"; reasoning as before, we have

, = .V7tV— 1 — -——— =: — -tan/,/«7r.
Jol-^2 2

l + (-l)m 2
2

Let a?
2= z

B
, which, n being positive, does not change the limits, we

have then

C
a

~
imn+in- 1 dz t , rz l dz T

—

\
;;— —— tan 2m *> 1 1 —~ . J-f-1

cot

Let it be remembered that by the symbol j
b
a , when the function

integrated becomes infinite between the limits, say at x= c, we mean
nothing but the limit of f

c

a

~ + f
b

c-g when diminishes without limit.

But whether this is always the meaning of the symbol when it is at-

tained in the usual way is another question.*

Example 3. Letfx=<px : (l-{-#
2
")> where 0jc=co has no finite root.

The roots of o?
2
"-f-l = are cosm0 + *J(— 1) sinmO, where — t : 2n,

for all odd values of m from 771= I to ra=2/t— ] ; the value of A cor-

responding to each positive coefficient of *J(
— 1) is of the form

0x:2nj?2" _1
, or — x<px:2n, where o?= cos/7i0+ ,v/( — 1) .sinm0. We

have then
'+!° 0a? di?

r.
V— 1 If-1

{(cos??i0+V— 1 sin7?70)0 (cos 7770+V— 1 sin m0)} ;

the summation being understood of oc/rf values of m. Let <j>.t=£
a" s/j~l)

j

we have

(cos »n0-rV— 1 sin 7770) s
°™s'"V(-»-«-n,n9

_ £
-a s in me

j cog (mQ+ a cos ?nQ) -f V — 1 Sin (m0+ # COS 7710)}.

If we pair the values of in thus, 1 and 2n— 1, 3 and 2n—3, &c, we
shall find, if n be odd, a middle term ??, giving iir for inO, and s~a

for

x<$>x; but if n be even, there is no middle term. And if the last be

Pm+QmV(— 1). it will be found that P„l+P2n_m=0, Q„-f-Q*.-m=2Q„,
whence, summing, and multiplying by — t^/(— 1) :77, and proceeding as

in Example 1, page 636, we havef

cos ardx v it „ , „ . , „ „x 1
77odd,m=l,3,

"I --=,-— £-a+-2{£-asmm9
Sin(7720+aCOS77l0)} r

??
_ o .

1 +xm 2.11 n l 3"" M ^
^^ < . * ^i 7i even, 771=1,= -S{e-asmml, sin(?720+a cos 7720)}

3j 5>
'

n_ l ]

j;

* We have seen that substitution of ^6 and v$ for 6 in the two integrals would
give a different result. Why is it that all the results of the method agree with

those already known when /*=v, and not in any other case ? To this question no

answer has been given, as far as I have seen.

f These results agree with those of Poisson, (Journ. Ec. Polytech., cah. xvi.,

p. 229, &c), allowing for the misprinting of — for + before 2 in his first formula.
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Now return to the formula (3), and let the whole process be per-

formed on the supposition that &=—V(~ !)• If) then, we take the

function/^—y »J(
— 1)) so as to vanish when ?/== + co

, and construct

2B, the sum of the corrections for discontinuity for all roots of the form
a-b ^/(-l), where b is or positive, we have, supposing/(o;-f?/V(~^))

to vanish when x^z oo or — oo , the equation

ftZfx dx——2*k 2B (5).

Adding (4) and (5) together,

ftlfx dx==irkZ (A-B) (6).

Now observe that 2B and 2A both contain the same terms for every

real root, consequently the real roots vanish altogether as to their effects,

and we have the following theorem, If/a? be a function which vanishes

when x is -J- oo or — oo , independently of y, and when* y is + oo or

— oo , independently of x, and if for every pair of imaginary roots of

fx== oo

,

p=a+b J (— 1), q=a—b/J{ — 1), be constructed the values A
and B of (x-p)fx and (x—q)fo, when x=:p and q respectively, the

integral JtZfxdx is =ir*J(— 1) 1 (A— B).
Example. Let fx=z sin ax : sin bx (1 +x2

). The imaginary roots in

question are x— +k, and

__ sin ax (g
ay+ £""*) + cos ax (g~qy- g

aQ ; k I

H*+ y )
—

gin bx (
sby+ g_^ + cog bx (g-i»_

s^ . k 'i+^+yfty
This vanishes for 2/= + oo,when a< or = 6, and also (as we shall

presently see) when x— + oo . Hence we easily deduce, x— + k being

the imaginary roots of l+a;2=0,

+c0
sin ax dx /sin ak 1 sin (

—

ale) 1 \ s"—£~a

J'

>+c0
sin «# dx

_ ^
/sin er& 1 sin (

—

ah) 1 \

_„ sin&a; 1-j-a?
2 \sin && 2£ sin (

—

bk)
'—2kJ

a being < or =6. The same from to oo has evidently half the

value.

Generally, let us have fx—$x : (1+x2
), with the same conditions,

/
'a

4>x dx

We have hitherto supposed that (x—p)fx is finite when a?—p and
fpz=co, but let us now suppose that (x—p)mfx=='iffX is finite, and
also its diff. co. Returning to the expression kjl\{f(a + O+yk)
—f(a—6+yk)} dy, substitute tyx : (x—a—bk)m

for fxt whence

J, wa+ e+yk) ty(a—6+yk)

+ (y-b)k}m {-d+(y-b)ky
]dy.

For y write z+ 6, changing the limits into y — b and yL
— b, and expand

i// (a+ o&+ zk+ 0) in powers of zk + 6, writing p for a-\-bk, and ??„ and

*7i for y — 6 and yx
— b. This gives

* M. Cauchy deduces that the function need only vanish for y— -f-oo , hut as it

happens that in all his examples the functions do vanish for y=:—ao as well, I
suppose that this condition is inadveitently omitted, at some step of the demonstra-
tion, which is a very long one (Mem. Sav. Etran.,vol. i. p. 686—717).
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The first terra of which, when integrated, has fp multiplied by

(l-m)- 1
{(rh k+dy-

m-(rJ0 k+ey->»-(rh k-oy-«'+(rlo
k-oy-»'}

;

while the succeeding terms have 2

—

to, 3 — to, &c. for 1 — to. Now
when ^u— to is not =0, the preceding certainly diminishes without limit

with 6, however great the values of r) or ^ may be. If, therefore, to be
a positive whole number, the coefficient of

\f/
m~^p becomes indeter-

minate. The value of A, treated as in page G35, will be the limit of

kf^Vp pn-fj dz dz \ y
'""

(a+ bk)
},

or 2xk
2.3...(m-l) J M_5 U«+ **-ej' 2.3...(to-1)'

subject to the same liability to be halved when y or j/i= b.

It might seem at first as if the preceding, applied to a fractional value
of m, would always give as the value of A. But when fVmdx is to be
taken between limits which give different signs to V, in being fractional,

there arises a difficulty as to which values of the /nth powers of the posi-

tive and negative quantities correspond to each other. Thus (— l)
l: "

and (+1)1: " have each n values, but there can be none but a conven-
tional test as to which value of (— l)

1

:

" is to be used with, say, the value
1 of (l) 1

:

"'. If a and b be the limits, and if the change of sign take place

at x—c, and if, moreover, J°a and \\ be finite, we can choose, our own
values of the powers, and calculating each integral separately, we can
put the two results together. But when those separate integrals are
infinite, I know of no attempt to ascertain the meaning of the complete
integral.

The results of the preceding theorems, and of many others, have been
methodized by M. Cauchy into what he calls the Calcul des Residus,
or residual calculus. The notation he uses requires a symbol for which
a new type must be cut, a necessity which, not liking the symbol itself,

I prefer to avoid. Let/a,'= cc when x=p, and let (x

—

p}
m
fa be then

finite. The residual of fx with respect to p means the coefficient of
h~l (when there is such a term) in the development of/(p+ /?), which
can generally be expanded in negative powers of x if fp= cc. It is

easily shown that this residual is what has been called A, when to is

unity or any whole number. Let Rv
pfx represent this residual for the

root p, and Rpjfa the sum of all the residuals belonging to all roots

between p and q : also let R$;"/a; represent the sum of all residuals

belonging to roots of the form a+fi/J(— 1), when a lies between p
and q, and fi between v and iv.

1. The fundamental theorems of this method are, then, k being

^/(— 1) as before,

fU {f {x+y'i *)-/(«+y
q *)} dx

which is universally true if -re be written for 2tt in every term in which
x or a?i is the possible part of the root, and y or v/i the coefficient of the
impossible part. Also

2. If/(± cc+yk)~Q,f(x+ cc*)=0, f±Zfxdx=2irkR±zr fx.
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.If fit CC+yk)= 0, f(x± oc/f)=0,

f+zfx dx-vk {Risr /j?-R-";-»/j?}-

4. Let/(*+ oc£)= 0, * =0, y =0, x^ cc, then

J7<*+yi *) dx=f°fic.dx-kfif(yk) dy-2xKm^fx.

5. Let/(*+ oc/O— 0, .r =0, y =0, y t
= cc ; then

6. Let/(± oc -f t/£)=0, a,- =— oc, a?i=-j- cc,
2/
=°; tnen

7. Let/(cc+y*)==0,/(a+'cc*)=:0, * =0, *,= <*., y =0, &=«;
then

/?/* dx=kf;f(ky) dy+2Mtoa
fr-

8. Let /(— cc+yA;)==0, /(a?-f cc*)= 0, ,r =— cc, ^=0, 3/0= 0,

I shall conclude the subject of Cauchy's formulae (on which a great

deal more might be said) by an example.

Example 1. f±Z s
bxk (a+xk)~m , m being a whole number, and a

and b being positive. The only root which makes fx= cc is x=ak,
which occurs m times. Now (x — ak)mfx is (

—

k) m s
bxk

, which, differ-

entiated m-\ times, and divided by Tm, gives (— l)
m K2m~ l &"1-1 £

bx
\

or k
im~ l

i
m_1

s
6**, which, multiplied by 2&7r, and ak being substituted

for a?, gives by the second theorem above (which applies here)

J

.+« gtavC-OtJa- 2ir&"

-4a+^V(-!)}
m r <»

This theorem may be verified by differentiation with respect to a,

and it holds good when in is fractional and positive ; but it is not true

when a is or negative. The student may deduce the following for

himself, using either the second or third theorem

j:
dx

.=2.(a+6)~^
r(m+n--1)

(a-\-xk)
m
(Jb — xk)n Tm.Yn

If the second theorem he used, x—ak is the only root offx— cc

which applies ; but if the third be used, x=ak and x=— bk both apply :

a and b being positive quantities.

Before proceeding further, I shall finish what remarks are necessary

on the singular symbols sin cc and cos cc . The continental mathema-
ticians with one voice pronounce these symbols to be indeterminate in

value, which is strictly true as far as a priori considerations are con-

cerned; for a periodic function of x cannot be said to be in one part of

its period rather than another when x is infinite. If, however, we assume
4>x to stand for x terms of 1— 1 + 1 —...., we might equally conclude

that <fix is indeterminate when x is infinite, no reason existing to prefer

to 1 or 1 to : nevertheless, there exists no doubt that this series
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represents half a unit. And in many different ways (some of which are

shown in page 571) sin oc and cos cc appear in formulae which can

only be made true by supposing them both to vanish. It must also be

observed that every instance in which the case can be clearly tried by
anything resembling an a priori method confirms the conclusion that

indeterminateness of value is to be removed by taking the mean of all

the results between which the doubt arises. Two remarkable classes of

instances are as follows :

—

1

.

Take, for example, a + bx + ex- + axs+ bx 4,+ cxs + . . .
.

, or

(a+ bx+ cx*) : (1 — x s
). This, if a+ b+ c= 0, becomes 0:0 when

x= l, and its value is — ±(b + 2c), or a+ b+ c — $ (6+ 2c), or

i- (3a+ 26+ c), the mean of a, a-\-b, and a-\-b+ c. Now when x=l,
the successive summation of terms of the series gives a, a-\-b, a+ b+ c,

a, a+ b, a+ b+ c, &c.
2. In applying Fourier's theorem (page 629) to discontinuous func-

tions, we find that at the point where the discontinuity takes place, and
a function which generally can have but one value might be expected

to have two, it takes neither, and gives only the mean between them.

If we ask for the mean of all possible values of sin x or cos x, we
find in both cases, since every positive value is counterbalanced by a

numerically equal negative value. This affords an additional confirma-

tion of the general principle. But it would not be safe to apply this to

tan x or sec x, &c, or to any function in which oc is one of the values.

Unquestionably the clearest way of considering such indeterminate

results is to make them the limits of others which are determinate up to

the limits, whatever they may be at the limits. Thus 1— 1+1—. • • =^
is the limit of 1

—

x-^-x^— . . . . =(l+ a:)
-1

, a result which is arithme-

tically intelligible whenever x is (no matter how little) less than unity.

It must not, however, be dissembled that this difficulty still remains,

namely, that we can have no positive proof that every result of in-

determinate form will give the same value whatever may be the function

from which it is deduced as a limit. Thus, though we can show from

a Aan . x
ao-a^+ a^x2- =— + .l+x (l+xy

that \ must be the limit of a — bx-\-cx2—
. ..., whatever law a, b,

c, &c. may follow, provided they approach to equality when x approaches

to unity, it is not demonstrable that in all cases sin cc , considered as the

limit of, say fgCpx.cosx.dx. (the limit of 4>x being unity,) is =0.
Difficulties of this sort must occur as the ideas on which analysis is

founded are widened, and there are so many on which we now look as

completely removed, that the occurrence of new ones is matter of hope
and not of discouragement. In the mean while it is of some importance

that the student should, at the proper time, be made aware of their exist-

ence.

Those of the continental writers who reject divergent series seem to

have no objection to retain those cases which separate divergency from

convergency, such as 1 — 1 + 1— .... They sometimes express them-
selves as being willing to consider this series as being 1

—

x+xs— . . .,

in which x is infinitely little less than unity. But this principle, taken

alone, would seem to me to be very unsafe. For instance, x is the limit

of e~cx
.x, when c diminishes without limit. However small c may be,

2T
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this function vanishes when x is infinite ; it must he said to do the

same, then, when cis infinitely small. Whence x itself cannot be treated

as s~cx
.x, c being infinitely small : and were it not for what we know of

1— x-\-x'
1— . . . ., when x is greater than unity, I am inclined to assert

that we should gain nothing by the fictitious representation of 1+ 1— 1

+ . . . . above alluded to.

I now proceed to another class of questions depending on the funda-

mental integrals in page 605. It will be observed that the use of these

has been avoided in pages 610, &c, as likely to lead to the use of the

unestablished proposition that a divergent* series vanishes when all its

terms vanish. If, however, we have a series of the form Ao+A^os^
+ ...., where A + Ai+ • • • • is itself a convergent series, we may then

be sure that multiplication by cos mx and integration from, say to ir,

makes the whole series vanish, with the single exception of the term

A,„fcos*mx dx. Now take the two equations (A being </(— 1))

i
{<£ (*+As

,*)+0 (x+ hs-vk
)}-<i>x+cl>'x hcosv+tf'x—^—+.

.

.

.

\{<l>(x+ he
vi)-<l>(,x+her

vk
)}=: ^'xhsmv+^'x^^+ . . . . ;

2k Z

which may be easily deduced, as in page 244. Let av and fiv be any

functions which from x=0 to x=zir are the same as Aq+ AiCOsv+ As
cos2u+.... and B^inu-f-Bgsin 2v+ . . . . Multiply the first equa-

tion by au—A + . .
.

, and the second by /3w=B 1
sin v-\- . . ., and integrate

with respect to v from #=0 to v— t. Every term then (page 605)
vanishes, except those which are retained in the following results,

which are only to be relied on when the series are convergent.

* J
{$ (x+hs

vk
) + (p(x+hs-vk

)} av dv

^2A <px+A
l (p

,xh+ A2<f>"x— +

—
J

{(}>(x+hsvk)— <p(x+hsrvk
)} Pvdv

*" J
=~B 1 (j>

lx.h+Bi <f>

l
'x— +

From which may easily be deduced (pages 242-3), making <£ (x+ he±vk)

=YcfcM and a lying between — 1 and -j-1,

— - — —d>(x+ ha)-\~(bx (1)
v J 1—2a cost;+

a

2 rv r v y

a_ r' (V„—V_) sin vdv

Trkj 1 — 2a cos v+ a-

Make a— in the first, which gives iTl

f(Yv-j-Y_v) dv—2<pxi
subtract

the half of this from the first equation itself, which gives

* Poisson (Jo. Ec. Pol., torn. xii. p. 484) has made the errors which may arise

from such use of divergency an argument against all divergent series. There were
two specific reasons why his particular use of divergent series should have there led

to error: the first noted in the text above, the second that previously mentioned in

page 631 of this work.

=:^(x+ ha)—(j)X (2).
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(V,,+ V_)</t> 27T0O+ /t«)

1—2acosv+ a 2
1—

a

3

Let 4>x==.cc
e
, and make x=Q in the result,

cos cu . ch; *ac

(3).

i: l— 2a cos v+ a? \-a?

This equation is only true when c is a positive whole number, for it is

only in that case that (x+ hs"'
1

) can be expressed in integer powers of

e
vk when x^=:Q.

Let <f>x—s", then V,+V_=gM+e
*.
co"2cos (cAsinv) and V„ -V_

=£cx+chcosv 2k sin (ch sin v). Make xrrzO, h=l, which affects neither

the convergency of the series nor the generality of the result, and we
have, from (3) and (2),

* J o

~^Z

2a r*

* J

cos (c sin v) dv

2a cos v+ a

2a C* £
CC0B " sin (c sin v) sin u dv= £

c

1 — 2a cos v+ a2

Now (1—

«

s
) :(1 -2acosv+ a8)=l + 2acost)+ 2a2 cos22;+ and

asinu: (1—2acosf+ as)"asini; + a? sin2u+ . . . . : expand both equa-
tions in powers of a, and equate the corresponding terms, which gives (n
being integer)

- /o
£° e08,J

cos (c sin v ) cos ?iv dv

2 c
n

—- rj£eeost,
sin (csinv) sin nv dv=—— ;

ir 2 .3 ... .72

except only when n~0, in which case the first integral =2, and the

second =0. These may be easily verified by differentiation with

respect to c.

The following result is obvious, ftZ (cos nx+^J^— 1) sin ?ix) cfo=0,

where n is any integer, positive or negative: but when ?z=0, we ob-

viously have 2t for the integral. Making k— s/(.— 1) as before, we
have then (2t)-1j*±J s

knx dx is when n is any integer, and 1 when n
is nothing. The following theorems are then obviously true, whenever

the series which must be employed in producing them are convergent.

1

:

/+:^(a+ste)d»=:^a, -^f±Z<j>(a+s
k0.e-knx dx=-

e
*

2ir J ^
2Tr J ' 2.3 n

and all these theorems may be altered in form by turning ftl 0£ dx

into /o{0#+0(—cr)}d,r. Again, if (f>x~A + A l
x+ . . . ., and if

Y^a?=Bo+-Bi x+ . . . ., we have

J- /i;^^"fcx^=A B +A 1
B

1 +A,Ba+ ....

2T2
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— o~ /o i s** ¥*""**+&~kX
fa** }

dx

dx

4>e
kx

,

dx
* * 1 C+w fckx -dx

, A f+-

_ i r+"<^£fc\5-n;

A„-A„+rf -j^-—
Let x^=A +A1

x+ , and develope f's-
kx

x (e
kx
fe-

kx
).e-"

x=zV.
We have then

V=

A

V'£~** .£-**+

A

t y
fs-kxfs-

kx
-fA2 ^'s-

ft* (fe~
kxy s

kx+ :

whence, remembering that fx£~
k*

> £
nkx dx from — v to +ir, and divided

by 2tt, gives the value of X
("J # : 2 . 3 . . . .?i when x=0, and that —

w

written for n would give 0, we find

yJ±1
Vdr= A, (yV/i) + A,QL {fx (//•)>}

+t(s?«" <*») +o (J? t*
1

-w»)+ (V) :

parentheses denoting that x is made =0 after differentiation. Let tvx

be a function which has one root = 0, and write x : mx for fx. It then

appears, from Burmann's theorem, page 305, that ifAi=l, A2=^, A3=:^,
&c, the preceding series is nothing but the value of i(/x—1//0 for that

value of x which gives mx= l, or solves the equation x—fx. But yx
being now x+ J.z

2+ .... is —log (1 — x), whence we find that, a being

some one of the roots of x=fr, the following equation is true,

fa-f0= ~—- flz {V's-**log (1 -skx
fs-

kx
)} trkx dx.

Jilt

Let x—fzzrcfax, whence 1 - e
kx
fs~kx—skx

4>e~
kx

, whence we find that

— — f±Zf's-
kx

\og (s
kx
fc-

kx
) .e~

kx dx—fa—yO.

The theorem* noted in page 328 may be now proved in an extended

form, and without the objection there advanced. It is clear that the

mode of developing log (e
kx

<pe~
kx

) assumed in the theorem is as follows.

The function Qx entered in the form x—fx and 1 — x~l

fx was to have

the logarithm developed into —x~l

fx — i#~
2

(/#)
2— ...., without

any process which can introduce the series which made the difficulty in

page 327. This being done, the function to be integrated amounts to

writing £~kx for x in — ifs'x log Qpx : x~) . x, which being done, and the

integration and division made, all the terms arising from powers of x

* The first case of this theorem (namely, where -$x=x) was given by Parseval,

(Sav. Etr., vol. i. p. 570,) in 1805, and the definite integral just given was found by
Poisson, (Jo. Ec. Pol., vol. xii. p. 497.) Mr. Murphy found the whole theorem,
independently, (Camb. Phil. Trans., vol'iv. p. 125,) and has used it to an extent
which was not contemplated either by Parseval or Poisson, the latter of whom, it

may be noticed, though he deduced the integral, either did not see, or set no value
no, the deduction.
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must vanish, leaving only the coefficient of x°, or the coefficient of x~l in

the development of —f'x log (</>x : x) .

If we make V^^r^x^"''*/*"
-
**) •£"**> we find in the same manner

+
I; (^ *«(«})+ (V,).

None of these theorems are altered by changing k into — k, and if this

alteration change V into W, we easily find that fl_l Vdx=f% (V +W) dx,

a result in which k will not appear. And thus we may in many
different ways find definite integrals which shall express given series.

Choose forms for tyx and/r, and let the series in (V) then become
A 1 ^2 1+ A2 fl2+ JA3 £23+ • • • •> in which £lu £L2 , &c. are known. We
then find a definite integral for B! +B2+ . . . ., by making A

l
= B l i27

1

,

A2=B 2 tii"
1

, &c, provided we can find a finite form for A^+AsJ?8

+ ...., or yx—

A

, when A l5 A 2, &c. are thus assigned.

Letjfr— 1 +x, fx=x, we then find

^/o{x(l + ^)- £~"+x(l +^0^}^=A l+2A2+3A3+....

For many curious applications of the theorem deduced from (V), the

advanced student is referred to Mr. Murphy's paper already cited.

Much more might be said on the subject of integrals of the preceding

form, but the object of this work is fulfilled, so far as they are con-

cerned, when attention has been called to their leading properties.

The student can hardly fail to have noticed the manner in which

f(/)v.s~
xv dv preponderates in importance over other forms, and par-

ticularly when the limits are and cc. In any case the result must be
a function of x which diminishes without limit as x increases without

limit ; and such functions can frequently (not always, witness xs~x} be

expanded in negative powers of x. Let $.r be such a function, namely,

of the form Ax~ 1+ Bx~i+ . . . . : required (frv, so that j*° <j>v s~
xi'dv=$>x.

Take the equation f™ $y s'^
-^" dv z=.$y; (x— y), supposing x>y and

v the only variable.

If then we write this as follows,

/;*, ,'».,-*>=(! +7+••)&+#+")
4>j x<bx—A
y y

together with a series of positive powers of y. If then we expand
<&y.£V!l in positive and negative powers of y, and if we assume* the

identity of the two sides of the equation, we see that if 0u be the

coefficient of y~ l
in <&y s

vy
, we have f4>v.s~

xv dv=$>x as required.

Thus, if for &x we take x~n
, n being integer, we find y~" ev has

vn_1 : (2.3. . . .n— 1) for the coefficient of y~ l

, whence f^ v"~
l

s~xv dv
= 2.3. . . . (n— 1) x~", as is well known.

* This assumption is by no means a satisfactory one ; see page 327.
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If <fiv can be developed into A + A Lv+A2 v
%
-\- we have

/•-^ 1 1 Ao A,
,
2A2 00 0'O 0"O

^
J? X* X3 X X* X

and, by parts,

',(»+!) V00 0'O (n)O=—+^+.... + 4^+ ~-s~TO dv (1)
X Xs Xn+L J X'

+l

provided <f>'ve~
xv

, (^"ve~
xv

, &c. vanish when t;= cc . We have thus means
of representing in a finite form many infinite series of the most divergent

character. For example, let 0u=r(l+w)-1
, which gives

I
dv __1 12 2.3 2.3.4

l+ V X X2 X X 4, X5

The operation by which we pass from fe~
xv dv to f(f>v e~

xv
dv, between

the same limits, can be represented as follows. Let 0i>=:A
o
+A1

u

+ ...., which gives

f(j>ve~
xv dv=A je-xv dv-\-A

l fe~
xv

vdv-{-. . . .

=A fe~
xv dv—A

x
— fe~

xv dv+ ;

whence, D standing for differentiation with respect to x, A —A! D
+A2 D 2— . . . ., or (— D) is the operation performed on ft~

xv dv> so

that

/0y e— dv=4> (-D) ./c-" dv=$ log f~—) . fe~
xv

dv.

Now log (1 4- A) can be developed in powers of A by Maclaurin's

theorem, or as follows. Since <fix=ze
xD

4>0 is the representation of

Maclaurin's theorem in the calculus of operations, we have, putting

log (1+x) for *,

log (l+a:)=(l + tf)
D 00=00+ D0O.x-|-D(D-l) 00 ^- + .... ;

which, performing the operations, gives

x*
01og(l+.r)=0O+ 0'O.x+(0"O-0'O) —

A

+ (0'"O-30''O + 20'O)^+....

And, similarly, writing —log(l+ a;) for x, we have

01og(j~)=0O-0'O.*+ (0"O+0'O)|^

-(0"'O4-30"O4-20'O) |^+ ....

Substituting A for x, and taking fe~
xv dv from to cc

,

r jl , 4>0 ,, 1 0"O+0'O A ,lL -pv e~" dvz=— -0'O A - + r A8

J0 x x 2 x
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__0O c//0 0^0+ 0'Q j^O+ 3_0''O+ 20'O

~~~x
+
x (x+l)'

+
x (x+ l)(x+2) x(r+i)(x+2)(x+3)

+ ^'

This series must be the preceding series (1) in a different form, and
from it we therefore learn that if Am

,
n represent the sum of the products

of every selection of m numbers out of 1, 2, 3, ... .n,

+
A '-- + Aw_+ ..^r,. ™ i -r,_i_ n ' r-y. »x»,xoiT ""

jc
n+l

[^, x+ n] [a?, j?+ 7t+ 1] [<r, #+ n + 2]

I now proceed to some modes of calculating definite integrals by
series. Integrals of the form /"

O
cos (x"-j-axn

~ l + . . . ,) dx (sometimes
called Fresnel's integrals) are useful in optical researches. If we call

this f cos (fix . dx, and if we take two near limits, a and a-\- h, we have*

f
a
a
+h

cos(l>x.dx=foCOS({> (a+x).dx= Jo cos {fa+ty'a.x} dx, nearly,

since x is always small. This gives

f
a
a
+h

cos fx dx~— {sin (<j)a-\-(p'a. h) — s'm<pa}, nearly.

Thus, by proceeding from to h t h to 2A, &c, we might approxi-

mate to j^
h

cos (fix. dx, provided (p'x vanishes nowhere between x=zO and
x— nh. But a better approximation would be obtained by writing

fa
+h

cos <px dx in the form J*i|* cos
<f>(

a-{---\- x
J
dx,

which gives, proceeding as above, and making a+^h=/j,,

f
a
a
+ h

cos (j>x dx=-r {sin \Aft+ f'fi - )
-sin (tip- $'p i U

2 cos
(pfj,

. sin (^ (j>'fj,
. K)

This method, though of an enticing appearance, is not very safe, and
is not in reality correct to more than terms of the second order, as the

following, which is preferable, will show. Take (a+ ^ft+ r)> or

(jj.+ x)—<fifi+ <fi'[j..x+ . . . ., and integrate from x== —\h to a,=+|A
s

which gives

f
a+h <f>xdx=<j>u.h +d>"u—— +0> - + . . . .j a * ^ t^ f 2>3x4

tv
^2.3.4.5x16

for 0a; write cos (fix, and we have

h3

f
a
a
+h

coscfix .dx=cos(fi/j..h— (cos(fi[x (0^)
2+ sin0ju.0"yu) +....

If we now expand sin (^(fi'/x . 7i) in the preceding result, we shall find

in it the term depending on cos (fifx and on cos0yn. (0'fO
2
, but that

depending on sin <f>^i . <f>"/x will be missing. Two terms of this latter

series, therefore, will be more correct than the method which preceded it.

If the limits be and oc, a convergent series may be obtained as

;' See the Cambridge Mathematical Journal, vol. ii. p. 81.
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follows, whenever <$>x is a rational and integral function of x. Let
^>x=axa -rbxn~1+ . . . ., we have then

cos $x=cos axn {I — ^ (bx"'
1 + . .* .)

2+- • • •}

-Bin^{(far-'+ . . . .)
- (

^"" l

2

+
3

' '

' )3

+ • • • };

which, arranged in powers of x, shows that the result contains two series,

arising from terms of the form Afcosaxn
.x
m
dx, and Afsmaxn .xm dx.

Now, from the result in page 631, we have

j„ cosax . xv ax^-a n cos- tt.1 ,J0 n 2n \ n J

r» • . HJ 1 ~— '

'P+ l .YP+1smar.rM=-a » sm- ir.r
^ n 2?i V w

For instance, let 4>x=ao;3+6^, apply these formulae, and we have

(a
—3= A) 3j"™ cos ax3 cos 6a: dx= A cos -^ it . T ^
hs

b* cos i^r.ri A5 i 4 cosf*.r-|-

2 2.3.4

3j°o sin aa?3 sin 6x dx—- If b sin 4- t , T J-

_ A* 6
3
sin -|7r.r 4- A6 65 sin tf.r2_

2T3
+

2.3.4.5

By subtraction, using the properties of the function F, we have

h„\ 7T r. 1 A3
6
3 4 1 A6 68

+ ../; Cos(^+M^=-r-cos^ |i+- —+:

A 2 tL 2 A4 6
4 5 2 A? 67

1~3 F
3
COS

6 i
/i6+

I 2T3T4+3 3 2^77.Q7l
+ "

')•

This series might be more briefly and symmetrically deduced, as fol-

lows. Let it be required to find f" s-ax
m -bxn

dx. We easily throw

this into the form

1 ??+-L-i 1 p"+1 /r>n4-l\
Now (*£-"*" of* dx^i— f" g-"^-"*"* dr =— a «• rM—— ;J0 m*' m \ m J

1

whence, a m being A, the required integral becomes

1 L 1 7
w+l r'6 2n+l /*

Sn+1
&
2 ^ 3n+l A3n+163 1

p?t I m w 1 wil.2 7/11.2.3 Jm

For a and b write «,«/( — 1) and 6^/(— 1), which gives

pn+l _pn-j l,t_

hvn+l bv—a ^~bp (— 1) *»" a
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JSH
J

p(n-m) + l . p(n—m) + l\
~a m bp icos

1 9— */( — 1) sin (

;

I 2m 2m J

being an odd multiple of if, to be determined. Let h be as before,

and we have, equating the possible and impossible parts of the integral,

and dividing the latter by —»J(
— 1),

f! cos (axm+ bx")dx—— \T — cos-— h— T
J m y m 2m m

rc—m + 1 An+1 6 2n+ l 2 (w-m) + l „ A
2n+,

62

cos — 6— r- T cos 6 -
2m 1 m 2m 1.2

n+l
| $ sm (ccz

m+ b r") efo=— i T — sin —- h—

T

:

^ m I m 2m m

n—m+ l n h
n+1

b 2«+ l . 2 (?i—m) + l /i
2"+,

/3
2

sin 6— r- r sm
2m 1 m 2m

n—o'
)

The value of is found to be ir, by making 6=0, and comparing the
result with the formula already obtained for fcos axm .dx. If m=3,
n= 1, we find

/•=» , , s ,
1 * ( 1 , 2 A26

J cos (ax3+ bx) dxz=.~ cos - "jr-.A—

r

3 6 13 3 1

4 h4b
3 _ 5 A56*

+r r h ^T
3 1.2.3 3 1.2.3.4^ J

J sm(aj;3+6x) dr= - sm - jr-./i +r- —
4 A46

3
1 1 \Wb* A6 /3*

)+r 1- h— i 1 h \.
3 1.2.3^ J 3 I 2

T
2.3.4.5 J

The series last subtracted, written at greater length to show its law, is

1
j
h3

b*

3
\~2~

lhe
b" 1.2/V68 1.2. 3 A" 6"

2.3.4.5 ^2.3 8 2.3 12

The last forms are more symmetrical, but the preceding ones are fitter

for calculation.

The series at which we arrive in the valuation of definite integrals are

frequently of the kind considered in page 226, which have terms alter-

nately positive and negative, and diminishing for a while, after which they

increase. This very remarkable class of series has the property which is

shown* in the page cited whenever Maclaurin's or Taylor's theorem can
be applied, namely, that the successive approximations derived from the

use of the converging terms are as good approximations as if the terms
continued to diminish ad infinitum, notwithstanding the subsequent

* Dr. Peacock refers to a proof by Erchinger, cited in Schrader's Commentatio, &c,
as relating only to some large classes of series, the chief of which is the well-known
development of 1<px, in terms of diff. co. of q>x. Such a proof is furnished by the
formula in page 624, as there given. I presume from this reference that Dr. Pea-
cock would imply that he has never met with a general proof, which is sufficient

apology for my not making any search after one.
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divergency. This property is proved in page 226 to belong to every

development of a function of x which is made by Maclaurin's theorem,

as long as the diff. co. of that function retain the sign which they have

when x=0, but I am not aware that a perfectly general proof has been

given. It will require some examination to point out the cases in which

this theorem is certainly true, and those in which, till proof is given, it

may be imagined to be sometimes false.

Let (fix be a function which is positive from x=ato #— cc.and
diminishing from x—-a to x=a+ k. Let tyxhz the algebraical expres-

sion from which (fix— (x+ l) + <fi (x+ 2) — . . . . is developed, and
which must therefore satisfy ^x+i^ (x+ l)=(fix. We have then

fa— (fia—(fi (a+ l) +0(a+ 2)-0(a-r-3)+

Now, according to the theorem fa<C<fia>(fia—(fi (a-fl), &c. But

fa+ f(a-\-\)— (fia, fa—f (a+2)=0a—0(a+l), &c,

which requires that fa, f (a+ 1), V («+ 2), &c. should be positive. The
rest of the theorem, however, may be made to follow as soon as it is

proved that fa is necessarily less than (fia.

I see no prospect of a general proof of this theorem, and I think the

following consideration, while it establishes it in ordinary cases, may
throw a doubt upon others. As long as (fix is positive, fx+f (x+ 1)

must be positive : if, then, (fix be always positive, which is the case

supposed in the series, fx can never continue negative through a whole

unit of variation of x, since in that case fx+f (a?+ 1) would have nega-

tive values. Hence, if fx ever become or cc, and change sign,

becoming negative, there must be such another circumstance for a value

of x, not differing by a unit from the former value. Consequently the

theorem may be positively asserted whenever fx is a function such that

fx-\-f(x-\-Y) is always positive, fx having no pairs of vanishing or

infinite values corresponding to values of x which differ by less than a

unit.

Take as an instance the series x~^ — nx~n~ l+ n (/i-fl) x~ n~*— ....

We may easily show that this series is z
xjt~x

x~" dx, from x to cc , so

that

_ s f*e-dx Tn r(n+ l) ,r(«+2)
Iw.e —=.=-- —

1 —
J x X Xn X +l X +z

Let Tn.x~n
=(fin, and the preceding becomes (fin

—0(n+l)+....
The right-hand side has no finite roots at all, whence the theorem is cer-

tainly true of the preceding series, and if a? be considerable, a few terms

will give a good approximation to the value of the integral. Thus we
have the remarkable relation

J
a £~x dx C° e~

x dv—, or ———=1—n + n(n+l)-~n(/i+l)(»+2)+...
i

x J U + -£)

which, when n=l, has been found = •59634*7362324, lying, as might
have been expected, between 1 and 1 — 1.

Divergent series of this hypers eometrical character (such has been
the term given by Euler) may generally be immediately reduced to

definite integrals. Thus
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1-1.2+ 1. 2. 3A-....=f:e-*dx-f°E-*xhlx+...= f
E~-

2 ,

the value of which is '621449624236; and

/
a
f~x rdr

-rr4>

the value of which is '343279002556. It is singular that the values of

these series, such as are derived from the equivalent definite integrals,

may be obtained from the divergent series themselves by continued ap-

plications of Hutton's method, page 557. Generally

[m, n]— [m, n+k] + [m, n+ 2k] — . . . .=— f"e~
x {xn—

x

n+''+ ... .}

l_ re- x xn dx

'TmJ l+xk '

n—m and k being whole numbers.

I shall give one more instance of the way of reducing factorial series to

definite integrals. Let the series be

__a(a+b) (a+b)(a+ 2b) (a+ 26) (a+36)
U

«(«+ £) -(a+/3)(cc+2fi)
X+

(*+2/5Xcc+ 3P)
X

Let a : 6=w, a • P—p, and

_V_ Jm(m+ 1) + (m+l)(m+2)
\

"-^l/x^+1) -(fi+l)(fx + 2)
X+

""i'

Multiply both sides by */*+1
, and differentiate twice, observing, that in

the reverse integration, we begin from x=:0,

rPfvrP* 1
} b*

dx*
~jArn(rn+\)x^±^m+l)(m+ 2)x^+...}.

Multiply by xm~^, and integrate twice from x=0,

f d2 (ux f
*+1 ')) b2

b'

To return to the theorem which gave rise to what precedes : a proof

of it may be given, including every series A —Ai+ A2— . . .
.

, in which
A , 2A1} 2.3A2 , &c. are the values of 01, 0'1, 0"l, &c, <bx being a

function which does not change sign, nor any of its diff. co., from cr=0 to

x=l. This follows from Bernoulli's theorem, (page 16S), since

f.***"**i-y +b-"" ±2X7.7»+^^2l3 J

from which, 01, 0'1, &c. being positive, and the other suppositions just

mentioned being made, it appears that the error arising from stopping

at any term is of the sign of the first rejected term, which is, in other

words, precisely the theorem to be proved. Again, from the theorem

F 1+x
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f"
£-"<&> dv==$0+ <p

rO+ . . . . +0WO+ /" e^4>{n+l)
v dv

we may easily see, that if <fiv, 0't>, &c. be alternately positive and nega-

tive when v=0, and retain their, signs from ?_>~0 to v= oc, the same
theorem is true of 0O+0'O+.... But the preceding requires that

wd.£~" should vanish when v= oc, for all values of n.

This theorem, being true in cases so extensive as those of page 226
and 624, and those obtained in the present chapter, might be suspected

to be universal, and is, in fact, treated as such by some writers. I

believe it would be impossible to find an instance among those series to

which it has been applied, in which it is not true ; but it must be re-

membered that most, if not all, of these are cases in which \f/x, a function

which never vanishes for any positive value of x, is developed into

(fix
— 4> (#+l)+ • • • • j and in such cases the theorem can be proved.

It may not here be out of place to give what is perhaps the most

direct and satisfactory mode of assigning the remnant of the series in

Taylor's theorem. We obviously have

(a+ ft)=0a+/|;0' (a + h) dh;

for h write h — t, and let /be the variable ;

/*0' (a+ h) dk= - f°<p> (a+h—O.dt-fW (a+h-t) dt.

Successive integrations by parts then give

<t>(a+h)—<j)a+ <t)'a,h+f
h <j>"(a+h—t).tdt

=<M+ 0'a . h+ 0"a — + - Jo
0'" (a+ h—t) . fdt ;

and so on : whence the value of all the terms after

hn
. 1

ioo

2.3. . .n 2.3. ..« /
A

O
C"+1) (a+h-t).tn

dt.

If C and c be the greatest and least values of
(n+1)

,r between xzza
and x—a+h, the last differential must lie between C*+1) C . t

n
dt and

(n+o c. f dt, whence the integral must lie between (n+1) C . h"
+l

: (n+ 1)

and 0<"+1)c.A"+1 :(w-f-l), or must be (n+1)
(a + dh)

h

n+1
: (?j + 1),

where 6 is less than unity. But if we throw the integral into the form
hn+1f

l

4><-n+V (a+ht) .t
n
dt, and pursue the same reasoning, taking

and 1 as the greatest and least values of t, it is found that all the terms

after

hn (l—6Yhn+l

0°° a 7TT> are equal to W (a+dh) ——
,

2.3. . .77 2.3. ...n

where 6 is also less than unity.

I now proceed to consider some more cases in which definite integrals

are expressed by series. And first let us take f*e~"v
n
dv, which, x

being positive, is always finite. This is easily expanded into the series

„«+l ' rn+2 „«+3 „n+i

fU^v'dv^C—^— +- ~~- +
J x « _i_ T ' -*. _1_ O Q /Vi J_ Q^ ' '

Ti + 1 7* + 2 2(7i+3) 2.3(n+ 4)

in which C is to be determined. If n be > — 1, we may make #— 0,

and the first side becomes T (n+ l), or C=r (n+1). And the series



ON DEFINITE INTEGRALS. 653

on the second side, x"
+l

: (n+ 1) — x"+2 : (n+ 2)+ &c, which it must be

observed is always convergent, does not increase without limit as x

increases, but approaches the limit Y (u+1) ; for the first side must

= when ,r=oc. All this might be proved by calculation* in any

particular case, the restriction being — 1 (/*)oc,and x being anything

whatever, positive or negative. But let us now suppose n= — 1, in

which case x must be >0. We have then

f.

- v dv a 2 x3
x*=C— lo^a'+ J" h

v
S T

22
^
2 .3* 2 .3.42

in which C cannot be determined by the same mode. A very simple

process, however, will do what is required. When 7i>— 1, we have,

by the preceding series,

1 r
n+»— i #"+2

fW v v
n dv= r(n+l) -— — +

J V ' 71+1 7t+] 71+2

When 7J=— 1, the third term is log,r, the fourth term is x, &c, so

that it only remains to find the limit of the two first terms. Now
(Chapter IX.)

_, zYz-l V (! + *)- !

Tz— z , or , or
z z

is r'l, or — y, (page 580,) when z—Q. Hence we have,f in the last

series, C =— y. Now, let n be a negative fraction, and < — 1, say

n~—m — k, m being a whole number, and k a positive fraction less than

unity. Integrating by parts, we have

-x ^n+l
J

J 7i+l n+l J

r^dv _x
i

i i
j

+ t—n

—

t^
—

i f" £
~ v

v~* dv '

the last integral of which falls under the first of the preceding series.

And if n be a negative whole number, and <— 1, take m, so that k= l,

in which case the integral here obtained will fall under the second of the

preceding series. And if in this second series just mentioned, we use ax
instead of x, we find

j:

'" dv <z
2

a;
2 a3 x3__- l g^+aa?:__ +___,

* The common series for cos x and sin x would (if the study of analysis were
made to end a little oftener in computation) have habituated, the student to

series of this class, which are always convergent and calculable, and which do not
lose that character by the increase of x. In my " Elements of Trigonometry

'

(page 99), these series are actually verified when a-=10.

t These integrals have been fully considered by two excellent Italian analysts,

Mascheroni and Bidone. The methods by which they have contrived to do without
the use of the function T (which was not so well known then as now) are, though
prolix, very ingenious and successful.
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rrv dv re-av dv
Also =

;

J ax V J , V

which introduces no way of making the function integrated infinite, and

does not destroy the convergency of the series : for a write <z^/(— 1),

equate possible and impossible parts on both sides, and we have, since

log ox becomes log ax+ log J(— 1),

cos av dv a2 x% a4 xi

= -y-loga*+—- -——-+.. -.4

J x v

/"smav.di
v

a
smav.dv logJ(— 1) a3 x3 a5 xs

ax H -f

.

V(— 1) 2.32 2.3.4.

5

2

Now log aJ(—-l)= (^+i) tt/J{— 1), I being any integer; but from

page 631 it appears that we must make /=0, or write ^ir for

logVC-iWC-D-
ra £'av dv ra

E-
a(

-
v-m) dv r£~av dv

Again —— =
J o

v+m J m v

ra
e-

av dv f . a*m*—;— =£ \ —7 — log am+ am —— +

v

2.32

For m write successively — m^/(— 1) and +m^/(— 1), which gives for

the two integrals

£
-mav(-i)^_

7_i0gam_i0g {_^(_ 1)|_am ^(_ 1)

a2m2 a3 mV(-l)+ 1- — -— .

.

2 2.32

EWC-D ( - y—log am-log V(-l)+am </(- 1)

a2 ra2 as m3 V(-l)
+•

2.32

For logV(— 1) write _£*V(—1), and for log(— ^/(— 1)) write
— Jir^/(— l),"values which will be justified by subsequent verification :

add and divide by 2; subtract and divide by2m,v/(— 1). We then

have*

J
°£ av vdv TV . . .

—s——5- = - sinma— (y-f-log am) cos mam +v 2

/m2 a2 m4 a4 \ / m3 a8

+ cos«ia(—- -^3^+ .... J-Bin ma [*»_-+..
)

J
£

av dv it 1—;—; = ?r- cos ma -j (y+ log am) sin mam2+f 2m m °

cos ma / ma a
t \ sin ma /m2 a2 m4 a4

ma - + .... . u .m V 2.32 ^
J m V 22 2.3.42

Differentiate the second of these with respect to a, and it will give the

* These results agree with those of Bidone, obtained by another method.
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first with its sign changed, as it should do: the details of this verifica-

tion will be found instructive.

For a write successively —a V(-l) and +a^(— 1), subtract and
add, dividing by 2 *J(

— l) and 2. We then have

/,

m
sin av.vdv x " 1

m2+i>2
2 2V(-1) VC-O

ma i -

—

ma
,

—

ma

J.

'cosav.dv ^ v e
ma + e~ma 1 £

-m«_- £
™ ^ T

m2
+z>

2 ~2^ 2
*"—

sTa^C1^) ~2m
results which are easily deduced from those in page 577. We also

have
*™ sin av.dv e

ma+ £
-ma / m3 a3

c
J m2+v* 2m

/ m3 a3 \
ma A——„+ ....

V 2 32^
J

2m V 22 2.3.42
/ 2m

m° a m* a*

+ ^rTT*+ •
•

'
• o~— (7+logma)

cos av.vdv e
ma— £

ma
f m3 a3

m2+w2 2 V 2.3I
£
mo+ £

-ma /m2 a2 m4 a4 \ £"•"+ £
-ma

2 i

K

-
¥- +2^ + '-~)

2
^+ loS wa)'

Let m= «==], and remember that, by common expansion,

f"e-
v dv:Q.+v)

i $lz-
v dv:(\+v*), and j

a
e~v vdv : (1 + v2

),

are severally F1-F2+F3- ... . , ri-F3+ r5- , and T2—r4
+ F6— . . .

.
; so that we have

1-1 + 1.2—1.2.3+ ... =£[ —y+ 1

—

\ +—, — + ^
\

r
22 2.32 2.3.4 2^

J

1—1.2+ 1.2.3.4— ...=cos 1
( J-1+J-— ...
\2 ' 2.32

, • , f 1 1
-j-sml 7-—

2 +,22 2.3.42

1-1.2.3+1.2.3.4.5- ...^sinlQ-1+i-...)

, f 1 1 \— cos 1 v 1
z.
— .... I

;

V 2°-2.3.42 )'

the values* of which have been given in pages 650, 651. These series

may also be expressed as follows :

/
a
E~v dv Ca

smvdv Ca
cosvdv

^

T+V JoT-^' J."i+^ J

* There is a misprint (sin for cos) in two places in Bidone, which might lead to

a supposition that it was an error in reduction, affecting the subsequent computed
results. On examination, however, I find that the results are correct.
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the two latter of which may he shown to coincide with their series by
expansion of {l+v)~ l

, and by page 631. Again, if v— 1 be written for

v in the two last, and the limits changed accordingly, and if cos (v— 1)
be written cos v . cos 1 + sin v sin 1, &c, the second side of the preceding

equations may be obtained by taking ficosvdviv and Jisinvdv : v
from the series in page 654. And all the preceding trigonometrical

integrals, as well as the case in which m=a=l might have been short-

ened by the same process : but the preceding is valuable as an instance

of the legitimate passage from possible to impossible quantities.

Various other ways of reducing definite integrals to series might be
proposed, but in the preceding will be found enough to give an idea of

the most important of them. I have now given a sketch of the principal

methods of definite integration, meaning by a method anything which
applies to a numerous class of instances. There remain yet two
particular branches of the subject to be considered; first, the cases in

which, owing to the impossibility of expressing a general integral, its

values are arranged in tables ; secondly, the large number of miscel-

laneous definite integrals which have been found, each as it could be

done, and out of which it may be advisable to make a small selection.

The tabulated integrals with which it is most necessary that the

mathematician should be familiar, may be divided into those which are

generally useful, and those which have been computed for some particu-

lar purpose. Of the latter, it will merely be necessary to say that the

student who reads this chapter will have no difficulty in mastering any

method hitherto proposed in works on mechanics, optics, &c. for the

formation of a table of any definite integral. Of the former, that is, of

integrals tabulated for general use, the most important and the most
accessible are

1. Elliptic integrals, tabulated by Legendre.

2. faS—^dt, tabulated by Kramp.

3. Tx, or J* e~
v vx

~ l dx, tabulated by Legendre.

4. Logarithmic transcendents, tabulated by Spence.

-
, tabulated by Soldner.

1. The subject of elliptic integrals, if entered into to the extent neces-
sary to explain methods of determining their values, would occupy more
space than we have to give. In accordance, then, with the plan pur-
sued throughout this chapter, which is to enter on the discussion of no
integrals except those of which the actual numerical values are calcu-
lated by algebraical formulae, or are given in tables, I propose only to

state in few words the nature of these functions, with references to

sources of information. Important as elliptic integrals are in certain

classes of problems, and numerous as have been the properties of them
which have been investigated, it cannot yet be said that either these
problems or methods lie so close to the grand route on which a student's
elementary course should be marked out, as to require a detailed treatise

on them to be inserted here.

An integral is called elliptic when it has, or can be made to have, the
form fPdx : Q^R, where P and Q are rational and integral functions of
<r, and R is a rational and integral function of the fourth degree, or of
the form a+ bx+cxs+ex3

+fis\ And it is shown that the actual calcu-
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lation of all such integrals is attainable as soon as tables of the following

integrals are constructed,

{'" dO , , , t'
a

1 dd

o
^(l-c 8 sins 0)'

, l+wsin^e' V(l-c"sin20)'

in which c is less than unity, and a does not exceed ^ir. These are

called elliptic functions of the first, second, and third species : extensive

tables of the first two kinds have been given by Legendre, with methods

of approximating to the values of functions of the third kind.*

2. The values of f"s— Pdtt
or- (log-) dx from x =0 to

<r=g—

«

2 may be calculated from pages 590-1, and the following is an

abridgment of Kramp'sf table. But it must be noticed that the most
important use of this function is best satisfied by tabulating

V(
— f

a e-t* dt, or 1

of which any value may easily be obtained from the following, the value

f*e — i
z
dt in the second :

i

i the hrst column, and th

00 •8862
j

•90

05 •8363 •95

10 •7866
j

1-00

15 •7373 1-05

20 •6889 1 * io
25 •6413 1-15

30 •5950 1*20

35 •5500 125
40 •5066 1-30

45 •4648 1-35

50 •4249 1-40

55 •3870 T45
60 •3511 1-50

65 •3172 1-55

70 •2855 1-60

75 •2560 1-65

80 •2286 1-70
85 •2032 1-75

•1800
•1587
•1394
•1219

•1062
•0921

•0795

•0683
•0585

•049S
•0423
•0357
•0300
•0251

•0210
•0174
•0144
•0118

1

1

1

i
i

2

!
2-05
2-10

80
'85

•90

95
00

15

20
25

30
35

2-40
2-45
2-50
2-55
2-60

•0097

'0079

0064
0052
0041
0033
•0026

'0021

'0017

•0013

0010
'000S

0006
0005
•0004
•0003

•0002

* The newest and most accessible sources of information on elliptic functions are
as follows. Legendre, Traitt ties Fonctions Etliptiques, 2 vols., 4to., 1825 and 1S2G,
with three supplements, (1828,) in which the subsequent discoveries of Abel and
Jacobi are added. Abel's papers were originally scattered through Crelle's journal,
but are now collected in the edition of his works, 2 vols., 4to., Christiania, 1S39.
Jacobi's work is Fundamenta nova Theories Functionum Elliptic-arum, Konigsberg,
1829. In English there is an account of Legendre's earlier method, in Leyl ourn's
Repository, vols. ii. and iii. ; the subject is also treated in Mr. Hymer's Integral
Calculus, and Mr. Moseley's article on Elliptic Functions and Definite Integrals in
the Encyclopaedia Metropolitana.

f Analyse des Refractions Astronomiques, Strasburg, 1799 ; reprinted in the
Encyclopaedia Metropolitana, in the article Theory of Probabilities. In the latter

article is found the second table alluded to in the text, as also in the treatise on
Probabilities and Life Contingencies in the Cabinet Cyclopaedia, and in the article

ou the same subject in the edition now publishing of the Encyclopaedia Britannica.

2 U
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3. On the function Fx or f*£~
v if~ l dx enough has heen said, and a

table has been given (pages 577—591.) I only add here a few words

on the faculties of numbers, as the German analysts call them, all the

properties of which are really included in those of rx.

The use of the term powers of x, to signify xx, xxx, &c, suggested

to Kramp the application of the kindred term faculties of x, to denote

x (x+ a), x (*+a) (x+ 2a), &c, x being called the base of the faculty,

a its difference, and the number of factors its exponent. Others have

called these functions factorials* of x. Besides the notation exemplified

in page 254, the following has also been used

:

(jr, +a)°=l, (x, +a) l=x, {x, +a)2 =a?(<z'-{-a), &c.

(x, -\-a)
n=x {x+a)(x-\-2d). . . .(x+n— 1 a).

Many properties of algebraical functions have been expressed in,

and even suggested by, these notations; and the extension of the

system to faculties or factorials with fractional or negative exponents

has been made in several different ways, ending in the same results.

These may all be obtained by generalizing the equation

(x. +«)"> or x(x-\-d) . . . .(x+n— 1 a)=an
. - —\-l . . .( -+n-a\a J \a

=°" I\s+ ") :r
(s

a result which admits of interpretation when n is fractional or negative.

In all cases the notation

a?
n| ° or (x, +a}n may be translated by an

x

,«.

Thus Yn= V ' "~\ or (1, + 1 )""
1
.

4. The logarithmic transcendents of Spence are included under the

formula
qn£ ™3 -*1*

" v - j - 2 re 3" 4"

the first of which, or L (1 + x), is obviously log (1 +x), and L° (1 +x)
— (l-j-x)*

1
. We have then

1/(1+*)= TtX-' I/(l+*)=f-L»(l+t») f

/" dv— L2 (l+ *0, &c
v

Into the theory of these functions the authort has entered at great

* This term was suggested by Arbogast, and Kramp himself subsequently
adopted it.

f William Spence, (born 1777, died 1815,) of Greenock, was, at the time when
he first studied, one of the very few men in Britain who acquired a knowledge of
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length, and has deduced values of 1/(1 + #) and L3 (l+x) for integer

values of x, from x=0 to #=99. He has also investigated the pro-

perties of

30 Oft :T^
C"<*)=*—- +— -— +&c0/

Mr. Spence has given two formulae, by which x—2~" x2 -\-3~n x3— &c,
or the function from which it is developed, can be calculated when diver-

gent, by means of the case in which it is convergent. These formulae
are as follows: let s„=l — 2~ n+ 3~"—

. . . ., and, according as n is even
or odd, we have

x / *2 x3 \ f ,
x-* x~3

I. Oeven) x 1 .. . -f
&~

1 .. . =
2" 3" V \ 2" 3" "/

olc-u, (lQg^)
2

,

„' (log^) 4

, , n
(log*)"-2

\ ,

(log*)"

i* !
2

T
"

4
2.3.4

2 2.3...«-2J 2.3. ..n

ii. (B „dd) (,-| +|-...) _(,-_^ +^-,

2k_, iog *+,„^i+ . . . +„ji^ni + jas*
I"

1 ° ^ "
3

2.3
2
2.3...n— 2J ^2.3. ..«

By a different method, which is simply making use of the remnant of

Taylor's theorem as given in page 652, I have verified these formulae,

and found others analogous to them, as follows. Let S„=l + 2~"
-{-

3

-"

+ ...., and according as n is even or odd, we have

III. (neven) (x+— +- + ...) + (*->+_ +_+ . . . U
„/„ , „ (log J?)'

, c Gog*) 4

, , Q Oog.r)"-
2

"\ (log*)"

2.3.4 2.3. ..n—2) 2.3...?i

IV. (nodd) ^+^+-^+...)-(*-l+^+^+...)=

2{s„_
1
log,+ S n_3

^^+...+S,4°^-l-^^.
1

" ' °
3

2.3 2.3...W— 2) 2.3...?t

By the same method the following are also found, Q„ and qn represent-

ing l + 3-n 4-5-"+ and 1— 3-n+ 5
-"—

When 7i is even (using Q,„ Q„_2, &c, and qn_x , <7„_3, &c.)

the works of the continental mathematicians. His essay on the various orders of

logarithmic transcendents would have made his name hetter known if its subject

had been of more general interest to mathematicians. It is an original work, full

of methods which any inquirer who is occupied in the investigation of the

numerical values of integrals would do well to consult for hints. The first edition

was published in 1809 ; the second (edited by Sir J. Herschel, with numerous
additions from Mr. Spence's papers) was printed in 18*20, but, owing to the impres-

sion being almost entirely forwarded to the publishers in Scotland, ( Messrs.

Oliver and Boyd, Edinburgh.) and other circumstances, it was never known in

England as a work on sale till the year 1S40, and was always spoken of as a book
of the greatest scarceness.

i U 2
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v.(,+
i;
+ ...)V(.t

-.+^+ ...)= 3
{
Q„+ ....+Q!i^^

v,(,_|!+ ...)_(,-._^+ ..) =2|^ lu,r+ ..+4J|5r}

When n is odd, (using Q„_15 Qn - 3 , &c, and qn , g„_2, &c),

V„.(,+|+ ...)-(,-.+^+ ..)=2 {
QJog,+ ..+Q!«}

™.(^+...>(^+ ..;h*+ ... +*£*&}
In VI. the suceessive is of terms having qn , qk_2 ,

5. The integral j
a dx : log x, or

—

fs—*dt:t, from £= — log a to

t—cc, or fs'dt'.t, from t=— oc to t=loga, has been tabulated by
Soldner in the first of the preceding forms, and is the key to so large a

class of definite integrals, that it will be worth while to discuss it, and to

add the table. In the first place, observe that when a>l, the subject

integrated becomes infinite between the limits of integration (at x=l)

;

in which case the principal value (as M. Cauchy calls it, page 633) is to

be taken, or the limit of f
l~e+ f

a
l+s, when 6 is diminished without limit.

Soldner uses the symbol li. a (from the initial letters of logarithm-integral)

to stand for j
a
a
dx :logx ; a notation which I propose to follow.

From the second form, and page 653, we have

,. 1 f e-'dt
, , ,

(log a) 2 (log a)8

li.-=— I = y+ logloga—loga+ v a
„ - / + • ..,

a J iog .
t

7
° °

°
22 2.33

which applies when «>1. By expansion we have (a>l)

' e-'dt , /loea\ , (logcO 2-03

-J <

— =y+log« -9 +-5-.,..

Add these together, and diminish without limit, which gives

C
a ^idt ii ,i (log «) 2

,
(log a)3

=
~J _ ira

-7-=y+logloga+loga+^r^ +Tj + ""

Observe, that if in the last we were to change a into a~ l

, the last

series would differ from li. or 1 by log (— 1), the correction for dis-

continuity described in page 633. Again, as in page 262, let

{log (1 +*)}-':= Jr1+V 1+V2 *+V3 *
2+....

J
-a

f]r tf
2—

1

_,i^a^r loga -v ' (a ~-1)+v*-2—
•

•• (a<1) -

But (page 593) the value of y shows that li. a—log (I

—

a) approaches

without limit to y as a approaches to unity, and the same of

li. (1 —a)—log a, when a diminishes without limit. Hence we have

y=:V
1
-IV

2+ iV3-.,..
li. (1 — a)= y-flog«— V, a-r-ij V2 a

2— . . . .
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a 1 a2
1 a? 1 19a4

1 3a5
_-y+ oga—- -- — — - — — - —— — - — -

ax

log (!+*)'

/a\z
-i log(l+^)

:=:lim - of{^+^ } -

The first integral is found by making a= in the last series, and

the second from the original development, which gives log a—log#

+V l
{a — 0)+ i V 2 (a

2— B
2)+ . . . . : the addition of which gives for the

limit

.. ,. N ,
. a 1 a9

1 a3
1 19a4

li. (l+a)= y+ log a-\ 1 — 1- ....
\ -r J r-r b t

2 2 12 3 24 4 720
^

The coefficients, as given by Soldi) er, which can be partly verified

from page 262, are as follows, (an ) meaning coefficient of an
.Ill 19 3

(«)=_, (a*)=-, («*)=-, (a*)-^, <^=
8oo»

„._ 863 275
(a)

~3;)28S0'
CaJ ~169344'

(a8)= -00116956705, (a9
) = '00087695044

(a
10
) = • 00067858493, (a

11

)= 00053855062

(a
12
) =-00043807461.

From Taylor's theorem,

_ x rfHoea)-1
^r
2

a"
2 (log a)~ l x3

log a aa 2
s
aa 2.3

A particular case of Burmann's theorem is also applied by Soldner,

which maybe useful in other cases; namely, a method of expanding

F (a+ x) in powers of f(x+a)—fa= s. If we assume F(a+ a?)

=A -f- A lt?-f |r A2 s
2+ . . . ., we easily deduce

A
F'a 1 dA, , 1 dA2 DA =Fa, A,=— , A 2

=— — , A3=7r -r~, &c.
f'a j a da j'a da

Let F.r=li. x, fx=hgoc, we have then

a _(loga™l)a _ {(loga) 8— 2 log a+2} a
Al_

bg"«'
2~"

(log*) 2
'

3_
(hgaj3

A„+1=a (log a)-"-
1 {(log a)"— n (log a)

n~ l+ n (n— 1) (log a)"
-2—

. .

.

+ ra(;i-1) 1}.

Let log (a+x)—log a= y, and let the last factor of An, all but its

first term, be + (n - 1) B„. We have then

v , , wi- a
,

{loga- B 2}ay
2 {(loga) 2 + 2B 3 } ays

h. («+ *)=h. «+^y+ —2(I-7F"
+

2.3 (log a)-
+

" " "

orsince **£^ . . . . ^^-^.^
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li. (a+x) =li. a+

DIFFERENTIAL AND INTEGRAL CALCULUS.

x ay*

log a 2 (log ay\
2B3 y +

3B
4 */

2

3 log a 3.4 (log a) 2

where B 2=l, B3=B2-loga, B,=2B3+(loga)
2
, B 5=3B4

-(loga) 3
,

and so on. This series is very convergent when a is considerable com-
pared with x.

1 » —t jf
Lastly, take the equation li. —= — I (a>l), and convert

0> J toga t

the integral into a continued fraction, as in page 591. This gives

J__ _1 1_ (log a)-1
(log a)-1 2(logfl)- 1 2 (log a)"1

' a " a log a 1 + 1+ 1+ 1 + 1 +

One or other of these methods will apply in every case, and by

them the following table was constructed, for values of a less than

unity.

a. li.a.(-). a. li. «.(-). a. li.a.(-).

•00 • 0000000 •34 •1925352 1 •68 •7270254
•01 •0018297 •35 •2019321 •69 •7534596
•02 •0042052 •36 •2115883 •70 •7809469
•03 •0069137 •37 •2215106 71 •8095577
•04 •0098954 •38 •2317064 72 •8393700
•05 •0131194 •39 •2421833 73 •8704701
•06 •0165667 •40 •2529494 74 •9029543
•07 •0202248 •41 •2640133 75 •9369300
•08 0240852 •42 •2753841 76 9725181
•09 •0281416 •43 •2870714 77 1 0098548
•10 •0323898 •44 •2990852 78 1 0490943
•11 •036S267 •45 •3114326 79 1 0904128
•12 •0414502 •46 •3241357 80 1 1340120
•13 •0462592 •47 •3371959 81 1 1801246
•14 •0512530 •48 •3506294 82 1 2290215
•15 •0564316 •49 •3644496 83 1 2810197
•16 •0617955 •50 •3786711 84 1 3364941
•17 •0673455 •51 •3933088 85 1 3958924
•18 •0730829 •52 •4083791 86 1 4597547
•19 •0790093 •53 •423S992 87 1 5287419
•20 •0851265 •54 •4398875 88 r 6036733
•21 •0914368 •55 •4563637 89 l 6855829
•22 •0979426 •56 •4733487 90 l 7758007
•23 • 1046467 •57 • 4908650 91 i 8760780
•24 •1115521 •58 '5089366 92 l 9887871
•25 •1186621 •59 •5275895 93 2 1172535
•26 •1259803 •60 •5468515 94 2 2663481
•27 •1335104 •61 •5667522 95 2 4436226
•28 •1412566 •62 •5873242 96 2 6617277
•29 • 1492232 •63 •6086021

| 97 2 9443801
•30 •1574149 •64 •6306240 98 3- 3448241
•31 •16583S6 •65 •6534306 99 4-0329587
•32 •1744935 •66 •6770666 1- 00 infinite.

•33 '1833911
J

•67 •7015805
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When a>l, li. a continues negative until li. 1 '4513692346, which is

:0, after which it continues positive. Also

li. -1= -0-0323897896

li. 10= 6-1655995048

li.a(+).

infinite.

1-6757728
0-9337783
0-4801779
0-1449911

1

] 1

1 2

1 3

1 4

1 5

1 6

1 7

1 8

1 9

2

2 5

3

4
5

6

7

8

9
10

11

12

13
14

15

16

0-1250650
0-3537475
0-5537438
0-7326370

• 8953266
1-0451638
6672946
1635S89
9675853
6345880
2222224
7570508

5-2537182
5-7212387
6-1655995
6-5919851
7-0005447
7-3965480
7-7808256
8-1548249
8-5197165

a. 1

17 8

18 9

19 9

20 9

22 10

24 11

26 11

28 12

30 13

32 13

34 14

36 14

38 15-

40 15

45 17

50 18

55 19

60 20

65 22
70 23
75 24
80 25-

90 27
100 30
110 32-

120 34
130 35'

li.e-'r:: -0-2193839344

li.e = 1-8951178164

ues of a greater than unity :

—

i.«(+ ). a. li.a(+ ).

8764646 140 38-492841
2258743 150 40 • 502303
5686258 160 42-485178
9053000 180 46-380020
562353 200 50-192168
200316 220 53*932872
821734 240 57-610933
428628 260 61-233401
022632 280 64-806034
605092 300 68-333612
177131 320 71-820157
739697 360 78-683375
293602 400 85-417888
839544 440 92-040677
173366 480 98-565102
468696 520 105-00191
731245 560 111-35993
965412 600 117-64651
174669 640 123-86784
361813 720 136-13526
529138 800 148-19668
678554 880 160-07861
929887 960 171-80200
126139 1040 183-38376
275096 1120 194-83783
382807 1200 206-17582
454085 1220 217*40761

When the number is very nearly equal to 1, the table may be aban-

doned in favour of the expressions for li. (1— a) and li. (1-fa), in which
a will then be very small, and the series very convergent. Also the

formula for li. (a-±x) must be used instead of interpolation, if values of

li. a for large intermediate values of a are required. The following

integrals (and many others of more complicated forms) may be obtained

by means of li. x, in which it is to be understood that the integration

is indefinite, requiring to be taken between limits, or a constant to be
added, as may be.

=li. xm+\ or =h. b
m+1 -h. am+1

log.r J a log*

dx 1 v , A C*dx
log (a+bx) b J x

li. s*
dx= li.

£"*
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1 Cs" dx
f£i

x dx=\i. St
x

,
fsat

hx dx= --\'l.Saib\ r=LS~
a
\\.S

a+x
J J b J a+ x

—— =li. loafx, f\i. fxdx=x]i. fa
— • dx.

J j;]oglog* J J log/a?

I now come to those isolated instances which cannot be made to come
under any of the preceding methods : of these there is a considerable

number existing in various works, out of which a selection must be

made, and it is a matter of no little difficulty to settle what parts of the

voluminous writings on definite integrals are most likely to be useful to

the student.

Having applied the remarkable property of cosines and sines in page

291, it may be interesting to point out some other functions* which
have an analogous property, and which are of great importance in some
questions of physical astronomy. Let v=z+ ^x (1— ri

2
), which gives

by Lagrange's theorem (page 170)

u=*+|(i- z2)

1

dz
.2)2

X*

2~

1 u- z
2

)
3

X3

2.3
+

du

dz

, 1 d
= 1+2^ -2").

1 d1

dzs
(1 -.a2\2

°°*

}
2

1 d3

+
8 dz3

(1--2 2
)
3

?2.3
+ -"

But m== —

|

(l + 2zx+ x*y, -^=(l + 2^r+ a?
2)-*. Let the last

series be P + P 1 i'+ P3 /+.. .. ; then P„ is of the ?jth degree with
respect to z, and if k < n, we have for 2" T (/« + 1 ) fP„ z

h
dz, or

J"D" (1 — z
2

)
n
z
k
dz, the following terms,

2*D"-' (1 -z*)
n - kz"- l

I)
n-'i

(1 -z2

)
n+ ±[jfc] D"-^^!-^)",

every term of which vanishes when z — — 1 or z=+l: so that

ft\ Pn z
k dz= 0, if k be any integer less than n. Hence, if m and n be

unequal, we must have f±{ Pn Pm dz = 0, for if w be the greater, then
Pm being rational and lower than Pn in dimension, we see that fPm Pn dz
may be made to take the form 2 {Ak fPn z

k
dz], k never being so great

as n. And each term of the last vanishes, whence the theorem is

evident. But if m—n, we have one term of the form An fPn z
n
dz,

which integrated by parts as before leaves one term only, + A„ F (w+ 1)

D_1
(1—

2

2
)

re

: 2
n F (n+ l), according as n is even or odd. Now (page

580)

f$\
(i -zrdz=2fu\-zr #Kfj<*(i-^-^It^t

=F (n+l) : (n+ l)(n-i)(n-f-). . • .-If-*.

Now A„ is the coefficient of «* in P„, or in 2"n D" (1—z
2)" : F (n+ 1) ;

we have then

An= + 2-*.2?i(2rc— 1) (n+ l) :T (n+l), (+ ,neven; — , nodd).

* These are certain functions, by aid of which Mr. Murphy (in his elements of
electiicity) has put Laplace's coefficients (page 540) in a very clear point of view-

as to those primary properties on which their utility chiefly depends.
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Hence ±A„ is positive, and

fllPld^B-Hl-zr- 2-2-...(„+ l)Xn....l
2" 0+i)(«-i)....fi r(«+i)

2.2
-\2n 2.1 2

(2»+l)....3.1.r(n+ l) 2/j+I"

If, then, (l+ 2zx+xi)~i be expanded into P +Pltz+ . . ., the function
P„ has the property that ft] Pn Vm dx is =0 or 2 : (2n+ 1), according
as n and m are unequal or equal. Also

TO Dn (i-z2

)
n

i dn

P"= — or (\— z2y
2" T (ti+1) 2M.2...71 dzA }

•

Let <fix= fe~
xv

i['vdv, the limits being anything whatever independent
of x : if, then, we change x into x+a, and subtract, we have

A0<r or (j) (x+ a)—0.r=:JV*" (e~
ai— 1) fv dv,

with the same limits; and, in the same manner,

An
(f>x=fe-

xv
(a-

av-iyfvdv (limits as before),

Vw=l, f"e-
zv dv=—, f°E-

xv
(e-

av -l) n dv=An —.
J X J X

As another example, integrate both sides of f^e~
xv dv=x~\ from

x= a to x=b, which gives

J*
e~

av — e~
bv

b a e~
av— e~iv x + b

ri?j=log— , and (le~
xv dy=log—:—

,

Ax=h, f
a
£
-CT

(e-"° - I)"
E

a"~
£ "

V

dv=An log— ;J0 v v
& x+a

a result which shows that an integral of a complicated form may be so

dependent upon a more simple one as to be calculated without

difficulty.

Again, /"e
-*" (e~

hv— 1) v~
l dv—\og a? -log (x+ K)— — A log x.

Integrate both sides with respect to x, and then take the difference of

both sides, which gives (observing that the second operation destroys the

constant of the first)

Jl
e~xv

(e-
Hv— iyv-2 dv—A2 (x\ogx-x)— A* (x log x) .

Repeat the progress, which gives

f"e-
xv

(e-
hv—iyv~s dv=-A3 (^- log*—— ]=—|A3 (*»logr),

and so on, which gives

»
A-c^-uog*) r/v-iy . . .

From page 575 we may deduce



666 DIFFERENTIAL AND INTEGRAL CALCULUS.

rde^^C*?**:* 0(a) 1.

J 1 + x sincwr J l + o?

The transformation is made as follows

:

f* (fix dx =f
1

Q (fix dx+f™ (fix dx—fl 4>xdx-\-f\cfi{ —
J
d

.

-

ra
xa- l dx _ c^j* C

a

[
xa

~l dx xa~ l dx \

J 1+cx ~&mav J tl+c£
9i

aj+l+ce"* xi *

*c~*
(e-* + £*<*) j or ^ a

"°~1
(1 + C C°S

° * *° ^ - 7rC~° C°S '

sinair • J 1 +2c cos 6>.x+ c
2
a;

2 sin ax

if k==/J(— 1). Make c=l ; a corresponding subtraction gives

far" d# rs
x~° dx ir sinflfl

l+2cos0.tf-f.z2' J l+2cos0.tf+ ,r
! "sinair sin0

'

the second being obtained by changing x into x~ l
in the first. The

transformation already noted gives

/:
xa+ x~a

. w sin aO
dx:

l + 2cos0.o;+ ,z
2 sin air sin

Multiply the two last by 2 sin 6 dd, and integrate from = 0,

J
5
V 1 +2c°s^^+*7 Jo °\l+2co80.x+x*J x

(1— cos at

In (A) write 1+log.r.a-f- . . . . for xa
, and let sin a0: sin air

=A + A, a + . . . . Equate corresponding powers of a on both sides,

and we have

/.

Qogxydx - r(„ +1) . An
1 + 2 cos 6.x+ x* sin i

whence this integral vanishes whenever n is odd.

In page 593, last equation but two, from the value of A {1+x), or

log T (1+z), find A(l + a;)+ A (1 + y)—A (l+<r+y), which gives

(l-p-Xl-p*) do
Q
r(l+a).r(Hy)

1—u logv °g r(l+o?+ y)

Write y+ z for y, and subtract the first, which gives

f
1 & (l-if)(l-if) dv F (l+x+ y).T(l + z+y)

J o i-» iog^T
°g r (i +y)r (1+^+^+7)'

Subtract this from the preceding, with y changed into z, and we have
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P (l -«*)(!—

p

y)(l—p*) dv

J o
1— v log*>

-l
r(i+a)r(i+y)r(i+g) r(i+y+y+ a)

,

" og
r(i+^+2/)r(i+y+ 2)r(i+z+^) '

and thus we might proceed until there are any number of factors in the

numerator of the subject of integration. Many integrals may be

deduced from this form.

An equation in page 243 gives, with (— 1, a, +1),

/xdx sin x C* sin x . xdx (**

ms +a?2 1

—

2acosx+a'2

~~J m2
-f-a?

2

J „

a sin 2x .xdx

m +ar

(page 655) =~ C^+e"* a+ . . .
.)=•*

2 2 £
m-a

Change x into 2r, m into 2m, and then make a equal to + 1 and — 1

successively.

x cot a? . dx 7r /" a? tan x . dx

ma+^ e*"— I' J m^a;2
e
2m+l"

Change a into — a, and add ; in the result write a for a2
,

/#<£x sin a; __ tt e"
1

1

„»?+»" 1—2a cos 2a;+ a2 ~ "2" c
2m-a'l+a

Jl a?da? xe
m

« In the first equation write nx for x, and ram for m, multiply by
2adn, and integrate with respect to 11 from rt=0,

J

,co ^ A
1105 ^x--^log(l-2acos^+«2

)~21oga-a)J
o

^-2

J"
rfn

,

/ da? t
which gives —

; log (1 — 2a cos nx+ a2
) ==— log ( 1— ae~m")

.

J o
m +# m

Differentiate this with respect to a, make 71= 1, and show that the

result is the same as we should have got by beginning with the equation

in page 242. For n write 2«, make a successively equal to — I and

+ 1, and subtract, which gives

log sin 77a; , dx _ * 1 - e
-2""1 C* log cos nx dx

mf+x* ~~2m
°§ 2 ' J m*+x*f.

ir , l+£-imn riogt&nnx.dx t, £
SmB—

1

=—W—- —

-

= loo-

2/ri
S 2 'J m2+ a;

2 2m
Uj
V""+l

The preceding two pages contain certain excursions (by Legendre)

into the field of definite integrals, not made with any fixed object, and

guided by the facilities which arise from being able to find some one
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fundamental integral. Whenever we are able to find ffx.<feax.dx, for

all values of a, it is generally easy to find a function fa, which, ex-

panded in the form Ai rb (a^") +A2 (a2 x)-\- . . . . , will give for

ffx -fa • dx a series whose invelopment is known. But this method

must always be of twofold application ; for since ftyax ,§x.dx follows

from f'fx.cf)ax.dx, a similar process can be instituted with functions

which can be expanded in the form A^ (a, x)+ A2 ^ (a2 #) + . . . .

For instance, we have

£
sin nx . xdx r _ C ° cos nx . dx t

e

m2+ x2 2 'J m2+ ;r
2 2m

whence if (px can be expanded in sines or cosines of x. f(j>x (m
2+ x2

)

-1 dx
can be expanded in a series, the finite form of which may be known.

Let us now take functions which can be expanded in terms of the form

A(m2+ x2)-\

As a preparatory step, it is required to expand sinar: sin&7r, a being

<b. Now we have (page 586)

sin irax a 1— ft
2
a,* 4— a2 x2 9

—

a2 x2

sin nbx
=

~b' \—brx2
' 4-b%

lc2 '9— b
2^2

'

'
'

If we were to take n of the fractions in the product, not counting the

first, to be resolved into sums of fractions, as in pages 270, &c, we should

first observe that numerator and denominator have the same dimension

;

whence, lowering the dimension of the numerator, we have a2n
: b

2n
for

the separated quotient. But (a<&) this diminishes without limit as n
increases without limit : it remains then only to find the fractions. Pro-

ceeding as in, the chapter cited, we have to find the value of (k+ bx)

sin irax : sin irbx, when bx— +k, k being a whole number. By Chapter

IX., these values are both

. irak 1 , . irak
— sin

. irak I \ 1 11
, whence - sin — iy—rr +r—r-f,o 7rcos7r« ilc-rbk k—bx)

is one term required.

b tc cos irk

. 2k sin (ivak : b)

7rcos nk (&
2— b

2 x2

)

Make k successively 1, 2, 3. &c, which gives (jta: b=6)

sin irax __ 2 j sin 2 sin 20 3 sin 30
)

Hniri&ic
~T 1 1 - b

2_x2 ~4—b 2x2 + 9—b2
~x

2~ " "
f

cos-rax _ 2 f cos0 4 cos 20 9 cos 30
|

sTnTftx ~~^bx~ \l-h2 x2 " 4—Wx2 +9-b2
~x?

~
f

2 \ „ n ,6
2

.x-

2 cos0 6
s *2 cos20 1=— icos0-cos20 + &c. +-

—

tj— -
. ,.

2
+ ....}

Ttbx I \ — b2 x2 4—bi x% )

1 2bx f cos0 cos 20 cos 30
\

~^bx
+~V IT^&V2 ~4^&"a»

+9—b
2 x2 ~ r

the second formula being obtained by differentiating the first with

respect to a.

*
.. . cos irax _1— 4«2 ^2 9-4a2

,z
2 25— 4a2

j;
2

gMn
costt&o? ~l-4 l

)
2 x2 '9-4b2 x2 '2b-4b2 xT '

'
'

'
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Repeat the same process : k being an odd number, the value of

(k + 26x) cos rax : cos tf&x, when 6x= + 1/?, is found to be 2 cos (itak : lb)

-7-7rsin (^7r&), whence

2 cos (l&8)

Att/c) U + 26x ft— 26xJ'

4k cos M0
tfsin^TrA:) U + 26x ' k— 26x3' " tt sin 1/br (&

2—462 x2

)

is one of the terms required. Make /c=l, 3, 5, &c. successively, and

COS TTCLJC 4 ( COS Ij0

2

l-46'2 x2

sin46>

cos Trbx

sin ir#x

cos itbx itbx ll— 462 x

2= -7— {sin A0— sin 40+
nbx l * 2

3 cos -f-0 5 cos IB
+9-462 x2

9 sin |0

9—

}+

4b* xs

8bx

+

2b-4b*xi

25 sin f0

25—46V2

sin^0

l-46 2 x2
'

the first term of which =0 (page 607). Write a»J(— 1) •.ir and
bj(— 1) : it for a and b, (which does not alter 6) and we have the follow-

ing results, (two of which have already appeared, pages 611 and 612,) 9

beina; na : 6.

-=27r2.
n"

2
7r

2+6s
x'

2

= ; 26x2
cos nd

e — e _, sin ^«y

;+ £"

!+ £"
:= 47rl

71 COS ^.W

?l
2
7T
2+ 462 X2

Where 2 implies a series of alternately positive and negative terms, the

series on the left being summed for all integer values of n, and those on
the right for all odd values of n. Now make 6=ir, whence 6=a:
multiply the first and fourth by cos ex, the second and third by sin ex,

and integrate with respect to x from to 6c, remembering that

cos ex . dx

M2 +g'X2

Tt

'2rt*/g
s \'s,

sincx.xdx % _"1= £ Vs.
n'

2+ £x'
2

2ff

In this case d=a, and we have (a<7r)

—ax— cos cxdx =sin a.e~c— sin 2a.£~2c+ sin 3a e~
3c—

,

e~
c
sin a sin a

(page 243):
1 + £ + 2£_c cos a «°+ £-c

-l- 2 cos a

And similarly — —^.sin cxc?x=—
*j

J + £-"
sin ex dx=

t^+c
cos ex <ix=

2 e
c+ £

c+ 2cos«

(e* —s~ ic
) sin Ja

£
c+£~c+2cosa

(e^+e
-
*") cos^«

£
c+ £

_0+ 2cosa

I have left the completion of the processes as an exercise for the

student: the following formulas will be needed,
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sinfl.ic—sin 30. ar -f . . .= r-^—•,

l+2cos20.x2-
r-tf

4

™ <, cos0(j?+.z3
)

cos 0.x—cos30.£3+ . . . =-
l+2cos20.a;2+£4-

Let £*+ £
x=2c (x), e

x— £ *=2s(x); from the preceding may be

deduced, the limits of all the integrals being and cc, and #<#,

/sin cxdx 1 s (^c) f* cos cxdx 1 1

s (jx) ~~ 2 c (he)' J c (tvx) 2 c (Jc)'

J
cos ex . xdx _ 1 1 f" sincr.a-dj? _ 1 s (^c)

/

c(xx) 4 (c.^c) 2

s (flj) f c (ax) 1 1
aa;=*tanAa, —;

—

-dx=—
s (ttx)

" a a "'
J c (7TX) " 2 cos ig£

Many formulae may be deduced from these by differentiation or integra-

tion. The functions denoted by c (x) and s (x), called the hyperbolic sine

and cosine (page 120), have properties closely analogous to those of the

common trigonometrical sines and cosines.

In the investigations immediately preceding, it has appeared abso-

lutely essential that a should be less than b : if a were even = 6, a

quotient term (unity) would appear to be added to the fractions into

which sin nax : sin irbx, &c. are decomposed. If, then, we were to make
a=T, we might expect the preceding integrals not to be true, and this

can readily be verified as to some of them, though some happen to be

true even in this case, owing to their being derived from the pre-

ceding by differentiation. To deduce a result in the case of a=7r, first

let a=7T

—

w, which gives

U-W) X I -0r-W>) X -7TX / WX I —wx\
—WX 1

^ ' J= £^"I -j .

£ £

Multiply both sides by sin ex dx, and integrate from to cc , which
gives

1 £
c— £~c c_ py+e-"*

.

2 £'+ £-+2cos(^0-c2+w2+J £
2--l

smc* rfr '

Diminish w without limit, and we have

sincx.dx 1 £
c
-|-l 1

~e^r—T ~~T £
c— 1

_
2c'

(c).

To find tan irax and cot irax by the preceding method, make a=6;
but we need not increase the series for sin ax : cos bx and cos ax : sin bx

by unity, the quotient term which the method in page 668 would give,

since these series are derived by differentiation, which makes that con-

stant term vanish. We have then (<r=l, 0=7r)

8a | 1 1 1 1

tan7ra=— < + „ -J ,+ . . . . >
v ll—4a2 ^9-4a2 T 25—4a2

J

1 2a i 1 1 1 1

cot ira~ i -„ -j r -1 -4- .... >.

Tra 7T h—a* 4—a2
T9-

a

2^
J
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Abel has made an application of the formula (c) which deserves

notice. His preliminary assumption is that every function of x can be
expressed in the form je~ xv

fv dv, the limits being independent of x.

This proposition, however, can only be said to be generally true on the

supposition that/v may be a divergent series ; and every such case will

need inquiry as to the consequences of employing the series in integra-

tion. If we assume cjjx=: f™ e~
xv
fv dv, this, if fv can be expanded in

positive powers of v, is only possible when fx can be expanded in

negative powers of x, for we have from the preceding

ft=/(0).arl+/' (0) .x~*+J" (0).x~
3+....;

so that if (px~A l x~
1+A2 x~

2+ . . . ., we have fv=A l+A2 v+^Aa v
2

-f- g 3- A4 «
3
-|- • . . . Such cases are generally those in which ^dimi-

nishes without limit when x increases without limit; and these are

the cases to which the following method will most often be applied. If

we take any other limits, say — 1 and 1, and if <frx can only be deve-

loped in whole powers of x, development of e~
xv shows that we must

have

ftl vn
fv dv= (— 1)" W (0)

.

Assume for v a series of the form A R + Ai Ri+ . . . . , where R = 1,

R t=D (1

—

v
%
), &c. and R„=D" (1

—

v
2
)", as in page 664. Since, then,

ft\ v
n Rn+m dv = 0, we have

A f±\R dv=4>(0), A ft\~R vdv+Al f±\R1 vdv=—0'(O), Sec.;

from which A , A1} &c. can be found. But the results of this method
will give for the most part divergent series, which cannot be safely

integrated.

Assume <fix— fe~
xv
fv dv, between fixed limits, but of what value is

of no consequence. We have then

(*+):H> (a?+2) + •
. =f*-"fi> (*-"+ *

-a,+ • • )-J^S^-
Equation (c) gives ——- =

—

1
~~2 + 2

[

ra

sin vt.

Jo **-
dt

1

f
£
"-xvfv.dv 1

J v 2

sin vt.e"
xvfvdvdt

<p (a?+ 1)+ + 2)+ • • • =
I

—;—' — fe-"fv dv

+2

=f:<pxdx-±cj>x+2J
a
{55^5 0\«w* r-.fi>*>)}.

(x±bj—i) = fe**t**«-
ljvdv gives

r t -~ f j <f>(x+ t j-l)- <f>(x-tj-l)
i sm vt e

xo
fv dv— —

—

-.—

:

J J 2 V—

1

/•» , i C dt <p(x+ij-l)-dt ftQc-rV- l)-flQr-V-l )

1
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Let the last factor be ty (x, t) ; we have then

(1) + +4> O)=jo fa dx+± (0*—00)

J o «

0.t=(1+jO_1
and x= oc give —— r r— iy— a>V V -r

.

/ 6
J (e""*— 0(1 +

Let 0j;=log (1 + a;), and deduce

'
_, / xt_\ _d£_ _ a Hog (1 + *)-l} log(l+J?)

log F (14-*)

2
*
tan~' f.d<__ 1 log(2r)

l^—T ~~~2
4 *

This theorem, though deduced from the supposition <$>x=zfe~*
vfvdv9

may be proved independently of any such assumption. We evidently

have, by expansion and page 581

t**~
l dt _T (2n) f 1 1 1 I __Bin^

e"-| ir
n

\2in 4?
n ^

&

n+ " "
\ An

B 2„_,=4rc
1

Substitute the values derived from this in page 266, in the value of

2<f>.r, making yx=$x, remembering that 1 : 6, 1 : 30, &c. are B„ B 3, &c.

202= jl cj}x dx— \ (4>x — 00)

„ C
a

dt [M (j/'x.t
3

lln \

4-2J p—^ |0^.f_Z__+ ...._^o.i4-....[,

the last factor being <$> (x+t J -1)—$ (x—tj—l) — {<}) (tJ— 1)

— (

—

t J— 1)}, all divided by 2 aJ— 1. Subtract 00 from both sides,

and add <fix, which turns 1(px into 014- . . . . -j-0x, and makes the

preceding correspond precisely with what was proved before. The
following case arises from 0a?=sin ax or <fix=cosax, x disappearing of

itself,

rV'- £
-a

' ,11a, r tdt 1

J .TM^a ~2 C0t
2'

WhenCC
J 7^1 =24-

the last is already known: a=T furnishes another verification.

In the value of (x 4-1)+ ... . first found, add cpx to both sides,

and for 4>x write 02:r, putting \a for x : the result is

0a+ (a 4- 2) 4- =/"a 0(2*) dx+ \4>a

r" dt (a+2t V— 1) -0 (a—It V-l)
~

J ,«"-l 2^-1
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Multiply by 2, and subtract tbc value of §a+$ (a+ l) + . .. .,

0a—0(a+ l)+0(«+ 2)- =

<M—

2

a7 0(a-H v/_l)-0(a_^_l)

(a) + (a+l) + (a+ 2)+ . . . . =

C*6vdM6a of" ^ 0(a+*V-l)-0(a-^-l)
J . 0.r «fc+ , 0A-2J

o

£i^II
. 27-j- .

For 0x write </> (— a;), and having determined <j> ( — a) + ^(—a— 1)

-f- ...., write —a for a. The theorem in page 561 is then easily

verified. Moreover, whenever (a+tj— 1) — (a— t *J
— 1) is posi-

tive from t— O to £=oc, the theorem in page 650 easily follows, since

0«— («+ 1) + . . . . being then algebraically less than i <f>a, is less than

0a (if 0a be positive).

In the preceding theorems, the original supposition <$>x—fe~
x
"fv do

has been rendered unnecessary by a demonstration which is independent

of it. Resume this supposition, (which Abel takes as always possible,)

and take the known equations (from £=0 to t=z cc)

rcosavt.dt it _av
Csm avt.tdt ir

av
Cs'in avt.dt ir _.

J ~r+?
-=

2

£_a
"'

J ~ttf~
=

2
£ '•

J ta+f)^ 1 '* >'

the last from ——— ==—
: it being remembered that a must

t{L + t-) t 1 + r
be positive. Write x-\-at*/— 1 and x— at*]— 1 for x, which easily

gives

j\T-
C°S

(avt) .fvmJ&=2LL^+ <,**<*J~l\
J sin

v )J 2or2</-l

f'
m

dt , ,. . „ _
, f( f

1* cos avt.dt) „ ,Now
J I+Ja */£ cos ™' •/» <M =

J \ I

1 + ii \
e fi> dv

which last is j|ir0 (#-J-a) : proceeding thus, we get the following

theorems.

Let E(,, BO==
t£i+^-o+0a-«^-D

0(j?,*«f) :

2

(^+ a/ V- 1)— O" a * \/— X )

2V-1

/°e (^ «0-]-pya =^0 (*+«), /ro (*. «o • q^--^ ^ o+ a)

f;0(x,at).j=-^cf>x, /"0(j, aO - -^{0 Cr+ a)-0a'} ;

the fourth formula being obtained from the second and third. Different

forms may be obtained by making at— x tan (p, and substituting.

We shall presently cite an example, but we may, by means of the

2X
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preceding1

, refute the notion that every function of x can be expressed

by fe~ fv dv, between limits independent of x.

Let <j)X=^x, then E (x, at)—x, and if x can be expressed in the form

fe~
xv
fv dv, we have

J
CO 7)

2
—— {x-\-a), which is false unless a= 0;

consequently it is not true that x=f£~
xv
fv dv can be satisfied by any

form offv which allows of integration.

Remember that in the application of the preceding formulae,

(j)X~fe~
xv
fv dv must not only be true numerically, but essentially true

in form, so that x-\-at/J— 1 and x—at*J— 1 may be substituted for x.

For instance, if we were to take

r+» £
-*" dv r t

x~l
dt

1 + 1" sin x

and apply the first theorem, it would give

£
a'(£

2a'+l) dt

£
iat— 2cos2a;.£2a'+l *1+*2 4sin xs>m(x+ a)'

But this is not allowable; for the definite integral with which we
commence is only true in a numerical and limited sense, from xr^O to

x=ir, both inclusive ; nor can it be permitted to substitute x-\-at aJ— 1

for x. Moreover, the result is false, it being easily shown that the

left side remains finite when x approaches r—a, whereas the right side

increases without limit.

The following theorem, however, will be afterwards shown, and may
be verified when x + at J— 1 is substituted for x

3

J**£~
OT dv-log(l-t-x)—logo?.

Let then cf>x be log (1+a?)— logo?, and apply the theorem, which gives

-. /\f(x7+J^av¥y+aT?\ dt * n + x+ d
Jo log -tt-t* 7X7* = o

lo§x*+a2
*
2 / 1-MS 2 °\ x+a

at \ tdt ir , \-\-x-\-a

J o
tan -rr-ST^j* TTT, ^TT lo

ix+x2+a2 fj 1-W 2 2 ° x+a

/ n tan
* — =— log;——

.

Again, f±l rr s~ v* dv~s^f±Z r *-ho« dv^.ir.. £*:

apply the theorems to <px=ze
x° :i

, and the results may be easily shown
to be false ; and the same in every case in which the limits of integra-

tion -which give <f>x have different signs. Here, as in page 607, we
must not use a result which is subsequently to enter into the subject of
an integration, unless that result be true throughout the limits of inte-

gration. Now, in obtaining the first of Abel's theorems, of which we
are now speaking, we have to use the integral /

M
cos avt dt : (l + 2

2
)>
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which enters into a subsequent integration with respect to v : as long as

v is positive, this is -^ tte
-"" (a being positive), but when v is negative, it

is hire"". It is easy, however, to extend Abel's theorem to this case in

the following manner.

Let (f>x—f£~
xv
fvdv, the limits being — « and -f-yS, negative and

positive, and let this theorem be universally true. We have then

I
(

—

— ftU~
xv

cos avtfvdv

, /•« 7 /•,,.[ C" cos avtdt „„ „ 1

=(/i.d»+/Srf»).|J
o n^.T"' *y

Now in the first integral v is negative, and in the second positive

;

proceed accordingly with the included integral, and, on the same reason-

ing as before, we have, by this and similar processes,

dt

f; E (a, at)—^ ft. e~^> dv+^p e-W «fv
+
tdt

do

/." o (*, o -4- =fi^^^-f fU-~
:

fidv.

Apply this to fv~e~v2
,
fxzz*/ir.£ix'\ E (a1

, 2a£) = Jr. s^'"
2 '2

cos axt,

O {x,2ai)—Ajir.eix°~a
'i(2

' svaaxt. Then, remembering that «=— oc,

/3=-l- a, and

J7 £
- p-"2 dv-e^ /"fi-*+f dlA=^ /J £-"2

dv,

we have the following equations,

. 22 re-
a212 cos axt.dt t ^H*

.

a o2 , t £±£1*
_„., .

7***J j^ =
§
« 4 /*T.€-^cfo+-« * Ji»+8 e-»

2
rf«

, 40 re"*" sin axt.tdt t i^2

ri,_ a _,2 , * <^12

_„2 .

^ . =-/!!„£ " ^-
2 J.,£

!

c/y=7rj^ £ rft>.

The third, differentiated with respect to x, may be verified by page

634 ; the two first may be thus written, after reduction, with an obvious

abbreviation,

C
a £-aUi cos avt. dt _*Jit.£

a
*

r M nx-a, eaX
/» -• .-»?,/.,

J o

—q^— ".^r {e •>- +£ j ^+ °}£ rf

r^-smaxtm J/«*£ T —pr-^A"*} ***?

the second of which may be verified by differentiating the first with

respect to oc. If x=0, the first may be reduced to

J
03

,.-a2 <2 Af

All these integrals can then be calculated by Kramp's table (page 6o7).

2X2
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If we throw the last result into the form

C * dt It hra

we may see that differentiations with respect to a and b will enable us

to apply the table to the determination of f"s~
ali Pdt, where P is any

function which has a rational and integral function of f for its numera-
tor, and an integer power of b+ 1~ for its denominator.

Two integrals, each of which is infinite, may have a finite difference.

Thus, if in those of page 630, we make n diminish without limit, the

first increases without limit, while the second becomes

.„ sin bx , . / b \
J>-— <b=tan-(-j.

Now let tan
-1

(b : a)=/3, tan
-1

(b' : a')— fi', and we have

C*f -ax I -aU If N n-X 1 ^ J
C0S "^ COS «£'

]
/„ (e - cos bx-e cos to) x <fe= Tn [^—^ -^+JSyP^

Expand the second factor in powers of 7?, which gives for the whole
product

Tn.n {I log (a'
a
-f-i

/2

)
- J log (a

2+ 6
2
) + Aw+B«2+ ....};

and T/i.n or I^ra-M)—

1

5
when n— 0. Consequently we have

e~
ax cosbx— e~

a 'x cosb'x 1 a/2+ &'2

a.c=— I02:—-—

—

x 2 5 as+ 6
s

J

-10
£
-fljr—E~

a 'x a 1

f"

a
cosbx— cos b'x b'

aa'==log — , ax rrlog —.

The following integral can be found in finite terms :

o
g-a, -a j. clx— aj £ a x a

. —

,

by. changing x into a : x. But the latter multiplied by —2 is dy : da,

whence

the constant being determined by making a~0.
The following is a remarkable instance of discontinuity. Expand

and add log (1

—

ai
x ^~ l

) and log (1

—

ae" xs/~ l

), which readily gives

/ «2 a3 \log(l—2acos^+«2)=— 2 ( a cosx+~ cos 2x-\ cos 3x-\-. . . .
),

. series which is convergent from a=— 1 to a= -f 1. Integrate wit!

espect to x, from x=0 to x=-t, and we then have

Jolog(l— 2acosa;+a0.^=0 (a2< or=l).
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But this process cannot be depended on when a>l or <— 1 : let such

be the case, then the preceding is true if for a we write <X~\ which gives

from the preceding

fl log (a2— 2a cos x+ 1 ) (1x=2tc log"« («
2> or — l)

;

quations really involves the second,

parts, and we have

= £log(l + a), or-llog^l+l),

so that the first of these equations really involves the second. Make
one step in integration by parts, and we have

I, 1 — 2a cos x+d

according as a2< or >1. Also

-i ,
t

i
i C- x

i
v

i
2 log sin a?. aa?=— log-, 2 eu=:— log 2.

2 °2' J tana- 2 b

rr
sin x . xdx „ , ,, „ . ^ , / 1

Leta+a =26: =2irlog(l+/8
1)= 2irlog( 1 +—

J „ b—COStf °V Pi

where /3 t
is the lesser, and fi 2 the greater, of the values of a in afi— 26a

+ 1= 0. The two results agree, since yS, fi^—l. When the roots are

impossible, or 6<1, still b—J(b*— 1) must be taken for y8„ and
b-\-»J(k"— 1) for /3 2 : that is to say, such an assumption is only a part of

that law of continuity of form which is always to exist in the transition

from possible to impossible quantities. If 6 be impossible, then the

values of a may also be reduced to the form m +nJ— 1 ; but it is not

easy to settle a priori which form is to be used.

This chapter contains, in the parts immediately preceding, a few, and
but a few, of the very large number of isolated definite integrals which
have been given, the number of which is daily increasing. Of them all

it may be said, that though the results are in general of little import-

ance, the methods of obtaining them are highly instructive, and the

cautions which they afford are absolutely necessary. I have omitted for

the most part all results which can be obtained, 1. from ordinary in-

tegration ; 2. from differentiation ; 3. from transformation.

To exemplify the two last, let us take the following integrals,

J
v
sin x . xdx „ , ,, , ,, ia ,., ra „„„ , . Jit --

Differentiate the first n times with respect to b, and we have

f" sinx.xdx 2tt(— 1)" d" , .

Again, change b into 1 : b, and we have, by the same process,

f
r smx.xdx _2t Jb + l—J(l-¥) \

J 1

—

b cos x ~ b °l b )

J*
smx.cos"x.xdx __ lit d" 1 (6+ 1—^(1—b2

))

(i-bcosxy~ *~r(w+i) dbn 'T
°s

\ b J

:

in the result of which b may again be changed into 1 : b. Now differ-

entiate the second integral n times with respect to a, or In or 2»-j-l

times with respect to 6, which gives
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f" E~
axl

cos bx ,x°-
n dx =(— 1y^— -$- (or* sJo 2 da9

V

I 7271+1

/; £
-2

sin bx *H4 ^= (_])« <L __
in all of which, integration is made to depend upon differentiation. We
also learn incidentally, that a~* e~h2lia is a function which gives the

same results, whether it be differentiated In times with respect to b, or

n times with respect to a. Let the student apply a similar process to

differentiations of f* e~
ax

sin bx dx and
J"*

€~az cos bx dx, and compare
the results with those of page 630.

As to transformations, let us take the integrals which are frequently

called Euler's integrals, or Eulerian integrals.

f;e-*a^dx=Fn, f^O—x^dx^-} '

"_;;.. I (m+ n)

cv i V~l

For x write — log.r, and Tn— f log—
J

dx.

A reader of Legendre would hardly know the first form of Tn, or of

Poisson the second : and it is the same with many other integrals in

different forms ; insomuch that there is hardly any point attention to

which will save so much time and trouble, as the formation of quick

and ready habits of transformation.

In the second integral change x into xk
, h being positive, and for m

and n, write m : k and n : k, which gives

?n „ n

:

^""'(l

—

x'') k ~ dx = ; -, denoted by

a notation altogether opposed to analogy. Let m : k==m\ 11 : k^ri, &c.

11 \ /n+m\ Tm'Tn' T(n+m').Tlf

mj V I J kT(m'+ri)'kF (n'+m'+l')

Tn'Tl' Tm'T(n'+l') Yn\ Yn+l
kT («'+ l')'kV O'

+

m'+ V) \l

This form is the one under which the integral was first presented by
Euler, and the property just proved contains, as remarked by Legendre,

nearly all the theory of these transcendents. The ease, however, with

which they can be reduced, and if need be, calculated, by means of Tx,
renders this separate theory almost superfluous.

I shall conclude this chapter with some extensions of the preceding

theory to certain multiple integrals.

Let there be n different variables, x
t ,

x.2 . . . ,xn , it is required to find

Jx\~
l
xl~

l
. . . ,x v

n

~ l dx\ dx2 . . .

.

dru ,

where the limits of each integration are to be so taken that every
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positive value of every variable is to be included between them which
will make <r

1 -J- lr2+ . . . . equal to or less than unity. Let us, for in-

stance, take five variables, v, w, x, y, z, and find the integral

JV
-1 wl3

~ l xy
~ l

?y
s_1 z

£_l dv dw dv dy dz.

In the first place, and beginning by integration with respect to z,

it is obvious that z must take every value from to 1 — v— w—x— y,

in which y must take every value from to 1

—

v — iv—x, in which x
must take every value from to 1

—

v — w, w every value from to

1

—

v, and v every value from to 1. Now we have

f
a xm (a—xy d.v—am+nH F (ra+ 1) . T («+ 1) : T (m+ n + 1).

Apply this, and fi~
v~?,~?~v « s-1 dz=. (l—v-w—x—yY _

, -.^E,

T(£+o+l)J r(£+ g+ y-r-l)

n .-iiij r«.r(e+a+ y+/8+i) ry6.ry.rg.re
•>°

U * F(e+a+y+0+ a+l)T(£+ S+ y+/6+ l)

/y-W-*-^^ A dW dx dy dz =S^^^ .

and the same process may readily be generalized. For v write

(u:P)p
, for w write (w:Q) ?

, &c, and for a write a:p, for /3 write

y6 : g, &c., and we have

... . , . , , P-Q*R*S3T« p q r s t

\v'-\.z
_1 dv..dz= . g-2 ;

Vp q r s J

all elements being included in the integration in which

does not exceed unity.

For instance, the quarter of a circle is f dxdy, where x"+y2
is not

>«2
; it is then

272 ~f#'
orT™ =T ; theref°re r(^=^-

Required the value of the total element of the first preceding integral in

which the sum of the variables lies between c and c+ dc. It will

be sufficient to take three variables, x, y}
and z, and to suppose that

the integral in question is
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f x*~
1

y
f)
~ l

z*
-1 dxdydz, subject to x-±-y+ z, not >c,

which must first be found. For x, y, z write ex, cy, cz, and the pre-

ceding becomes

,
c0+'

s+,
'

f xK~\

y

13
' 1 2*-1 dxdydz, where x -\-y+ z is not >1

;

and the integral is a constant already determined, call it C. Con-
sequently the integral, x-\-y-\-z not exceeding c, is Cca+,s+ '

)
', and

x+y+ z not exceeding c+dc, it is Cca+ '3+7+ (a-f/3+ y) Cc"+^+7
- 1

tfc
;

whence the latter term is that element of the integral which answers to

the aggregate of values of x, y, and z, which satisfy the condition of

x+y+ z lying between c and c+dc.
Next,* it is required to find f a;"

-1
y
p~ l

z
1' -1

f(x+ y+ z) dx dy dz,

on the supposition that x+y+ z never exceeds £. All the elements of

this integral answering to values of x lying between c and c+dc are

aggregated in (a+/3-r-y) Cca+/S+1,_1
/cc?c. Consequently the integral

required is

MHr)CSW»^fiic, or ^±t^l^lllf- c^-'fcdc,

or /V-1

tf-* z^ f(x-\-y+ z)dx dy dz±-
T" Tfi

n
TlU

f< c^ *-r*fP dc,

and by a change similar to that already made, we find

/r-y-v-y{(^)% (£)'+ (i)> (^
P°Qg R p t_ r_

p q r

p c*w-*fcdc.

f x \P
:

, (y
\i

if I
—

- ) + ( 7T ) + f ^f; ) never exceed I.

By this process can be immediately solved many problems connected

with the eighth part of any solid whose equation is axn+byn+ cz
n=\,

among which are spheres, spheroids, and ellipsoids : including par-

ticularly the determination of their solid contents and centres of gravity.

And, similarly, of all curves whose equation is axn+ by
n=l, including

circles and ellipses. Something of the same sort may be done, but

not so easily, when the limits are and cc . Take, for instance,

fofo4>(x+ y') x°'y f> dxdy. Assume x=:rcos2
6, y=rsins

6; the pro-

cess in page 395 gives ff<t>r. (r cos
2
0)" (r sin

2
0)" 2r sin 6 cos dr dd,

from r=zQ to r=cc, and from 0=0 to 0=i?7r ; or

2f<fir.i*
+B+l clr.fsm^+1 cos

2*+1
60,

* This theorem is due to M. Liouville ; all [that precedes has been used by
Laplace and others in problems of probability, but only in the case of whole

exponents : M. Lejeune Dirichlet appears to have first drawn attention to the

general form of the theorem. There is a paper containing another demonstration,

by Mr. D. F. Gregory, in the Cambridge Mathematical Journal, vol. ii. p. 215.
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r(«+nr(/H-i)
f

the second integration being actually performed by making sin Q—v,

and changing the functions and the limits accordingly. For x and y
write axm and %n

, for a and /3 write (a+1) : m— 1 and (/3 + 1) : n-1,

and we have

a+1 „ /3+1
a+ 1 _/3+l p "^

Y -
'

«i b '» m n

a + 1 , + 1
J c/jr r >" " dr

;

the limits being and oc for every variable. It would make no differ-

ence if we wrote axm+ bxn+c and (p(r+c). If we now ask for

J\|> (x+y+ z) x*tf «* dx dy dz, first let x be constant : we have then

Multiply by af dx, and integrate the second side by the same

formula, which gives for the integral required

r(q+pr(/3+i)r(y +i)
f r+,^+2(lr

T(«+/5+ y + 3)
Jo ^

'

Proceeding in this way, the general theorem is, that

(a?i+a?2+ . . . ) ccl~
l ^_1 dxx

dr.2 . . .

.

r («+ £+....) Jr

and cc being the limits of every variable. A transformation may be

made by writing a, x?\ &c. for x„ &c. This theorem, however, is

nothing more than the last, since I may have any value : and in the

proof just finished, the upper limit of r may be any whatever. But

those of must be and \it ; or y x or tan5 must take every pos-

sible value. To make x=r cos
2
0, y'=r sin

2
9, and to assign and I for

the limits of r, and and \ir for those of 0, is in fact to make x and y
take all possible values in which x+y does not exceed I.

Chapter XXI.

ON DIFFERENTIAL EQUATIONS,* AND EQUATIONS OF
DIFFERENCES.

Hitherto I have only considered the general theory of this subject,

with a few applications to actual solution. The present chapter is

* It would have been a more difficult task to have selected the matter for this

chapter from the mass which has been written on the subject, had I not derived

much assistance on this point from three very excellent French works which have
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intended to exhibit those isolated modes of solution which may one day

form part of a general theory. It will be most convenient to divide this

chapter into articles, after the manner of Chapter XIII. By y', y", . . .

2/°°, &c. are meant the first, second, . . . nth, &c. diff. co. of y with respect

to x as usual.

(1.) The equation y
(-n) =4>x is integrated as follows. Let C , C 15

C2 . . . .Cre_i be the values which y,y,' y",. . . .t/
("-1) are to have when

x=0. Then

where (fdx)
n

is the symbol of n successive integrations with respect to

x, This successive integration may be reduced to single integrations by

the following theorem, which, with its inverse, I leave to the student.

Let I„== (fdx)
n
4>x, P„=JV 4>x dx,

n—1
T (n+l).ln+1^xn Po-tt*"-

1 P!+ ?i— a"-2 P2
- .... ±71?^ + P„

P^^l!—nxn- 1 h+?i(n— l)a?"-
2
I3— .... ±n (n— 1). . . .1 In+1 .

(2.) If we take the equation a(f>x-\- (j>y, y'r^O, we have the complete

integral in af(£>xdx+ §4>y e/y=C, provided that f4>x dx can be found.

But if this integral should be an unknown transcendental, we are not to

conclude that the equation cannot be integrated, for it may happen that

a relation between y and x, independent of the transcendental, can be

obtained from an equation involving this transcendental. Let i[/x and

ty~
xx be inverse functions of x, in such manner that tyi{s~

lx—x, and

ir
-1^— #. Let Ox be another function of x, and let us consider

^fQ^rl
x, or the performance of two inverse operations separated by the

performance of an intermediate operation 6. It by no means follows

that fdty^x contains ~tyx directly : for instance, when ^ and 9 are con-

vertible, or fdx—6fx, we have fdf^x—d^/f^x^dx. Now let

yj/x— fifix dx, whence the preceding equation gives

afx+yy=C, or y=^f-l
(Q, — afx)

a — _}JJ/~o gives 2/srlog
-1

(C— oAogx)^ec x~a

x y

lately made their appearance, and which I have thus been able to follow, to a con-

siderable extent, in the choice of topics. They are

1. Coumot, Traite elementaire de la Theorie des Fonctions et du Calcul In-

finitesimal. Paris, Hachette, 1841. (2 vols. 8vo.)

2. Duhamel, Cours d'Analyse de l'Ecole Polytechnique. Paris, Bachelier.

(vol. i. 1841, vol. ii. 1840.)

3. Navier, (suivi de notes par Liouville,) Resume des Legons d'Analyse donnees

a l'Ecole Polytechnique. Paris, Carilian-Goeury, 1840. (2 vols. 8vo.)

Each and all of these works I can most cordially recommend to teachers and

students. There is also another work to which I may yet have to acknowledge my
obligations, but hitherto only the first volume has appeared, and too late for me to

avail myself of its contents.

Moigno, Lemons de Calcul Differentiel et de Calcul Integral redigees d'apres les

methodes et les ouvrages publies ou iuedits de M. A. L. Cauchy. Paris, Bachelier,

1840.



ON DIFFERENTIAL EQUATIONS. G83

adx dy . . ,,, . , .

1
—^—=o gives y=sin (C — « sin r) ;

or, when a=l, ?/i=sinC.V(l —

*

2
)— cos Co;.

In fact, the last result depends upon sin (a sin
-1

a?) and cos (a sin
-1

,?),

which are simple algebraical functions whenever a is a whole number.

Thus sin (2 sin
-1

x)— 2 sin (sin
-1x) cos (sin

-1
x)= 2xj(l—x"). When

the transcendental introduced by integration, and its properties, are

well known, the reduction of the integral to its simplest form is easy

enouoh. And there are some cases in which the same determination

can be obtained where the transcendental is unknown, of which the fol-

lowing are historically remarkable

:

dd
.

d<t>
+ -n „ . „ ,: =0.

^(1 - e
2 sin2 0) " V(l - e" sin2 0)

Assume —-Jil—fsm* 0), whence
(—=^(l -e 2 sin2

0)

—=—

e

2 sm0cos#, -j- = — e
1
sin cos 0,

dt z at2

£? +||=-e2
sin (0+ f) .cos (0-0)

^? -*?= -e2
(sin

2 0—sin
2 ^)- -e2

sin (0 + 0) .sin (0—0)

«k dV o • ^ da dd

(0+ 0=;cr,0 - 0=3), -p=—e
2 sm <r cos d, ^7 ,~~—e i

sin <r sin

d

. . dV d3 do- do-

sin8^- cosg ^dT" ' 7rCsm ^

or VC 1— e
'
sin2 6) + VC 1 - e

'
sin2 0)= C sin ( -0)»

Let J ±X= ' <P^J(a+bx+ cx*+e^+fx*)

Assume
dx dy _ 5
T7=fP, 7T-+<t>y> x+y-°> x-y=c.

d*x

dJ''
Proceeding as before, 2— =b+ 2cx+3exs+4fx3

, &c.

dV
dl2

J.f=3{6+ c ff+ie (3 fr
9
-|-^) +i/(^+ ff3

2

)}
d£ dt

1 /„ dV do- d3\ , „

Multiply by 2da, and integrate, which gives — —= C+ eo-+/o-
2
,

or $x + $y=(x-y)J{C+ e (x+y)+f(x+yy}.
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In both these cases the evaded transcendental is t, an elliptic function,

(page 656).

(3.) Let x=f(y'), then dy-y'dx gives y—i/f(y')—ff(y').dy':
if this can be integrated, y must be eliminated between the values of x
and y, and the primitive equation is obtained.

(4.) Let y—f(y'), then (x' being dx : dy) we have

.x- =*'/(i)-//(i)d/,a»d !,=/(!)

between which x1
is to be eliminated.

(5.) Let y—x4>{y')-\'f{y), of which the equations in pages 196

and 365 are particular cases. Differentiation gives

y'-f (V) + {x$'(y')+f (y>)} y" (write z for y'\

dx <j/z V'2 jf^r fY''*
dz "/*=?

dz 2—03 z — <j>z J z— <pz

from page 195. Eliminate z between this and y—X(j>z+y>z.

(6.) The equation y=<£> (x, y') can be made to depend on one of a

linear form, and elimination. For y' write z, and differentiate with

respect to x}
which gives

__
dz (v __ d$ c\- d^\—
dx' \ dx dz)'

This equation is of the first order, and of the first degree with respect to

dz : dx. If it can be integrated (say it gives z=f (x, c)) we have then

y= c£>\x, f („r, c)}. Thus y= x+ y
ri gives z=l + 2zzf

, or x=C + 2z

-f 2 log (z— 1 ), whence

s=c+2V((y-ff)+2iog(V(y-*)-i)

is the primitive equation.

Again, y—ax+b+ fy' gives z=a-\-(p
1z.z,

,x^= ———(-C=VZ+C>

whence x= y4>~ l

(y — ax — i) + C is the primitive equation, or

yz=ax+b-\-x(x— C).

(7.) The equation (ax+ by+c)+ (Ax+By+C)yr can be reduced to

the homogeneous form by making x~v-\-a, y=:w-\-fi, and taking « and

/3, so that aa+bfi + c=0, Aa+ 13/3+ = 0, in which case we have

(av+ bw)+ (Av+Biv)— — 0, integrable by page 194.

There are two cases of exception, 1. When a or /3 are infinite, or when

A : B= a : b. 2. When they take the form -, in which case, besides the

preceding, we have C : A=c : a. In the first case ax+by=z gives
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from which the form dx—Zdz can be obtained. In the second, the

equation can be reduced to (ax+ by+ c)(a+ Ay')= 0, and if the first

factor may be rejected (which, however, depends on the problem), we

have a+ Ay'= Q for the equation.

(8.) y'+ Py—Qy", P and Q being functions of x, is reduced by

simple division by y
n
, and making y~n+i= z, to the form -(/i— L)~l «'

+ Pz=Q (page 195). The exception when n=.\ is obvious enough.

(9.) The factor which will make an equation integrable per se (page

196) would, we might suppose, be the principal instrument in the

integration of equations : but it is rendered almost practically useless by

the "difficulty of finding it. It can always be determined when the

equation is integrated (that is, when it is no longer wanted). Reduce

the equation to the form ?/'—
•% (x,y)= 0, and let y= <p(x,c) be the

primitive, or c=# (#, y). We have then

d®
, ,

d® n J r \
d® d®— .?/'+ -— = 0, and x(^)2/)— — -r~ : "r-i

dy
J dx

J dx dy

so that y'—%(.x,y) multiplied by d$:dy becomes d.$:dx, and is

integrable. And if/* be any function of * (x,y), the factor

d(b
f<]> — makes the equation integrable.

dy

If the form of the equation be P+ Q/ = 0, the factor is
17— —

.

(10.) When the factor is a function of a; only, or of y only, it can be

found. Take the equation which determines the factor M (page 199),

and since any solution is a sufficient factor, let there, if possible, be

one in which M is not a function of y, so that dM:dy=0. The
equation then becomes

1 dM 1 fdP dQ\ ., fi(f-

M dx Q \dy dx/

provided the second side be a function of x only.

(11.) If an equation of the nth order be reduced to the form

yV>+4>W~\ ..,2/,*)=Q, oryw+Y=Q,and-i£ ^ (y
c"_1)

s V, *)

-C be one of its immediately preceding equations of the (n — l)th

order, the factor may be shown in the same manner to be/f (df : dy in~l)

).

And if ">//!= d, ^2=C2, &c. be the n equations of the (?i— l)th degree

from either of which the given equation will follow, it may be shown

that

/ fydj^+f* (fd ^fe)+ • -. is an integrating factor

;

/i,/2 , &c. being any functions whatever.

(12.) In the case of y"=^(fix, in which 1 (or any constant c) is a

factor, x is also a factor, and xy"=xcf)x gives y'x—y~fx<px dx, which

is one of the corresponding equations of the first degree. The other is

y'= f$xdx.

dx/
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(13.) When Pdx+Qdy— 0, where P and Q are homogeneous func-

tions, the divisor Px-fQy gives the factor which makes the equation

become integrable ; for

± __P__/ti- . n.^-J^dP ^dQ
dy Px+ Qy
d Q -(P.+Qyrfp^-Qfx-PQ

(P,+W-(Q|»-P« y-PQ)

dx Px-j-Qy \ dx dx

and if P and Q be homogeneous functions of the wth degree, we have

(pages 64, 1 94)

dP dP rfQ dQ _

dx ' dy y dj dy y ^'

Q^_P f!?V - (P ^S_q^ ,;
dy dy) \ dx dxj

(14.) The functional equation 0x+0y=0 (#+2/) nas a solution

which is well known to be the only one, <fix—cx, and the proof* is given

in Euler's celebrated proof of the binomial theorem. But a more
simple proof is derived from, differentiation. Consider y as constant,

and the preceding gives 0';r:=0' (#-f-y) ; whence, y being arbitrary,

fix must be always the same, or 0#=ar+ c,. Apply this to the

equation, and we find c
l
= 0. From this equation it may be immediately

found that <px y.fy=:<p (x+ y) has no other solution than (px—cx
, that

0.r+ 4>?/=:0 (xy) has no other solution than 0,r==c log #, and that

(j>xx <py= (]> (
xy) has no other solution than (j)X—xc

.

It is important to observe that the limited character of the preceding

solutions is entirely due to x and y having no dependence on each

other : take any instance of such dependence, and the case is much altered.

For instance, let y— x, or 20#=0 (2x). This is solved by (j>xzzcx, as

before, and also by (fix—xf (2ir logo? :log2), where tyx is any really

periodic function of sin x, cos x, &c.

(15.) Any differential equation may be reduced to a set of simulta-

neous diff. equ. of the first order. Thus, if in y"'+Py"+ Qy'+Ry
4-S=0, Ave make y"=v, y'~w, we have the three simultaneous

equations

v'-{-Pw'+ Qy'+Ry+ S=0, v—w, w=y'.

Conversely, any simultaneous equations may be reduced to single diff.

equ. between two variables. For example, let x, y, z be functions of t,

and let three equations contain diff. co. up to x'"
, y

Y1
, and z

vil
. To

obtain an equation between x and t, differentiate each equation 6 -f-
*7

times, giving 39+ 3 equations involving 16, 19, and 20 diff. co. of the

* In brief, that proof is as follows. The equation immediately gives <p(mx)
=mipx, m being any integer. Let n be another integer, and let mx=:nz, which

m m
gives m$x~n(bz, or & — x=- <px, so that the preceding holds when m is fractional.

n n
But from the equation, q>x-\-(p0= $x, or <p0=0, and <px-\-<p (—

a

,

)= ^0= 0, whence
— <p.r= <p(— x~), <p(— mx~)=—(p(?nx) =—mfx, or the equation holds when m is

negative. Hence <p(jnx) — m<px is universal, and x— \ gives <$m=m<p\ } so that m in,

<pm can only enter as a simple factor ; and the same of x in <px.
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several variables. Between these 42 equations eliminate y,y',....

z,z\. . .., 19+1 + 20+1, or 41 quantities : the result is a cliff, equ. of

the 16th order between x and t. To generalize this, let there be the

variables #i, xs . . . ,xn and f, and n equations going up respectively

to the hfix, #2th, .... /e„th cliff, co. of the several variables. Differentiate

each equation k2-\-k3+ +h times, which will give

n (k2+ka+ . . . . +h)+n equations in all.

These equations contain x x
and (7^+ /e 2+ +k n ) diff. co. ; a?a and

(2/e2 +/e 3+ -+&„) diff. co. ; x3 and (/c2+ 2/i 3+ ) diff. co. ; and

so on. Exclusive of x
t
and diff. co. there are then (k

l+ k2+ .... +/<„

being k)

l + (K-£ 1+ &2) + l+ (K -/e 1+ &3)+....+l + 0;-/e
i+ £,,),

or n— 1 + (n— 1) (k—kt)+k—&i, or n (i; — k^ +n—l quantities ; with

n (k—h) +n equations, as before shown. The equations exceeding the

quantities by one, all may be eliminated, leaving an equation of the ictlo.

order between xy
and t.

For instance, let there be two equations of the form Px'+Qy'+Rv
+ Sy+T=:0, between a;, y, and t. Differentiate each once, giving two

new equations of the form

Ax"+Bi/"+ar'+D?/'+Elr+F?/+G= 0;

between the four equations eliminate y, y', and y" ; there remains an

equation of the second degree between x and t.

This is the general theory of the reduction of such equations: but it

would hardly be safe to say that the elimination is always practicable

without any of the circumstances which sometimes require additional

consideration in algebraical elimination.

(16.) The only case in which there is anything like a method of

integrating simultaneous equations without elimination is when they are

linear. Suppose, for example, that x and y are functions of t to be deter-

mined from (x' means dx ; dt, &c.)

Pi a'+Q^'+R^+S^+T-O, P 2^+Q.2 y+R2 .r+S2 7/+T2=0,

where Pi, Q,, P2,
&c. are functions of t only: this is the most general

linear form. Reduce these by elimination to

x'zzzA^+Biy+ Ci, y'—AtX+Bty+ C,.

Let be a function of t to be determined ; add the second multiplied

by 6 to the first, and assume z— x+ 6y, which gives

2'~2/e'=(AH-A 2 e) 0~<ty) + (B 1+ B 2 0) 2/+ C 1+ C2 c9.

Take 9 so as to make the coefficient of y vanish, which requires

e'-A^+ CA^B^fl-B,,

and gives ^=(A,+A2 e) 2 +^+ 0,0.

If the first can be integrated, the second, by substitution of d, is made

linear, and * can be found. Also, since the integral of the first equation
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must contain a square root,* two distinct forms can he given to 0, and

two forms of z, or x+ dy found. Hence x and y can be found in terms

of t.

When Ai, B„ A2 and B 2 are constants, it is sufficient that should he

a constant, and a root of A2
2 -1-(A,— BJ 0-Bi=O. Let /j. and v be

the roots of this equation, then

x+vy-a^^^ 1

JiC.+ C.^) £-^+^ v)l
dt.

When \x and v are equal, the values of x and y obtained from these

take the form -
; and the real values may be found by Chapter X.

But in the particular case preceding, a more simple artifice will

suffice. The two original equations give

V +ey=(A,-f0A2) «+(B 1 H-0B2) 2/.+ C l+9C£ .

Let be so taken that B 1+ 0B 2=0(A 1+0Ai), then x+ 0y=z gives

2'=(A,+ 0A 2) z+ C,4-0C2 , and the solution is as before.

(17.) The same process maybe applied to the case of three or more
variables. Thus, let the equations be (x meaning dx : dt, &c. as

before)

a/srA^+B^+ Cia + Ej, y=A2 £+ &c, ~'=A3 x+&c.

;

A l5 A 2 , &c. being functions of t only. Multiply the second by 0, the

third by 0, and add, making uz=.x-\- Oy-t-cfaz, which gives

u'—(A,4-0A2*0A3)w=E,+0E2+0E3

if we assume 6' =(A 1+0A2+0A3) 0-(B,-r-0B2+0B 3)

0'=(A,+0A 2 -f0A3)0-(C,+ eC2-i-0Ca).

Thus the question is reduced to integrating a pair of simultaneous

equations between 6, 0, and t : if this can be done, substitution makes
the first of the three equations a common linear equation between u and

t. If all the coefficients be constant except E l5 E2, and E3, it is

sufficient that and should be the roots of the pair of equations got

by writing for 0' and 0'. If A 1+ 0A2+4A.ii
=a, we may reduce

these to

(a-B2)6-B3^B l) O-C3)0—0,0=0,

;

and the values of and 9 hence obtained, substituted in A,-fA2

-fA3 <f)
= a, give an equation of the third degree to determine a; from

which 6 and may be found by the two last. Each root of the

equation of the third degree gives one form of u — cm=E,+0E2+ 0E3 ;

and three final primitives are thus determined.

(18.) Leta;"=Aja?+Biy+C„ and j/
7=A2 J7+B2 ?/+C2, where A,,A2,

B„ B 2, are constant, and C, and C2 functions of t only. Multiplication

* As appears by instances, except when A2
= 0. But in the latter case

a/'=B2 J/+ C 2 can be integrated separately, and the value of y substituted in the

other equation.
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of the second by 9, addition, and assumption of B,+ B2 0=fl (A^A* 0),

2= x+ dy give

z"=(A
l+ A2 d)z+ C l+Ci e }

which can be integrated, as in page 155.

(19.) If the equations be linear and with constant coefficients, the

solution always depends upon that of common algebraical equations.

For instance,

x'"+ ax"+by"+ cx+ ey=0, y"-\-fx'+ gi/+hy=iO.

Assume x~£°\ y—fie*', which gives

a+aa'+ b/iof+c+efi^O, fio?+fa+ g*fi+ hfi= 0.

Eliminate /3, and we have an equation of the fifth degree to determine a.

Let the five values of a and ft be «M «2, &c, yS^ /32 , &c. The complete

integral is then got by adding all the particular integrals multiplied

by constants, and this gives the equations

x-C,^ 1 + C2 s°
2
, +Q,e*3 ' +C 4 r4t +C

5
e"5 '

y= c, h e» + C 2& r*+C3& s"*+04& e^+C
5
fi

5
e*.

(20.) If any of the roots be equal, a wider form must be taken ; but

the following (which might also be applied in page 211) is the best

mode of obtaining it. Let « t
and «2

be unequal (as yet), and put the

two first terms of x into the form

^(Cx+CsS^O, or ^'(c+C+C, fa- gl) t+
C

*
fa- g '>!g+ ..A

Now let «2— ai diminish without limit, by approach of a^ to « L ; and

as this process goes on, let C2 increase, so that C2 («2— ai) may always be

K 2 ; while at the same time C
;
alters so that C^+ C* is always K^ Then

C2 (a2 -"ai)' or K2 (a2— ai) diminishes without limit, and still more the

succeeding terms, so that e" 1 ' (K,+ K 2 1) is the final substitute for the two

first terms when a± becomes = ai . Similarly, & s" 1 ' (K x+K2 f) must be

put for the first two terms of y.

(21 .) Generally, let x= C, <f> («t t)+ C2 («2 <)+ be one of the

solutions of a set of equations where «i, a2) &c are the roots of an
algebraical equation. If any of these roots become equal, some of the

solutions merge into one only. Suppose, for example, four roots equal,

required the general form of the solution, so that the number of con-

stants shall remain the same as in the case of unequal roots. Let

a2'=ai+ Qi, uz—ai+Q-i, ai=a i+ v whence the solutions belonging to

these four roots may collectively be brought to the form

(C 1
+c 8+C3+c4

)^(a
1 o + (C,02+c3 8+c4 e,)^(« 1 o.<

+ (C 2 e
2
2+c3 e3-+c4

^)0''(« 1 o -|

+ (C 2 e
3

2+c 3 ^+c 1 ^)0"(« 1 o^-
3
-r-....

2Y
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As 2 , 3 , 4 diminish, let C 1% Ca , C3 , C 4 be always determined so as to

make the four first coefficients be K l5 K2 , 2K 3 , 2.3K4 . Suppose also,

which is allowable, that the above conditions are fulfilled in such way
that C2 81, C 3 0g, C 4 0^ shall have finite limits, or, say, shall be always

finite quantities L2 , L3 , L 4 . This does but require that 6Z , 63 , 4 shall

diminish without limit in such a way that

ly L3 L4 L2 L3 L4

shall always be finite and equal to 2K3 and K2 ; which, as there are three

quantities diminishing, with only two conditions, is always possible.

Hence it follows that C 2 2+ C 3 6 3+C4
0*, &c. diminish without limit,

being L 2 24-L3 3 -r-L4 4 > &c, and the final solution, belonging to the

four equal roots, is

K, 0(^0 +^0' (a, O.«+K8 0"(ai O.<
8+K 4

///
(aiO.<*,

and so on for any number of roots.

(22.) Take the equation Ny'+~Py 2
-\-Qy+ R—0, and for y substitute

V : (W+£). Multiply by (W+ s) 2
, and we have

--NV2'+Ra,+ (NV /+QV+2RW)*
+N (WV'-VWO+PV^+QVW+RW^O,

which has several integrable cases. First, when R= 0, this equation is

integrable whatever V and W may be ; but in this case the original

equation is easily reduced, for if t/=£-1 , it becomes —N2'-4-P+Q^= 0,

and is linear. Hence the equation before us can be integrated (and

thence the original one) whenever V and W can be found so as to give

N (WV—VW;

)+PV»+QWV+RW8=0.. ,.(V,W),

which, however, supposes (let the student show it) that a particular-

solution of the original equation can be found, but expresses this con-

dition in a useful form. Let V : W be a particular value of y, ascer-

tained by trial or other means, and =Y, whence the preceding condition

is satisfied. Determine V from

NV'+QV+2RY-1V=0, or V=e /
Q+2RY-

N

We have left then - NV~'-f-R22=0, or z-- 1 :

{
j
-r^+cj

;

VY .

and y — v , v is the complete solution.

(23.) Thus, if P-fQ-f-R should happen to be =0, in which case it

is clear that y=. 1 is a particular solution, we have (making N=l for

simplicity) a complete integration in

y= {/R£/(Q+2R> <u dxrhC } :
{
/Rs'<Q+2R) d* dx+C- £

/(Q+2K) dx
] .

(24.) Again, let V and W be determined by QV-j-RW=0, which
reduces (V,W) to N (WV—VW')+PV8=0. From these two we
have
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WY P W Q /QY, P_
n

which equation is therefore necessary to the success of this artifice

:

and, this condition subsisting, QV+RW= alone, satisfies (V,W).
Now assume NV'-fQV+ 2RW~0, giving NV'-QV=0, or

as before. The complete integral is y=Y : {W+ s}.

/QY R • ,

(25.) Assume PV+QW=0, which shows that f -^
J
= t~ is the

necessary condition. And

NV'+QV+2RW= gives logV= fi ^R-^-Q^W W---^V;

and, z being found as before, this case is integrable.

P' R'
(26.) Assume PV2+RWS=0, which gives 2 -^ ==- - 5- to satisfy

(V,W) . Here NY'+ QV+ 2RW= gives

iog v=-ri(Q+2/=pR)<fo, w-*y(-^yY '>

and, z being found as before, this case is also integrable. All these

cases really depend on the same principle.

(27.) From the preceding it may be shown that the complete integral

of N?/'4-py
2+ Qy+R=° must be of the form

c being an arbitrary constant, and fa, &c. not containing any arbitrary

constant.

(28.) Also by determining V from —NV=R, and W from NV
+ QV+2RW=0, the equation may always be reduced to the form

y'+if+$=0.

(29.) If in § (22.) we make N^-NV, |1\=R, Q^NV'+QV
+ 2RW,

R1==N (WV'-VW')+PV2+QVW+RW2
;

we have N^'+P^'+Q^+ R^O, and if we make z=Vx : (Wx+z,),

we get another equation of the same form, and so on. Hence we reduce

y to the continued fraction

^""W+ W,+ W2+...Y

which may, in certain cases, exhibit its law with sufficient distinctness,

when only a few of the first terms are found. Suppose, for instance,

2 Y 2
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we want a continued fraction for (1 + x)~m . We find that ?/= c (1 + x)
~m

gives (l + x)y'+myz=:0. Let V, V„ &c. be Axa
, Bx13

, &c, and let

W^Wi— . . . . =1. It is evident from the form of the fraction that

we must havea=0, A=c; assume ?/=c : (1 +.?), or V=o, W=l,
which gives (N— 1+#, P=0, Q=m, R=0)

— (l + x)cz'+m.cz+mc—0, or — (l+<r) z'-\-mz+m=0.

If z were Bx3
,
— (1+^) z'+mz+m would be — B/3^-1 + (m - Bj6)

•3^+ to, which vanishes with a? when /3=1, B=m. Now when a; is

small, z^Bx13 nearly, as is evident from the fraction, so that it is only by
this supposition, namely, making Bx13 approximate to a solution, that

we can get a continued fraction of which all the terms after Bx1*
: (1 + • • .

)

become comparatively insignificant as x is diminished. Assume then

z—mx : (l+ 2i), or form the new equation with

N=—(l+x), P=:0, Q= m, R=m, V=»«, W=l;
which gives

(l+ J?) mxz\-{- mz\-\-{rtfx+ (1 — x) in) z^— (1 + j) m+m3 x+m—0,

or 0+#) xz\-\- z\-\- (mx— x-{- 1) z^mx—x=0.

If z
l-=Cx'

Y
, it will be found that similar reasoning gives y=l,

C= '—^(m— 1), and proceeding in this way it will be found that the

successive values of V are, after c and mx,

(wi— l).r (m+ 1) x (m— 2) x (m+2) x (m—3)x
'

2 ' 6 '
6~

' ~To"' 10"~
*

n \-r»—— — li^Tlllf ^(m+ l)x ±(m-2)x Ty (m+2) x
k +x) _

i+ l- i+ l- i+ l-..:.
'

Find log (l+x) by taking the limit of (l + x)m— 1 divided by m
(m—0)

t* i 7* JLt> %,v —0—. in 3 ...t v*

lo"(l+ a?)=-
1+ 1+ 1+ 1+ 1+ 1+ 1+....

Find s
T by taking the limit of (1-ftf : m)m (m= oc )

1* It. I
£*=! +

00 -2X 6* 6'

1- 1+ 1— 1+ 1- 1+ 1-...

(30.) Every cliff, equ. is, or amounts to, an expression of some one

diff. co. in terms of those which precede it, and of the variables. Hence
by differentiation, every diff. co. can be expressed in terms of a given

number of them. If, then, for any one value of x, the value of y and of

a sufficient number of diff. co. be given, Taylor's theorem may be applied

to the development of y in terms of x. For example, Izty'^zxy'+y,
from which we find

y'" ssxy"+ 2y'— (2

+

x*) y'+ xy

y™-(2+ x*)y"+3xy'+ y=:(bx+x*)y'+(3+ x*-)y;

and so on. Or thus, let y
{n)—kn y'-\-Bn y, which gives (y" being

#/ +2/)
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y^= (A n x+ A'n+B n)y'+(An+B'n y)

A.+IssA.«+A/.+B„ B,1+1=A n+B'n

Al—x, B 2=l, A3=.r
2+2, B 3—x, Ai=x3+5x

B4=^+3, A
5
=x4+ 9^2+8, B

5
=x3+7x;

and so on. Let it be known that y—

y

, and y'—y'^ when x=o: : we
have then, by Taylor's theorem, making x~x in the preceding expres-

sions,

2/=2/o+yo(^-^) + (A2y o
+B 2 y ) i

^^V(A3 y;+B 3 y )^^+...,

a result which may generally be advantageously used for obtaining actual

values of y, when x differs little from x . This method is so easy in its

principle, however laborious the details of instances may be, that no
iurther examples will be necessary.

It seems, however, as if there were three arbitrary constants, x
, y ,

and y
f

; for it is certain that the preceding value of y solves the equation

for any and every value of either of these three quantities, as may easily

be verified, by making x— j? =X, and applying the preceding expression

to the equation y"=(K+ x ) y'-\- y. It will be found that all the

coefficients of powers of X vanish, if in all cases we have An+2=(ra+l)
An+ xA„+1 and B 71+2= (72+ 1) B„+ .zB„+1 , which will be found to be
true of the preceding values of A„ and B„. But only two of these con-

stants are introduced by integration ; the third arises from an arbitrary

supposition. If the complete value of y, containing its proper number
of constants, be (fix, it is always possible to give another by develop-

ing (fix in powers of x—x , x being taken at pleasure.

(31.) The form y'—Ty+Q is completely integrable ; the next form,

3/':=P2/
s
-f Qy+ R, will never be completely integrated until a mode is

devised of expressing y by a definite integral, as is shown by the only

case which has yet been integrated. This equation can be reduced to

the form y'—

#

s
-f-S, as in § (28.), or as follows.

Write vy for y, and make v'=Qv, or v=£fQdx
, which reduces the

equation to

vy'=Pv l

y
i+'R

i
or t/'^Ps^.^+Rs--^.

Next, determine x in terms of £ from d^—Vs^^.dx, say xt=: \[/%, and

substitute, which gives

£^=^4.j_ s
-VQdx w ith y,£ substituted for j?1.

(32.) The simple case y'^y*+ axm goes by the name of Riccati's

equation. It is obviously integrable when m= 0, and also when
m=— 2; for in that case the substitution of 1 : x for x reduces it to

— x2
y'=y* + #.£

2
, an homogeneous equation. Assume y—cxa

-{-x
s
u,

which turns the equation into

x-i u'=x-i ui^-ax r

% if c=r-l, «=— 1, j8=-2;
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or, putting x~l for x, —7i'==u2+ax~(rn+i
^, so that the equation is inte-

grate when m=— 4. For u write 1 : w, which reduces this to ?//= 1

-4-a.r
-(m+4) w2

, and for x writer", which produces a
-1
x~a+l

ii's=:l

4-ax~(m|' 4:)a
?t

2
, in which make — «+ l= — (m + 4) «; this gives a new

equation of the form

,
a 1 m+4u— u — -. xmi , wij— :

m+ 3 m+3 ' m+ 3*

which, by a repetition of the process, is integrable if m^— 4.

Similarly, if wz2=— (wij+ 4) : (?«!+ 3), the equation is made integrable

by another such transformation if m2
—— 4, and so on. The law of

regressiou is pointed out inm=— (3^+ 4) -.m^l), and if we begin

with —4, and proceed backwards, we find the series

8 12 16 4k .

3' 5' 1 2k-l'

k being any whole number. In any such case then, the equation is

integrable.

Again, if in y'=y'2
-\-ax

m
, we write 1 :y for y, we have —y'=]

+axm y% and a;" for x gives —- a~ l x~°+l y' =z l-±-ax
ma

y*, in which
- a+l=m«, or a=l:(l + m) restores the original form, with
—m : (\-\-m) instead of m. It is enough then that

m 41c 4k
or m—

1 +m 2k—

V

2&+ 1"

The. final result then is, that Riccati's equation is certainly integrable

whenever m is negative, with a numerator divisible by 4, and a denomi-
nator one more or one less than half the numerator. No other integrable

cases have been found, except the
1

extreme limit, (already mentioned,)

when A; is infinite, or m=— 2. The transformations of the preceding

method are numerous and troublesome, and we shall presently see an
easier mode of proceeding.

(33.) As to equations of higher orders than the first, we need hardly

consider any except those of the second. Very little indeed has been

done in the way of general solution even when the equation is only of

the second order.

If the equation be linear, or of the form 2/
(n) + Piy c"-1)+ . . .

.

4-P„y=0, and if n particular solutions V1} V2 . . . . V„ can be found, so

that y—Vi, y=VB, &c. severally satisfy the equation, then y^dYi
4-C 2 V2+.... is the complete solution. That it is a solution is

evident by trial ; and it contains n distinct arbitrary constants. And if

the equation were 2/
( '°+ . . . . +P„2/=X, the application of the principle

explained in page 155 would give a complete solution, by considering

C„ C2, &c. as functions of x, to be determined by the equation itself,

and previous assumptions similar to those in the page cited. These
assumptions are 2C'V= 0, 2CV'= 0, 2C'V"= IC'V ("-!)=0,
whence y=ICY gives y'= 2CV, y"=2CV" , and

^

w==XCV(n)

+ 2C'V Cn_1)
, whence the equation is satisfied by 2C'V (n_i:)=X, since

the terms containing C l5 C2, &c. all
4
make 2/

(n)+ • • • • +P»y=0. We
have then to determine C/, &c. from
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ZC'V=0, 2OTs=0i 2C'V"=0,....XC'V (n- l)=X,

by common algebra : and integration gives the values of C„ C2, &c.

(34.) Apply the preceding to xn i/'"—3xn- 1 y"+6x n-2

y
l— 6xn-3y=X.

If X=0, the complete solution is y=.C^+C, r2-j-C 3 a
,3

J
whence we

have

t\x+ C'2 x~+ C/
a af

i =0, C\=:±Xx- ('-v

C\ +2C'2 ^+3C>2=0, C'2=-Xx-n

2C'2 + 6C'3 x = Xx~\ C'8= iXx-<B M)

, CXdx , CXdx
y~*x IF1

Kdx , i fXdx
a;" J tf'

+1

(35.) The equation (a -1- bx)'U/n) + A t
(a + for)*

-1
y ("~ l)+

+ An (a-\-bx)
!'~ny=0 has n particular solutions, and thence a general

solution, found by assuming y—\a-\-bx) n
\ which gives

m (m — I). . .(?n-?i+l)+A 1m(m — 1). . . (m—n+2) + . . . +A n=0,

an equation of » dimensions : let its roots be m„ m2 ,
.... m„. The com-

plete solution is then

y= C 1 (a+ bx)mi-\-C 2 (a+bx)
m*+ . . . . +C„ (a+bx)'"",

subject to modifications already explained, (pages 211 and 689,) the

solution for a pair of equal roots being (C^+ Caloga') (a+bx)™ 1

, &c. If

a+bx be made — e\ this equation can be reduced to the common linear

equation with constant coefficients.

(36.) In theory it is permitted to suppose the solution of any alge-

braical equation ; but in practice the inability to do it in finite terms
frequently makes a great difference. Suppose one differential coefficient

given in terms of another, for instance 2/

v=0 (y"r

). If y'"= z, we have
,j'

/=0(^), and if this can be integrated in the form z~y/x, we have

y~(fdx) 3
ijsx. But suppose that (as is indeed generally the case) we

can only obtain the form x—f-'z, inconvertible in finite terms. We
must then take

=wy'"
; y=fy'dx=fury'" . y'y"'.dy'"= ui/",

and y"' must then be eliminated between x=^y"', and y=noy,n
.

(37.) 4>(x, y', ?/")— is reduced to the first order by y'~z, which

gives (o\ z, z')= 0, or z=y}sx, y= fyx dx. But if x—tyz be the form,

we must find y or fy'dx, or fzty'zdz, or xz > an<^- eliminate z between

the two equations. And (y, y',y")— may be integrated in a similar

manner by changing the independent variable, writing 1 : x' for y', and
— x" : x'

3
for y" : which brings the equation to the form f (y, x', x")= 0.

Or thus : making ?/'=-, we have

y"=^.*, and0(W|)=O;

from which equation of the first order z is to be found in terms of y,
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and x=fz~ l
dy. Or if y be found in terms of z, say yzz\j/z, then

x—fz~* iff'z dz, and z must be eliminated.

(38 ) Let the complete integral of <j> (x,y,y',. . . .y
(' )=0 be known,

and let it be y—f (x, a,b, c,. . . .), a function of x and of n arbitrary

constants. The equation <f>=0, being identically true when f is substi-

tuted for x, gives

^=0 or— -^j-^ ^--f . +-^-
dyW

da~ ' dy da dr/ da ' dy {ri)
'

t
da

dv , . d(b dd) du c?0 dnu
°r i bemg? ''

Ty
U+

Ty'Tx
+ '''' +

dy"'d?'>

or u=di{/: da is a solution of this last linear equation, in which the

coefficients of u, u', &c. are functions of x, a, b, &c. By the same pro-

cess it will be found that u—dijs : db is a solution of the same, and so on.

Hence the complete solution of the last equation is

d\U dib
i/=A -P-+B -77-+ ... . A, B, &c. being new constants.

da db

For example, the equation xyy"+yy'—xy'2=0 has y= axb
for its

complete solution. The new diff. equ. then is

(xy '+ y ') u-\-(y—2xy) u-\-xyu"— ;

or, dividing by xh~\ b
2 u+(l— 2b) xu''+ xi

u'f=0,

dv dy
-?=ix b

, -jT—alogx.x1
, whence w=(A-r-Blog^) xb

is the complete

solution of the last, which shows that the equation deduced from § (35.)

would have a pair of equal roots ; as will be found to be the case.

(39.) The equation <p (x, y
w

, y
v"'+l

-,

.

. . . ?/
(A

'+n)
) can be reduced to the

Hth degree, as is shown by making y
(-k)= z; when z is found, y is

found by direct integration. But if x can only be found in terms of z,

a process similar to that in § (36.) must be followed.

(40.) The equation P*/"4-Qy2=R is integrable, if P, Q, and R be
functions of y. Divide by P, which leaves the form y"-\-Qy'2=R,
multiply both sides by £

/Q<^, and it will be found that the first side is

the diff. co. with respect to x ofy'efQ 'l!
'. We have then

— (s^^ .y')=zRs Qfd!> sfQd!/— — (

£

fQd!
' — ]=Rs8

-ra<f!'—
dx dx dx \ dxj dx

By changing the independent variable, it will be found that y"-\-~Py'

+ Qy'3=0 is integrable when P and Q are functions of x. To solve

this directly, multiply by g
/p*c

, which call W, and we then have

1 : U being Wy'. Hence \J= J(2fQW-2 dx), and
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(41.) In the same way can be integrated .y"+ Py'8
-r Qy'"=0, when

P and Q are functions of y, and y"+ Vy'+ Qy'n=0, when P and Q are

functions of x. The results are most easily obtained, that of the first

from the second, that of the second from y'=z, which gives z'-j-P-

+ Qz"=0. This last gives

(WzV o

which is easily integrated. This case belongs to the general form

(j> (x,y',y")=iQ, which is reduced, as in § (37.) preceding.

(42.) The complete integration of y"+T>y l+ Qy+ R=0, P, Q, and
R being functions of a?, requires only any particular solution of

y"-\-Vy r -\-Qy= 0, other than y=0. Let y—Y be such a particular

solution, and assume y=Yu for the general solution. The equation

then becomes

Yt/'+2YV+Y/"i>+P(Yi;'+Y'tf)+QY«+R=;0s

or Yu"+(2Y'+PY)i/+R =0;

since Y"+ PY'+QY= 0, by hypothesis. This, with respect to v', is a

linear equation of the first order, which gives

,'= _ £-/(f+p ) <* f-| J(!fZ)
d
* dx=-^fRter™ dx,

v n/RYg/w
'

^i

,

y-Yi^-Yj
j
J

Y8g^~\dx.
.

Reduce this, when R=0, to the form in § (33.). The negative sign may
then be omitted, or replaced by any constant. Why ?

(43.) If R=0, we find for the complete solution of

dx
S!*+iy+Qy=0, y=CY

j
(44.) If in § (42.) we suppress the condition that Y is to be a

particular value of y, we have

Y»7+(2Y'+PY)«'4-(Y"+PY'+ QY)»+R=0;

and Y=s~iJVdx gives the form Yd"—^Y (P*+ 2P'-4Q) *;+R=0.

(45.) If Y be a particular value of y in y"+ Qy—0, the complete

values of y in the following equations are as written,

y"+Qy=0, ^CYj^; y"+ Qy+ R=0, y^f^^d*.
(46.) The equation y"+ 'Py

f -\-Qy— is reduced by y = sfvd* to

v' + v*+Pv+ Q=0. The solution of this last, § (27.),* is of the form
v= <p-\-\}/ : (x+C). I leave it to the student to reduce the value of y,
as derived from r, to the form CY+CYi which it is known to have.
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(47.) When an equation can be made homogeneous on any particular

supposition as to the dimensions of the diff. co., substitutions invented

accordingly will frequently reduce the order of the equation. For
example, y

% y'2
-\-

x

3 y'
3=zxe y" is homogeneous if y, y\ y" be of the

dimension of #2
, a?

1
, x°. Assume yzzx*u, y'=zxv, which gives uz v2

-\-v
3

=y". But 2xu+xhtf=xv, or 2udx-{-xdti,=^vdx ; and u"v2+v3^xv'+v
y

or (ifv^+v3—v)dx=zxdv. Hence

dx dv du

x u% v2
-\-v

3 — v v—2u

an equation of the first order between u and v. The reduced equation

may be as difficult as the original one, but there is always an advantage

in knowing how to form an equation of a lower degree : and it may
generally be taken, that if the reduced equation cannot be integrated by
our present means, neither can the original one ; or vice versa, that if the

original equation can be integrated, methods can certainly be found for

succeeding with the reduced equation.

To generalise this process, let (#, y,y\ y")= be homogeneous
when y, y', y" are of the dimensions n, n — l,n — 2. Assume y ~=xn

u,

y':^zxn
~ 1

v, y"=xn~ sw, which gives an equation of the form ^ (u, v, w)
— 0, by hypothesis. Again,

nxn~ lu+ xnu'—xn~1

v, or dx :x=du : (v—nu)

', or dx : #=: dv : (w -

-, and f (u
i v,w)—0.

(n— l) xn~zv+ xn lv'~xn~2w, or dx : #= dv : (w — n— 1 v)
;

du dv

v—nu w — (n— 1) v

substitute for w its value, and we have the reduced equation required.

(48.) When the equation is homogeneous with respect to y, y', y",

&c. s the reduction of one unit of the order is always practicable, by
assuming y=£fvdv

. Thus yy"
i y"== (.xz y

2+y,2y gives

s
4fvdx

v* (v
2 +i/)a= £

ifvd* (a>
a

-f v
%
)% or v* (v

2+ v')— (x*+ v*)\

(49.) An equation may sometimes be reduced to an integrable form

by a change of the independent variable. Let it be y"+ Py '+Qy+ R= 0,

and assume x— <{>£,. We have then

f
dy dx u (dx d2

y dy dzx\ (dx\?
V ~1{'T£ y ~\dl, 1? ~Tt d?)

l

\dt)

dx dh/ /„ dx2 d2x\ dy _ dx3 n dx3

To destroy the second term, we must integrate

P ^i —^a= °» Which giYeS Z-fz~
f?dX dx.

But if we have P=0, and want to restore a second term in which the

coefficient is the function II of £, we must integrate

d^iT doc——=n—, which gives x—jz'^^dZ,.
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(50.) The solutions of some equations, otherwise unattainable, have
been expressed by definite integrals, but a general method of passing
from any equation to such a solution has not yet been ascertained. The
following are examples.

Let y=fe™"(l—

v

2
)" dv; we have then, differentiating with respect

to x, and integrating by parts with respect to v,

-^-^zafs^il-v^yvdv
dx J

crx0-o2)"+1 +^rr^/ fi
'*'( 1 -»')"+1

' / «'-

2rc+ 2 2n+2

Let the limits of integration be —1 and +1, the separate term [then

vanishes at these limits, if ?t+l be positive, and we have

a2x x d2

y
~2n-\-2 y~ 2/1+2 d?'

or S+^ |-^=° §ives !/=/ii^(i-^^.

A little examination will show that this integral undergoes no altera-

tion when the sign of a is changed, and also that n must be >— 1, or

2w+2 positive. The preceding value of y may of course be multiplied

by an arbitrary constant, but it is not yet complete. The following

artifice will find another solution, and avoid the (in this case) com
plicated form of § (43.) Assume y— xkz, which gives

y _k z' y"_y'*^_k_ £_
~'2 y"_k2-k 2k z_ z"

y x z y y x z z y x x z z

y" 2n+ 2 ?/ . z" 2k+ 2n+ 2 z k2—k+ (2n+ 2)k ,

y x y z x z x

Assume k2—£+ (2/i+2) k—0, or &= —2n— 1, which reduces the pre-

ceding to

± _3_ 1 a*-'o, and z=(t\eaxv (\-vi)- n- l dv
z X z

J

satisfies this if n be negative. But since 2/t+ 2 is to be positive, n
must lie between and — 1, or 2?i-f-2 between 2 and 0. Let2?i+2
=m ; it then appears that, under the restriction (hi) 2, the complete

solution of y" -\-mx~ l
y'— a2?/— is

y-C, f±\ s
axv (1—v

2)*™- 1 dv+ C2 x-
m+1

f±{ s
axv

(1 -»*)-*" dv

;

which this is not altered by changing a into — a. Do this, add and
divide by 2, and write a>J—\ for a, which gives for the complete solution

of y"+ mx~ l
y'+ a?y

=

7/^d/il cos axv. (l-vym- l dv+C2 x-
mH

f±{ cos axv (1 -v*)-im dv.

When w=0, the whole process fails, since the separated term in the



700 DIFFERENTIAL AND INTEGRAL CALCULUS.

first integration does not vanish; but still the second solution is then of

the form C2 smax, which is a solution of y"+a?y^0. When m==2,
the process of the second solution fails, and that of the first gives a solu-

tion : but this case is best treated by observing that y'f+2x~ l y'

~(xy)" :x, whence the equation becomes (xyy+a* xy—0, and its

solution is xy—C x cosow+C2 sin ax.

When?n:=l, the two solutions are no longer distinct, and we must
proceed as in §(21.) Let m=:l—Sj the second solution without the

constant arises from integrating with respect to v, cos axv. (I— v)~*

multiplied by

J (l-v*)% or 1+-| log.^s (l-^)+^-| {log.^O-O} 2* ;

and for the first 'solution, in place of the preceding we must put

(1 — y8

)
-iS or 1—^3 log (1

—

v*)+ .... Hence the two together give a

solution arising from integrating cos avx. (1 — u
2
)
-i multiplied by

C
1+ C 2+iSC 2 log*

2+P (0,-00 log (l-v*)+ ....

As £ diminishes, let C^+ Cs have the limit K l5 and let cSC2 approxi-

mate to K2 . Then 3 (C 2— C.) has the limit K 2— limit of S (K,—

C

2), or

2K2 , since cSK^ has for its limit.

And it is easily shown that the remaining terms diminish without

limit, whence Ki-l-K2 log,r-J-K 2 log (1 — z>
2
) is the limit of the preceding,

or the complete solution of y"+x~l y'+a?y=Q is

y= Ki ft\ cos axv (1— 1>
2
)
~* dv+K2 f±\ cos axv (1 -i?a)

_i log (# 1 -v2
) dv.

When m does not lie between and 2, only one solution can be obtained

by this method, namely, that one in which the exponent of 1

—

vz
is

greater than — 1.

(51.) Many equations can be reduced to one of the preceding forms :

thus yz=x"z turns y"-\-a9y=n (n— 1) x~2
y into z" -\-2nx~ 1

z'+ as*= 0.

Again, Riccati's equation, § (32.), can be made to depend upon
y"=axmy. Change the independent variable, and make x~Zf. We

have, then, §(49.), ^-^ ^-a^+2^2 */=0.

2 ' d^y m 1 dy 4a _^
Let

'"'"m+tf U? +^+2 T dj ~(jn-\-2y y
~-°'

Again, let y"~a&bx
.y. Assume £==s **, or #= 2log£ :b. This gives

d^y 1 dy_ _4a
d?"*" k dt, b*

y

The student may try the following. If v be a function of t, and y of

x, and if, moreover, y—xiv^t), x—f(y, t), then the equation
y"+ Py'-\-Qy=Q givesW+ Sz/3+

W

2+LV+V= 0, where

R=x„ yt -fv Xi , s=x-^-^Xv+px«^+Qx^
T=x™^ ~f™%t +2 (Xvtyv-fvt x„) 4-P^„ (2X„ Y^+X Y^+SQxY'2

V*
V=zXn^-ftt X« +2 (x*^-^ xO+ Pfj (2# V»+X«WSQxY*
v= Xi,v* - y«x* +Px^2

+Qx^f-



ON DIFFERENTIAL EQUATIONS. 701

This method cannot reduce the equation y"+ &c.—0 to the first degree,

unless a solution be already known. Why ?

(52.) One or oiher of the solutions in § (50.) is integrable whenever
m is an even number, positive or negative, since fs

azv
(pv dv can always

be obtained when is a rational and integral function. But the follow-

ing application* of the method of generating functions (page 337) will

show us how to obtain the complete integral. Take the equation

y
1
'+mx~ 1

y'+ a2y=0, and let y be the generating function of a„ to the

variable x— c ; that is, let y have the form ...-\-an (x—c)"+an+l (x-cY+l

+ . . . . : call this San (x—c)\ Then y' is the generating function of

(n+1) crn+M or is S (?z+ l) a„ +l (x— c)", andwiar'y' is that of m (n+ 2)

««+2. while y
1 ' is that of (?i+2)(?i+l) an+2 ; and since every term of

y"\-mx~ ly-\-d!y must vanish, we have

{(n+2)(n+l)+m (?i+2)} an+i+a* a„=0.

Assume (n -\-m— 1 ) an— (n+ 2) &„+2 , and therefore (?i + m -j- 1 ) an+2
= (/i+ 4) bn+i , which give by substitution

(ra+4)(/i+ ro-l) 6„+4+ «s k+i~0, or (;i+2)(n+m-3) 6n+2+as &„=0
;

whence 2: in z" -f (m— 4) a?
-1 x'+^~= is the generating function of

6„. Now

n-\-2 m — 3 , . ?ra—

3

JX«»=—
; o,1+2=6,1+2 - o,1+2=6n+a H - (rc-f-4) 6n+4 .

71+m— 1
T 7i+m-l a 2

But since bn+i is generated by 2 : J
2
, and (71+ 4) ft,1+4 by z' : x3

, we find

that if we can integrate z"+ (m — 4) x~ l
z'-{-a2z =0, we can also

integrate z"-j-?nx~
1
z'+ a2z~ ; and that we find 2/ from 2 by the

equation

_ z m—3 «'

y_ 7 4""^2~
~x~
r

Now we have integrated when m=0 and when m— 2, in finite

trigonometrical terms; hence we can integrate, also in finite terms,

when m=4, 8, 12, &c, or 6, 10, 14, &c. : that is, when m is any
even number.

The preceding reduction applies whatever may be the value of m, so

that all cases are integrable as soon as the integration is practicable for

all values of m between — 2 and +2.

(53.) Considering the nature of the preceding reasoning, it may be

desirable to give a verification of the result. This may be done as follows,

stating only results. Starting with the last equation, differentiate both

sides twice, but as fast as z" makes its appearance, substitute the

value derived from z"+(m — 4) x~l
z'-\-a

2
z— 0. This gives

v * f . (m-l)0n-3)l z

* See a paper by Mr. R. L. Ellis, in the Cambridge Mathematical Journal,

vol. ii. pp. 169 and 193.
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whence it readily follows that y"+mx~l
y'-\-a

2y— 0„

(54.) The preceding gives no clue to the case in which m is a wejfa-

fo've even number, but another transformation may be made which

applies both to positive and negative even numbers. For a? write a,

or let the equation be y"+mx~l y'+ay=0, and let m—2p, p being-

integer and positive. We have then, on the same suppositions as before,

(?*+ 2)(w-j-2/?+ l) an+2 +rt.a„=0.

Assume «„—&„: (7z+ l)(w+ 3). ... (?i+2p— 1), which readily gives

(?i+ l)(n+ 2) bn+2+abn=0, or what we should have got at first if p had

been =0. Hence $bn x
n

is to be Csin (Ja-x+CJ, the complete

integral of y"+ay^=- 0. Now, to take an instance of the mode of obtain-

ing Sa„xn from Sbn x
n
, observe that, if ;?— 3,

a
"£ °r

(n+l)(n+3)(n+ 5)
1§ ££^^° **& ** f **'

or x~ 6
(#

J*
dxfbn x

n dx

;

signifying that the operations of multiplying by dx, integrating, and
then multiplying by x, are to be repeated three times in that order ; the

whole ending with division by x6
. Applying this to every term, Ave have

for the complete solution of y" -}-2px~l
y' -\-ayz=0,

y—Cx~*p (xf dx)p sin (Ja.x+CJ.

The form of this may be usefully changed as follows. Since

f<p
Q'a . x) d (Ja . x)=Ja f(f) (Ja . x) dx';

y=:Cx~2p
{*Ja.xf d {^a.x)} p sm (Ja.x+CJ ;

the power of a introduced being immaterial, on account of the arbitrary

character of C. Now in f cjj(^Ja .x).d G/a . a?), it is indifferent whether
we suppose a or x to vary ; let us then suppose a to vary, and x to be
constant; we must then integrate, from a=0. To show the sort of

result we get, let us take p=z 3 ; at full length then we have

Cx~6

/Ja . xfd (^a ,x).,Ja. xfd Qa .x) Ja, xfd (Ja . x) sin Q'a . x+ C t )

= ^Ja (fdaf^0^ 3
say = C (fdaf

™U*j*±V>
t

since C may be any function of a. And thus we have generally

y"+2px- l

y'-\-ay gives y—C (fda) p v ——

.

Hence we might suppose by analogy that



ON DIFFERENTIAL EQUATIONS. 703

y"-2px l
y'+ ay gives y=G(^J ^- ;

and this may easily be confirmed. Starting with this equation, we come

by the process, as before, to

(n+2)(n— 2p+ l) «n+2+aa„=0.

Assume «„= (n - l)(w— 3) (?i —2p + 1) &rf,
which gives

(w+2)(«+l)'6»+'a+fl6B=0

as the first would have been, had p been = 0. Now we see that an x
n

is made from bn x
n by the following operation,

a.ars=ap('4- -Y(M"), or V-V^it- ~ f.sin (Ja.x+CJ,
\dx xj \dx xj

the operation being successive division by x and differentiation. This

can be reduced to the form

and if we now make 7« the variable of differentiation, a? being constant,

we find that*

/</V sinCya.tf+d)
y"—2px- l y'+ ay=0 gives j/=C(^—J -^ .

It must, however, be carefully remembered, that the validity of the

last operation, as in the corresponding integration, depends solely upon

the function with which we start being a function of the product Ja.x.

(55.) We may now see how it arises that Riccati's equation can

only be integrated in finite terms in certain particular cases. By

§(46), y'+y 2=axm depends upon y"=axmy, and by §(51.), this

depends upon an equation of the preceding form, in which 2p=m:
(m+2). Hence m must have the form 4p:(l — 2p), which will be

found to agree with § (32.).

(56.) Another method, proposed by Poisson, is as follows. Let

y=foS—

v

n—axn v-n dv, a and n being positive,

(*£—v" fs— axn v-»\
Now the second integral is -— d —

, or, by parts,
°

v
n

V nax J

_ dv
_ _1_ s—

v

n—axn v-"-\ ^s-vn -axn v- n
dv-\ -Je—V— ax-v-"

7UI.I

"

The first term vanishes at both limits, and substitution gives simply

c— vn—axn v-'l

-\ fs-v"— axn v-"dv-\ fs— v"-axn v "—

,

:ax" v
n~ l axnJ naxnJ v"

* The preceding articles, (52.) and (54), are taken, with some alteration of form,

from the very ingenious paper already cited, which contains several generalizations

of the process highly worthy of the attention of mathematicians.
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y"z^rii axn~*y. Let the preceding be f*Vdv; then Cf*Vdv is a solu-

tion of y"=n2 axn
~2

y. If n=2, the preceding is integrable, and all its

solutions are contained in y=C£2Vo,*+Ci s~'
2s/a -x

. Hence, for some
values of C and Cl5 we have

f"e-v*-aa*v-* dw = C6SVa'*+C 1

£~^a -x
.

But since the first side must diminish without limit as x increases, we
have (on the principle explained in page 516) C= 0, and since #=0
gives ^it for the first side, we have

f
a
s- v*-ax* vr* dv=— £-W- x

jo 2

Change v into Ja.v, f" s-™*
-***-* dv^.s^/- £-^ a -x

.

By successive differentiations with respect to a, it is easy to obtain

from these results the value of f*s- v2- ax* v
~2

v2p dv, p being a positive

or negative integer, and hence, by aggregation of results, can be obtained

f™£—
v2~ c'xZv

~z
4iv[dv, where <pv is a rational and integral function of

v2 and v~2
. For our present purpose, however, let i;"=:;s

2
in the first

integral, so that we have

J*£—Vn—axnv-" dv=-f S-z'~aXnS~2
Z n ^ dz.

This, then, is integrable whenever 2m" 1 — 1= 2/?, p being a positive

or negative integer : that is, when n is of the form 2 : (1 +2p), or n— 2

(the exponent of the equation) is of the form — 4p : (l + 2p); which
agrees with preceding results.

(57.) The solution of y"= n2 axn~2 y above obtained has only one

arbitrary constant, consequently the solution of z'-\-z
2 =. n2 axn~2

derived from it has none, and recourse must be had to the method of

§(43.). To show how this arises, suppose that y"+Py'+ Qy—0 is

completely solved in t/^CV+ C^W, then yz=sfsdx gives z'+ z
2+¥z

-fQ=0. But we have

Z~~y~ CV+C7VV ;

and the only arbitrary constant in z is C : Cj ; but this is still one

arbitrary constant, and therefore the equation of the first order is

completely solved. But if y=CV only had been gained, the value of z

would have been simply V : V, without any constant at all.

(58.) To form a proper notion of our state with respect to the

solution of differential equations, I repeat the supposition of page 103.

Let us suppose we had not been in possession of the operation inverse

to involution ; so that all problems, the solution of which is reducible

to, say x=,Ja, would have presented the difficulty which those who
know better would call a want of adequate means of expression. The
first thing noted would be that such problems are soluble when a=0,
], 4, 9, &c. ; in fact, when a=ny.n. Other cases would have their

solutions obtained, by some in approximate fractions, by some in series,
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by some in continued fractions,* and so on. Finally, the acquisition of

a distinct idea of, and notation for, the square root of a, would reduce
all those problems to one class which had been practically divided into

several.

Thus it has stood hitherto with the equation of Riccati, r/+yi=axm,

or with y"=zaxm y, from which it springs. Count Riccati first pointed
out (Leipsic Acts, 1732, according to Dr. Peacock) that there were
integrable cases : why those which remained were not integrable did not
appear. The various modes in which the remaining cases were after-

wards integrated, by means of series, definite integrals, &c, were gene-
rally themselves only partially applicable. At last, the general equa-
tion y"+mx~ l y'-\-ay=zO, had its complete solution expressed by
?/=CD-i"l {sin (t/a.x+Ci) '.Ja], in which D denotes differentiation

with respect to a • a resultf which is unintelligible whem m is anything
but an even number, positive or negative. Any other supposition

throws us upon the difficulties of fractional diff. co. (pages 598—600).
But at the same time we see that the difficulty arises from our not
having well understood means of expression in which to convey the

solution.

It is a remarkable point in the history of this science, that most of

the results which ordinary notations can express were obtained at an
early period. Any stoppage has almost always, sooner or later, been
found to arise, not from the defect of methods, but from the non-
existence of the proper mode of expression. If we take any general

form, and proceed to its differential equation, we shall always see that the

equation so obtained is one of those which admits of solution. For
example, J/=C0 {x+ Ci) gives y

r

:y=(f>' (x+Cx) : <j> (x-\-C{), whence
x+d must be a function of y' :y. Say ,z+C 1

=i/' (y' : y) ; then we
have

an integrable diff. equ. ;
provided that the solution of all algebraical

equations, or the inversion of all functions, be assumed. The following

forms may be readily obtained :

ysCtfCCt*) gives & =*(*?)y
y Ky J

* It may interest the historical reader to know that the continued fraction

was used in the extraction of the square root long before the time of Lord
Brounker, to whom the invention of this mode of expression is generally attributed.

It was lately claimed by M. Libri for Pietro Antonio Cataldi, whose work on the

square root (1613) is cited in support of the assertion. On examination of this work

I find that there is no doubt of the fact, and the following sentence will be sufficient

to show it. The author is speaking of ^18 (page 70) :—"' Notisi, che no si potendo

comodam ete nella stampa formare i rotti, e rotti di rotti come andariano? cioe cost

4. & 2 come ci siamo sforzati di fare in questo, noi da qui inazi gli— 2 2 2
°' " -± formaremo tutti a qsta similitudine 4. & — & — & — , facendo

8 & 2
— vn punto all '8 denominatore di ciascvn rotto, a significare, che
" il se^uente rotto e rotto d'efso denominatore."

t This result is stated to have been first given in the form of a question proposed

for solution by Mr. Gaskiii, in the Cambridge Examination Papers for 1S39.

2Z
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y=4>Cx+C)+ Cl gives y"=s-x<tf>

^(c^o+d .... y"^x-2
x(y'x)

y=C(^)Cl,orC.cr .... yy"=y'2

+yy' x*

3^=0(^+0+0 .... </"-^V
2 =2x*/.

X2/

In all these cases, the solution may be obtained from the equation, if (j>x

be an ordinary function.

(59.) The mode of deriving the singular solution of a" differential

equation from the primitive (page 190) may sometimes be insufficient,

as when y=0 (x, c) is first introduced in the form y (x,y)= c. The
method may be thus extended, it being remembered that the object is

nothing more than to make c such a function of x and y as will not alter

the form of y. Let the primitive equation be \x, y, c)=0, and

assume c to be a function of x and y. We have then, using the notation

of page 388,

0,+02,y+0c (c,+ c
2/
?/)=:O, ory=- ;

0s,+0o cs

and in order that z/' may not be affected by changing c from a constant

into a variable, we must so choose the form of c that

0* _ a+0c c* 0*0*, y, $ (a, y)) __ g (#, y, c)+ e (a?, y, c) . c,

0a, 0»+0.V J
,(J.y»*('»,y)) 0»('T,y,c) + (

.(j?,y,c).c/

where (,r, y, c)= is supposed to give c=<J> (a?, y), and the substitution

is made on the first side, in obedience to the well-known mode of form-

ing y' for the ordinary diff. equ. Observe also, that the first side of the

equation is the same thing as <&x (x, y) : $,, (<r, y). Here then is a

partial diff. equ., from which we might suspect that the form of c
required contains an arbitrary function. But it is not so, as follows.

The complete solution of the preceding partial diff. equ. is (<r, y, c)

= /$ (#>J/)j as may easily be verified
; f being an arbitrary function.

Combine this with (x, y, c)=0, and we only get/* (a?,y) = 0, which,

f being arbitrary, merely amounts to <J> (a?, y) = const., the original

equation. Any other solutions of the proposed question can then only

be obtained by other and particular considerations. First let it be pos-

sible to assign c so that C (x, y, c)= 0; it then appears that the two

forms become identical if c= 5> (x,y), or (x, y, c)=0 ; so that c must
be derived from C

— 0, for substitution in 0=0 : this is the common
mode, explained in the page above cited. But there may be others, and
the whole point will require the following elucidation.

(60.) An equation of two variables, such as x —a==(y — b)y', is said

to be solved when a relation between x and y is found, which satisfies

it, and completely solved, when that relation introduces an arbitrary

constant. Thus x—a—y— b is a solution, but not complete: (x — a)2

= (y— 6)
2+C is the complete solution. Nevertheless, x=a, y=b

satisfies the equation, and should therefore be called a solution, but not

a solution for which recourse must be had to the differential calculus : it

would equally be a solution if y' stood for something else, and not for the
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diff. co. of y. Let the. former be called differential solutions, and the

latter extra-differential. A relation between x and y may even be extra-

differential, as in (x—y)(x-\-yy')—0, which is satisfied by y=x, but

without reference to the meaning of y'.

An equation of three variables may also have its differential and extra-

differential solutions: thus (x— a) zx+(y— b) z
v
= x—a is satisfied by

z—x, and this is a differential solution, as it is only a solution when zx
and z3 are diff. co. of z. Again, x=a, y=b is an extra-differential solu-

tion, and x=a, z— x is a mixed solution, the meaning of z
v

being

required, and not that of zx . Now it appears that the main question of

the last article is reduced to the solution (of what sort matters nothing)

of a partial diff. equ. ; and also that all the differential solutions lead to

the constant value of c; all other forms of c must therefore be derived

from the extra-differential solutions. One of these is obviously seen; it

is the pair of relations <{>— 0, C=O: it remains to inquire if there be

any others. The equation A=(B-f-Cm) : (f^+C/i) cannot be true

independently of rn and n, unless either C= 0, or B and B, be infinite

in the ratio of A : 1 and C : B, be nothing. Applying this to the partial

diff. equ., we find, then, that all its extra-differential solutions are con-

tained in the determination of c from the condition

a,= cc, <fiy—cc, —= 0; or from
<f>c
=0.

Thus, if the original equation be c—$ (x,y), giving 0=c— $, we find

<£e=l, and cannot be made =0 : but <£„ : y
= — 1 : <f>y , and $>x and $,,

must be both infinite for any singular solution of the differential

equation; which agrees with page 191.

The equation (,r, y, c)= implies that?/ is a function of x and c,

such that dy:dc—— C : 0,,, so that both the preceding cases come
under dy : e?c=0; and every different form under which y=-^ (t, c)

can be converted into (x,y, c)= 0, gives the singular solution of the

diff. equ. in its own way; some by <pc~0, some by 0,,= cc

.

(61.) The manner in which Clairaut's form is often solved (page

196) may be extended. The equation y=y'x+fy\heing differentiated,

gives (x+f'yr)y'r== 0, and y"=0 leads to the ordinary, and x+f'y'=0
to the singular, solution. Now let cj> (x, y, c)= 0, and let <px+fy

.y'=0,

derived from differentiation, give c=F (x, y, if). Consequently the

diff. equ. is <j> (o\ y, F)= 0, which gives

?»+W+MF,+ Fs .y'+W')=0, or0F (F,+ F!
,.y' + Fy .y")= O,

which is satisfied either by Fx+~Fy .y'+Fy,.y"=0, or <pF= 0. If the

first can be generally solved, it leads to the form y=f{x,C l , C2), and

the diff. equ. derived from 0=0 may be satisfied by /, or rather only

leads to a relation between C t
and C2 , which reduces these two con-

stants to one. But F=O, combined with 0Cz,y, F)= 0, gives the

singular solution of this same diff. equ. in the usual manner.

(62.) Given a solution of a diff. equ. y'~^(x,y), not containing an

arbitrary constant, it is required to ascertain whether it is a particular

case of the general solution, or a singular solution. In the first place,

\iy=i'usx be this solution, try whether this last supposition makes x*
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and %, infinite : if not, it is certainly not the singular solution (page

193), and must therefore he a case of the ordinary solution : if it does,

it must he, in the geometrical sense, the singular solution. But we
must bear in mind that a solution which is in every property singular,

for instance, which belongs to a curve touching all the curves denoted

by the diff. equ., may also be itself only one case of the ordinary solu-

tion, and therefore, in the distinctive sense, not singular.*

(63.) The theory of the 'singular solutions of equations of higher

orders than the first has no very striking results, either in geometry or

analysis ; the following will be a sufficient specimen of it. Let V=0 be

an equation between x
t y, c, and c

l ; and let Yx+Yy y'=Y'. A diff.

equ. of the second order is produced by eliminating c and c
x
between

V=0, V'=0, and Y^+Y'^y' or V"=0. Now suppose that c and c,

are functions of x and y ; it is required to determine them so that the

diff. equ. of V=0, both of the first and second order, may remain the

same as before. Let c'z=.cx+ cy y', c
l

l
z=(c

l)x+ (c
l )y

y'. Differentiation

gives Yx+ Yy y'+Yc c'+Ycl c\ = 0', assume Ye c'+YCl
c\=0, and we

have the same equation as before for forming diff. equ. of the first order.

The last equation then remains V'=0 ; differentiate again, and we have
V, -1- Y'y y'+Y'e c'+ V'el

c\—0; assume V'e c'+ V'
Cl
c\

=

0, and we have
again V"=:0, as before, to be joined to the former two for obtaining the

diff. equ. of the second order. The two assumptions give YcY'cl-YCi
Yr

c

= : with this, and V=0 and V'=0. eliminate c and cx . The result is

an equation between x, y, and y
1

, which is a first integral of the diff.

equ. of the second order, but cannot be deduced from either of its

ordinary first integrals by giving any particular value to the constants.

If we integrate this singular integral of the first order generally, we
have an equation between a?, y, and one constant, which is a singular

primitive, but cannot be deduced from the complete primitive. A com-
plete example of this will be desirable. Let us have

(1) y=ce"+cl e-
a+cc 1 , (2) y'=cex-c

l
e-% (3) y"—cex+ Cl e-

x

(1,2) y=(l + c
l
e-*)y'+ 2c

l E-*+cU-*
x
) y=—(l+cex

) y'+2ce*+c* a**

(1,2,3) 4y=y«*+ 4y''-y\

Here are, the primitive equation, its two diff. equ. of the first order,

and one of the second. Assuming c and c
v to be functions of x and y,

we must, to preserve the same resulting equation, have

( £
*+ Cl ) c'+(£-*+ c)c\=0, e

x c'—e-x c'1-Oi

* A proof is frequently given which professes to show that when y—sr makes

Xy infinite and % finite, that is, when ;^(.r,w+/i) has a fractional power of A in its

development with an exponent less than unity, the solution y—-a cannot be deduced
from the general solution by giving any particular value to its constant. At the
same time another proof is given that the curve which touches every curve that is a
solution of a diff. ecm. is itself the singular solution. These propositions palpably
contradict each other : for example, a given parabola moves with its vertex on a
fixed parabola of the same focal length, and so that the axis of the moving parabola
is normal to the fixed parabola. The fixed is, therefore, by the second proposition,
the singular solution of the diff. equ. of all the moving parabolas, and by the first

proposition it is not itself one of the moving parabolas : but it is evident that the
fixed parabola is one of the moving parabolas. The defect is in the first proposition,
which applies the expansion of x C#> w-f A) in a very dubious manner.
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which give ce
x+ c

l
s~

x~—2, and from this, and (1) and (2), we find

(4) y>*+ Ay+ 4= giving (5) y =-^+Kr— 1 - £K 2
;

(4) gives y"=—2, y'2——4y—A, which satisfy (1,2,3); and (5) also

satisfies (1,2,3). But (4) is not a particular case of either of the

equations (1,2), nor (5) of (1). Hence (4) is a singular solution of

(1, 2, 3) of the first order, and (5) a singular primitive of the same.
But note that the singular solution of (4), or ?/= — 1, does not satisfy

(1, 2, 3). Also observe, that if we had deduced a singular solution from
either of the equations (1, 2), by making c x

or c variable, we should in

either case have found the equation (4) again.

The geometrical meaning of the preceding is as follows. The equation

(1) belongs to an infinito- infinite number of curves, since any one value
of c admits of an infinite number of curves, belonging to the different

values of cv Any relation whatever between c and c {
amounts to a

selection of a class of curves, every one of which is touched by another

curve. Thus take c^cfrc, find the singular solution of y= ce.
x+ <f>cs~

x

•j-cfc, and we know that the curve thus found touches every one of the

curves (1) which has its Ci equal to the function of its c. But the

curve (5) is, for every value of K, still more closely connected with a

class chosen out of (1) ; it not only touches every one of them, but has
the same curvature with each of them at the point of contact. Take
any given value of x and y, and from (1) and from ce

x
-\-e 1 s~

x=—

2

determine c and c 15 and from (5) determine K : then the curve (1), or

its particular case thus determined, touches the particular case of (5)
just determined, at the given point (x,y), and the two have the same
radius of curvature at the point of contact. Moreover, for any one value

of K, eliminate x and y between (1), ce
x+c l

e~x—— 2, and (5), the

result will be a relation between c, cl5 and K, which expresses how to

choose those curves which are all touched by that case of (5) which
belongs to the value of K chosen.

(64.) It is worth noting, that if
2/

(n)=0 (7/
c"-1)

,. . . .y, x) be a diff.

equ. of the nth. order, its singular solution, if any, of the degree imme-
diately preceding, makes the partial diff. co. dyw : cfy

(" _1) become
infinite. Thus, in the example above, we have

which is made infinite by i/
2
4-4i/-f 4=0.

(65.) The equation Xdx+ Ydy-\-Zdz— does not of necessity arise

from a relation of the form <p (x,y, z)=0 ; if it be the unaltered con-

sequence of such a supposition, we must have XS=YX, Ys=Zj„
ZX—~K.. In this case the integration is an extension of that in

page 197 ; suppose s a constant, or dz=z0, integrate Xdx+Ydy on this

supposition, as in the page cited, and let P be the integral, or rather

P+ C, where P is, or may be, a function of x, y, and z, but C is a

function of z only. Differentiate this last on the supposition that all

three vary, then P,. dx+Py dy 4- P: dz+ C z dz must be identical with

Xdx+Ydy+ Zdz. But P was so found that Px dx-f-Py dy should be
~Xdx+ Ydy, whence (P,4- C z) dz~Zdz, or, C being a function of z only,
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Z — P* must be the same, and C=f(Z—P,) dz. It will most frequently

happen, unless a complicated instance be contrived for the purpose, or

some peculiar artifice employed in integration, that we have P.=Z, or

C is merely a constant. For example, let (y + z) dx -\- (z + x) dy

-f (x+ y) dz— 0, which fulfils the conditions. Make z a constant, or

dz— Q, and V=ixy-\-yz-{-zx+ C is the integral, derived from integrating

(y+ z)dx+(z~\- x) dy. But Ps=x+y, or P z—Z; whence C is a

constant. Now try another mode : make z a coustant, and we have

dv doc

(y+ z)dz+(z+ x)dy, or —j- +——= (), or (y+z)(x+z)+C=P=.0

P,=(j?+y+ 2z), Z-P,=—2z, C=-z2 +const.

(x-f z)(y{ z)+ C—xy+yz+ zx -\-const., as before.

(66.} Suppose that a factor M has disappeared from Xdx+&c. after

differentiation. Then MX dx + &c. is a complete differential, or

(MX),=(MY)rt '(MYJ^CMZ),, (MZ)I= (MX), Develope these

equations, and we have

M (X^-YJ=YM, -XMy , M (Y, - Z,,)= ZM,,-YMS,

M (ZX-X S)=XM—ZM,,

giving Z(X
i
,-Ya)+X(Y,-Zs )+ Y(Z,-X,)=0.

Unless this condition be fulfilled, no factor can make Xdx+&c.
integrable. If it be fulfilled, make z constant, or dz=0, integrate

Xdx+Ydy—0 as an equation between two variables, make the result-

ing arbitrary constant a function of z, and proceed as before. The
following instance will show the method.

Let xydz+yzdx+zxdy+xyz (dx+dy+dz)=0

;

the equation of condition (divided by xyz) becomes

a+*)X-ar.-y)+<l+y)(«-ar)+ (l+»)(y-a3=Oi

which is true.

dzr=zQ gives (y-\-xy) dx-\-(x+ xy) dy=Q, or \og(xy)+ r+y—Zy

where Z is a function of z. Now consider z as variable, and for

yzdx+ zx dy-\-xyz (dx + dy) write its value xyzdZ, which gives

xy dz+ xyz dz+ xyz dZ= 0, or

(1+^) dz+ zdZ—0, or Z= const.

—

log z—z;

whence log (xyz)-\-x+y-\-z = const., or xyzsc+y+'= const.

which is the primitive equation required.

(67.) Next, let Xdx+Ydy+ Zdz= be neither integrable of itself,

nor by the addition of a factor. Returning to our geometrical illustra-

tration, it appears then that this is not the equation of any surface what-

soever : that is, there is no surface on which any point (x, y, z) being

assumed, and given infinitely small increments dx and dy, dz is always

expressed by — (Xdx-\-Ydy) : Z. But on any one surface it may be

possible to draw a curve through any point, such that at every point of
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that curve, transition from (x, y, z) to a point infinitely near it on the

curve may satisfy the condition. To try this, let U= be the equation

of a surface, giving Pdx-^-Q,dy+ Rdz= 0. Let M be an undetermined
factor, multiply the first equation by it, and add the result to the second.

"We have then

(P+MX) cfo+(Q+MY) <fy+(R+MZ) dz=0 (M),

which is integrable, with or without a factor, by the preceding article, if

M be determined from the partial diff. equ.

d
(R+MZ) — P+MX-— Q+MY +&c= 0.

\dy dx J

Assuming then the possibility of integrating all partial diff. equ. of

the first order, we can find M so that (M) shall be integrable : let it give

V=0, then V= and U= together give Xdx+ &c.= 0, or the curve

which is the intersection of the surfaces U= and V=0 satisfies the

required condition. And since V=0 contains an arbitrary function, an
infinite number of curves may be made to pass through any given point

of U= 0, on each of which any point being supposed to move, its velo-

cities in the directions of x, y, and z always satisfy ~Kdx : dt+Ydy : dt

+ Zdz : dt—0. Or any surface may in an infinite number of ways be
supposed to be the locus of a family of curves, a motion on any one of

which will give this relation always, but motion from any one curve

across the rest, never.

Another way of viewing the subject is this : assume y—d>x, and sub-

stitute, which gives (X+Y <j>'x) dx+ Zdz—0, 4>x being written for y in

X, Y, and Z. Let the last give z—ty (x,c), then the curve which is

the intersection of the cylinders y— fx, z— ty (x, c) satisfies the equation.

Then an infinite number of curves can be drawn which satisfy the

relation ; but the preceding is more satisfactory, as showing that every

surface may admit of having such curves drawn upon it.

(68.) Equations of a higher order between dx, dy, and dz are not

usually integrable per se ; the following example, however, will be

instructive. In dz'—dx^+ dy2 we see an equation which can have its

most general solution given in few words, as follows. This equation

denotes no general relation between x, y and 2 ; but, if y—(f)x, z is the

arc of the curve whose equation is y=4>x. Let us proceed to such an

integration as that of the last article, without any reference to this pro-

perty. One solution can be readily seen : let 9 be any constant, and if

x sin 6+ y cos 0= A, then z—xcosO—ysinfl+ B.

Now let A and B be functions of 6, but such that # cos —y sin 0=A',
— «sin0—y cos0+B'= O. The equation dz 2—dx--\-dy2 will still

remain true, and we shall have B'rrA. But x cosi0 — y sin d=B''
and x sin + y cos = B' give

a?=B'sine+B' , cos0, y=B' cos 0-B"sin 0, z=B"+B.

Take B any function whatever of 0, and if the first and second equations

give the coordinates of a curve, the third gives the arc, measured from

some point to be determined : or rather, since x and y involve only diff.
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co. of B, it would no ways alter the question to add a constant to B, and

to determine that constant so that z should vanish for a given value of x.

The solutions x—az+ b, ?/=^(l

—

a-^.z+c, treated in the same man-
ner, will lead to the well-known determination of the arc hy means of

the involute (page 364). The student may also try to understand the

following : the first solution above, when is constant, amounts to sum-
ming the elements of a tangent of the curve ; when is variable, it

amounts to summing the elements of the tangent supposed to roll over

the curve, each element being taken into the sum as soon as it coincides

for one instant with an element of the curve.

(69.) In the preceding, integration is reduced to the solution of a

functional diff. equ., thus. Let y=fx be the equation of a curve, and
j
'J'(dx*+ dy*) is found, as soon as 00 is found so as to satisfy

tyd . cos — 0"0 . sin e =/(0'0 . sin 6 + 0"0 . cos 0) . The following is

another instance of the same kind, which I leave to the student : show
that fif/x.dx=(fi'<fix.(fix—00,z, if (fix can be found so as to satisfy

(fix . (p'x . <fi"<fix = tyx. In both these cases, the converse is, generally

speaking, the easier, namely, to satisfy the functional equation, or to

depress it, by the integration : a circumstance which points out the

utility of noticing such relations, since it will generally happen that a

mode of making the easier of two processes depend on the more difficult,

is also a mode of making the more difficult depend on the more easy.

(70.) The general process of page 203 has been extended (by Jacobi)

as follows. Let there be any number of variables, say three, u, v, w,

each of which is a function of any number of independent variables, say

two, x and y, and let there be three equations, as follows, ux meaning

du : dx, &c,

Xux+Yuy=V, Xvx+Yvy=Y, Xwx+Ywy~W (1),

where X, Y, U, V, W may each be a function of all the five variables.

Grant that the simultaneous equations (4, or 3+ 2— 1 in number)

...(2)

can be integrated, and let P^const, Q=const, R^const., S=const.
be the primitive system, where P, Q, R, S may each be a function of

the five variables. Then the system (1) is satisfied by the values of u, v,

w in terms of x and y, deduced from

«t(P,Q,R,S)=0, k(P,Q,R,S)=0, p (P,Q,R,S)= (3).

where ct, k, p are any functions whatsoever. Differentiate each of (3)
with respect to x, and we have

OTa+OTt,w!r
+i»y

l,tvfayM My=0, /^-f&c.^O, px+&c.=0 (4),

also vzx dx+^!/
dy+ ruu du+ usv dv+ww dw= 0,

or XoT.+Y^+UoT.+VoT.+W^rzO (5),

Dy (2) : and similar equations from k and p. Let A 15 X2 , X3 be such
quantities as will satisfy

du dv dw dx dy

U ~ V~ W ~X Y
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X1
gt„4-Xb k- + X3 p„=:0\ and let /*\

X
l
ww+ X2^+ X3 pu)

=0j U;
' Xj^+Xg^+Xap^ssA'"

Multiply equations (6) by vx, wx , and (7) by vx , and add; which

gives, by (4),

— (X! w,+

X

2 kx 4- X3 px)=Aux

and — (X 1
OT

J
,+XE Ar

2/
4-X3 p!/

)= AMj
/

by a similar process.

Now multiply the equations (5) by \u X2 , X3 , and add, making use of

the equations (6) and (7), and those just found, and we have

-AXwx-AY?/,,+ AU=0, or Xux+Yvv
=z\3

,

whence the first of (1) is satisfied: and similar processes may be

applied to the second and third.

(71.) The preceding theorem shows on what the integration of the

general equation u=4> (x,y,ux,uy) depends. Let ux=p, u
y=q, and

we have

p— <f>x
:=cl>pPX+<Pq qx q-^y— ^vVy+^1%

or p-i>*=<i>P px+ (
fiq p» <t- <t>y=4>pqs+4>q qs (i),

since py=qx - First, let us integrate these equations independently of

the condition py
z=qx . We are then first to integrate

dp dq dx dy

p—<t>x q—<fiy <i>p~ 0?

'

let P= const., Q= const., R= const, be the integrals of this system

:

then ot(P, Q, R)= 0, k(P, Q, R) = are the integrals of the equations

(1), independently of py=qx . Now, considering zj and k as functions

of p, q, x, y, form the four equations of which the first is Kjx -{-vzppx

\-vs
q qx—0, by ordinary differentiation. Add the fifth equation px=qyi

and eliminate the four quantities px , py , qx, qy , from the five ; the

result is

dm die dK dm dns die dx: cfo_

dx dp dx dp dy dq dy dq

Then any forms k=0, ro=0, being taken which satisfy this equation,

and p and q being obtained in terms of y, and substituted in the first

value of u, the solution of the given equation is found. One mode of
satisfying this equation is (c=/cr,/ being any function: but this suppo-

sition is equivalent to reducing gj= 0, k=0 to one equation only.

(72.) Another general mode is as follows. However p and q may be
expressed, the equation d.p: dy= d.q :dx remains true, every mode in

which p and q contain x and y being taken into the account. Let the

partial diff. equ. be reduced to the form g=cf> (p,x,y,u), and p being

supposed a function of x, y, v, form the preceding relation. We have
then

dp dp dp , dp
,
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te7*.ri*-*4+J*A+*.p.-:..(!>;

the shorter notation expressing explicit differentiations from q—^-
Here p is a function of u, x, y, and the solution requires first the pre-

vious solution of the simultaneous equations

dp du dx

If these can be integrated, we have, say M 1
= c 1 ,

M2=c2 , M3=c3 , and

f(Mu M 2,M3)==:0 for the solution of (1). Take any one solution in-

volving an arbitrary constant, and having expressed p by means of it, it

will frequently happen that z can be expressed, either by integrating

q= <p, or dz—pdx+ qdy. Another arbitrary constant will thus enter,

and a primary solution § (76.) is obtained, from which the general solu-

tion must be got in the way presently pointed out. Of course those

solutions should be taken in which p is expressed in terms of x and y
only, or if u enter, it should destroy u in

<f>
after substitution ; or if

not, u should enter only as a common factor in p and q.

(73.) Thus, let <7=jon XYU, X, Y, and U being severally functions of

x, of y, and of u. The differential equations then are

dp du dx
-=dy.

^
BX'YU+p"+1 XYU' p-XYU-^XYU np^XYU

From the first and second dp-\ —
• du-\ —- du=0.

n — 1 X n— 1 U
From the second and third

n— 1 ,
,

pX' 7 1 p\J'
,du= pax, or dp+ '-— dx-\ '—— du=0

n nX. n— 1 U11 I _L
whence log p -\— log X -1 log U= log a, or pX n U"- 1= a

n n—

I

q=pn XYZ=(aX~" U"-')xYU= fl"YU"-i

du=V"^:i \.aX~»dx+an Ydy)
i i

JU"^1 du= afX "» dx+

a

nfYdy+ b.

Here is a primary solution. Make 6=<f>a, and the general solution is

determined by differentiation with respect to a and elimination.

(74.) The singular solutions of partial diff. equ. have not been in-

vestigated in any manner which deserves the name of a general theory.

The general solution, when it contains an arbitrary function, is itself

the singular solution of one which contains an arbitrary constant. Let

Xvx+ Yw,,=U, and let the equations dx : Xr=dy : Y—du : U be satisfied

by M—c, M l=c l ,
M and M t being functions of x, y, u, and c and cx

being constants. Each of these equations satisfies the given equation

:

for this given equation is in fact the same as XFa+ YF^+UFu^O,
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where F=0 is an equation involving x, y, and u. This follows from

ux- —Fx : Fu , vy
— ~ Fs

: F„. But M=c gives Mx dx+Mv dy+Mx dz

= 0, or, by the equations dx : X.= dy : Y= du : U, we have XMX+ YM^
+UMu=0, whence M= c satisfies X^+Y'/^U. Now the two

solutions M= c,M
l
= c i

answer to, and are involved in, AM+ Ai M,=AS ,

BM + BiM,= B2 , where A, B, &c. are functions of any number of

arbitrary constants: for these merely imply, and are implied in, M = c,

M l
= c

1 . Hence AM+ A l Mi=A g satisfies the partial cliff, equ. Now
let its constants, instead of being constants, become functions of x, y, u,

such that for every such function a, we have Aa M4-(A I) aM l
=(A2) a ;

so that no differential relations of the first order are disturbed. There
will be as many of such equations as of functions which were constants ;

and from them, a and all the rest may be deduced to be functions of M
and Mi. Let the values of these functions be substituted in AM +A t M 1

=A 2, and we have </>(M, Mi) = 0, in which there is no restriction

upon 0, because A, &c. may be any functions. Here is the common
general solution, which is therefore nothing but a singular solution of

the most general form which satisfies dx : X= dy :Y= du:\J.

(75.) Let a particular integral of any partial diff. equ. be found

which'contains two arbitrary constants, sayf(x, y, u, c, ct) =0. Let c, be a

function of c, then, iffc+fn c\=0, c may be supposed to be a function

of x, y, and u, provided c be obtained in terms of x, y, and u from the

preceding equation : which introduces an arbitrary function, since c l may
be any function of c. This illustrates the last article : but a singular

solution maybe often found, by makingfc=0, fCl
= 0, finding the definite

values of c and c
l
which satisfy these, and substituting. When such a

solution can be found the geometrical explanation is as follows. The
equation /=0 belongs to an infmito-infinite number of surfaces, cor-

responding to different values of c^ and c. Every law of relation which
connects c and c, points out one peculiar family of these surfaces, which
family has a connecting surface : the solution which contains the arbi-

trary function belongs to all these connecting surfaces. But these last

surfaces may themselves have a connecting surface, which is related in

the same manner to all : the solution without either arbitrary function or

constant belongs to the last.

For instance, u=:cx-{-Ci y -\- a *J(I + c° 4- cf) is the equation of every

possible plane which has a for the perpendicular dropped on it from the

origin. From such planes an infinite number of developable surfaces

may be formed; let ^= 00, and the equation of such a surface will be
found by eliminating o between the preceding and

*+4>'cy+a{l+ c
2
+(<f>c)°-}~*(c+<f>e.<f>'c)=:0.

All these developable surfaces have their tangent planes also touching

the sphere whose radius is a. Eliminate c and c^ between the first

equation and the two following,

a?+a(l+c8+c!)-*.c=0, ^+a(l+ci!+c?)-*c1=0;

and we have x'
2+yi -{-u-=a\ the equation of the sphere.

(16.) It thus appears that we may distinguish the solutions of partial

diff. equ. of the first order into three kinds. 1. One which contains two
arbitrary constants more than were in the equation. 2. One which con-
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tains an arbitrary function. 3. One which contains neither constant

nor function. Lagrange termed these severally the complete, general,

and singular solutions. To the third term there can be no objection,

but the distinction of complete and general is not easily made. The com-
plete solution may be a very limited case of the general solution, as in

u= cx-\-c l y, which is the (so called) complete solution of u=xvx -\-yuy
.

The general solution is u=x(b(y:x), one form of which is cj?+dy
+ c2 y

2
: x+c3 y

3
:xi+ . . . . ad inf. It will much offend our ideas of

language to say that this last is completed by making c2=0, c3=0, &c.
It would be better to call the first solution primary,* the second general,

and the third singular.

Let (x,y, u, a, b) = be the primary equation, then the partial diff.

equ. is obtained by eliminating a and b between 0==O, (px+ (fru i/x=0,
0*,+ 0« Mj,=0; or by considering a and b in the first, as functions of x,

y, w, obtained from the second and third. Suppose that this substitution

made gives ty (x,y,u,p,q)=0, where f~ux and q=ur Then ^=0
is an equation identical in meaning with <^=0, when a and b are con-

sidered as above. If, then, from i}f=0 we find u in terms of x, y, p, q,

and substitute it in = 0, we have (as in page 192) an equation abso-

lutely identical, independently of all relations : and every diff. co. of so

altered is identically =0. Differentiate then separately with respect to

p and q ; the first operation gives

4>. vp +(i)a (au up+ap) +06 (6, wp+ b
p)
= :

the implied suppositions are that contains p through u, a, and b,

while u, deduced from ^= 0, contains p, and a and b contain p both

directly and through u. Now from ^=0, the proposed diff. equ., from

which u is obtained for substitution in the preceding, we have Y/
P+

'

)/'» Mj>

= 0; substitute for up
in the preceding, go through a similar process

relatively to q, and we have

fp _ 0qgp+ 0>^ f? _ i<gaq
Jr$bbq

¥«
_
0«+0a««+ 0fcC Vu ~ B+0a«„+ 06&u

'

Now the singular solution is derived from <j>a= 0,
<f> b
=0, and

(f>
=

necessarily contains v, so that
<f>u

is not =0 : consequently, unless ap or

bp are made infinite at the same time that fa or (j)b vanishes, a singular

solution will give typ
:i{/u= and yffq

:y]/u=zO. Singular solutions then

may be sought among those relations which satisfy i^
p
= 0, y/q

= Q, i^K

being finite ; or among those which make fu infinite, yp
and ^ being

finite. But it does not follow that these modes will give all the singular

solutions ; for ap and bp may possibly become infinite when fa and (f>b

vanish.

(77.) For example, take the surface on which the normal intercepted

between the tangent plane and that of xy is always of the same length

k : the equation of which, x, y, u being the coordinates of any point, is

found to be u1 (l+p 2+ q-)—k2= 0. The singular solutions maybe
contained in 2?i

2 £c=0, 2m 2
q= 0; now w= does not satisfy the equa-

* Even against this word lies the objection that there is an infinite number of

primary solutions : thus y
n—1 u = cxn -\-c

i
xn- 1y is, for all values of n, a primary solu-

tion of the proposed equat'°n.
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tion, but p=0 and q= 0, implying w=const., do satisfy the equation, if

that constant be +k: and z 2—k 2= is the singular solution. It is

evident enough that the two planes thus obtained are the envelopes of

all surfaces of the kind required. For the primary solution it is obvious

that a sphere, with its centre on the plane of xy and a radius k, will

answer, or (x—«)
2-j-(y

—

b) 2+ u2= k 9
'. Assume then b=<j>a, and

eliminate a between the preceding and (x — a) + (y— fa) <j>'a= 0, and

we have the general solution. The primary solution is thus a sphere of

given radius, the general solution a tube (page 402) made by the motion

of that sphere with its centre on a given curve in the plane of xy, and
the singular solution the pair of planes parallel to xy within which
all such tubes are contained. (This tube is called surface -canal by the

French writers.)

(78.) In the same way it maybe shown that u~px-\-qy+f(p, q)
has for its primary the plane u=ax+ by+f(a,b) ; for its general solu-

tion the result of eliminating a between this and x+f'a.y+fa+ fi<p''a

=0, which gives a developable surface, and for its singular solution

the result of eliminating a and b between the original and x+fa=0,

(79.) I now take some detached artifices which have been given for

the integration of various partial diff. equ. of the first order.

/(p»9)= 0> or 9 ==(f}Pi the general equation of developable surfaces.

Here du~pdx+(j)pdy,

u—px+4>p.y—f(x+q>'p.y) dp, whence ,z+ 0'jp.y=r.say f'p,

or u—px+ qjp.y — typ, x+(f>
f

p.y—-y/jo=0.

Eliminate p, and we have the general solution. This case is, under
another form, a repetition of that in the last article.

(80.) z—f(p,q). It may be discovered from § (71.), that z=
<p (y+cx) must contain a solution of this equation : or, for some form of

0, wehave<fi(y+ cx)=:f {cqi' (y+ cx), & (y+ cx)}. For y+cx write x,
and for {y+cx) write y, which gives y—f(cy', y'), a common diff. equ.
from which can be found, say y=f (x, c x ). Hence z=ri// (y+ cx,c

x ) is a
primary solution of z=f(p, q), from which the general solution can
be found. For instance, let z—pq, then y~cy'%

is the diff. equ., which
gives

1 ( x ,
V l /'y+cx

Let c,=^c and z= ^--

—

\- fc
J
(x+ 2f'c) :

eliminate c, and the general solution is found. Or, eliminate c from

2Jz—~-Jc.x-q3c=z0and-^-, ~ c6'c=0.
V c 2c^c 2jc

(81.) 0(p,aO=V(?.y). Let 4>(p,x)~a, f(q,y)=a, whence
p=(p l

(x
) a),q—fl

(y,a),



718 DIFFERENTIAL AND INTEGRAL CALCULUS.

*=/{& O>°0 &n-¥lh (y, a) dy}=02 (*, a) +^2 (y,a)+6,

a primary solution. Assume h~xa -> and eliminate (for the general
solution) a from

da da

(82.) If (j>(x,y) be differentiated twice completely, it gives (j>xx dx*

+2fXydxdy+ <pyy dy\ say r dx%+ 2s dx dy+ tdy* : and the conditions
under which such an expression is completely integrable are ry~sxi

Sy=tx , But it is seldom that a factor can make such an expression
integrable. Let Rdx*+ 2S dx dy+Tdy* be integrable, if possible, after

multiplication by M ; we have then

(MR),= (MS)„ or SMa—RMs=M(Rj,-S,)

(MS)„=(MT)„ or TM, -SM„=M (S^-T,).

From these find M, : M and Ms : M, say A and B. Then, if A,,=BX,M is possible, and logM is found by integrating Adx+Bdy. Hence
it appears, 1. That when the expression is integrable already there is no
factor under which it will remain integrable, except when S 2=RT, in

which case there is an infinite number. 2. When the expression is not
integrable, there may be one factor, but generally only one, and most
frequently none ; except when

S:T::R:S::Ra—S,:S^-T„

in which case there is an infinite number. For example, y*dxs

-|-2 (jy-f-1) dxdy+ x^dy"- is not integrable: to determine the factor*

if any, we have

(,xy+ l)Mx-y*My=My A—Mx :M=y
x*Mx -(xy+l)M1/

zz-Mx B=Ms :M=j?

and Adx+Bdy is integrable, and gives xy, whence M—

e

1* : multiply

and integrate, and we have £
xy

itself for the primitive function.

(83.) If we take a partial diff. equ. of the first order, containing two
arbitrary constants, we may from it form one of the second order. Thus,

if <j>(x,y,u,p,q,a,b)=zO, we may determine a and b from
<f>x+ 4>p r

-f<p?
«y=0, <py+ (j>p

s-\-(j)
q
t=:0, in terms of x, y, ut p, q, r, s, and t.

These values substituted in 0=0 give an equation of the second order.

Again, assuming &=xa? we get precisely the same equation of the second

order if a and b be functions of x, y, u, p, q, provided that a be deter-

mined from a+0f^a— 0> or 0a+ 06«X/a=: O- Hence we can get a

solution of the first order having an arbitrary function, since x is

arbitrary ; and if, therefore, we can integrate this equation of the first

order, which integration will introduce another arbitrary function, we
have the complete solution of the given equation, with its two arbitrary

functions. But we must first extend the conclusions of page 64 to the

extent of showing that two arbitrary functions cannot always be elimi-

nated in the formation of the equation.

Let A and B be given functions of x, y, and u, and f(x, y, u, 0A, ^B)
= 0, an equation in which /is a given form, and and f any functions
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whatever. Differentiate with respect to x, y, xx, xy, and yy, which

gives altogether six equations, involving 0A, f~B, 0'A, ty'B, 0''A, fy"B,

with x, y, u,p, q, r, s, t, and the known functions of them A,, A^, Bx ,

&c. Now six quantities cannot generally be eliminated from six

equations : therefore the equation f— is not always the solution of an
equation of the second order. It certainly very often happens that the

process which eliminates five also eliminates the sixth. Therefore,

although the preceding part of the process shows that every equation

which has a primary of the first order containing two arbitrary constants

has two arbitrary functions ; yet the converse is not true. If a represent

the number of arbitrary functions, and r the number of complete orders of

differentiation performed, the excess of the number of equations over that

of the functions given and introduced by differentiation is ^ (r-\- l)(r+ 2)

—

a(r+l). This can never be unity (which is required that one
equation may be a necessary consequence of elimination) except when
a=l, r=l. If a=5, then ^(r+ l) (r+2) first exceeds 5(r+l)
when r=9, and the difference is 5. Consequently, an equation of five

arbitrary functions has five distinct equations of the ninth degree, in all

cases in which there is not some peculiarity in the elimination : and
this is the first set in which all traces of the arbitrary functions vanish.

(84.) It is not certain that every partial equation of the second order

even has a solution. The most general case in which anything like a

method has been proposed is as follows. Let Rr+ S<?+T£=V, where
R, &c. may be functions of x, y, z,p, q : this is the most general equa-
tion of the second order and linear form. The principle of solution is

that explained in page 203, and may be stated as follows. There are

already three ordinary diff. equ. existing between the quantities x, y, ux

P) ?) r> s, t, namely

du=pdx+ qdy, dp= rdx-\-sdy, dq=sdx+ ldy,

which are universal, or true when u is any function whatsoever of x and
y. To make use of them then is not introducing any new condition

into the question ; for that u should be a function of x and y is already

an implied condition. Consequently, the given equation is neither

more nor less than

R
d^y

+Ss+ T
dq-sdx

dx dy

or R dp dy+ Tdq dx—ldy dx=s (R dy*—Sdx dy+T dx°).

If we call this last (7=%,we see that the equation includes amono-
its conditions that if <r vanishes « must vanish, and vice versa. This
is not all the meaning of the equation, but a part of it, and, so it

happens, enough for our purpose. Proceeding in the same manner
with r and t, we find, making

T {dp dx- dq dy) -Sdpdy+Ydy*=p R dy* - Sdx dy -f Tdx*

=

a

Rdpdy+ T dqdx—V dxdy =a- du—pdx—qdy = v

R (dq dy— dp dx) — S dq dx +V dx*=: r

that the given equation is equivalent to either of the following, p= ra ,

cr=sa, T—tcc. Whence, u must be such a function of x and y as will
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make all the four, p, a, r, or, vanish when any one of them vanishes. But
the equations

Rf»+ So-+Tr=V«, ccdp= pdx+ ady, adq= adx+Tdy,

which may easily he verified, show that the four equations p= 0, <r=0,

r=0, a=0, are all satisfied when any two are satisfied. Hence we
satisfy the original equation, though by far from a complete solution,

when we find any primitive of the following system, containing, 1. Any
pair out of p= 0, a=0, t=0, a—0. 2. The equation v= 0. Here are

three equations between five variables x, y, u, p, q ; let A= a be one of

the primitive equations, of which there may be three, two variables

being independent. We have then

Ax dx-\-Aydy-{-A u du+Ap dp+Aq
dq—0.

Let«=0 give dy=pdx, and then <r=0 gives R/x dp+Tdq—Ypdx
= 0, from which substitute for dq, and for du from v= 0. The result

contains only dx and dp, and, every necessary condition having been

used, this must be true independently of dx and dp, which might be

made the two independent variables. Equating each coefficient to

nothing, we have

Ax+Ay fx+Au (p+qfi)+Aq ^=0, A
J>
-A,'-^=0 (>,«).

Let B= & be another primitive, which will give similar equations.

Then, as in page 203, the condition, not that the diff. equ. «=0, a=0,
should be satisfied, but that one should be satisfied whenever the other

is, may be expressed by B=0A, among the cases of which we are

therefore to look for solutions of Rr+ Ss+ T£=V. And on examination,

as in the page cited, we shall find that every form of f satisfies it, as

follows. Take the equation Bx dx+ Bydy+ &c.=:(p'A (Ax dx+ &c),
and for A, and A,, Bx and Bp

write their values from (<r, «) and the

corresponding equation for B. The first side becomes
t

Vu—Byfidx—

B

u (p + qp) dx—B q
~dx

+B9 dy+

B

u (pdx+ qdy) +Bq
& dp+B q

dq,

p
or (B.+tfB,.) (dy-pdx)+-^ (Rp dp+ rTdq-Vp dx),

which is 4>'A X a similar function of A, so that

-_By
+gB„-0'A(A

j,+ <?AB)

T^(B,-^A.A,)

gives Rp dp+ Tdq —Yp dx=u (dy—pdx),

which verifies the assertion above made relative to B= <{>A. For dp

and dq write rdx+sdy and sdx-\-tdy, and dx and dy being independent,

we have

Rpr+Ts—Yp+ ujp-0, Rps+Tt—a)= Q ;

or Rpr+(Rp*+T)s+Tpt-Yp, or p(Rr+Ss+Tt~Y)= 0,
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since R// — S
/

u+T=0. Hence the equation is satisfied by B= f/>A.

It may be observed that \i has two values, cither of which may be

chosen; or it may happen that it may be convenient to use both.

For example, let R, S, and T be constants, and V a function of x and

y ; whence ^ is a constant, and dy— jjtdx gives y=[j.x-\-a, which substi-

tute in V. Then R/j, dp+ Tdq-Y/j,dx=0 gives Rfip +Tq—njVdx
= b. After integration of Ydr, put back y

—fix for a, and the first

integral of the given equation is

Rjjip + Tq—nfVdx= 4) (y—fxx),

with either value of /i. If we proceed to integrate this equation by page

203, we must first integrate the system

R/i dy — Tdx

—

0, or dy — /^ dx

=

0,

(fr being the other value of /.(, and fj.^
being T : R) and

Rf.i du=pfVdx ,dx+(f) (y
—fxx) . dx.

The first gives y — /xl x=a; substitute for y in the second, then since

f<f> (fl+^j;- jjlx) .dx, <p being arbitrary, is simply cjj (a+^x—fxx),

which has the same appellation if divided by fiR, we have for the

integral of the second equation, putting back y— fiv x for b after integra-

tion,

1
u— —fdxfVdx+ $ (y—/-ix)+ b.

Where the meaning of fdxfVdx has much more than the"notation ex-

presses, nor does the operation occur often enough to require a distinct

notation. We begin with Y=ijs (x, y), which we change into ty (^, /jx+o),

and integrate, giving, say fi{x, a), which we re-convert into 'H/
]L
{x,y-fjLx).

Then we change this into t^i (a?, a-^^ x— fix), and integrate, giving,

say i// 2 (^j ff) 5
which we then re-convert into i//

2 (,r, 3/--/^ a?). From the

equation y—fJ-x x= a, and the last, wre now have

u~ jrfdjcfvdx+$ (y—hix)+f(y-i-h *)>

4> and ^ being any functions whatever. Let us choose, for instance,

r+ 6s+ 5t=x+ y. We have then /j?— 6/.1+ 5= 0, or 5 and 1 are the

values of fi. Proceed with V= x+ y in the way pointed out, and we
have

f(% -f a+ 5x) dx= 3x2+ ax, for which put 3x'l+(y— 5j?) x, or xv— 2x2
.

Integrate x (a+ x) — 2x2
, which gives ^ax*—^3

, for which put

^ (y — x) xs— jjX
s
, or fyjx

1—
l~x

s
. The solution is

u=lyx*—|x3+0 (?/— 5z)+f (y—z)-

Verification. Taking the first two terms alone, r=y— 5x, s= x,

t = 0, r + 6s + 5t=x + y. Now 4>(y — fix) gives r + 6s-\-5t

z=(i/— 6fx+ 5) 0" (y— fxx), which vanishes when /x= 1 or /u= 5. The
equation would certainly be as well satisfied if to the preceding w7e

added Ax+By+ C, whence it might seem as if we had not the complete
solution. But observe, that Ax-\- By+ C may be made to become

3A
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E(y—5jO+F(y-ar) + C, if E+F=B, 5E+ F=—A; so that the

preceding addition only amounts to an alteration of d> and ty.

When the roots fx and jj. {
are equal, first assume fx l =jj.+ a

)
then show

by the method of § (21.), that the complete solution is

u=—JdvfNdx+ x(j> (y
—

fJix)+^ (y—ju<z)
}

which requires the assumption (obviously allowable) that an arbitrary

constant of any value may be a multiplier of either function.

(85.) Looking at the preceding method, and generalizing by analogy

from ordinary diff. equ., we might seem to have all but a demonstrative

right to infer that every partial diff. equ. of the second order has two of

the first order, each containing one arbitrary function : which two arise

from one primitive containing two arbitrary functions. All this is very

often true, no doubt ; but there is not a single point of it which cannot

be refuted, if asserted universally, or at least shown to be hitherto in-

capable of general proof, and very unlikely in certain cases. First, in

the equation cr=sa, we have begun by presuming the existence of a

solution which allows a to vanish, when of course a vanishes. The
solution we thus obtain may be the most general of its kind : that is, of

those which allow a and a to vanish ; but how do we ascertain that there

are no solutions in which this is impossible ? or how do we know that

there are not some in which, when a vanishes, s necessarily becomes
infinite, and sa remains finite ?

But do not these objections equally apply to the solutions of equations

of the first order in page 203 ? Undoubtedly they do, and the proof of

the perfect generality of such solutions is therefore not complete till page

204. It may be thus further illustrated, with our knowledge of primary

solutions.

Let / (r, y, u, 0A)= be the solution of a partial diff. equ., / and A
being given functions, the latter of x, y, u; and the arbitrary

function introduced by the common method, which we may therefore

write c^/A+c^A. We have then one primary solution, with two in-

dependent constants. If there be any other general solution, we can

obtain it in an infinite number of modes by making c and Ci functions of

<r, y, and u ; and we have a right to one relation between c and cx . Let

it be c
i
=wc: and solve/= with respect to <£A, giving, sayc^A+c^A

=F(#, y,u). If then we determine c from ^A+ 0'c.xA.= 0, giving

for c and ^ functions of A only, all differential relations of the first

order remain as they were when c and c t were constants; and the partial

diff. equ., from which /=0 arose, is satisfied: but c^A+ c^xA is still

only an arbitrary function of A.
The process of page 204 might be extended to the proof in § (84.),

and we might be compelled to admit, that when two arbitrary functions

appear, the most general solution is gained. But whether every diff.

equ. of the second order has two arbitrary functions ; and whether every

such equation . has a solution ; as also whether, if it have a solution,

there are diff. equ. of the first order belonging to it,—are all unsettled

questions. To take a well known instance illustrative of these doubts,

let r=q be the equation, or R=l, S= 0, T=0, Y=q. We have then

p=qdy*, (7= (dp- qdx) dy, r= dqdy - (dp - qdx) dx, a— dy\which vanish
simultaneously if dy=0, dx=0, or if dy=0, dp—qdx=0. The first
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would give the solution y= c/)x, which does riot contain w, and must be
rejected: the second cannot spring (with du=pdx+ qdy) from any
relations between x, y, z, p, and q, all variable : and q= c can only give

the solution z=^cx2+ cy+c t x. But the following solutions can easily

be verified, or (the two latter) obtained by indeterminate coefficients,

u=c
l
z
m

i
x+mly+c2 £

m
z
x+'>iy+c

;i
e
m3 x+mly+

u=$x+c}J"x.y+d>™x £ +4>«x£-
3
+ ....

U=4y+yy. X+ (p'y.~+y>y—+ (p>>y——-+.... \

In all three, two ^-differentiations give the same result as one
^-differentiation : which is all that the equation requires. The third

seems to involve two arbitrary functions, and really does so with respect

to y ; but yet these two only amount to one with respect to x, as in the

second solution. For if (py= a + a x y+ . . . ., and ^y — b + b
Y y

+ ••••; if, after substitution, a -\-ba x+a l x
2+b

l x
3+ . . . . be called

4>x, the third is converted into the second. We shall see the complete

integration of this equation presently.

(86.) The most important equation of the second degree, beyond all

question, is

d*u
?
d9u diii_ d*u

dx% dy'l> dt2 o?x
2 '

changing the variables* for convenience, since, in mechanical pro-

blems, one of them is usually the time (t). If an elastic fluid be con-

tained in a tube of very small section, and if a be the velocity with

which sound travels in that fluid, then, the preceding equation being

solved, du : dx will represent the velocity of the particles at the distance

x from an arbitrary origin in the tube, at the end of the time t, and
du : dt will be always proportional to the compressing force. This

equation has been already integrated; we have R=l, S, 0, T= — a2
,

V=0, jJ-tf—O, fx= ±a, and

u= <p (x+at)+ ^(x—at\

where 4> and ty are arbitrary functions, deducible from the state of the

tube at any one moment.
An independent integration may, however, be desirable, and we may

obtain it as follows. Supposing the equation to be r—t, p= ii
t , q= ux,

the equation gives p t=qx , and the property of all functions is px=qt .

We have then p t+ q t
= px+qx, and

p

t
— q t

= — (px— qx). Hence p+ q
is a function which satisfies (p+ q) t

= (p+ q)x , and we must have

P+ q=f(x+t) ; and p — q satisfies (p
—

q) t
=— (p

—
q)xy or we must

have p—q=f(x— t). The functions being arbitrary, we have at once

u=<j>
l
(x+t)+fl

(x-t)+ 'ny, u=(pl (x+ t)+f l {x—t)+xx;

* The two different meanings of t must be distinguished : both are so sanctioned

by custom that the clashing of the two cannot always be avoided.

3 A2
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equations which can only agree when rzy and %x are constants, and
therefore may be considered as included in the arbitrary functions. Or
we might integrate by page 203 either p+q==f(x-}-f) or p-q=f(x-t),
and we should produce the same results. Change t into at on both

sides, and we obtain v
t^=a^uXS! and its solution.

(87.) x*r+ 2xys+ y
2 t=0 gives u= x<p(y:x)+ ^(y:x)

q*r—2pqs+p'2
t= gives w= (xfu+ y)

r— t=z2p:x gives u=cfr(y+ x)-{-f (y
—x~)—x{<p' (y+ x)—

ty' (y
—x)}.

For Rr+ Ss+ TfeO, when R, S, and T are functions of p and q, see

page 473. Apply § (84.) to this, and «=0 gives p a function of p
and q ; whence V= shows that g~0 can be reduced to an equation

which can be integrated under the form f(p,q)= c. Also this and

dy=pdx give du= vdx, where p and v can be made functions of p and

c only. Elimination of p gives an equation between dx, dy, du, and c,

which may sometimes be integrable. From the preceding we gain this,

that some class of developable surfaces must be a solution of the given

equation.

Rr=V and It— V, when the coefficients are functions of x, y, and p
only, and of x, y, and q only, are only ordinary diff. equ. : for y must be

constant throughout the first, and x throughout the second. Thus,

take p for a variable in the first, and we have the form

4>(p*y>V) £r:
'

k

l'(.
x>y>P)> m P==x(.x>!/>Py)> u=fx-dx+ay,

/3 and a being arbitrary functions.

(88.) Let 0(r, s, f)= be the equation, not containing x, y, u,p, or

q. Let x and y be each considered as a function of both s and t, and

dp—rdx+ sdy and dq= sdx-\-tdy then give

p—rx-\-sy— §(xdr-\-yds) q—sx+ty—f(xds+ ydt) . . . .(p, q),

and xdr+yds and xds-\-ydt must be complete differentials. Assume
then

i 7, ,
dv dv , .

xas+ ydt= dv, orx=—
, y—— ,...{v).

The original equation gives (pr dr + S ds + t
dt = ; from which

xdr-\-yds becomes (and which must be a complete differential)

-*$*-(»£-sr)*. « !(*£) =| (»J-f

But from 0=0, r is a function of s and £, giving ra
——0„:0r,

r
(
= — ( :0r , whence in the last equation two terms disappear, and we

have

f
eta _ S da; cfo/ d2

y , dsv d2v^_

Jr dl~Jr Tt ~dt>
or ^dJ^dTds+V' 1?-°''

a linear equation, similar to those already considered. If v can be found

from it in terms of s and t, we have x and y from (w), and thence p and

q from (p, g), after which we find u from u~px+qy—f(xdp+ydq).
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(l
2V dl

T) .S

2 d3
U

For example, rt—

s

9=0 gives t ——+ 2s -—- +— —-= 0: so that
1

'
b

dt* dt ds t ds*

v=t<j>(s:t)+ f(s:t), from §(87.) Hence

and we see that this merely amounts to supposing p any function of q,*

adding to px+ qy any other function of q; with the condition that, if

u=yx+qy-\-Q, we must have xdp+ydq+ dQ=0. The latter agrees

with §(79.).
This particular example, however, is thus most easily integrated.

The equation, for dp and dq, combined with rt— s
2=0, give

s s
dp=rdx-{-sdy=— (sdx+ tdy) =— dq,

whence p~fq necessarily (page 199). Afterwards, as in § (79.).

,„_ x _ dnu d"u dnu
,

(89.) Let a.— + «, ^-^- + + «,- =0 («, 2/).

Without going into the full investigation, the process may be described

as follows. First, when $ (x, ?/)= 0, let ftlt /.t2 , &c. be the roots of the

equation a fi"-{-a l fi
n~l+ .... +aH=0. If all these roots be unequal,

the solution is M=^, (y+ [Jiix) + ^s (y+ fi2 x')+.. . ., fXi f2, &c. being-

arbitrary functions. But for every set of equal roots write yfs x (-y+ /j. l
x)

+ jty3 (y+ jjLy x) + x2

f3 (y+ {i
x
x) + . . .

.
, with as many terms as there

are equal roots. Next, when (x,y) is not =0, treat it successively

with all the roots in the manner pointed out for two roots in § (84.),

y+ fj.x=c being the equation from which y is obtained. Divide the

result by a , and annex it to ifs l+y2+- • • • , or whatever the preceding

part of the method gives. Suppose, for instance, that n= 3, and that

yu
3+ 6ju2+ 11^+6= is the equation, the roots being —1, — 2, and
— 3. I write down without explanation all the substitutions, integra-

tions, restitutions, &c. &c, <p(x,y) being — xy.

x3 cx% x3
. . x*- ya? x3

*y. »(*+«), T +-p a+<ar-*)T . T -f
v a3 a;

3
a:
4

, a-
3

a?
4

a;
4

, „ N a;
3

a;
4 yx3

a;
4

* To solve fxfx.dx= ¥ (ffxdx). Differentiate both sides, which gives *r=
F' (ffxdx), s&yffxdx=xx '} whence fx= -xJx, and is therefore found.
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x3 x4, x5
x* x5 x5 xi x5 yx* _x?

(3*+c)---, -+ c—--, _+(2/_ 3lr)— -—, —
2Q

whence —4-6-^-+ll-^-+6—= xv
dx3 dx* dy dx dy% dy3

gives u=^ -~+y
l
(y-x)+y2 (y-2x)+ f,(y-3x),

the complete solution. v

(90.) If the linear equation with constant coefficients have also diff.

co. of lower order than the nth, assume u — sF'+vy
. An equation is then

found hetween
fj.
and v, which, being solved, gives, say v=4>fx. We

have then a very general solution in u— J.Cs
FC+ '

pf4'y
, where there may be

any number of terms (even an infinite series) and two distinct arbitrary

constants in every term. For instance, let ar+bs+ct+ep+fq+ gu

= 0. The supposition u=sfM+V!l
gives «//+ tyw-r-cj^+e/i+yV+g^O*

from which, if v=(p/j., we have a solution of the form

u= C, s^x+^-y+ C2
el***/**+ C3

gW+'w +....;

Cj, &c, /x l5 &c. being any constants whatsoever. An infinite number
of arbitrary constants is a circumstance of identical meaning with an

arbitrary function, for
<f>
(x+y), for instance, being arbitrary, and

C (x-{-yy+C l
(x+yy+ .. . ., C , C 1} &c. being arbitrary, are con-

vertible; as are also <£>(x-\-y) and C 'ijf {x+ y)+ C l
'^

l (x+y)+ . . . .,

Y'oj Vi being forms of a given law. It may happen that two infinite

trains of arbitrary constants, as in the last result, are equivalent to two

arbitrary functions : but this is by no means always the case. We must

now consider the question of the arbitrary functions which enter into

results, as to the means of determining them.

(91.) It will be advisable to dwell on one particular instance, and

view it in more than one light, since it is not practice in the operations,

so much as a clear view of the office of the arbitrary functions, which is

required. Let the equation be r=a2
t, of which, beyond all question, the

complete solution is w=0 (y-\-ax)-\-f (y— ax), and the solutions of the

first order are p-\-aq=2a$! (y+ ax), p— aq= —2afr

(y— ax). If x,y,

u be coordinates, we have here the equation of a doubly infinite class of

surfaces, of which the third ordinate u is the sum of the ordinates of two

cylinders, whose generating lines are parallel to the plane of xy, and
make angles with the axis of x, of which the tangents are a and — a.

Let there be a curve of which the equations are x=av, y=fiv, u= yv:

the surface will pass through this curve if the forms of
<f>
and ijs be pro-

perly assumed. In order that it may do so, the equation yv
= <f)(fiv-{-a<xv) + i}f (/3u — aav) must be identically true. This can be

done in an infinite number of ways : let vsv be the inverse function to

y8u + aav, so that ySrou -f- aavsv — v. We have then yrnv = 4>v

-j-i^- (ySwu

—

awmv), and whatever t/r may be,
(f>
can be found accordingly.

Let there be a second curve, x=a
x
v, y= fii v, w^yi^and let P^iV

-\-acc
i
vj

l v=v. We have then another equation like the preceding, and
subtraction gives
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Y' (fii'&iV—aa l
'Bj

l v) —f (fiizv— aamv) = y y
-us

v
v— ynsv

;

in which ty is the only unknown function : say the above is fO x v— tyOv

We have here a functional equation, like that in page 228, and though
our present means of expression hardly enable us to lay the merest
rudiments of what will one day be the calculus of functions * yet as

much as this is known, that many such equations can be solved, and that
there is an infinite number of solutions in most cases. To try an instance,
let us ask whether such a surface can contain two straight lines, both
passing through the origin. Let a, «„ &c. be not functional symbols,
but simple coefficients : this converts the curves into straight lines, as
required. We have then gt= (/3+ aa)

_1
, ro,= (/6,+ aa,)

-1
, and the

functional equation is

„ ffii — «<zi \ , (fi— aa \ / y, y

!+ ««! J \fi4-aa J \jGj4-aaj fi + acc

< + a<x fit—acci \A + #a
i fi + auj fi l

— aa
i

For v write v (fii+ acx^ : fi t
—aa

x : and fv—ty (kv)= lv.

This equation has one solution evident: let tyv=cv -4-C and
c=Z : (1

—

k). Hence if/v is of the first degree, and also 0y, whence the

equation u=Kp (y4-ax)+ys (y—a.v) is that of a plane. But C need
not be a constant ; it may be any function of v which remains unaltered

under a change of v into kv, whence we have

lv
. n (fv=-—-+6 cost

1 rC \^

2irlog v

log k

which d may be any function whatever, provided that 6 (cos .r) does not

contain x except under a periodic trigonometrical function. There
exists, then, an infinite number, or a whole class, of surfaces, which
satisfy the required condition.

(92.) It was at one time a question much discussed, whether the

arbitrary functions which enter into a solution may be discontinuous :

and D'Alembert maintained the negative against Euler, Daniel Ber-
noulli, and, finally, Lagrange. The latter is now universally considered

to have settled the question in the affirmative.f That discontinuous

curves can be drawn upon a continuous surface is obvious : consequently,

it is certainly possible, that continuous surfaces may sometimes be drawn
through discontinuous curves. Hence it might be a question what sort of

discontinuity is allowable in av, fiv, &c, so that and ty, as deduced from
them, may be continuous. This discussion would probably be wholly

* In my article " Calculus of Functions," in the Encyclopaedia Metropolitana,

references will be found to the principal sources of information on this subject, con-
sidered apart. Most mathematical works in the higher branches have more or less

to do with the first principles there laid down.

f The considerations connected with periodic series employed by Lagrange were
replied to by D'Alembert, who thought he had shown his opponent's operations to

involve an absurdity, by proving them to contain the tacit assertion, sin oc=0: see

pages (606,641).
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above the present state of mathematics, and that of which we have just

spoken was a different one : namely, whether it is allowable to suppose

and ^f themselves to be discontinuous. The necessity of meeting this

difficulty arose from the physical questions which were considered. The
equation M«=a2 uxx was found to be that of a vibrating chord, and of a

thin column of air in a state of oscillation. Now suppose that a stretched

elastic string were constrained into an arc of great radius towards the

middle, remaining straight towards both extremities. The figure would
then be discontinuous ; but if the constraining apparatus were instanta-

neously removed, the string would certainly begin to vibrate and yield its

tone. No question also that during the whole motion the law of accele-

ration would be determined by vtf=:a-uxx , at every point except where
the effects of the first discontinuity are found for the time being.

D'Alembert, having remarked that the force of acceleration depends on
the curvature, asks what force shall be considered as applied at a point

of discontinuity, that measured by the curvature on one side or by that

on the other. The proper answer would have been either, or both, or

neither, or any other : for the general state of the string would not be
affected if any infinitely small portion of it were supposed to have any
finite extraneous forces applied. D'Alembert's question amounted to

carrying the notion (convenient when properly understood) of material

points too far : whatever mathematical convenience there may be in

this phraseology, in physics, force requires mass as much as it does

time : and a pressure might as well be supposed to act for no time at

all, as to be communicated by means of no mass. If a mechanical

problem, solved, were altered, say by allowing a very small mass to

have m times its proper gravity, the solution would require less and
less alteration, as the mass affected was supposed less and less : and
if the mass were only one of the infinitely small elements of the

differential calculus, it would require no alteration at all. The same
writer required that the solution should be expressed by one equ-

ation, "une seule et raerae Equation." The answer of Lagrange in-

volved some of the considerations of pages 605—630, and actually

showed how to proceed by one equation. From the pages cited, it

appears that any curve, however discontinuous, may have one and the

same equation throughout: subject at most to a disturbance of results

at the points of discontinuity, which, for the reasons above mentioned,

does not affect its application to physical questions.

Had the considerations with which Lagrange closed the discussion

taken that hold on the mathematical world which they did not do till the

time of Fourier, it would have been matter of wonder if the conclusion

had not been carried further, so as to affect equally the constants of an
ordinary diff. equ. and the functions of a partial one. Let us take the

equation y"~0, of which the complete solution is y=ax+ b. Let these

constants be discontinuous, so that the equation may represent the

slopes figured (dotted) in page 621, of which the equation is given by a

periodic series in page 622. If y" be taken from the series, it will be
found to be, by page 607, =0 at every point except the junction of the

right lines, at which it will be infinite.* In like manner, throwing out

* If dpy : dx 2 be taken as the limit of Azy -. Ax2
, from the figure, it will give if

we start from the junction either way, and oo if one of the necessary elements be
taken on each side of the junction.
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only the epochs of discontinuity, any other ordinary diff. equ. may
have discontinuous constants. In the same manner any primary solu-

tion of a partial diff. equ. may have its constants discontinuous, which

will produce functions of a similar character in the general solution.

(93.) Let us now consider u lt-=a?uxv as the equation which gives the

law* of small oscillations in an infinitely thin tube of air. Here xix repre-

sents the velocity of any particle, and v
t

: a? is the compression, or the

difference between the density of the particle and that of ordinary

air. The functions and f are determined as soon as the state of the

tube at any one moment is known, say when t=Q. At this epoch, let

ax be the velocity of the particle distant by x from an arbitrary origin

taken in the tube, and fix its compression. Consequently, when £=0,
we have ux— ax, u

t
— (i

2
fix, or, since u=<p(x+ai)-\-i}' (x— at), we

have (p'x-\-ys'x=ax, <p'x—ty'x=afix, whence 4>'x and ty'x are found.

First, the tube being supposed of indefinite length, let the initial state of

the system be, that it is all at rest and uncompressed, except only in the

interval from x= c to x=c-\-h, in which the velocity and compression

follow such laws that (frx=:$x and fx—tyx. We have then, using the

notation of page 616, <px=.\
c

c

+h
<frx, fx=l c

c

+h ^x, where l°c
+h means a

constant which is 1 whenever the subject of the function lies between c

and c+ h, and in all other cases. Calling v the velocity of a particle,

and s the compression, we have then

v=rc

+h& (x+aO+Ic

c

+hy (v-at), aj=I^**'(j?+oQ-Ef*¥/ (x-at).

At the end of the time t, then, the state of the tube will be this; all

those particles in which x+ at lies between c and c-f-A will be affected

with velocities represented by <J>' (x-\-at), and compressions represented

by a~ l
<£>' (x+ at) : while those in which x— at lies between c and c+ h,

have the velocities and compressions W (x—at) and

—

aT 1 ^' (x—at).
All the other particles are at rest. The first and last points of the

former disturbance are at x= c—at and x=ic+h— at; of the latter at

x—c-\-at and x=c-\-h-{- at : whence it appears that the two disturbances

travel uniformly along the tube in different directions with equal and
opposite velocities, —a and a. When £=0, the same parts of the tube

are acted on by both disturbances: until c-\-h— at becomes equal to

c+ at, or until t—h : 2a, there are still points affected by both terms of

the velocities and compressions ; after h : 2a of time has elapsed, the

effects of the two functions are clear of each other, and while one dis-

turbance is making its way in one direction, and the other in the other,

the intermediate spaces are reduced to rest, until they feel the effect of

another and a new derangement of a portion of the system. It thus

appears, that only what we may call simple disturbances, in which the

velocities and compressions are derived from <f> (x+ at) alone, or
"*" (,r— at) alone, are capable of being propagated in either direction

without alteration.

Let us now suppose that a disturbance commencing at the origin

(c= 0), and extending over a length //, is of the sort which can be com-
municated onwards in the positive direction (w,= 1P'). At the distance

I (>/i), let there be a fixed obstacle or closed end in the tube. Con-
sequently x=l always gives v= for every value of t. By the equation

* The demonstration may be found in any work on analytical mechanics.



730 DIFFERENTIAL AND INTEGRAL CALCULUS.

«=IJ *' (I— at), v is until /

—

at=h, but from thence to l — at= 0,

there would be a succession of different velocities if it were not for the

obstacle. The moment this begins to take effect, we have no longer any
reason to suppose that the disturbed parts of the tube are affected by \P

only ; but we must take tbe complete solution v=& (x-\-at)+*f?' (x—ai).

We have then & (1+0,1,) +^ {I— at)= for all values of t greater

than (l—h):a; consequently, after this epoch, we have $(l-\-at)

?="¥ (I—at), by integration with respect to t. Write (t—l) :a for f,

and m=^(2l-t), or

u=^r (2l—x+at) + y?(x—at), v~-^' (2l—x+ at)+ ~
i
ir' (x—at)

;

in which, by the initial condition, *Pz has value only when z lies

between and h. The obstacle, then, introduces a disturbance which
travels in the contrary direction to that of the one first given, and gives

velocities to the several particles contrary to those of the first. If

21— (£+ at)=x— at, or x+ £=z2l, the particles distant by £ and x from

the origin will be similarly disturbed in everything but direction.

Hence it is easily shown, that the effect of the obstacle is simply to turn

back every disturbance which reaches it, and to make it travel in the

contrary direction ; the effect being exactly the same as if a second

disturbance similar to the first had begun to progress in the opposite

direction from a point distant by / from the obstacle on the other side.*

(94.) Finally, with regard to discontinuity itself, it may be observed,

that there is no difference between a continuous and discontinuous curve,

except one which may be made as small as we please. As in page 610
we may find a curve which shall with any degree of accuracy represent

a succession of arcs of any different curves. Hence, were there any-

thing solid in the refusal to admit curves (or functions) incapable of

being represented by one and the same equation, it might be answered

that even discontinuous curves may be so represented within any degree

of approximation, and in finite terms : so that, in fact, Jx and yfrx

(discontinuous) may be made to stand on precisely the same footing as

objects of algebraical calculation.

(95.) If we make £=y

—

ax, r]=y+ ax, which simply amounts to

changing the coordinates in the plane of xy, with the same origin and
the same axis of ?/, we have ux ^=^v^i!X -\-u,/1 r}x^=.au„— au*; proceeding

thus,

uxx—a? (w™—2m5„+%), v
yy =:u^-\-2um -\-uw ;

whence uxx-=-cPum gives u^=0, or u=zrf>Z+fr).

On the planes of u, £ and u, r\ construct two curves, u— $l„ ti= ^r]

:

then, if £ and r\ be taken at pleasure, and if P and Q be the points of

those curves, a plane drawn through P, Q, and the origin, has 0£+ 1
/
/,7 f°r

u, where ij and t\ are the coordinates iised in finding P and Q. If <fi

and ty be discontinuous, the mode of performing this construction is as

easy as before, and the discontinuous surface thus produced is readily

shown to be a solution of the equation.

* The elementary notions of the transference of waves contained in the article

Acoustics in the Penny Cyclopaedia, may be of use to those students who are new
to this subject.



ON DIFFERENTIAL EQUATIONS. 731

(96.) An equation being proposed which involves any number of

(Jiff, co., the solution may be generally expressed in powers of x, or in

powers of y : but in the former case the arbitrary functions can be most
conveniently determined by knowing values of u,ux,uxx , &c. when x=0,
in the latter by values of u, uy , um &c. when ?/= 0. Suppose, for

instance, u+ nx=

v

yy : assume u=A+ Bj;+ ^C.r2+ ^ ^ Ex
3+ . — , and

the equation obviously requires that A, B, &c. should be functions of y,
and that A

yi/
=A+B, Bw= B-f-C, COT

=C + E, &c. Hence, from A
only, all the rest can be determined, and we have tt= A+(Aw—A) x
+ 2 (AyOT.y~~2ATO+ A) x?+ The value of A is that of u when
o:=0, and this solution has only one arbitrary function of y. Now
assume u=A+By+^Cif+. . . ., A, B, &c. being functions of x. We
have then A+ A*=C, B+ B^E, &c, so that u=A+By+±(A+A x)y

2

+^^(B +Bx)y
3+ .... Here A and B are arbitrary, and are deter-

mined by the values of u and uy when y=0. There are then two
arbitrary functions of x. Nor is the second solution more general than

the first; for either may be reduced to the other, as in the example of

§ (85.). It appears then that the number of arbitrary functions depends
upon the manner in which they are to be determined. In an ordinary diff.

equ. (x, y, y',

.

. .
.
) = 0, the constants can only be determined by

giving values, expressed or implied, to y and its diff. co., for some specific

value of x ; and we learn that the number of constants depends on the

degree of the equation. The general theory of partial diff. equ. would
seem to point out that there must be as many arbitrary functions as

there are units in the highest degree of the equation : but it must be
remembered that that general theory does not succeed in integrating any
equations except those in which either one variable is not used at all in

differentiation, as in § (87.), or in which there is the same order of

differentiation with respect to both variables. The preceding instances

lead us to conclude that when arbitrary functions are to be determined
by values of u and diff. co. with respect to any one variable, their num-
ber will be determined by the order of the equation with respect to that

variable. It would also appear that the arbitrary functions in such an
equation must either enter with their derived functions ad infinitum, or

under the symbol of definite integration ; certainly not in an ordinary

algebraical form. Take the equation uyy=u-\-ux , and, if possible, let

u=f(x,yi}(\J) be the solution, f and U being determined finite alge-

braical forms, and if; arbitrary. The first side must contain ^"\], and
the second cannot; it is therefore absurd to suppose that w=/can make
u
yy and u-\-vx identical. But this absurdity disappears if t//U, ^'U,

&c. enterf ad infinitum, or if t/^U appear under the sign of definite

integration, in which it may happen that u+ ux can be reduced to

identity with wOT by integration by parts, which may introduce ^''U
into u+ ux .

(97.) I now proceed to point out the manner in which Laplace,

Fourier, Poissop, Cauchy, &c. have exhibited the solution of some partial

diff. equ. by means of definite integrals. First take the equation ii tx= au,

u being a function of t and x. Assume 7i=:A+Bx+ ^Cx-+ . . .
. , from

which we readilv find, as in § (96.), B = afdt.A, C = a2 (fdtyA,
E= a3 (fdt)

3
A, &c. Let A=yt+e, and let ^ t, f, t, &c. be the suc-

cessive integrals without any constants added. We have then
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B C ct 2
Q E cf at

2

a* X* f O* X2

u= yt+ilf1t.ax+f!l
t— + +(c+ oc.ax+P _+...

, J ax* n a
2 x3 \ a2

t
2 /cx* ax3

\

Let (j>x—c+ct-ax+ • • . ., and we have

a? x2
a* f

u^^t+^it . ax+^t —— + . . .+(f>x-{-(f) 1x.at+<f)2x \- . . . .,

no constants being added in either integrations : in fact, supplying the

constants in either set of integrations would only alter the arbitrary

function with which the other set commences. For a similar reason we
may make each integration begin where we please. But from § (1.) we
have

T (n+l)(jldx)n+ l

<t>'x=z
n

f
x ct)'vdv-nxn

- 1

flv(i>
,vdv+. .

.

=fx(x—vyftvdv, and similarly for ty't. Substitute, and we have

r, , / , N Q—vfa2 x2 {t-vfa3 x3

+f* fiv(l+ (a:-v)at+....);

the second series merely interchanging x and t. But (page 292)

r^ *nn Jn 1.3.5...(2n— 1) it

frsin2"0d0== - ^— -,Jo 2.4.6 In 2

i — fi* sin2"A dfl

l
2
.2

2 ...n
2-

ir.l.2.3...2j°
Sm UdU

z
2

z
3 2 n / 22

sin
2 d.z 24 sin4 0.*2

+/o /o* (s
2sinrV(a-1')a(+£-2sin9 VC*-)«») <£'« dt> d0.

Similarly, for w^— —aw, we have

-u—p ff cos (2 sin »J(t—v) ax) y'v dv dd

+ Jo ft cos (2 sin ^(a?—o) ^ 0'« dv dd.

If we had begun, as Poisson* does, by expanding in powers off—

A

* Theorie de la Chaleur, pages 150, 151. In the first page, three lines from the

hottom, supply a in two of the values of 6 ; and in page 151, at and after the second
value of y, for sin'

2a read sin «.
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and x—k, we should' have had in the final result f[ and
f%, with

a (x— k) and a (t—h) in place of ax and at. If a= 0, the preceding is

obviously of the form u— <j>x-{-ft.

(98.) Next assume u t
=a (m„+ww). Assume u=iCsaX ^'ly+ '

lt
, which

satisfies the equation if y=a (a
2 +/S 2

). We have then for a general

solution

the constants being any whatever. Hence we have a right to assume
as a solution «=//0 (a,/6) g^ +fl*2( g^+^'dae/yS, with any limits, and
any function 0; for every element of this integral satisfies the equation

independently. But we have

f±Zfvi+aev dv~e*f±Zs-^°v dv~ s*fiZs-
vi dv=*/«.?*;

for c2 write at. a and at.fi
2
, using different variables, and we have

m=//0 (a, /3) . S** . s» . (f±Zf±Z
g-»2- 2+2V<x.«H 2V««.^ <fo dw) da dp

=/lS/±S//0 (a, yS) gCH*V«0.^»4*.V-0/»r^-"« lft, dwdadft.

Make the integrations first with respect to a. and /3, and it is obvious

that the indeterminate character of gives simply ^ {.oc+ 2v >Jat,

y+ 2w t/a£), whence we have as a solution

u=f±lf±Zf{x+2vJ.at, y+2w fJ.at}s~v
'
i-'o2 dvdw.

The same method would obviously apply, whatever might be the

number of variables on the second side of the given equation. The solu-

tion is also complete, for the equation is only of the first order with

respect to t, and ty must here be determined by making £=0, and

assigning u.

(99.) We now consider the other form of solution, of ut~auxx,

derived from the series as in § (85.).

y=¥+*'4a+<t
'°t 5XH? +- +*••+** 5ST.+

xZn 2" 1 / r2\"
in which 0<">* . = .

(
—

) <h^t* 1.2. 3... 2ai. a" 1.3. ..2/1-1 1 .2.3. . .n \iaJ Y

dv 2its-
c

2tvE-
c

(page 640)
J ^—^^ _

p (%+^
-

(fl_i)(l|_f) . <^ .

2
n

g
c r+a £"V-' (fo

1.3... 2/i— 1

_
V^J _=(c+t;V— l)"+i

'

The first part of u is therefore (c+v J — l being called 2
_1

)

__£_ r+ra
f ^_ 1

g^- 1 dv
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€x r+m
f x*_ 1

g^- 1 dv

since the second series is obtained by differentiating the first with

respect to x, multiplying by a, and then changing (p't into ft. And
(fit and ft are the values of u and vx when x=0. And c must be some
quantity >0, it does not matter what.

(100.) When the complete integral requires two arbitrary functions,

the preceding method will generally give them, het vxx+vvy+v zz=0,
and assume u=CsaX+^+,,z

. We find, then, a
2 + /3

2 +y2=0; or if

cc—XaJ—1, fi—fxj—l, we have y=V(X.2

+f;), in all of which the

square roots may have any signs. Hence the following is a solution

:

multiplied by any constant ; and the same if —^(\2+/x2
) be used.

Hence, as in the last article, we have for u a

//(0 (X, rf . cos \x . cos py £v W+«-» dX <//*

+JW (x> A<) • cos x*

•

cos j"y • £
"v(x2+^2) - z dX dfi :

any limits being taken at either integration ; for every element of either

integral satisfies the equations. Any transformation that we may make
cannot prevent the whole integral from satisfying the equation, though

it may not yield separate elements which also satisfy it. Thus, let

rsin0=X, rcosX=/x, and proceed by page 395, which gives for u,

<j> (r sin 6, r cos 6) being really of the same effect as (r, 0),

ffcfi (r, 0) cos (r sin Q .x) . cos (r cos 6
.
y) s

rz rdr dd

+fff ( r, 0) cos (r sin Q . x) cos (r cos 6 . y) e~rz rdr dd

;

any limits being taken for r and 9, and not necessarily the same in both

terms.

(101.) Let v
t
—a?(itxx—mx~2

u). Assume u= Vsa<i
"\ P being a

function of x only. We have then Pa=P"

—

mx~*P. Let?? (n-l)= m,
giving two values for v, except only when 4m= — 1. We have then

§ (51.), P=af Q, where Q"+ 2nx~ 1 Q'—«Q=0, the complete integral

of which is by § (50.).

QrrC, /+» £V-OT (1—

V

2)"- 1 dv+C.2 x-
2n+1

f±\
gV"- (l- v*)-" dv.

Let p and q be the two values of n, then using p for n in the last,

—2p+l = —p+ q, since p-\-q=l. Make ^= cos w, then, remember-
ing that the arbitrary constants may have any sign, we have

P=d cff* s*
Va cos ,0 sin^-He dw+ C 2 x"f; s*v-« » sin

2'-1^ rfw.

For £
a2a

' write ir
-*/!" £

_l,2+2aW
-°' dv, and P£°

2 "' can then be expressed.

Let C l
=0arfa, C2=^arfa, then, since any number of such terms may

be in the solution, we have

jK.u=xp
ff;f±Z g-

a+c*«»»+««»vov.0a sitfp
- lw.da dw dv+x"/, &c.

;

the second term being a similar function of q and f. Integrate first
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with respect to «, which merely introduces an arbitrary function of

x cos w-\-2avJt, so that we have

u=xp
f*g f±Z (^ cos w+ 2avjt). sin2p

"
'w .

£~vi dw dv+ off*, &c.

This solution can generally only be depended upon when p and q
are positive, or 2p— 1 and 2q — 1 each > — 1 , for reasons shown in

§ (50.). If, however, p and q have the form X + p ^— 1 , it will appear

on substitution that X must be positive. The form sin
±/C4V-^ is but a

transformation of cos (p log sin w) ± *] — 1 . sin (p log sin w), which is

never infinite.

When 4m—— 1, and p and q are each equal to ^, proceed as in

§(50.): make q=±+ 1>, reason in the manner cited, and it will be

found that the result is

u=Jx.fzf±2(j>.s-
v2 dw dv+ jjrflftsyr.e~*

a

dog O sinB M?) dw dv,

in which the subjects of <p and ty are omitted for abbreviation.

(102.) The introduction of the arbitrary function in §(98.) and §(101.)

depends upon the following assertion : any function whatever of x can

be represented by A&"
x+ BsISx+ . . . ., if the constants may be any what-

soever, even infinitely small or great. In converting this series into

fcpv . £
vx dv, and making the result represent any function of x, we should

be in fact making the mistake alluded to in pages 671 and 673, if we
were not to remember that 1,As

aX might be here written for f(pv.s
tx

dv.

If we would have the preceding give us xm , for instance, we only give the

limit of (&*"— l)
m

: p
m

, when p=0. Knowing that whatever is true up
to the limit is true at the limit, we may therefore write xm, because we
may write (s^*— l)

m
: p

m
for any value* of p, however small. Also in

regard to the results of the preceding articles generally, the student is

referred to the higher class of works on physics for the manner in which
they are used. What is now evident is, that whereas no general case

(that is, with any given values of the arbitrary functions) was actually

attainable before these transformations, any such case is now calculable

from the definite integrals : and that which is prolix is substituted for

that which was unattainable.

(103.) Whenever one of the variables x or y is missing from the

coefficients, and the equation is homogeneous with respect to u, vx, and
Vy, the equation may be reduced to depend on a common diff. equ.

For example, let ul+Pv^Qu2
, P and Q being functions ofx. Assume

u= zs
ay

, z being a function of a1

, which gives ^' 2+ Pa2
^2=Qz2

, or

*=CS/(Q-P*
8
)
i dx

, U= CsAQ -P*2
)* dx\ay.

This is a primary solution, since there are the constants C and «

;

whence the general solution can be found, as in § (75.). As another

example, take ul+ul = u2
. A primary solution is found in u=

Cgcoi ».«+.«»«.». make C=e*9
, and find d from —sin d.x+ cos 6.y+<p'd

* Abel, whom I have mentioned as having made this incautious assertion rela-

tive to J' ipv.i
vx dv, generally uses it only when 2AsVI would have done as well, and

therefoie avoids error. This is to be particularly noticed in regard to his view of
the calculus of operations, alluded to in the Penny Cyclopcedia, article Operation.
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=0. Substitution gives the general solution. Thus 0'0=c cos 6—c x
sin 6,

-will be found to lead to (logw) 2— (ci+ .z)
2+ (c+2/) 2

, which may easily

be verified, and may itself be taken as a new primary solution. When
the equation is linear, this method will lead to a definite integral.

(104.) An equation of differences can hardly be properly understood

without some notion of a functional equation. If f{x, $ax, (fifix, 0yx,
&c.) = 0, in which f, a, fi, &c. are symbols of known functions, and

of one to be determined, we have before us a functional equation, from
which it is demanded to determine 4>x so as to satisfy this equation. One
of the simplest of functional equations is afix—ax, where a is known.
One solution is <fix=x ; but there are others : for if <fix=y, every solu-

tion of ayz^ax solves the equation. Let a~ l x denote any solution of

ay=zx; then of all the values of a~l ax, one is x, and the others are

different functions of x\ but in every case aa~1 x=x, by hypothesis.

Let a-1 always denote the inverse of a, which gives a~1ax=x; let

a_! x denote any other inverse of x : let the first be called a convertible,

the second an inconvertible, inverse. It is found from the nature

of the solution of an equation, that for every solution which ay—x can

have, ay has one peculiar form, with which one of the inverses is con-

vertible, and all the rest inconvertible : so that every inverse is con-

vertible with some form of the function. For example, if y*+2ay=x,
or y=—a±^/(^+a2

), where J signifies extraction without change

of sign, we find two forms of y
r
-\-2ay, namely, (T/-f-a)

2—

a

2 and

(—y—a,y—

a

2
. Let y^-\-2ayt=ay, and to the first form —a+ J^x+a?)

is a~ l

x, giving a~lax =± x ; while — a — ^/(x-1-a
2
) is a_ x x, giving

a_
Y
ax=—2a—y. But to the second form —a— J{x-\-a

2
) is a~l

x,

and —a+ /J(x+ a2
) is a_x x. And it may be shown,* that whenever

ay=x has only a finite number of solutions, every form of a_
Y
ax is a

repeating f function; that is, if a_
x
ax = fix, and if fix, fi(fix),

ft {(3 (fix)}, &c, or fix, fi*x, ft
3
x, &c. be formed, we must, for some

value of n, have fi

nxt=x, fi
n+l

x==fix, &c.

Let f(x, 0.r, tyx ax, ty^a^x,. . . .)=0, where a is known, and ^n Y'aj

&c. are arbitrary. Find fix from afixz=.ax, and, if there be enough,

form one more of the following equations than there are arbitrary

functions,

f(x, 0X, 1^1 aX l ^i^X,. . . .)=0,

fifir, <f>fix, yx aftx,.. . .)=0, f(fi
2
x, <pfi*x,. . . 0=0, &c.

:

then, remembering that afix— ax, afi*x—ax, a?fixz=ax, &c, eliminate

the n arbitrary functions ^x ax, f2 a?x, &c. from the n+ l equations.

The result is an equation of the form F (x, 0jf, <fifix, 0/3
2
tr,. . . .)= :

and if the question be now inverted, and this last equation proposed as

a functional equation to be solved, we see that, if fi
nx be the highest

function of fi in it, its solution depends upon ?i arbitrary functions

•^x ax, fz ax, &c, where a may be any solution, and ought to be the

most general solution of £,fix-==-\x : from which £x is to be found. I do

not say that/— is the most general solution of F==0; but it is the

most general which we can find.

* Encyclopaedia Metvopolitana, Calculus of Functions, § 32—36.

•J-
I use the word repeating, and not periodic, because I consider that the latter

term is wanting to express the difference of character between algebraic and

trigonometrical quantities.
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The only mode of solving £fix=si-x which has yet been given, when
fix is not repeating, depends upon the expression of fi"x as a function of

n and x. Let fi"x=%(n,x). This function x is not altered by a

simultaneous change of n into n — 1, and x into fix : if, then, n= Bx be
the solution of const.==^(?t, x), the function Bx is a solution of

Bfix~Bx— 1. Consequently, cos2irBx is one solution of '£,fix=£x,

and cos 2t Bx is a very general solution, where is any function which
does not contain inverse trigonometrical operations.

But when fix is a repeating function of the nth order, any symmetri-
cal function of x, fix, t

3"x, . . . ,fi
n~ lx is a solution of £/3.r=:£r. But so

much is not necessary : for any symmetrical function of the set

X (r, fix,... .fi
n- l

x), x (fix, fi*x,.

.

. .x), x (/?*, /3
3

f • . • ./3a-), &c. will

do ; and the last is not necessarily symmetrical with respect to x, fix,

&c. Thus ab2 c3+ be'
2 a3

-\- ca2
b
3

is not symmetrical with respect to a,

b, c.

The equation F=0 may sometimes (theoretically, ahvays) be reduced

to an equation of differences ; that is, to one between* ux , Aux , A2ux , &c,
or between ux , ux+l , ux+i , &c. Let ux+l=fiux be capable of solution,

and let 4jux=vx . In F=0 write ux for x, which gives F (ux < vx , vx+li
&c.)= 0, another equation of differences. If the last can be solved, and
if itj give vx=Yx , we have <£(«*)—V*, where ux is § known function :

from this §x can be found. In this subject the inversion of every

function is assumed.

The arbitrary functions which enter into F (?/*, vx, vx+l , ....) = must
be solutions of £ (x+ l)=^x, of which every expressible solution is con-

tained in cos 2ttx. If a solution can be found which contains any
number of arbitrary constants, each constant may be altered into any
function (except an inverse trigonometrical one) of cos 2-rrx : for, in

satisfying the equation, the asserted solution undergoes no change except

what arises from changing x into x+ 1 : consequently, cos 2irx, and all

functions of it, remain unchanged. To show how material this con-

sideration is, let it be proposed to find the equation of all curves which
have equal diameters (or lines drawn through a given pole). Referring

the curve to polar coordinates, we have, say r= u e for its equation, and

ue+ it0+ir—a expresses the fundamental condition of the curve. Let

u9=f(9 : t), and let ve==fd, then : t being x, we have vx+ vx+1=:a, an

equation of which ^= 3
- a+C cos -kx is one solution, and vx —^a

-f- cos ttx
Y--

cos 2ifx the complete solution. This gives r=ha+ cosQ.

f cos 20, which satisfies the condition. Had we not changed C into

ty cos 2nx, we should have obtained only one of the infinite number of

curves which are answers to the question.

(105.) We shall now consider the formation of an equation of differ-

ences in a manner corresponding to that of an ordinary diff. equ. Let

y~ax-\-$a, where a is, for the present, a constant. We have then

Ay=aAx, and elimination of a gives y=(Ay : Ax) .x+ tf>
(Ay : At), an

equation of differences of which one complete solution is seen in

yznax+ cfia, if a be any periodic function of cos (2tt : Ax). But if a

be any other function of x, we have Ay=aAx+xAa+ Ax . Aa-j-Afa,

and assuming (x+ Ax) Aa+ A0a=:O, we have the same equation of

* In all questions connected with equations of differences, ux stands for a function

of x, v x for another function of x, and su on.

3 B
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differences as before. If, then, a be determined from the last equation,

say =1/' (x, b), b being a new constant, we have for a new solution of

the equation of differences the following, y~f (#, b).x+ <j>f
(x, b).

This seems to answer to the singular solution of a diff. equ., though

there are some remarkable points of distinction, as the following example

will show.

Let y=ax-\-a*, to which the equation of differences is y — (Ay : Ar) x

+ (Ay : Ax)*. Assuming a to be a function of x, we find that Ay— aAx
remains true only when xAa + Ax.Aa + 2a Aa+ (Aa) 2=0 ; reject

Aa=0, which gives the ordinary solution, and we have x+2a+ Aa
+ Aa?=0, of which the first of the following equations is a solution, the

second being the resulting value of y:

fl=i(-I).*--§•-£, 3,={6(_ir^_^}
s

_^.

This last equation is as complete a solution of y==(Ay : Ax) .x

4-(Az/ : A#)2
as y=ax+a? itself, but it involves Ax necessarily, and

gives impossible values except when x : Ax is a whole number. It would

not be right to call the second a singular solution, because if the second

solution were taken as the principal solution, the first would become its

singular solution, as follows. Assume b to be a function of x, and Ay
in the last remains of the same form as before when

(26 (— 1)* !A

*-
Y+A6(-l)* ! ^A6(-l)* :Ar=0;

the first factor of which vanishes if b=—(s^+ c)(— 1)* =^ jf suc [, a

root of — 1 be taken in the value of b as is the reciprocal of that used

in the value of y. Substituting for b, we have

y={-lx+c-lAxy-ix\

which becomes ax+a?, where a is written for —c-f-iAa;.

If Ax be made infinitely small, the equation of differences becomes the

diff. equ. y=y' x+yn
; the first solution remains as before, and the

second* becomes y=—±x?
; the singular solution. For (— 1)* : Ax

=cos (ttj? : Aj?)+V— 1 sin(Tro:: Ax), which vanishes when the angles

become infinite.

The following method of Poisson puts the preceding question in its

proper point of view. The fundamental equation y=ax+a2 gives two
values of a, say u and v, which become, say Wj and v iy when x becomes

x+ Ax. The. equation of differences is then obtained by eliminating a
between (a— u) (a—v) — and (a — ui)(a—v,)=0. Now as either

factor in each equation may be made to vanish, we have four results,

u=uu v—Vi, u=-v
v , Ui=v. And we have

Now the first pair of equations, amounting to Aw=0, At?=0, give

* M. Charles, {Mem. Acad. Sci., 1788,) who first noticed the second solution of
an equation of differences, has attempted to show that there is another solution of

a common diff. equ. of which the singular solution is a particular case. But his

method contains the sine, &c. of an infinite angle, which he takes to be finite.
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v=a
)
v=a, which amount to the original equation y=ax-\-a9

: and

either of them, cleared of radicals, would give the original equation of

differences. The remaining pair give, X being \f{ix
2
+y),

AX+ 2X+1 A.r=0, AX +2X—£Ar=0; take the first,

J{l(x+Axy+y +Ay}+J(}x*+y) +L&x=0 .

Clear this of radicals, and it will be found to lead to the original

equation of differences, while it can be solved in the form AX+ 2X
+^At=0, and gives X=b(—iy :Ac— 4 Ax, from which the second
solution is found. The equation AX+2X—lA.r=0 gives X=—
b (— 1)* : Az+i Ax, which also gives the second solution. The truth is,

that complete algebraical elimination of a between (a

—

u) (a

—

v)—Q
and (a—uC) (a—v^— gives (u t

—u) (u
x

—v) (vi—u){v
x
—v)=0 ; or,

if X become X l5 when x becomes x+Ax,

(-±Ax+X
1-X)(-hAx+X l+X)(-iAx-X 1-X)

(-^Ax-X l+ X)=0;
or ^ (Axy-(Xi+x>).± (Axy+(X*-xy^o,

or (Ay)*+xAy Ax—y{Axy =0,

by simple substitution: so that the equation of either of the four

factors to zero amounts to the last equation. This casts some new
light on the singular solution of a diff. equ., or rather on how it happens
that the two distinct solutions, with arbitrary constants, of an equation

of differences, do not give two such solutions to the corresponding diff.

equ. which arises on the supposition of the increments being infinitely

small. In this case, the equation of the product of the four factors to

zero, gives us

(-£cfa+ dX) (-£<&+ 2X +dX)(—hdx—2X-dX)

(—±dx—dX)=:0.

Now the first or fourth factor being equated to nothing gives a simple

diff. equ., and both come to the same, when cleared of radical quantities.

But —ldx+2X+dX—0 and —\dx—2X—dX=.0 is each incon-

gruous with itself, amounting to the equation of an infinitely small quan-

tity with a finite quantity, unless X=0 and —\dx~±dX— are

co-existent. Now X=0 gives y=

—

\x%
, and the second equation may

be reduced to y—y fx+y'\ which X=0 will be found to satisfy. From
this sort of process an independent proof might easily be given, that

where an equation is reduced to the form a=$ (&»?)> the singular solu-

tion of its diff. equ. is among the solutions of da : dx— cc.

(106.) An equation of differences may be written either in the form

<p (x, ue, Au„ A2 u„ &c.) = 0, or f (x, ux , ux+u ux+o, &c.) = 0. The

second may be reduced to the first by writing us+Aux, ux+2Aux -\- A*uzi

&c, for ux+l , ux+2 , &c. The first form best preserves the analogy with

ordinary diff. equ. ; the second is more generally used, and perhaps

more convenient. The only case which admits of complete solution

from among the general forms is Aux+Kx ux=Lx , or its equivalent,

ux+1—PrM^Q*: but this complete solution cannot be obtained with-

out supposing that we can always solve the equation Az^—R,, Rx being

3B2
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a given function ; just as in the integration of ordinary diff. equ. every

equation is considered as solved when it is reduced to the form dy=-<j>x dx.

As before, we denote by 2R* the function whose difference is Rs .

In solving equations of differences, we are generally obliged to have

recourse to the insufficient forms of functions which are intelligible

only when x is integer; such as we have already reduced to more
general forms in pages 593—597. For example, in the case of

ux+i—Px ux
—Qx , let x be integer, and divide both sides by P .Pi. .. •

P*. We have then

M*+i 'ux Q*

PoPxPi.-.p, p Pi-..p*-i PoPr-.-p;

^p p1 ....p,. 1x(^Tp^

=P3 P,..Pa. 1 {€+| +^-+ .... +_9=^
where C is any function of x which does not change when x is changed

into x+ 1 ; that is, any really periodic function of cos 2tx. This solu-

tion, which may be easily verified, becomes unintelligible when x is

fractional, and will remain so until we can find the general solutions of

vx+1=Px vx and wx+l
—wx=QiX : vx+l , in such forms that no number of

terms, nor number of factors, shall be a function of x. In that case we
shall have ux—vx wx, ux+l—P, w*=u*+i wx+1

— vx+lwx=Qx . As we now
stand, P P t . . . . P^j and C + Q : P + . . . . are the same sort of antici-

pations of vx and wx which 1.2.3.... {x— 1) is of Yx, until we become
acquainted with the generalities of that function, or which a x a x a ...

.

(.r factors) is of ax, until we arrive at the full notion of an exponential

function.

For example, let wt+1
—aux~x, the solution of which is

I a1 a3 a J 1

—

a (1— a)
2

where C^ is a function of the same sort as C. In this instance the sum-

mation can actually be performed, as also, in every case of ux+x—au,v

= P*, where P* is a rational and integral function of x. If a particular

solution zjx can be found by easier means, then wx -\-Q,a
x

is the general

solution.

(107.) Three modes may be suggested of saving some of the details

of the last mentioned case. Suppose, for instance, the equation is

ux+l—aux=x3+2x*+ 1.

First, assume ux—pxs
-{-qxz+rx+si p, q, Sec. being functions of a.

Substitution gives

vQ—a)=l, 3p+ q(l—d)T=2, 3p+2q+r(l-a)=0,

p+ q+r+stl—a)= l

;

from which we get for the general solution
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x3 (2a+l )x* (7a— 1) j? a3+7a-2
M*- CaI+r^ 71=^ +

(i-a)»
~

(i-«)*
•

Secondly; the solution of ux+l—anx= Ax being az
2, (A x a

_(I+1)
), and

one case of Si?* being. A-1
^, or u*_i+iV-s+ • • • . ad inf., we may

throw the preceding solution into the form A a,_ 1+ A.c_2 .a+ Ax_ 3 . a2

+ ...., which, moreover, obviously satisfies the condition. Apply the

calculus of operation, and this becomes the operation (1 + A)-1

+ (l+ A)-2
.a-j- or (1+A -a)"', or (l-a)-»-(l—tf)"*A+ . .

.

performed on Ax , which gives for the complete solution

A x AA, A 2 A, A3 A.
u*- CaX+izra -Qz:ay

+ (i-ay (l -a) 4
'

which takes a finite form when A* is a rational and integral function.

Thirdly; proceeding by the formula in p. 311, § 174, we obtain for

the complete solution (A'x , A"*, &c, being diff. co. with respect to x)

„ x , 1 a 1 *, . &2 A", 63 A'"

where &2—l + «) &3=l + 4a+a2
, 64=1 + 11 a+ 11 a?+a5

,

Z>
5
=l + 26a-f66a2+26a3+ a\ &c=l + 57a+302a2+302a3+57a4+a5

.

If a be negative in the above example, say a= — c, the only circum-

stance which requires consideration is the change of Cax
into C ( — c)",

or C ( -^1)*.. C*. Here C (— 1)* implies a function which changes sign

only and not value, when x becomes x+ 1, and its plainest real form is

cos irx.f(cos 2irx), where /(cos x) is truly periodic.

(108.) If we take vx+l—aux=x~l

, we find for the solution

a 3 2a3 3a4 0~I) a
J

which is intelligible only when <* is integer, unless it be thrown into the

form of a definite integral, (the only finite form known for it,) in which
case it becomes generally intelligible. If a>l, the following is the

form:

uz— Cax+ ax~ l — v
x
dv.

J a v-1

Having, in Chapter XX., fully considered the method of transforming

finite series into definite integrals, and of making the definite integrals

so found apply to cases in which the finite series become incon-

ceivable, from the letter which expresses a number of terms becoming
fractional, we have nothing to do in this chapter except to consider the

method of finding solutions to equations of differences in the manner
preceding, namely, in the form of a finite series for integer values of x.

The subsequent attainment of a definite integral by means of this series

is a subject apart. Laplace has shown how, in a few instances, to pass

from the equation at once to the definite integral, but the cases in which
the application is practicable are mostly those in which it could be dis-

pensed with. And, moreover, it does not apply to equations which have
a term independent of v z .
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(109.) The general reduction of a continued fraction to another form

depends upon equations of differences. If ~Nx=ax : (bx -\-(ax+l : (bx+l
-j- ))), we obviously have ~Nx=ax : (6,+N„+I ), or N, Nx+l+6,N,
z=ax . This equation may he reduced to a linear form by assuming

Nx^ux+l :ux , which gives ux+z-)-bx ux+lz=ax ux . But even if this equa-

tion could be integrated, two periodic functions would enter into the

complete integral, aud it would not be easy either to distinguish the

cases in which these functions are only simple constants from the rest, or

to choose the proper periodic function in those cases which require it.

In fact, a continued fraction ranks with a divergent series whenever

ax : bx, ax+l : bx+l , &c. are or permanently become severally greater than

unity : so that the continued fraction can only be known from its

inveloped,' form. To show the difficulty more closely, take the inverse

method derived from the above, and assume bx=l. We have then

aa=N^(Nx+1+ l), or

• N _NX (N,+1+ 1) N^(N,+8+l) N^CN^s+l)
x~ 1+ 1+ 1 + &C.

x(x+2) 0+1)0+ 3) (a?+ 2)(a?+4)
N.=. gives *=— T+^r--

We might now, perhaps, be inclined to say, that if this divergent

development represent anything, it is x: but, if we take it as an object

of inquiry, we find that the continued fraction last written might be

derived equally from NM any solution of Njr Na.+1+N jC
=;r (#+ 2). If

the fraction were convergent, we might decide by the common approxi-

mative process, in particular cases, whether it is or is not equal to x

:

but as this cannot be done, and as in common algebra a divergent series

produced from a function of ambiguous value can frequently be shown
to be an analytical representation of any one of the values, I think it

would not be safe to say anything else of a divergent continued fraction.

(110.) The general equation of the second order ux+2 -\-'Px ux+i+Qx^x
-r-Zj^rO can be solved as soon as a particular solution of ux+2 -\-Px vx+1
+ QX ux~0 is found : that is, it can then be reduced to the solution of a

general equation of the first order.

Let ux=tvx be such a particular solution, and let vx~'utx vx be the

solution of the complete equation. We have then

™x+Avx+2&vx+&H\)+ ~Px
'&

!C+l (vx+ Avx)+Qx >Gyx vx+ Z.v=0;

which, since ^+2+P*aVH-fQ :I!
ar

ir
t=:0, gives (Aur being called zx)

^,+2 A2
vx+ (2^+g+P, fsr,+l) Avx+ Zx=0,

or *?x+n *x+1+ (

w

a+2 -f Px ot,+1) zx + Z,= ;

from which, zx being found, ux=vjx 2zx . Two constants enter, one in

zx , and one in the summation. If Z
a;=0, we find for the general solu-

tion of vx+ii -\-Px vx+l+ Q^ vx—0,

v^*.{l +Pg-...±(l +P.£) (j +p.^J+ cw.,



ON DIFFERENTIAL EQUATIONS. 743

which may be reduced to

,,-rvr jQoQi
,
Q0Q1Q2

,
^QoQ,...Q*-2 ] , n

where C and C
x
are functions of cos Ittx. In this manner uI+2— 2ux+l

+ ux~0, which is satisfied by ux=C, is also found to have for its com-
plete solution ux=dx+ C.

(111.) The general linear equation of the nth degree,

ux+n+ P„ ux+n_ ,
4-Q, ux+n_2 + ....+ Z,= (1),

if completely integrated when n arbitrary constants (or functions of

cos 2wx) enter the solution, is integrable when n distinct particular solu-

tions can be found, satisfying the equation deprived of the term Zx .

Let those particular solutions be ux—-cjx , ux=kx ,. . . .«,=«,: then the

equation, deprived of its last term, will be completely satisfied by

ux=Avyx+BKx+ Cpx+ . . . . +Mw,.

To pass to the integral of (1), assume instead of A, B, C, &c. functions
of cos 2tx, A„ Bx , C,r , &c. any requisite functions of cr, which being n
in number, we have a right to choose n— 1 assumptions. Let S be the

symbol of summation with reference to the various solutions, so that

ux= S (A, nr,) or S .Ar mx . Then ux+l == S . A^ vjx+1 + S . AA*mx+l ;

assume S . vxx+l AAX = 0. Again, ux+2 = S . Ax™x+2 + S . AA* ot,+s ;

assume S.ra^+g AAa=0. Proceed in this way until we come to ux+n^
= S . Aa, «j

,

a+B_ 1 ,
by which time we shall have made n— 1 assumptions,

namely

S.rrr^ AAx=:0, S.ctx+2 AAa;=0, S.«iya!+B_1 AA a:
=0.

Finally, ux+n= S . A, ro
,

J ,.+„+ S . zcrx+n AAX , and

llx+n+Px UX+n-l+ +Z,= S.AX (or,+,+P, «.+_»+ )

+ S.z<Tx+n AAx+Zx ;

of which S. Ax (vsx+n -\- • • • •) vanishes in every term contained under S,

because iax , &c. are particular solutions of the equation deprived of its

last term. We have only then to add to the n— 1 assumptions the

equation S.t^x+n AAx -f-Zx=0, and thus we have n linear equations to

determine AA*, AB„ &c. from : after which A r , Bx , &c. must be deter-

mined by integration or summation, each having an arbitrary constant,

or function of cos 2irx.

For example, ux+i+¥x ux+l -\-Qx vx=Q, being satisfied by vx=mx and

ux= kx , has ux=Amx+ Biix for its general solution. Assume ux=Ax tjx

+ Bz kx for the solution of ux+2+ P* vx+i -± Qx ux+ ZJ.=0, and we have

ux+l-^Ax iv:i+l+Bx K^-t, if wre assume cr1+ i AAj.-r-A.Vn AB.r
=0

m,+2=A. rox+2+Bx kx+2+ to x+ .2 AA,+ K«+a ABX

ux+,+
iPx ux+l+ Qx ux+Zx=Ax (^x+2+V^xi. l+Qx zyx )

+ Bx fc.+.+P, kx+1+QxO+ma+a AA.-Kv.-s AB,+Z,

whence the complete equation is satisfied, since wx+2 -l- P^ wJ
.+1 -j- Q^. ot,

= 0, ic+i+P,«»+i+Q.K,=0, by
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or by AA* = ——-
, AB,= '

M-l ^+2 ^z+1 "'s+a "^+1 ^.r+2 ^+1 OJx+2W1+ l K,+a KL . , CTT

whence vx—vyx z, ^ 2

(112.) If it should happen that two or more of the solutions become
the same, in any particular case, a process resembling that of § (21.)
must be employed. Suppose, for example, that vx+n+ ~PX ux+„_l+ ....

+Yx ux= has for its general solution ux—

A

,nrx -{-~Bt:x -{-Cpx -+- . . .

.

Suppose, moreover, that isx contains the given constant a, that kx con-

tains b, px contains c, &c, and first, when b= a, let mx=Kxi so that in

that case the compound solution Atnx-\-'Bi:x is only (A+B)^, and
contains one arbitrary constant only. Let bz=a+ h, and let accentua-

tion refer to differentiation with respect to a ; we have then

A^.+B^=(A+B) cr
e
+BAio'x-f-iB/i

s .«T"
ir+

As h diminishes without limit, let B increase without limit, so that

B/i= B l5 and at the same time suppose A to increase without limit with

a contrary sign to B, in such manner that A+B= A!. The next term,

or ^Bi/ioj"* diminishes without limit, and still more those which
follow ; so that A 1

w
3.4-B 1

ro'
;c

is the part of the complete solution which
must be substituted for A^+B^ when h—0, or a^=.b. Again, if

a=c makes px=ivx , we have, making c=a+k,

A l
^+B 1

<+Cp,=(A 1+C)^+ (B
1+ C)/eta^+lCFcr"x+....;

whence it may be shown in the same manner that Aa^+ Baro'
'

x -\- C2 ot"
'

x

is the part of the general solution which must take the place of

Ai^x+ BKX+Cpx when b=c=a : and so on.

(113.) The theory of the linear equation Mar+n-f-P^+„_ 1 -f . . .

.

-{-Yux=0, where P, Q, &c. are constants, closely resembles that of

differential equations of the same kind. Assume ux=cx
, and let ct,

k, p, &c. be the roots (supposed unequal) of c"+ Pen_1+ . . . . -|- Y=0.
Then the general solution is ux=Aiv

x+ BK:
x+ Cpx+ .... If any num-

ber of roots, say four, are equal, ct being one of them, the part of the

general solution corresponding is, by the last article,

AOT*+ A! XT3
X~X+A 2 X (X— l)OT*

-2
-fA3 x (x— 1) (x—2) to*

-3
;

which is of the same form as ns
x (A+A x x+ A^x*+As x

3
)

.

The general solution of ux+z+~Pvx+1+Qirx+Zx=0, P and Q being-

constant, and ct and a: the roots of c2+ Pc-i-Q=0, is

u x=Akx+Bkx + 2 -—
l 2-xn»

except when ct= k:, in which case it is

ux~vf (A-fB,r)+ CT 2. jz xmx z —rr,-
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(1.14.) The following mode is in theory applicable to equations of

any order. Let us take one of the third order, vJ+3+Vx ux+i -\-Qx nx+l
+ Rx ux+Zx= 0. Assume vx+l+ p j: vx -\- q j;=0, and let ax and (3X be
two undetermined functions of x. We have then

Ux+3+px+2 Vx+2+ qx+2+ ax (Ws+2+l^+i M*+1+&+i)

+ /3, (Ux+1+px W,+ gr
x) = 0,

which becomes the given equation if

p.r+2+a,= P„ «,^+1+ /3,— Q,, /3,p.c= R,,

^+8

+

«x qx+i+ A, g*= Z.t.

;

Or «X=P,—p.c+2 , Ar=Q,—P^.x+1+^ +1^+2,

Though this last equation be not of the first degree, it is of an order

inferior by a unit to the given equation ; and if only a particular solu-

tion of it can be found, the value of px thus obtained will produce

corresponding values for ax and fix with which the complete value of qx
must be found from the equation for Zx , containing two constants.

Then the equation ux+l-\-px ux -\-qx must be integrated, from which ux

may be found with three arbitrary constants.

If we apply this method to an equation of the second degree,

ux+i+Fx ux+l+Qx ux+Zx=0, we find

tt*+2+p»+i MI+1i q,+i+otx (Ms+i+px ux+ qx)= 0,

P*+i+ «*=P« ocxpx—

Q

x, qx+l+ ax qx=Zx ,

a*=P*~p*+u Q*—Px px—PxPx+i-

From this it appears that when P* is =0 the equation is always theoreti-

cally integrable, since log

p

x —tx enables us to determine tx from

k+l+ 'a-logC-Q*).

(115.) The equation ux+n +

p

x Px ux+1,_ l + px px_l Qx ux+n_<i +
+px j}.t-i- • • -p.v-n+1 Yj«, is reduced by the assumption ux=zp p 1 p2 . . .

.

P*-n vx to vx+n+ Px vx+n_1+ +Yx vx=0.

(116.) I shall enter no further into the subject of simultaneous

equations of differences than to show how to integrate the pair

A l vx+1 -{-B l
vx+1+ Artx+Bvx=^x

a
l ux+l+ b

l
vx+x+ aux+ bvx —<fix ,

$x and cf)x being functions of #, and A 15 aly &c. being constant. Multiply

the second by a constant 0, and add it to the first, which gives

Assume 0, so that (B
1+ 6

1 0) : (A^a, 0)= (B + &0) : (A+a6)=p.
This gives two values for (d

t
and #2) and two values for p (^ and jus).

If ux +pi vx=vSx, and ux+p2 vx=w"x , we have

(,A l
+d 1 ad m/i+1+ (A+fl0,) k^,=*,+& 0i

(^+ 0, a,) «-•",+!+ (A+ a02) u/',=rfc,+ 0, 2 ;
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and when w'x and w'r

x are found from these equations, ux and vx can be

found from those which precede.

Or as follows. From the two equations given, and the two which are

found by changing x into x+ 1, eliminate vx , vx+l, and vx+2 : the result is

a linear equation of the second degree between ux+i, ux+1, and ux .

This is a method which will apply to linear equations of any order, and

any number of variables, on considerations similar to those in § (15).

(11*7.) The solution of linear equations with constant coefficients

may be effected even when there are more variables than one, by means
of the theory of generating functions of which the first principles are

explained in page 337. Let the equation first be of one variable,

tf^+n+ an-i Ux+n-l+ +«! Ux+l+ 00^= 0.

For the complete solution of this, we must have either the set of n
values, ii0i uu m 2, . . . . «n_i, or the means of determining them. Let <fit be

such a function that ux is the coefficient of tx in it; or let 4)t=.u +u x t

+u2 t^+ . . . . : that is, let (fit be the generating function of vx for all

positive values of x. Then the first side of the preceding equation has

for its generating function

( an ,
a„-i /«i.

which function accordingly is, as far as positive powers of t are con-

cerned, identical with + . £+0 . t*+ . . . . or 0. But, from the form of

(fit, it is obvious that negative powers of t up to t~
n may enter the above

product. Assume then

{an rn+an_ x r fei"1>+ • . +a x t~
l+a ) 0f=A 7i

r"+A„_1 t-*-»+. . +A1 t~\

>.+ A,_1 t+An_t t*+ .

.

. .+A l
t
n~1

which gives (fiU
«»+ an-i t+ an-% t

2+ + «! t
n~ l+ a 1"

let An . . . A x be so determined as to make the first n terms of this

development become 7/ + i/
1 t+u<i

f-+ +M„_l f~
1

, and the rest of

the development will then give vn t
n+ un+l i

n+1
-\- .... of itself. If any

of the various modes in Chapter XX. of expressing the coefficient of t
x

in the development by a definite integral be adopted, there will result a

solution of the equation. But, as far as we have yet gone, the method
will be more powerful in making the solution of a linear equation give

the general term of a development than in making the latter give the

former.

For example, required the development of 1— It— 2£2
, divided by

l + t+ t*-j-t
s

. First, find the solution of ux+3+ux+2+ ux+l+ ux==0, for

which we must have the roots of c
3
4-c2+c+l, which are — 1, ^/— 1,

and —aJ—1. Hence the solution required is

T^Ac-ir+Bvy-iy-r-cc-v-ir.

Now the first three terms of the development are 1—3t+0t\ or u^—l,
Mi=— 3, Uz—0. Hence we have the equations A+B+ C=:l,
—A+B V—1-Cy— 1=—3, A-B—C=0, from which
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ft ~-(-l)+ (V-l) + 1 (-v'- 1 )

:-(-!) +^coS--5sm
-J;

from •which we find for the coefficients the cycle 1, — 3, 0, 2, 1,-3,
0, 2, &c.

In this way an expression may always be found for the general term

of any algebraical development.

(118.) Let ux> y be a function of x and y, and let any equation of the

form auXi y^zQ be proposed; for instance, such as

aux, y+bux+u y+cuXi y+1+ eux+% v+ =0 (1).

Assume ux>^AxW, whence it appears that any values of A and B
give a solution, which are connected by the equation

«+6A+cB+eA2+....=0 (2).

Say this gives B=0A, consequently 2&A* (0A) J/ is a solution, k being

constant. This, as in §(98.), we may make equivalent to fAx
((/)A) y

fA dA, for any limiting values of A. Or, if the equation (2) give n
values of B in terms of A, namely, X A, 2 A, &c, we have for a solu-

tion

ux<y^fAx (& A^Vi A dA+/A* (0a A)» y*A dA+

containing n arbitrary functions. Analogy might lead us to suspect

that we have here the most general solution, even though finding B in

terms of A might give a solution with a different number of arbitrary

functions, since the same sort of thing occurs in partial diff. equ.,

§ (96.) But such a conclusion would be unsafe, for we have no infor-

mation on the genesis of partial equations of finite differences which

warrants it.

Suppose v
Xt y=aux+h y+buXt ,J+l+ cux+h y+1 , which gives l^aA+bB

-j-cAB, or

If b and c be both finite, this may be brought into either of the forms

Y /A* VrA dA

+

Y, fAx+l ^A dA+ . . .
.

,

or Y /A'VAdA+Y1 /A*-
1 Y'AdA+....,

where Y , &c, are functions of y (not the same in both expressions).

Now, attending to the remark in § (102.), it is seen that fA'^AdA
is merely an arbitrary function of .r, so that Y 4>x +Y

t (a- ± 1)

+Y2 <fi
(r+ 2) + . . . . results. If b or c vanish, the series may be made

finite, and the form may easily be altered into X 0y+ X( (y+ 1) -f . . . ,

,

which may be made finite if a or c vanish.

Again, ux,
ySSau^ s+bus>v+l may give ux> y=b~yfAx

(l— aA)y

yA dA. Assume fA~kAK +l'Ax-{-mAf/'+ . . .
.
, whence

?/,.
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«-* V ux, y-kfA'+* I -- aY<ZA + // A*+/--aY<2A+ . . .

.

, flH , j H.^_1
-r,(g+ic+l)r(y+l)

,
ffromA =

(page 679) ==to x * *— ^—
J- . . . . i

A-g-^rCg+ ic+^rCy+ l)
or aby uxv= -— ^" _ r(x+2/+/c+2)

in which 7ca~x
~l

>
la~x

~l

, &c. are merely arbitrary constants.

(119.) Such equations as the preceding occur in the theory of pro-

babilities, and Laplace treated them by the method of generating

functions, as follows. Let the most general solution of the equation (1)

be adopted in the particular values u0>0 , v ^, ul>0 , &c, and let <fi(t,v)

be the function which can be developed into

Vo,o+ Ui,ot+ V0ll V+ USi0 t
2+ Ulil tv+ ll ,zV*+

Reduce the equation (1) to the form

auX) y+bux_u y+cux, !H1^-eux_2i
^+....=0 (3),

which can always be done: thus ux>y—bux+Uy—cux>y+1~0 is trans-

formed as follows. Let uXt yt=zTJ_x> _s
• substitute and change the sign

of x and y, and we have \Jx, y—b\Jx^if y—cUx, j,_i=0. When \Jx>y is

found, ux> y is therefore found. Frequently the change is more simply

made ; thus ux> y+ux+h ,,+1=0 is, writing x— 1 for x, and y— 1 for y,
reduced to u x> y+ux_u y_i=0. Let <p(t,v) be the generating function of

uXs y
above written, or v

,
+ul)0 t+ . . . . ; then the generating function

of the first side of (3) is (a-{-bt-{-cv+ets 4- . . . .) <fi (t, v), which must
be a function of t and v, to be determined by such conditions as the

problem requires, and must give for every term Pa>l3 t
a
v^, which;is

such that ua> p
can be the first term of (3). Subject to this condition we

must have

a+bt+ cv-{-et2+>.

For example, let vx>y—^m^^—cm*, ,,_,=(), which gives 0(£, r)

=^ (£, v) : ( 1 —bt — cv). Now the terms between which this equation

cannot establish relations, if only positive values of x and y be contem-
plated, are all, the cases of v0>y and vX!0 . Let it be required that u Xi(l

shall be tx , and that v0>y shall be rjy, it being understood that ^ — %•
This is not assigning too much, for it gives u

i,i=bri l
-{-c^

ii
u2)1=bultl

-l-c£2, &c, uh2=br]2
-1r cu l<l , &c, not more than enough to proceed with.

It is then required that"^ (t, v) : (1-bt-cv) shall be (£ or rio) + *it + 'ts t
a

+ . . . . +m v + r\i v2+ . . . . -f terms in which t and v both occur ; which
condition being fulfilled as to the simple powers of t and v, the deve-
lopment will in other terms generate the coefficients required by the

equation.

For instance, let ux> = 0, ?i
0jJ/=l, (if ?/>0); we then require that

V (t, v) : (1— bt-cv)= v+ v*+v*+ . . . . = v : (1—v)
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shall be true without interfering with terms containing powers of t,

which gives simply

v(l — cv) , , v (1

—

cv)

^^-izr2
'

0(^)=
(i-,)a-6/-^T)

___^_ f fo Iff 1

"~1—
v t

+ (l_cu )

+ (l- c^ + ""J'

and the coefficient of f^ is that of a* in bx
v (1—u)

-1
(1 — cv)~

x
.

Now it is easily found that the coefficient of v'
J in

/ x+1
b
x (v+tP+v3+. . . .)( l-{-x.cv-\-x c

2 v*+ ..

is =bxn+ xc+x—-—c*+....+x—-- '-—-(?
I >

{ 2 2 y—

1

J

which is, therefore, ux> y required. It is not easy to see that it satisfies

ux> o=0, which is a case resembling in difficulty that of F (1), when Tx
is known only from 1 .2.3. .. .(z — l).

If it be required that u 0> y and ux> be any given functions of y and x,

find Te and V„ the generating functions of ux> and u
0> y , or let

Tt
=M

0j o4-Mi,o<+ Ms!,o ?+....; V„=?/0) o+ Wo,i u+ 7/o,2^+

ri * f f r
(1-6Q T,+ (1-ct) V -{To or V |

the generating function of w. „ is :

—

r- .00 ' a 1

—

bt—cv

(120.) When we make the solution take such a form as that given

above, a change of sign in x and y produces an unintelligible result, so

that we cannot immediately pass to the solution of ux>y—bx+hy — cx , y+l= 0. In fact, an equation of this kind, in which there is not a highest

term with respect to both x and y, presents difficulties.

The application of the method of generating functions is complicated,

and it is best to have recourse to that of definite integrals, as in § 118.

(121.) As another instance of this method, let us take

uXt y
— bux_% y

— cux> j,_2— ewI_i,j/
_ 1
=0.

In order to solve this completely, we must know u
0>s , uUsi vXi0 , and uXil .

Let the generating functions of these be tyv, ^v, 0£, and
X t. The

generating function of icx> v , or (t, v) , is of the form a : (l-bf- cv
2- etv)

,

and having four conditions to satisfy in a, let us assume

«=Pt+Q„+Rt t>+S„*.

The values of ux>0 and w ,y require that (t, 0) and (0, v) should be

0£ and tyv, whence we have

* The student who knows a little of the theory of probabilities will see that this
is a solution of the following question. B and C want severally x and y points of
the game, their chances of making a point at each trial are b and c (4+c=l)>
required the chance which B has of winning. This chance is i/x , y) as found above.
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P t+Qo+ So*=(l-^0£andPo+Q„+Ro *;=:(l—Cv*)fv,

or <x=(l-bt*)$t+ (l-cv ii)fv+-Rt v+ $ v t-~P —Q—no
v-S L

Again, the value of d0 (t,v) : dt, when t—0, is ft v, and that of

dcp (t, v) : dv when i>=0 is 4>i t. These give (since P + Qo
=0O=i|'O)

S„=(l -cz>
2
) f x v—ev yv-R'Q v+ 8 —cj)f

lELtZzQ.-bf) <J>J - et <j>t— S'ot + Ro-y'O.

Whence the form of a is found : R' +S'o is ^i O-efOj or 0^0-600,
which are the same, and we have

a=(l—bt*)(4>t+<j)yt.v)+ (\—cv*)(yv+f l v.t)-evt((pt+ fv)

—vt (R' +S' )-<po.t—yo.v—<j>0.

For example, let 6=1, c=l, e=2, and let w0)0=l, w 1)0— 1, m ,i— 1,

y
2,o— 1j Mi,i= l> w

, 2— lj and in all other cases let uXt0, u0>y, m 1>2/ ,
ux, x

vanish. We have then

yv=l + v+v*,ty l v=l-\-v, <^= l + £+ *
2
,01

f=l+£, R/ +S' =— 1.

The generating function a : {1—(£-f-?0
2
} can then he reduced to

4'»
2 e

l + t+v+(t+v)*+ i—(t+vy

Expanding the last term, which gives 4y2 f (t+ v)
2" for a general term.

It is obvious that t
x
v" never occurs except in the term 4u2

£
2
(t-\~vy+!

'~4'

i

which has no existence unless x+y be even. Consequently, the solu-

tion of uXt y= ux_% y+ 2ux_h y-i+ux> j,_g is

. CE+ y-4)Qg+y-5)....(j?-l)
.=4

2 .... y-2

= 0(a+ y odd);

(x+y even).

provided that m*, j,(*+y— or <|2) eb 1, Wj,-j0=0, w
0j2/
= (in other

cases).

(122.) The verification of such a result as the preceding may be

made by actual solution ; that is, by forming a table of double entry for

ux> y ,
putting the given values in their proper places, and calculating the

rest from them by the equation. This is done to some extent in

following table :

—

1 11 in IV V VI Vll vm

1 1 1

i 1 1

ii 1 4 4 4 4
iii 8 16 24
iv 4 24 60 112
V 16 80 224
vi 4 60 280 840
vii 24 224 1008
viii 4 112 O 840 O 3696
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Specimens of the mode of forming the terms from the equation are

280=60 + 2x80 + 60, 224=80 + 2x60+ 24.

It may also be observed that w
,

, u ll0, u0tl are useless in the forma-

tion of the remaining terms, as might have been made to appear from

the function %.

(123.) The principles of the calculus of operations* have lately been

made to throw a very instructive light upon the connexion of linear

operations with those of common algebra. The following theorems are

the connecting steps. Let D be the symbol of differentiation with

respect to a:; so that D0.z=0'a\ Let a be a constant, and deduce the

theorem D (e
ax

(£>x)=

£

ax
' CDcbx-\-a<fix), or £

ax (D+a) (Jjx. Repeat this

m times, which gives ~D
m
(e

ax
(j>x)= s

ax (D+ a)m 0.t, where (D+ «)
m

is a

complex symbol of operation, applicable after development. This
theorem is even true when m is a negative integer; for we have
<j)x=(D+a)- l

{e-
ax
'D(£

ax
<f)x)}; write e~

ax D_1
e
ax $x for 0.r, and we

have D-1
(V" (bx)=£ax (D+ #)

-1
0.r, which may be repeated. All this

might also be easily proved by expansion. Hence we have

(T>+ a)m .(px=e-as Dm
(e

ai
'0.r), (D—a)

m ^x=£ax Bm (rax
<px).

Ifm=-lj0x=O; (D+a)- 1 0= £
- fl:l D- 1 =C£-%{D-1 0=/0^=C},

(D +a)~m 0=£"ac
(fdx)

m .0-e-ax (Co+C! x+ ....+ Cm_x
x"1 - 1

).

Let Dx and Dy be the symbols of differentiation with respect to x and y,

we have then

(Dx+aT (D,+6)"0 Cr,2/)= £—^m V$ (e"+*# (x,y)).

By similar reasoningA (a
x
(j>x)t=a

x+l
<p (x+ 1) - ax <px— a'{a+aA- 1 }

0.r,

or if the operation 1+-A be called E, we have

(aE— l)
m
<f>x=a-

x Am (ax (j)x), (E-a)m (px=ax+m Am (ar
x
(j>x).

Similarly, if E^ denote the operation of changing x into x+ 1, and E,,

that of changing y into y-j-1, we have

(E.-o>- (K-by O, y) = ax+m b»
+" AT A; {a~x

b~» (x, y)).

These may be extended to the cases of negative integer values of m and
n. Thus (E—a)~ l .0=ax~l A~ l 0=zCax~\ orCax

, which is the same in

form, C being arbitrary. This function Cax
is the quantity which

vanishes, or becomes 0, when the operation E

—

a is performed upon it

;

for (E — a) . Cax = CEa1'

—

Ca . ax = Cax+1— Ca.ax= 0. Similarly,

(E

—

a)~'
n .0=ax~m A~m Q : now A~""0, the function whose mth differ-

ence vanishes, is C + C 1 x+ . .. . -\-Cm-l x
m~ 1

.

(124.) It is shown (see the references in the note below) that all the

operations of algebra may be applied to the symbols of operation used

* See pp. 163— 168; Penny Cyclopaedia, "Operation" and "Relation;"
Cambridge Mathematical Journal, vol. i., pp. 22, 54, 123, 173, 212, 278,280;
Ditto, ditto, vol. ii., pp. 74, 144 ; Gregory's Examples of the Differential Calculus.

I have been indebted to most of the places cited.
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in the last article, as long as they are not mixed up with any operations

depending on the variables employed. And. the theorems may be
generalized into

•fD . (e
ax 4>x)—tax

. f (D+ a) . 0j,

f (Dx , J)9) . Uax+b» (a, y))=e»+*. Yr (Di+ a, D,+ 6) . (x, y)

T/rA . (a
1
0a;) =ax

.ys (aE — 1 )
.
0x,

V (A„ A„). (a*6»0 {jc, yy)-a
x bKf (aE,—1, 6Ey -l) .00, y).

These properties are particular cases of a more general set, which owe
their simplicity, in the case of e

ax
, to the identity of the operations of

differentiation and multiplication by a constant. Let there be any

number of functions of x, Y
x , V2 , &c, and let D be the general symbol

of differentiation, while L\ is that symbol for V! only, D2 for V2 , and so

on; so that B.V^BV, or V'1( D2
Vx =:0, DsV^O, D 2V2=DV2=V8,

D!V2=0, D3V2=0, and so on. We have then (D
1
(V l V2) being

V.D^, &c.)

D (VtV.V,. . . .)= (D
1+D2+D3+ . . . .). (VtV.V.. . . .),

yv.(yjz . . . .)=v (Dt+D a+ . . . .).(vry,. . . .)•

If DV!= aV„ we have tyD (Y,Va)=f (o+Da) OTO, or V tf (a+D2)

V

2,

since ^ (a +D2), so to speak, only acts uponV2 : in f (a+D2) V 2 is

simply ^ (a+ D) V2 , since the distinction is now useless. Again, if

Ai, A2, &c. refer severally to Vl5 V2) &c, we have

A Cv\V2 . ...)= {E
i
E2 . ... -1} . CvVvV . . .),

yA (VxVa . . . .)=>f'{E 1
Ei . . . .-1} (V^. . . .).

(125.) Let a linear diff. equ. of one variable be given, namely

an Y)
ny+an_ x D"-

1
?/+ .... + a1 T)y+ a y=Y

;

V being a function of x. The operation performed upon y on the left

is an Dn+

a

a_! Dn-1
-f- . . . . , which may be reduced to the form an (D—a)

(D—/3) . . . ., where a, fi, &c. are the roots of the algebraical equation

a„v"-\-a„_-
l
v
a~l+ .... ==0. If these roots be all unequal, then, making

A-'=(a— /3) («—y) , B- 1— (/3—a) (/3—y) , &c, we have

a«V-—^rr V=A(D-«)- lV+B(D-
1

&)-1 V-f....J an D + ....

§ (123)=Ae"*/^' Ydx+BsTfe- 1* Vdx+ .... + A t
e'+B, /*+

A 1} B 15 &c. being arbitrary constants. The effect of the inverse process

on V may be -best represented by remembering that V+ may be

written for V, and the process performed on V and on separately. The
latter gives all that arises in integration from'the introduction of arbitrary

constants, and must never be neglected. Sometimes it may be desirable

to take one mode of operation for V, and another for 0. For instance,

let V be a rational function of x of the £th degree : let (a + at D-f- . . . .

+ an D„)
-1

be expanded into & +^i D+ . . . ., then we have

y= {b V+ b l V'-b....+bkV™}+ Al£
°x+ ~B l

e^+....,
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since V (,'+1)
, V (''+2)

, &c. vanish. If there should be / roots equal to «,

we find among the fractions into which (D„-f- ....)"' is decomposed,
the following set

:

L (D-cO-'+L, (D-«r (z- 1) + . . . . +L,_, (D-«) -'.

Now (D-«)-? V=e°* (fdty.e-^Y+ E*
1 (C + C

1
X+...+ Cv_ x

x"- 1

) ;

whence we find, for the part of the value of a„y depending on these I equal

roots,

e"* {L (fdx)
1

. £
-" V+ L, (JUr)'-

1
. e
-""T+ . . . +Li.x fdx . e-* V

}

-f-*~ {C + C l x+ C 2 x*+ . • ..+Ct_, xl~ 1

}.

I am here only giving a sketch of a method ; but abundant examples
will be found in the citations* above made.

(126.) Let dDx w+ 6D
3/
m=V, a function of x and y. We have then

Now if V= (x, y), e™
1'

^ V is (#, y-\-mx) : hence we are directed,

6: a being m, to find . f<f> (x,y+ mx) dx by the symbol fe
mxD"Ydx;

after which, by the symbol e~mxT>y , we are further directed to write

y
—mx for y in the result. But, writing V+ for V, we have (fry for

the integral, being arbitrary, and a
-1

(3/

—

mx) for the result : hence

u=.a~ *Dy
j£

mXDv Ydx+a-1 (y—mx).

For example, let dDx u+ 6Dy
u= I2x2

y. Integrate 1 2x* (y+ mx) with

respect to x, and we have 4iX? y+ 3mx* ; put back y—mx for jt, and we
have 4r"y—mx4

; whence

4z3
y bx*

u——f j+tf>(«y-fa);

since a" 1
{y— mx), being arbitrary, is (ay—bx). This use of a

symbol of operation, Dy, as a constant with reference to another symbol

of operation, D.c , is one of the severest trials to which the calculus of

operations can be put, though following readily from the first principles

of the science.

f

(127.) Let an ~D;U+ an_l T)
n-l ~DyU+ -\-a B^u—Y. If a, fi,

&3. be the roots of an v
n
-\-a„_

l
v
n~ l+ . . . . r=0, and A, B, &c. be as in

§ (125.), we have a„D£+ =an (Dx
—uDy) (D,—/3D,,), &c, whence

we have

f/„M=A(D.l
- aDJ-1 .V+ .... +A(D,-«D„).0+ ....

But (D,- aD^)-1 V=s"D
y JV"'

D
* Ydx+e«xV

» /O . dx ;

* Page 751, note: particularly in Mr. Gregory's examples, which should be in

the hands of every student who wishes to have materials for self-exercise in the

highest processes and newest forms of the differential and integral calculus.

j- Fenny Cyclopaedia, " Operation.''

3C
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and the second term is ^(y+ ax), $z/ being any function: while, if

V=0 (x,y), the first is found by changing y into y-Vax in the result of

f(p(x,y-ax) dx, taken with respect to x. This process is somewhat

more easy than that of § (89.) , inasmuch as the result for one root will

give those for the others.

(128.) Let D t
u—aDlu. We have then M=(Dt

— aT>l)~
l
.O, or

SatT>l Jo dt, or s«tnl.(j)X, being arbitrary. This gives, by development,

a? f
u= <j)x-\-at(j)"x-]—— 1V #+«...,

as already seen. For the symbol s«t>1 write J

,+«g-*1+Wa'- D- dv: */*-,

and we have

u-ir-if±2e-v2

£f
at - D* (fixdv^ir-tfl^ (x+ 2 vjat) . s~

vi
dv,

which agrees with § (98.)

(129.) Let a„ ux+n + an^ ux+n-\+ • • • • + a ux = Vx , whence ux=
(a +a x

E+ .... -fa„E'
l

)
_1

V. If all therootsof a +al
v+ +an v

n

be unequal, let them be a, /3, y, &c, whence

an m,=A (E - ay 1 V,+B (E—/8)-1 V.+ ....

§ (123.) =Aa*- 1 2.orx-Ys+ Bfi
x- l

'2fi-'Vx+.. ,+A 1
u*+B 1 fi

l+

which gives at once the law of the result, where § (111.) only gives the

process. This symbol 2 is here put for A-1
; the only difference being

that whereas A-1 V* strictly stands for Va,_1+Va;_2+ .... ad infinitum,

2V* stands for C + V.,_,+ V.r_ 2-f- • • • • +Ya , x and a being supposed to

differ by an integer. All after Va is supposed to be included in C, and in

the preceding case, the values of C in the different summations may be

supposed to be included in A lf B 1} &c.

(130.) The proper symbol for A~" or (E-l)~'!

is E^+wE^"- 1

+ % n (?i+ 1) E-"-2+ ad inf. or A_tt A*—A a,_n+wA.MI_1+
This is the only result which satisfies both A" A-" A^A* and A-

" A" A*.

szAx . But 2" Aj is generally taken in a manner which satisfies only

A" 2" Ax =zAx and not 2" A"A.t= A*. For instance, let x be an integer,

and let 2A*—Ax^+ . . . . +A . Then 2 2 A* means 2Ai._i+ 2A.^._ 2̂ -f-

. ...+2A , and 2A =0. This gives 22 Ax— A*_2+2A,_3+
+ (#-!) A , A22 A,=A,._1+A*_2+ +A , A2 22 A,~A,.. But
2s A" A, is A2 A.l_2+ + (#—1)A2 A , or A,-.rA

1+ (^— 1) A .

Nevertheless, in the solution of equations of the usual kind, 2n may be
written for A-

", since the verification of the solution involves only

repetitions of E, which requires only repetitions of A, performed upon 2,
and never introduces 2 performed upon A.' And we have (?i<.x)

•Crc 4 » .
n + l . 71+1 X 1 .

2 A*=A_+?iA,_ B_1+ n —— A*_n_2+ +n —— A
2 2 x— n

2*A*=A , 2*+& A^0.

Again, the complete, meaning of AT" A~* A*, „, or (Ex— l)~m (E,,- 1)~"

Ax , v is the series
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.
I A A ffi+1 ,A »-», y-n-rm& x-m-i, !/

-„+M i._m< u_ n_ x+m—~— A,_m_2 , ,,_„ +•••.,

continued ad infinitum ; while, defining 2A,, to end with A , the ex-

pression for 2™ Ty AX) y only involves those terms of S (mp nq
Ax_m_r>y_n_ ri )

in which x —m—p and y—n—q are not negative. Here S means
merely collection of cases, and differs from 2 in not being a symbol of
operation.

(131.) Let there be I roots equal to « in the equation of §(129.),
and let the resulting fractions be

L„ (E-«)-'+L, (E-«)~c-i)+ .... +L,_, (E-u)- 1
-

This operation performed upon V*. gives

L„ oc
x-lA~l

(cc~* V,)+L, ^-;+1A-^- 1) (oT° V.)+ . . . +L^ «^-'A- 1 (oT*Vx)

+L «1-,A-'(0)+ L 1
«1'-i+1A-(,- 1

» (O)-f-. .. . +L
i_ 1 ^-'A-

1

(0),

which, since 2 may be written for A-1
as far as the solution of the

equation is concerned, gives, for the part of the solution arising from
these roots,

a*~
l

{L V . a~x V,+aU 2'"1
. oTx V,+ . . . -f a

1'1
L,_

4 2 . eT*V« }

C , C,, &c. being arbitrary constants.

(132.) Let an u.v+ll! y + 0„_, ux+n_l>JI+l + + a ux, s+n =V,, s, in

which case ux> y is the inverse operation of an ~Ex+ a„_
l ~Ex

~ l

E^-j- . . .

.

+ a E^, or of an (Ex
—-aEy) (E*— fi~Ey). . . ., performed upon V*, y ;

whence

an ux>

y

=A (E.-aE,)- 1
V.,, y+ B (E,-^)" 1

V,, ,+ ....

Now (E.-aE^)" 1
V,, y

= a*-1 E^ 1 Aj 1 («-1
' E"* V,, y)

Ej* V* ,=V„ „_,, Aj1 („- BT V„
y)~a~^ V.c_,,^+1

+ a-^-2>V
:,_2,,_.t

.+2+....

The operation E^-1 performed upon this changes y into y+x— 1, so

that

(E.-aE,,)-1
V.,, y

aTHl+ *V^2, ^-f«* V_
3) y+2+

which might readily be ascertained directly, but the object is here to

show the conformity of the condensed notation above written with the

actual result of development. Again

Aj1

0-fy, aT1 Ey
~ l A7 l O^a*" 1 f (y+x—1),

in which the arbitrary character of i// allows us to change «
i-1

into a.
The solution might be readily written down, and the modification which
it undergoes in the case of equal roots ; but we have instances enough of

these generalizations. If V r . 3,— 0, the solution is simply off (y+^)
'3C2



756 DIFFERENTIAL AND INTEGRAL CALCULUS.

+ fi* i/'i (y -\-x) + . . . ., and the case of I roots equal to a gives

°f {¥(!/+x')+ x¥i (y+ x)+ + xl~ l

fi-i(:y+ x)} for the contribu-

tion of these roots ; f, i/^, &c. being arbitrary functions.

(133.) An equation of mixed differences is one in which operations

of differences and differentials both occur. For example, let

d"uT „ dn_l ux „+1
"" 1h?

+a"- 1

dxn ~ l
+

' ' ' '
+a

°
Ux

'
*+B=V*' »»

or a„ uXi y=A (D,— aE,,)"
1 YXj y+B (D,-^)"1

V,, ,+ . . .

.

in which (D.-aE^T 1 Yx,

,=1*"** fdx.e-"E
» YX) „ &c.

:

each of these is a complicated form of the element of the solution

required. In the first side we easily see fdx.YXi y -t- a (fdx)
2 .YXty+l

-j-«s (fdx)
2 YXi y+2+ . . . . The second side shows how to obtain the

same without repeated integrations. We have

a2 T2

£-"'E
* V.r , ,,=Yx> y-axYx , H-i+^2- V,, ,+,+ ....

Integrate this with respect to x, giving say Wx>y , then WIi3/+mWJ|}+1

+ .... is the development of (Dx—aE
y)
_l YXt y . Now invert the order

of the processes, and let a, fi, &c. be the roots of a v"+ a
1
u"

-1
4- ....

— 0. We have then (neither «, fi, &c, nor A, B, &c. being the same
as before)

a E^+a, E^1 D,+ ....+«„ T>l= a (Ey—uDx) (E;J
-fiDx) ....

a ux> „=A (E-aDxy l Yx, „+B (Ey—fiDx
)- 1 YXi ,+ ... .

(Ey
—aDJ-1 V„ ^a^- 1 D-r1V («_a/ Dj* V., „) ;

in which it must be remembered that Dr1 and A"1 are not convertible

operations. If YXi y
— 0, the preceding becomes ay

~ x Dr * A~\a~y D~y 0).

Now D~y is
'•/''o y+ ^ f l ?/+ . . . . + j:

j/-1
Y^-i V- In the operation A"1

no term higher than xy
~i

will appear, except in the arbitrary function of

x which, so far as solution of the equation is concerned, may be added :

hence D x~} will make all disappear except what arises from this

function. Hence the preceding is ex?'
1 Dr 1

fx, so that the solution is

ux
,
,=A^"1 Br lAy

l (or* Dr* Yx, y) +Bfi
y~ l Dr'A" 1 08"* Dj» V,, „)+...

+

a

27
- 1 Dr 1^+$y~l or 1

Vi *+

If there be I roots equal to a, the corresponding part of the solution

may be found, as before, from a set of fractions made by giving A; all

values from 1 to /, both inclusive, in the following,

(E,- aDx
)~k Yx, y

^= ay-1
' Dr* A-* («-* Dj* Yx, y) ;

which, when Yx, y
- 0, is t>T* Bx

~k A"* (a
-
* Dj* 0). As before, DJ*

contains xs~\ so that nothing above xy~k~l
will appear in the result of

the operation Ay
h
, and this will be destroyed by the subsequent opera-

tion Dr*. All then that is left after A~k
, to any effective purpose, is

ay-k jyy-i
(c/) a;+ 4>

l x.y+ . . . . + 4>k-\ x

.

2/'
_1

)> the arbitrary functions

being introduced in the summation.
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For instance, let as D 2 wx , v
— 2aDx uXt8+l + w»,-y+a=0, or wXi ,,=

(Ey
— «D,)~ s

.O. The solution then is

7/x ,
„= «"-2 Dr2

(^o*+& * • y).

This is thus verified : substitution gives for the first side of the equation

= a»D»{(p x(l—2+l)+01 ;r(y-2y-2+y+2)}=O.

(134.) The same processes may sometimes be applied when the

equations are not homogeneous with respect to the indices of ux> s . For
example, let us take the equation A 2 wx> y

=a?AluXi yi or

ux y=(Al-a
2
Al)~ l0-~ I 1— 1.0.

'* J 2a [Ay-aAx Ay+aAj

We must first investigate (Ay - aA,)
_1

0, or {Ej,- (l + dAx)}
_1

.0.

This is

(I +aAx
y-1A~ l {(l+aA.c)-^0}, or a"-1 {Ex-by-lA~ l {aT» (E,-&)-*0},

where 6=1—

a

-1
. Now

a-" (E,- 6)-* = ar* &-* AJ = b
x (P + P

t
a;+ + P,.,«0

,

P , &c. being arbitrary functions of?/. The operation A" 1 performed on

this merely alters the arbitrary functions, and does not contain any
power of x above xy~2

; but it introduces an arbitrary function of x, if/x.

If we now perform upon this result the operation (Ex— b)y
~ l

, or

bx+ll
~l A!

-1
b~x

, all vanishes except what is given by the arbitrary

function if/x, so that the final result is ay_I b*+?~ l Ax
-1

i[/x, on which it

may easily be shown that the final operation (2aA J.)
_1 has no effect

except a change of the arbitrary function. Another simple, change will

reduce the result to (a— 1)^(1

—

aT 1
)* A'iijsx, which is one term of uXtS.

The other is got by simply changing the sign of a, and taking a new
arbitrary function, and the result is

ux, y—(a— l)s (l—a~yA%-fx+(-iy (a+iy (l+arly A*Xx,

in which we may interchange x and y when we interchange a and a~ l
.

To verify one of these solutions, say the first, we have

A; vXi y
= (1 -or')* {(a— 1)*+2 A*+ 2— 2 (a-iy+l Ax

+1+ (a—iyA%} fx

s= (a-iy (1 -a- 1)- {(a - l) 8 A*+2— 2 (a— 1) Ax
+1+ Ax } fx

a*Alux<y=ai (a-iy{(l-a-y+iA»f(x+2)-2(l-a-y+lA!>-f(x+l)

+ (l—cr lyAx fx}

= (a—l)^!—

a

_1
)
x {(a— l)

2 (A?+2Ar i+ A^+2)-2a(a-l)(A^+Ax
+1

)

+ a?A%}fx

= (a— 1)» (l-a-]

)
r {(a-1) 2 A x

+ 2— {2a (a— 1)— 2 (a- l) 2
} A*+1

+ (a-l-a) 2 Ax}vs,
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whence it is readily shown that the two sides of the equation are

identical. The preceding appears to fail when a— I ; but if we return

to the process, the step which is first affected by the supposition of

«=1, or 6= 0, is

a*-1 (E,—by- 1 A71
{a,-* (Ex~ b)~y

. 0}, which becomes E?~ L A"1
.0

;

or E^_1 tyx, or f (x+y— 1), or ijs (x+y), 'which is not affected by the

final operation A~\ Hence ^ (x+y)+ (— l)'
y^XJ

&%XX ^ s tne cora"

plete solution of A* uXi y
=A* uXi y .

(A2 A2
!
-1

(135.) Let A>,, 2,-1= Af. */,_,, ^ or w.,jr=||r -^V .0

^(E.-E,)- 1 {1+Ei: 1 (E.-Ej 1)- 1

}

Ej1 (Ej,- Ej 1)- 1

. OrrEj 1 Ej^ 1 A"1 Ey 0=^ (^-2/) 5

(E^-E.,)- 1 ^ (a?-y)= Er*VE»"* V tz-2/)

=Er1A-^;(^-22/)=Er 1

x(^-22/)=x(^-y- 1 )

(Ea-E,)-
l =Er1 A7l E-J'0= CT(a?+y— 1).

Hence the solution is of the form
<f>
(x+y)+^ (x—y), 4> and "^ being

arbitrary.

(136.) Among other results of the preceding theory may be noted the

ease with which the intermediate diff. equations or equations of differ-

ences may be found. Thus, if ah D" «>fafr.1 Dr1M+ . *.srV
5 or

an (D r— a) (D t
.— /3) . . . . w=V, the equations of the (ji— l)th order are

a„ (Dx -£) (D* — y) ^^(D.-a)-1
w, a„ (DT - a) (D r - y) u

=^{~Dx—^)~ l u, &c. Those of the order n — 2 are an (Dx
—y)....u

= (DX—a)
-1 (Dx— /3)

_1
V, &c. I do not however consider it desirable

to enter more in detail upon a method which has not yet advanced beyond
its elements, though I fully agree with those who have considered it as

one which is likely to prove a very powerful instrument in analysis.

(137.) In the equations preceding, it has been required that they

should be satisfied for one value only of Ax, which has been taken == 1

.

If we had proposed such an equation as ux+Ax— 'Px uxzzQx , Aj? being

anything whatsoever, it would have been equivalent to requiring that

nx+Ax should be different from uxi and yet not a function of Ax, which is

absurd. The last equation could only be satisfied on the supposition that

Px and Q^. are given functions of Ax, and then only in particular cases.

Nevertheless, when such an equation does occur, it may sometimes be re-

duced immediately to a common diff. equ. Suppose, for example,/^, Ax
}
w,

u, u 1
', &c, Au, Alt', Au", &c.)= is to be true for all values of Ax ; v!

,

u", &c. being, as usual, the diff. co. of u. Take x any given value of x,

and let v
Q , u' , &c. be the corresponding values of v, u', &c. Then, x

passing from x to x through the difference x—xa , we have

f(x ,x—x ,v ,
u'

, &c. u—u , u'— m'oj &c.) = 0, . . . . .(A).

Form a new cliff, equ. by elimination of x , v , u' , &c, and we have
a general equation belonging to the class of curves in question, in-
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dependent of the particular values of a' , ?/ , &c. ; and the class of curves

which has the required property, expressed by f=0, is that repre-

sented by the general integral of the equation last obtained. Or, if the

equation (A) be integrated, the class of curves required exists when the

constants introduced by integration have the effect of rendering it in-

different what value x is made to begin with in verifying the original

equation /(>, A.r, &c.)= 0.

For instance, having given a point S, required a curve such that if any
two points P and Q be taken (the reader can easily construct the

figure) the tangents at which meet in T, the line ST bisects the angle

PSQ. Let AS be the line from which 9 is measured, ASP=0,
ASQ=9 + A0, SP= r, SQ=r+Ar. Produce TP to Z, and as in

Chapter XIV., let SPZrr^, then SQT=ju+ A^u. Equate the two values

of TS in the triangles SPT, SQT, and we have

r sin /i (r+Ar) sin (fx+ Afx) /?-+Ar = r,

sin {(x—^A0) sin(^+ Aju+ i A0) Vyu+ A^rr/M,,

Artaiijutan ^cot^ A6=rtan fx-{-r i
ti\.n fiv

For r write 1 : u, and remember tan/x= rcZ0 : dr=—u: u', which gives

— cot i Ad— — H Au cot h Ad=2u'+Au',
rrx tan jjl

v
tan jjl

an equation of differences which is to be universally satisfied ; that is,

for all values of A9. The first found diff. equ. (A) then becomes

a a

(tt—

W

) COt—
—

°= M'-f «' (A).

Differentiate, multiply by 2 sin2

^ (0 — O ) ; differentiate again, and divide

by 2 sin2
\ (0— (9 ), and the result will be u" i

-\-u'— 0, or ?i"+M=const.
the equation of the conic sections. Every conic section, therefore, has
one position of SP, for which every position of SQ has the required pro-

perty. But, more than this, verification will show that the equation of

differences is satisfied by every position of SP. Take the complete

integral u==.a+ b cos (d+ c), and substitute in the equation of differences,

which gives

b {cos (0+Ae+c) _cos(0+c)} coti A0

= —b sin (0+c)— b sin (6+Ad+c),

an equation which is easily proved identical. It would do equally well

to integrate the equation (A) directly.

As another example, it is required to find the curve in which the

ordinate let fall from the intersection of two tangents is equally distant

from the ordinates of the points of contact. The general equation and
the equation (A) here become

(2y'+ Ay')Ax=2Ay, and (y'+ y' ) (*-*„)= 2 (y-yQ);

the latter of which, all constants being eliminated, gives the diff. equ.
y"'=zO, or «/==Co:2

-l-Ci x+C 2 : integrated directly, it gives y=G (x-x
ey
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-r-y
f (x— tf )+.yo, in which y and y' come out as they are defined;

namely, the values of y and y when x=x . The general equation is

satisfied, and the property is that of any parabola whose axis is parallel

to that of y. But we may easily imagine it possible that such a pro-

perty might be given that y ,
y'

, &c, being defined as above in mean-
ing, the integral of the differential equation (A) does not allow them to

have that meaning. In such a case the property is self-contradictory.

Again, the property given may be true if one fixed abscissa and
ordinate be started from, but not true if the starting point be changed :

in such a case the integral of (A) gives the curve required, but the

general equation of differences cannot be true except in a particular

case.

For instance, let the equation of differences be Ay+xAy'=h; the

diff. equ. (A) is y—2/0+ :To iy'
—

y'o)= h, of which the integral is

y=zy + x y' + h+ Cs~~o

which for x=x gives y—y -\-x y' +h-\-Cs~l
, whence C— -s(x y' +h).

Again, y'—— Cs~* : x°
: x , whence y

f ~— Ce-1 : xo==(x y'
o -r-/i) : x , or

we must have h— 0. This last condition, it now appears, is necessary

to the self-consistence of the property which the curve is required to

have. If then there be any curve which satisfies the condition

Ay+ xAy'=0, it is

y=y +

x

y' U

—

e~~°).

Try this on Ay-t-xAy'=0, and it will be found to satisfy the conditions

only when the differences begin with the point («r ,2/ ), unless y' =0.
The property announced cannot then belong to any two points of any
curve. This may be proved independently, for if (x, y), {xu yx) i

&c.

be a succession of points, the equation gives

yi—y+x(y'i-y')-°, y-2-y+x(y'2-y')=o,y2—

y

1+xl {y
,

3-y\)—o

from the first and second of which we deduce y^—y^x (y'2— y\)= 0,

which is inconsistent with the third, unless y' be a constant, which
does not satisfy Ay+ xAy'=0, unless y be a constant. The last

equation, then, required to be generally true, is equivalent to Ay—0.

(138.) Any such equation as the preceding might have an infinite

number of solutions given to it of a discontinuous character, and for one

given value of Ax, as follows. To take a simple instance, suppose

Ay'=
<fi

(x, y, Ax, Ay) is the equation. Assume a value for Ax, and

divide it into n parts, so that nSx= Ax, and Sx is very small. Assume
values for y and x , and for y t

or y+ Ay ; x
x or x+ Ax, being determined

from Ax. Join the points (^r
j 2/o) anfl (^i? yd by any curve, and calcu-

lating Ay' from the equation, and thence y\ : lay down a straight line at

(x l5 y x ) accordingly. An ordinate to this line at the abscissa ^4-^.t is

a new point in the curve, quam proxime. Repeat the process with the

point Oro-f^o* 2/o+ ^2/o) an(i that just obtained, and so on until the

curve, or rather representative polygon, extends over the abscissa

,r 4-2Aa7; after which it is to be repeated again with the last obtained

portion as a guide. The smaller Sx is made, the more nearly will a
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curve be obtained satisfying the given equation of differences. This

method will aid in the formation of a complete conception of the possi-

bility of satisfying any such equation, for any one valve of Ax. .And

the same method will not only apply to ordinary diff. equ., but will

furnish a strong presumption that no more constants can enter than

there are units in the order of the equation : as follows :

Suppose the diff. equ. to be ?/"=<f> (y",y', y, x), and proceed to con-

sider A* y= (Ax) 3 y (& y, Ay> y, x, Ax), of which it is the limit. Take
Ax very small, and any ordinates y , yu y.z, at pleasure, to the abscissae

x , x + Ax, x -{-2Ax. Having thus given y , Ay , and A2

y , calculate

As
?/ from the equation, whence y3 , the ordinate to the abscissa J-0+ 3AX,

is obtained. With yu ?/2 , y3 , and A 3

y l
from the equation, calculate y 4 ,

and so on. We have thus a polygon by joining the several points

obtained each to the next : the coordinates of the angular points of the

polygon satisfy the equation of differences, and the smaller Ax is taken,

the more nearly does the polygon become a curve which satisfies the

diff. equ.

Through the three points thus assumed only one curve can be drawn,

as is evidently pointed out in the course of the method : as also that the

manner of choosing y , Ay , and A"y as the limit is approached deter-

mines y ,
y' , and y" . Hence for one value of y ,

y'
, and y ", only one

limiting curve can be obtained, from whence it may be presumed that

only three constants can enter the solution of the diff. equ. The diff.

equ. can only have such solutions as are limits of those of the equation

of differences. I call this only a strong presumption, for reasons which
I will leave to the student, who will find them on close examination.

(139.) In all the preceding equations, the coefficients employed have

been continuous functions, though such continuity is not necessary, in the

manner in which they have been used. If, for instance, we suppose x

an integer, and propose the equation ur+2+ xux+l+ x2 ux -}-x
3=0, it is

evidently not necessary that the functions of x should preserve the same
form when x is fractional, since the equation, its solution, and the pro-

cess of verification, are all wholly free from the consideration of such

values. But it is not even necessary that the coefficients should preserve

one form when x is integer, and results may be obtained in a finite form

when they circulate* through any number of different forms as x
changes its values. For example, let ux+l—

P

a; Ma!=Qa;, where Pa is the

constant a or b, according as x is even or odd, and Qx is a' or b
1

, accord-

ing as x is even or odd. Hence

?.=|(i+.(-iy)+5(i-(-i)"),

Q,=|'(i+(-i)0+|(i-(-i)0;

and the method in § (106.) might be applied without much difficulty.

But the process will be facilitated by assuming ux^=-vx -\-v)x (— 1)\ and,

after substitution, equating the parts which are independent of ( — 1)*,

and also the coefficients of those which depend upon it. Wr
e have then

* Sir J. Herschel, Examples of the Calculus of Finite Differences, section xi.
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v.v+i—h (fl+b) vx—\ (a—b) wx—\ (a'-\-b')

—w.r+i—h(aJt-b)wx—^(a—b) vx—\ (a'—b 1

).

As an example of the second method in § (116.), change x into x-\-l,

giving a third and fourth equation : multiply the second and third

severally by A, and [j,, and add the first, second, and third, making
(a+b)\+a— 6= 0, 2\+(a-b) ju=0. We thus get the first of the

following equations, and by similar processes the second.

v.v+2,

— abv.v= ^ (a'b + ab'+ a'+b'), wx+s— abwx=^ (a'b— ab'—a'+ b
1

)

v.-^(a'b+ ab'+ a'+b') (l-ab)- l+ a
x (K.+K^-IY)

iox =l(a'b—ab'—a!-\-b') (1—db)- l+ ^(L^+L, (-1)").

a being J(ah) . Hence

(a'b+ ab'+ a' + b>)-i-(a'b-abf-a'+b')(-iy
U,~ ;

2(1 -aft)

M
t
and M2 denoting arbitrary constants. One relation between M. x

and

M2 must be expected, since the original equation is only of the first

order ; this will be seen in attempting to verify the equation. The
preceding value of nx gives

(x even) v*—\^ b
+ <* (M

t +M2)

;

{x odd) ux= _ ,
+«' (Mi—Ms) ;

1

—

uo

(x even) «.„+1— Px ux— _ , + a
+l (Mj—

M

2)

a !
{)

_i_ y
-a jz^i~a** (M!+M2>

z=a'+ax (M, a—M, a-M2
«—

M

2 a)

O odd) «r+ -P,^z=^t^-+ a l+ 1 (Mi+ M.)
1 — ao

ab' -\~<J , „ ^ , _ N—h
L
~ba (M!-M2)

1 — ab

= 6'+ a*(M 1 «-M l 6+M2 «+M2 6).

Substitute for a its value *J(ab), and the multipliers of a have the

common factor M.
ii
(A

l
/a-{- /sJb)+M l (*Ja — *Jb). The value of ux , then,

completely satisfies the conditions, and has one constant arbitrary, if

M2 (Va+Vi)+M 1 (Va-V6)=°-

(140.) To generalize the preceding method, let mx stand for a function

of x which is =1 when x=:0, m, or a multiple of m, aud which vanishes

in every other case. If «, /3, .... be the m roth roots of 1,. such a

function is seen in the mth part of «*+/&*+ . . . . If, then, we take

C mx+ Cj.mx_i+

C

amx_2+ . . . . + Cm_! m.r_m+1 , we have a function which
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is C , C 15 . . . . Cm_i, according as x:m leaves a remainder 0,1,....,
m— 1. This has been termed by Sir J. Herschel a circulating function

of the with order. If P,c, Q.t, &c. be circulating functions of this kind,

we have, for all integer values of .r (the reader must be careful not to

generalize this equation)

/(P*,Q*,.. • .)=/(Po,Qo- • • -).tf**+/(Pi,Qi. . • • )wi,_i+ • • • •

;

for /(P„ Qx . . . .) is itself a circulating function which goes through the

cycle of values /(P , Q ), /(Pi, Q t ), &c
Circulating functions may be doubled, trebled, &c. in order, by

assuming new circulating functions with doubled, trebled, &c. cycles of

values. Thus a'3x+ b3x__x+ c3x_n [s altogether identical with adx+b6x _ l

+ c6x_2+a6it_3+&6J,._4 +c6,_5. A simple process will reduce the solu-

tion of any equation whose coefficients circulate to that of a set of

ordinary equations, as follows.

Let (ux> ux+1,. . . .P.r , Qx . . . •)— 0, where P.t., Qx , &c. are circula-

tors of the pth, qth, &c. orders. Reduce them all to circulators of the

same order, namely, that of the least common multiple ofp, q, &c, say

m. Assume ux to be a circulator of the ?7ith order, rxmJ.+sx mx_1+ . .

.

Then

(ux , . . . P., . .

.

)— (?',., s„ . . . P . .
.
) w.,+0 (s c , tx . . .Px . . .

) m,_,+ .

.

Determine rx, ^ ... by the m simultaneous equations (rx . . . P . . . )=0,
(sx , . .Pa . . .)= 0, and the conditions are completely satisfied, or may

be satisfied by assuming relations enough to reduce supernumerary con-

stants. Thus, suppose i^+a+P.^+i+ Q.^.v+ Ri—A where P„. is a

circulator of the second order (a.,, bx , ax, bx , &c), Q.v also of the second

order (</.r , &',, &c), and 11, of the third order (a"x,b"x,c"x , &c.)

Reduce these to circulators of the sixth order, and assume one of Ihe

sixth order (fx sx tx vx wx yx
~) for ux . We have then six equations derived

from (rx+2 6x+i + sx+2 6x+l + tx+^6x + ^+2 6*..! + wx+z 6x_s -+- yx+s 6x_a)
+ {ax 6,+ bx 6*_i+ ax 6x-*+bx 6X_3+ ax 6 e_4+ bx 6x_5 }{r,+1 6X+1+ sI+l 6X

+ tx+l 6,_ 1
+u.c+1 6,.2+w,+i 6*-z+y*+i 6.r_ 4 } + (a'x 6x+b'x Qx_ x+ a'x 6X_ 2

+ V, 6._3 + a'x 6,._ 4 + b'x 6X_5 } {rx 6,+ sx 6,^+ tx 6 a _ 2+ vx 6X_3+wx 6,_4

+y.c 6,_„} = a"x 6X + b"x 6*., + &'
x 6 X._ 2 + a"x 6*_a + b"x 6,_ 4+ c"x 6,_5 ,

remembering that 6.1:+2=6X_4 and 6,r+i=6.c_5 .

These equations are

tx+z+ax sx+1+ a!x rx+a"x—0, yx+2+ bx wx+1+ b',. vx+ a",=

vx+2+K tx+1 + b'x sx+ &".,= 0, r,+2+ « , y,+l+ a'x u\v+ b"x=
iox+z+ax vx+l+ a'x tx+ c"x=0, sx+i+bx ?-,+1 + &'., y,+c".s=0.

The actual solution of this problem would require us to change x
successively into x+ l. . . ., up to x+ 10, which would give 66 equations

between 65 quantities besides rx+m rx+g ,. . . .rx . The elimination of

the 65 other quantities would gi.ve a final equation to determiue rx : the

equation for sx would be found by changing rx into ?.,., ax into 6.,., a'x into

b'x , &c. As a more simple instance let us take the problem already

solved in § (139.), namely

(*V?i 2,+1+ fc+1 2X) - (a2,+b2x_0 (rx 2,+s, 2.,,.,)= a' 2a
.+ 6' 2 V_ 1 ,

which gives ,ya+l
—arx=a', ?-x+1

—bsx=b', or (^«6 being a)
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sx+&— abs^— ab'-^a', rx+2— abrx+1=:ba
f
-\-b'

ab'+ af „ , _, , ., ba'+ b' _ „ _ ,
»,=- r+K 1

a*+ Ki (— a) , r,=- r +Li a*+L2 (—a)
1

.

1 — ab 1—ao

Now 2a=H.i*+(-i)*}, 2,_ 1
=i{i r

;
1+(-iy-1}-i{i-(-i) r

}»

and substitution in wiB =r.t 2:e+«a,2I_1
gives the same result as before,

the superior simplicity of this process arising entirely from using a

circulator for vx .

(141.) Required the sum of a; terms of the series Co+ &o+ c + i+^i
+ c

1+ &c. This is obviously &ux— ~Px , where Px is a\x) 6j (.T_1)5 c^_2) ,

(say Ax, B.„ or C„) according as x is of the form 3m, 3m-f-l, or

3m + 2. We have then

r,+1 3,+1+ sx+l 3,-H,+1 3,_, - (r, 3x+sx 3,_x+ 4 3,_2)

?*x+l tx—^x) Sx+l ^=A„ f c+l Sx—Dx ,

rx+3—

r

x=:Ax+Bx+1+Cx+s1 *,+a—*»=B,+ C,+l+ A,+8 ,

£*+3-~£i:—C^+A;I,+24-BiC+2

F Let 1, a, /3, be the three cube roots of unity, Ax-{-Bx+1-j-Cx+2^=Ax ,

&c.

rx-± 1A X+1 a- 2«"*X+ 1 ,6* 2,6-*A,+^ 3,+

K

2 3^-f K3 3,_2 ;

for it is evident that d (l)
a:+C2 a

:r+C8 yS
:r

is a circulator. The three

results put together by ux=rx 3x -\-

s

x 3x_ l
-\-

t

x 3X_2 will give the expres-

sion required, if the resulting circulator derived from the constants,

say LS^+MS^+NS,^, have L=0, M= a , N= a +6 . Let the

student verify this in some instances.

(142.)* A merchant begins with £A in the stocks at r per pound per

annum, and £B in trade, which returns r' per pound every two years.

He spends £a per annum, and invests half the returns of his trade, as

they come in, in the increase of his trading capital, funding everything

else, What has he in the funds and in his business at the end of x
years ?

At the end of x years let him have F* in the funds and T* in trade.

Then, if x be even, Fx+l is (l+r)Fx
— a, since the business makes no

return at the end of the (<r-{-l)th year. But if x be odd, Fx+1 is

(i:+r)F,-a+£r'T,_ ll

F,+1=r(l +r) F.—o+iT(^.1 »
/ 2_l

.

Again, if x be even, T,+1=TX , but if x be odd, T,+1=Tx+iT, ?•', or

Tjhl=T.+Jf/ 2^1 T..

Assume TI=V2: 2x+W3C 2x_li and we have

* Herschel, Examples, &cv p. 161.
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V,+1 2,_! +Wx+1 %-

Y

x 2X+WX 2„_ 1 -f-£r' (Vx 2*+ W, 2._,) %_x

2X 2_I=0, 2!_ l=2,_ I , V„+1= W„(l+ir'), W, +1 =V,,

V.+2=(1 + J
2 /-')VX

(V(i+^')=p')» v^p'^a+c.c-i)^}, w^p-^c.+ac-iy- 1

}.

There is only one condition to determine two constants, C, and C 2 ,

namely, that VX=B when x—0. But in the value of Tx , these two
constants are reduced to one ; for, since

{a+cc-i^ji+c-in^cc.+oiH-c-ir}
TX=VX 2*+

W

x 2^=0/* 2,+ p'*- 1

2._0 (Cj+C,),

and C!+C 2=B. From this we have (l + r=p)

Fx+1=pFx -a+i/2x_1 B(p'*-
1 2x_1+ p

/*2
x ),

or F^-pF^+ir'Bp'1- 1 2,_,-a.

Let F,= G,2,+ H,2,_1 ; then, a being o2,+a2,_
1 ,
we have, ^r'B

being denoted by B x ,

G.+^pH.-a+B.p'^1
, H,+1=pG,-a,

G*w-^a.=B1-/'-a(l+p)

G, =-^-+^+^{K+ K 1 (-ir}p-1 p
2—

p

2

H, =-^+?^lV{K+K l (-ir 1

}.
p — I p ^—

p

3

And jc==0 gives GT 2X+Hx2 t_l
=-^T + —?-!—|-K + K>, which is A,
p-1 p

2-p2

whence

p -v—^=i + b,C->.

+

b. ,^'-^*~p—

1

p't— p* 9 9

(143.) There are various equations of differences which are sug-

gested by their solutions, and for which no direct inverse method can be
given. For example, ux+l~2ul— 1. Let ux~cosvx , then cosvr+1

= cos 2vx , or vx+i—2vx-\-2mir, m being any positive or negative integer.

Hence »a=2*.C1
— 2mir, or wx=:cos (Ct 2

X
). But we may also take

vx+l—2nnr—2vx , which gives wx=r(— 2)
x C 1

-
r-fmT, or wx=cos {C^— 2)*

-r-fm7r}. Here are two distinct solutions, showing that the ordinary

theory is insufficient, for each has an arbitrary constant, which may be
converted into an arbitrary function of the form /'(cos 27r.r). And, x
being an integer, there is an infinite number of other solutions, for since

m need only be integer, we may write a x"-{-a l
x"~l+ .... +an for it,

where a , au &c. are whole numbers, as also n.

Let w»w»+l—ax (ux+l — z/J + l=0. Assume ua= tan«s, and we
have

tan Avx=za7
l

, t?s=2 (tan~! cC1+ mir).
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Let —f^zsu^y&yU^y. This equation is satisfied by
dv

d L d?-
l $x\

(144.) Such instances are not without their use, since they serve to

show that the solutions of most equations are unattainable for want of

means of expression. Until, for example, we have a perfect compre-

hension of fractional diff. co., the last equation is unintelligible except

when y is integer. The converse, however, is not to be assumed ; that

is, it is not to be concluded that when an equation is integrated in an

unintelligible mode, or by a formula which cannot be interpreted, that

therefore no other mode is assignable. For example, the complete

integral of ua uxs—ux um has been shown to be f4>
yx, where 4?x means

the operation performed y times following on x, and is for the most

part unintelligible, except whe'n y is integer ; so that the process of the

diff. equ. cannot be performed. But, notwithstanding this, % (CT^~y)

is the complete integral, when % and ® are any functions whatever.

(145.) In the preceding equations, and wherever D c or A.r is used, it

should be remembered that x is not a symbol of .value, but of distinction.

Thus if Axfx, which is a function of x, must have x changed into x+1,
it is needless to write Ax+l ty(x+l), and A* ^(#+1) will be sufficient.

Both are in fact the same, since -fx differenced or differentiated with

respect to x+a, gives the same result as when the same operation is

performed with respect to x.
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(Page 68.) The fundamental theorem admits of a proof which, though

less elementary than the one in the text, is not so complicated. Grant-

ing that a diff. co. is positive or negative, according as the function and
the variable alter in the same or different directions, as seen in page 132,

let C and c be the greatest and least values taken by 0'j? : ty'x in the

interval from x==.a to x—a+h. Hence <b'x : y'x — C and fix : ty'x
— c

are of different signs throughout the whole interval, whence, ty'x retain-

ing one sign, by hypothesis, <fi'x— Cf'x and <p'x— cyj/'x are also of

different signs. From this it follows, that of (f)X—C tyx and <f>x— ctyx

one must continually increase, and the other continually decrease, from

x=ia to x=za+h : that is,

(a 4- h)—cba—C (V {a+h) — ifa)

and 0(a+&)

—

(fra— c (f(a+ h)—ya)

must have different signs. Divide both by i// (a+ h) - tya, and the

same thing remains true : this is the fundamental part of the theorem
in the text.

(Page 103.) The language and notions of infinitesimals may here be
used, as is shown by the result. We have fx.dx, where xz^tyt, and
dx—ils't.dt, whence fft .

ty't . dt is to be integrated.

(Page 163-168.) I have throughout this work made free use of what
used to be called the separation of the symbols of operation and quantity,

under the name of the calcidus of operations. The student who
wishes really to understand algebra must make himself acquainted with

what has been done of late years in the generalization of that science,

after which the calculus of operations will cease to present any other

difficulty than that of the differential calculus in general. The state-

ment of principles partially laid down in page 164 may be completed as

follows.

In any science which proceeds by rules, these rules may be collected

and separately taught. They depend upon the meanings of the symbols

employed ; that is to say, the meanings of symbols being given, the

rules for the use of those symbols may be investigated. But there is an
inverse question : having given a set of rules, derived from one particu-

lar set of meanings, is this the only set of meanings from which that

set of rules wmild follow ? The answer is by no means in the affirm-

ative :
' A gives B, therefore B, when it comes, must come from A' is

not good logic. Now algebra, in its most general sense, is every

science which proceeds by the fundamental rules of general arithmetic,

whether the meanings of its symbols be those of general arithmetic or

not. Technical algebra is the art (only an art, not a science) of apply-

ing those rules to symbols, without reference to their meaning : logical
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algebra is any science in which those rules are used with any of the

meanings which are allowable.

The technical definition of a symbol is contained in the rules which
are laid down for its use : the logical definition, or explanation, pre-

cedes the branch of logical algebra in which the symbol is used. But
when, some symbols having been explained, and it being understood
that all explanations are to be so given that the rules of general arith-

metic shall be applicable, we wait until results shall indicate the mean-
ings of the rest, the process of finding such meanings is interpretation*

The science of general arithmetic, the rules of which are those of

every algebra, has simple number, and operations upon it, for its subject

matter. Its symbols of quantity are numbers represented by letters,

and the rules are as follows :

—

1. In every combination of 4- and — , like signs give + and unlike

signs —

.

2. Additions and subtractions are convertible in order ; thus

a-\-b=b-\-a, and a— b-\-c= a-{-c— b.

3. Multiplications and divisions are convertible in order; thus

axb= b"><a and ax.b-±-c=za-±-cxb.
4. Multiplications and divisions may be distributed over additions

and subtractions: thus (6 ± c) x az=b XazfccX a; and (L
b + c)-—a

= b-±-a + c-±-a.

5. The rules for the use of powers are ab Xac^zai+c and (a6)°=a60
.

To these rules all operations may be reduced ; though some may be
of opinion that there are more, and some fewer. This, however, does

not matter much to our present purpose ; be their number more or

fewer, no one doubts that the processes of arithmetic are reducible to a

small and fixed number of fundamental rules ; and any one may add to

or take away from the preceding, as he thinks necessary.

Again, the rules in this science, as in any other, are to be understood

as applicable only to intelligible data. Thus, 6— 10 being unintelli-

gible, cannot be the object of their application. The signs -J- and —
mean here simple addition and subtraction, and nothing else.

In the next step, the common algebra of positive and negative quan-
tities, we consider the symbols as implying numbers representing

quantities, with the implied addition of an understanding as to the sense

in which the quantities are to be taken. If -fa represent a quantity of

one sort, — a represents one of the some magnitude, but of a directly

* This process seems to be peculiar to mathematics : to go on using a word or a

sign without any knowledge of it, except that it is a word or a sign, to be used in a
certain way, until the results of that use point out the meaning which the word or

sign ought to have had, is a strange idea when presented for the first time. But,

nevertheless, it has been used out of mathematics : in logic, for example. Wallis,

the first mathematician, I believe, who formally introduced interpretation into

algebra, had previously made use of it in logic. In a disputation, (at Emanuel
College, Cambridge, in 1631,) whether a singular proposition is to be held universal

or particular, his thesis (printed at the end of his logic) decides the question by
interpretation, as follows.

A singular proposition, such as ' Virgil was a Roman,' is to be so taken that the

rules of logic may be applied to it. From the premises < Virgil was a Roman," and
' Homer was not a Roman,' it certainly follows that ' Virgil was not Homer.' Now
if the two premises be particular propositions, there can be no conclusion : from
'some A's are BV and 'some C's are not BV nothing can be inferred, Con-
sequently the premises must be considered as universal propositions.

The preceding process answers precisely to interpretation in algebra.
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opposite kind. And A+B means the junction of quantities equal to A
and B in magnitude, and of the same kind as A and B, while A—

B

means the junction of A and the magnitude of a kind contrary to B.
The third species of algebra, which includes the form of the greatest

extent in which the symbols represent magnitudes, rests upon geometri-

cal definitions. The symbols imply lines, in which direction as well as

length is' signified, so that two lines which are in different directions, but

of the same length, or in the same direction, with different lengths, are

represented by distinct symbols. This species of explanations leaves no
symbol unintelligible ; and J— 1 is as much the representative of a line

of one unit in length, inclined at a right angle to the line signified by 1,

as —1 is in common algebra that of a unit of length placed opposite to

the line 1. I do not propose here to enter upon the details of this

algebra,* intending only to point out to the student that even the

algebra of quantities is a gradual ascent from one generalization to

another.

But the symbols are not necessarily restricted to quantities ; as long

as the five rules, or those which any one else may substitute for them,

can be made true of the meanings, those meanings may be any what-
ever. For instance, 0,r, a function of x, may be the subject of opera-

tion, just as the unit is that of ordinary arithmetic, and A, B, C, &c.

may be indications of operations to be performed on 0.r. As yet, the

only fundamental species of operation which has been reduced to an
algebra of operations, is that of changing x into x+a, a being a con-

stant. This system is only a commencement, and many of its results

are os yet incapable of interpretation ; but, as in the history of the old

algebra, the results are always found to be true whenever they are

intelligible. The following are the explanations of this system.

1. The subject of operation, answering to the unit of arithmetic, is any
given function of a variable x; and except under the symbol of this

function, x must never appear. 2. The other symbols employed are

those of operations performed upon 0x, which are either multiplication

by a constant, or change of x into x+ a constant, or some combination

of these, or the limit of some combination, obtained by increasing or

decreasing a constant without limit. 3. If we signify 0(a;+ l) by
E0t, or agree that the change of x into x + 1 shall be an operation

whose symbol is E, then EM
'0:r signifies (x+ ?n) for all integer values

of m, positive or negative. 4. The signs -f and — preserve their usual

meanings: thus (E+ E'O <fix means E0o,-+E2 0,r or O+l) + (r+2),
and (3E— 4) <px means 30 (x+ 1)— 4 0#, &c. On this foundation the

truth of the five rules is easily established, and many results imme-
diately follow, as the student will see in the course of the work.

I will now give some idea of the difficulties which yet embarrass this

subject, and which may stand, with respect to this algebra of operations,

in the place of such symbols as /J
— 1 in the old algebra. The symbol

i

E"0^ is the result of an operation, which, repeated n times, gives E0.r

or (,r+ 1), One such operation is f x+ -
), but if a be any one- of

* See the Articles Negative and Impossible Quantities and Relation hi the Penny
Cyclopedia; Dr. Peacock's Algebra; or Mr. Warren's work on the meaning of im-

possible quantities,

3P
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the nth roots of unity, a0 f x+-
j
is an operation of similar effect. If

bv express convention we exclude all values of a except a=l, -which is

what is actually done, we may produce true results as far as we go, but

we have ascended to no higher place in the calculus of operations than

that which common arithmetic holds among the varieties of algebra.

We cannot yet venture upon the unrestricted use of results which involve

fractional exponents of operation.

The next difficulty is one which is not peculiar to this calculus. Let

us suppose that from and after, say x=0, we have a succession of values

of a function, giving (0) when #=0, (1) when x= 1, and so on for

every positive integer. Let us waive the difficulty of interpolation

(page 543), and say we have reason to know that 0j? would be the

function of x for every positive and fractional value of x : there still

remains an impossibility of deciding as to whether 4>x is the function

required when x is negative, if the case be one in which discontinuity

may occur. From among a number of similar cases we may choose

_ , j 2 C" sin xv dv ,1

I W J o V J

where tyx is any function we may name. This gives V—4>x for every

positive value of j?, and P=(px—2^x for every negative value.

Now, suppose we consider the operation E_1
(f>x, meaning that on

which, if the operation E be performed, $>x results ; or EE-1
<fcx=<f)x.

One satisfactory answer is E-1 0a:=0 (x— 1) : but unless the question

be one in which it is either proved, or justifiably assumed, that there is

no discontinuity, there cannot be perfect assurance that E-1 0x=0 (#- 1)
is always allowable. The data generally involve the assumption, that

there is no discontinuity from and after a certain point : thus, in con-

sidering the series (a) +0 (a+ 1) + . . . . , we mean to lay it down that

from and after x=a, <px is the sole object of consideration : but when
we pass to preceding terms in the course of operations upon this series,

it by no means always follows that the general term (f>x applies con-

tinuously for all values of x which are <a. The theorem in page 560
is frequently rendered useless by this doubt.

This branch of the differencial calculus, whenever we leave the part of

it which answers to arithmetic of integers in algebra, is one of the

subjects mentioned in the preface, in which we are rapidly approaching

the boundaries of knowledge. As an instrument of discovery it is

invaluable, and its results may be submitted to subsequent verification.

The operation of differentiation, represented by I), enters as the

result of diminishing h without limit in

$(x+h)-

and though the symbol may be new, its conformity to the rules follows

from that of (EA-1)-^.

(Page 1*73.) Possibly a very strict reasoner might think that the

equation 0x : yx—4>'x : ty'x when 4>x— and yx—0 is not sufficiently

established when 0'# : y/x is nothing or infinite. Take the fraction

(cKfrx+ byx) : («! 0X+6J f%), and let 4>'x : ty'x be =0 when 0o? and fx
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vanish. Now 4>x:tyx must in this case be either nothing, finite, or

infinite, and the fraction just given is readily shown to be b : b t
in the

first case, a finite quantity in the second, and a : a, in the third : that is,

always finite, so that its value must be that of (afix + bty'r) :

((ZiCp'x+b^'x), which, (p'xif'x being nothing, is b:h
x . If, then,

0x:i//x-T, we have («T+ 6) : (a, T+6,)= 6 : b
v
when T has the

form : 0, from which we deduce for that case ab
l
T= a

[

bT, which, a,

au &c, being quantities of our own choosing, is only satisfied by T=0 ;

that is, <px:fx vanishes with, (p'xi^'x. In a similar manner, the

theorem may be proved when qJx'.ty'x is infinite. Also in the Kst part

of page 174, 0r : fx being T, we have that T and Tl
ty'x : <p'x have the

same limits, whence cither T= or T and <p'x : y-'x have the same limit,

the latter alternative being only named in the text. But, taking

(afix+by/x) : (a, cpx+bifx), which must be finite, and to which there-

fore the latter part of the alternative applies, we find b : 6, for the value

if the limit of T be nothing. Consequently, (af'x+byx) : (^i/i'i+fii^'t)

must have the limit b : b lt or, as before, <p'x: y'x must diminish without

limit. Hence there is, in fact, no alternative, for when T diminishes

without limit, it appears that (p'x : fx does the same.

(Page 190.) It would be better, perhaps, to avoid the use of Taylor's

theorem, and to deduce the final result from {0 (x, c+Ac) — (x, c)}

-i-Ac=0.

(Page 193.) If y
>:
=x(.x>y) be reduced to the form w(x,y,y") = 0,

the conditions

dy dy . dw „ , do) da) , dio ,.

whence the numerator and denominator of y" vanish for the singular

solution, and y" takes the form : 0. This represents the indeterminate

character of the radius of curvature deduced from the diff. equ , which
may be, at the point in which one of the primitive curves meets the

curve of the singular solution, that of either curve.

(Page 203.) The following is in some respects better than the

demonstration given. Let there be, say three independent variables, x>

y, z, and let the equation be

X—+Y—+Z-= U, orX/+Y/+Z/+ U-f= 0,
dx dy dz dx dy dz du

where (,r, y, z, u) = is the complete solution; the first equation is

immediately reducible to the second (page 96). Let the simultaneous

equations

dx dy dz du . „

,

. „ „ ,

£ 5 */, z,u)z=c, v(x,y,z,u)=e.

We have then — dx+—- dy -f— dz+— du—0. which is co-existently
dx dy * dz du J

true with the simultaneous diff. equ,, and thence
*

3 D2
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dx ay ax du

or £=a is a particular solution of the partial diff. equ. And the same
is true of ??=&, <T=c, and v—e. But the equation / (£, 77, £, v)= 0,

whatever functionf may be, also satisfies the partial diff. equ. ; for the

preceding equations give, when multiplied by df: d%, df; dr), &c, and
added together,

x(& — & ^l i£ — i£ —\ & -0
\d^ dx dr] dx c/£ dx dv dx)

dx dy dz du

whence/(£, t\, £, v) is the solution of the equation.

(Page 206.) " But four of these twelve contain cL only, and are

identical, and the same of c2 and c3 ." This is an error ; two contain c t

only, and are identical, and the same of c2 and c8 : hence three distinct

differential equations of the second order. In the remaining six, two
contain both c

x
and c2, two more both c2 and c3 , two more c3 and c1#

But no one of these six is a diff. equ. of the second order to the given

primitive, because in no one does more than one of the constants of the

primitive disappear.

(Page 213.) The difficulty which arises about the constants in this

and the next page is entirely a consequence of the discontinuous mode of

effecting the solution, and might be remedied as follows, by merely

integrating the generalized form of the value of y', instead of its particular

cases separately. For example, let y'
3—3Py'*+ Qy'—R=0, P, Q, and

R being functions of x. It is well known that the value of y' takes the

form P+ «V J,-as W, where a is any one of the cube roots of unity. Let

fPdx—P^ &c,whence y=Pl+ a\f
i
-\-ai Wi+ C, and the question now is

simply to rationalize this equation, and to show that the same rational

form is produced whatever may be the cube root of unity chosen.

Observe, that (y— C) and all its powers must be of the form P1+ ^'Vl

-4-QrW l5 since a4 s=a, a5=a2
, &c. ; assume then (y-C) 2=Q+Ra-|-Sa2

,

(y — C^^X+ Ya-J-Zof2
, and let X and jj. be such functions of x as are

found from yuV^XR+ YrrO, and jiW^+ XS+ ZssO i we have then

(y-Cy+X (y-Cy+p (y-OrrX+ XQ+ ^P,,

which is the complete integral of the equation, whatever value of a

may be used. It is the same as that obtained by the method in the

page cited.

(Page 222.) By neglect I have omitted to insert some account of

Fourier's theorem on the roots of equations, in conjunction with that of

Sturm. The former is more connected with the Differential Calculus

than the latter.

Since (<px) 2 must be a minimum when <f)X— 0, 4>jc.<p'x must change
sign from — to + when (fix passes through by increase of x : or if

(pa=0, then
<fi {a—da) and 0' (a— da) must have different signs, and
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4>(a+ da) and 0' (a+ da) the same sign. If (fax be a rational and
integral function of x, as a x"+ a

l
xH~ 1+ . . .

.
, and if <fix, <fi'x, 0",r, &c.

be taken, and if the succession of signs of these functions be called the

criterion, it follows from inspection that when x= — cc the criterion

shows nothing but changes of sign, and nothing but permanences when
x^: + cc . Consequently, in the passage from x—— cc to x— + cc, the

criterion loses n changes of sign : and, as there are n roots, real or

imaginary, we may attach to each root one of these changes of sign, so

as to say that every change has a root, real or imaginary, belonging to

it. Now if we examine cases in which diff. co. of <px vanish, with or

without (fix, we find that a change of sign is lost for every real root, and
that except at a root, changes of sign are always lost in even numbers.
And since there are only n changes of sign to be lost, every pair which
is lost by the vanishing of diff. co. unaccompanied by that of (px takes

away the possibility of a pair of real roots, or proves the existence of a

pair of imaginary ones. Moreover, since signs can only be lost in even

numbers, except when (fix vanishes, the loss of an odd number of signs

in passing from x=a the less, to x=b the greater, shows that there

must be one real root between a and b, at least. There may be as many
real roots in that interval as there are changes of sign lost ; but if no
change be lost, there cannot be any real root in the interval. The
following are instances of the manner in which the changes of sign are

lost, it being remembered that every function which vanishes is to

differ in sign from its diff. co. before vanishing, and to agree with it

afterwards :*

0' One real

x—a-h + + root: one

x=a ± change
x=a+h + + lost.

0' 0" Two equal

± + + real roots

:

+ two changes
+ + ± lost.

0' 0" 0"' Three equal

+ + 5: + real roots :

± three changes

± ± ± + lost.

0' 0" 0'" Two imaginary 0' 0" 0"'

x==a — h
xz=.a

+
+

+ +
+

roots : two

changes
+
+

+ +
+ no changes

lost. .

x=:a+ h + + + lost. + + +

0" 0"' 1V V V1 Four imaginary

x=.a~h ± + ± + ± roots: four

x—a ±000+ changes

x—a+ h ++'+ + + lost.

0"0'"(piv v vi Twoima-
+ + + + + ginary roots

:

+ 000 + two changes

+ ± ± ± ± lost.

(Page 253.) Stirling (Meth. Diff., p. 8, Introduction) is the first I

can find who used the differences of nothing, though not under that

name or definition. He uses the divided form, and obtains them as the

coefficients of the development of {(n— l)(n— 2) . . . .}~l

,
giving a

theorem which we should now express by

1.2.3.

(n—1)0-2) (n-k)
Ai- «: AiQi+i A*0*+a

* For a more full account of this theorem, which is here given merely to show
how the differential calculus has been applied in the subject of equations, see the
article Sturm's Theorem in the Penny Cyclopaedia; Yoitnj; or Hymers, on Equa-
tions ; or Peacock's Report on Analysis to the British Association.
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which I leave to the student to prove. Stirling also uses the table of
the coefficients of (x— Y)(x—2). , . ., and I leave the following also to

the student. If Am,„ be the sum of the products of every selection of m
numbers out of 1, 2, 3, ... . v, then

Am,„+l=Am)„+(?z+ l) Am_lj „,

from which a table of coefficients for (x— l)(x— 2). . . . (x—n) may be
rapidly found.

(Page 305.) Burmann's theorem is nothing but Lagrange's, as

follows. If x=a+yfx, Lagrange's theorem is

fx=(fx)+ (f'xfx).y+^— Wx(fxy}} £

+ &c;+(£{**cm JL
2.3

where the external parentheses denote that x—a after the differentia-

tions. This is expanding yx in powers of (<z — a) :fx. Let y or

(x— a) :/r= 0r, whence 0.r and x—a vanish together; substitute^
for y, and (x — a): 0x for Jx, and we have Burmann's development.

(Page 313.) The symbol fyx dx, or D_1
yxi is found from 1 +A=£9D

,

and we have

D-1^
log (1 + A)

(A-1+V
l+V8A+V8 A8 +....)

1+A
-V.+V, -v,

1 + A 8
(1 + A)

-.+ ••••)

since 1 : log (1+A) is not altered by changing its sign, and writing

—A: (1 + A) for A. Take the value at the upper limit, from the

second expression, and that at the lower limit from the first, and the

expression in the page cited is readily obtained.

(Page 330.) The student must observe that the instance taken,

be + ce+ bf, though it serves well enough to show the method, could

never occur in any example, since it is not itself the derivative of any-

thing.

The mode of forming the derivatives given in the page cited, though
advantageous for the beginner, as saving him from error by presenting

most of the terms several times, formed in several different ways,

admits of simplification. The process need only be performed on the

last letter which enters, except where the last but one is that which

comes immediately before the last in the series a, b, c, e, &c, in which

case operate also upon the last but one. This will prevent the third

rule in page 330 from ever being wanted. Thus, in forming D5 64 from

D 5 6
4
,

4b3 h gives only 4b3 k

12b'2 eg gives only 12b* ch

126 l e/ gives \2b*eg+ 6b2

f2

I2bc2f gives only 126c2
g

126ce 2 gives 24bcef+4bes

Ac3
e gives 4c3/+ 6c2

e
2
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In the following tables the method of Arbogast is applied to the

forms which more frequently occur. Let

a;
2 x3 \ . x*

a+bx+ c —+e— + )=A + Aj x+A2 —+
Then Am=Dm"1

6 . <j)'a+Dm"2
6 2

. 0"a+ + J)b
m' 1

. <j>(
m-»a+bm (m)

a,

where Dm
b
n (which does not mean the same thing as in the text) is to

he taken from the following table

:

D6=c

D 26=e, D 6
2=36c

D3
b==f, D2

6
2=46e+ 3c2

, D63=662
c

D46— g, D3
6
2=56/"+10ce, D 2

6
3=:l062

e+ 156c2
, D6 4=106 3

c

D5b=h, B*b'~6bg+lbrf+l0e\ D3
6
3=156 2/-r-606ce+ 15c3

D2
6

4=2063e +456V, Bb5=i 1564
c

D6b=k, D5b*=lbh+2lcg+ 3&ef

D 46
3=2l62#+1056c/+706e2+105c2

e

D3
64=3563/+ 21062

ce+ 1056c3

D2
65=3564e+ 1056V, Di6=21^c

Wb=l, D 6
6
2= 86&+ 28c/*+56eg+ 35/2

D5
6
3=2862

/i+ I68bcg+ 280bef+ 210c2/+ 280ce2

D46
4= 5663g-+ 42062c/+ 2806V+ 8406c2e+ 105c*

D8
65= 7064/+ 56063

ce+ 4206V

D2
66=5665e+ 2106V, D67=28&6 c

D8
6 —m, D76

3= %l+36ck+ 84eh+l26fg

'D
6b*=36b*k+ 252bch+b04:beg+ 3\5bf+3l8c2g+l260cef+280e!i

D56
4==84636+ 75662

c#+ 126062
e/-f-18906c

2/+25206ce2+ 1260c3
e

D4
6 5=12664g+ 126063

c/-t- 8406V+ 37806Ve+ 9456c4

D8
6
6=1266 5/+126064

ce + 12606V
D2

67=8466e+ 3786V, D68=:3667c

D96 —n, D8
6
2==106m4-45cZ+120e£+210/A+126g2

D76
3=4562Z+3606c&+8406eA+12606/g-+ 630c2A+2520ce#+ 1575c/2

+ 2100c2/
D6

6
4=rl2063

A+ 126062c^+252062cg-+157562

/
2+37806cV+126006ce/

+ 28006e3+ 3150c3/+6300c2
e
2

D565~21064A + 252068cg + 420063e/+ 94506V/+ 1260062ce
2

+ 126006c3
e+ 945c 5

D4
66=25265g+315064c/+21006V+12600&Ve+47256V

D3
67=2106 6/+252065ce+31506V

D ?6
8=12067e+ 6306V, D69= 4568c.
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Thus we have <p( a+ bx+c-—J-e- }- ..

\ 2i 2i < o

.r
2

$a+b<p'a.x-\- (cfia+ bV'a)—

+ («0'a+ 36c 4>"a+ 6
3
0"'a)—

+ (/tf/a+ (46e+3c
2
) 0"a+ 662

c
wa+

o

4
<£

iv aV-^—+ &c.

up to the tenth power of <z. The student may apply this to the verifica-

tion of the series in pages 262, 264, and 315. The numerical
coefficients above given have been carefully verified on

log^l+*+-+— +
....J=*

5

and in the literal part the terms all agree with those of page 330.

(Page 410.) The following theorem will be very useful in this part of

the subject :

(a
l+b*+c*Xp*+ q

2+rq)-(ap+ bq+ cry

=(aq— bpy+(br— cqy+(cp— ary.

(Page 559.) Dr. Hutton's method is not quite so convenient as the

following. Find Aa , A2a , &c. in the usual way, and let Lna
Q
be the

last -which is employed. Take half A"tf from A"_1a , half the result

from A"
-2

ff , half the result from AB-3
a„, and so on, until half a result

has been taken from a ; then halve this last result, which gives the

approximate value of a — aA+ . . . . This leads to the same result as

Dr. Hutton's mode, and saves the summations required at the begin-

ning of the latter, and most of the divisions by 2.

(Page 621.) To avoid confusion, I have omitted all notice of another

mode of development, which may be obtained as follows. Add the two
series in page 621, which gives

.. _, _ TZX . TCX , „ „ ,

JBq+BxCos— -f . . . + AiSin—+ . . . . sztyx 0(x)l

= l(x) 21.

•n, /•; , . ,n nrv . . . r , JS . nxv
,

Let B„=Jo^(t)-f«) cos —— dv, A„=:j tp(v+l) sm—j—dv ; then

TrX TtX

P' +B' 1 cosy+ + A\sin--+ —0 —l(x)0

= ty(j?+Z) 0(x)l

Write x— / for x in the last, and we have

1B' — B'j cos^+ —A'! sin ^+ = 0(x)l

Add the first and third series, and we have
=tyar l(x)2l
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^(B +B' )+ (B
l
-B'

1
)cosy+ (B 2+B'2)cos^-

r

+...

+ (A
1
-A /

1
)siny+(A2+A/

2)sin ~—-=.l^x
(0, x, 21).

It is (0,x,2l) and not (x) I (r) 21, as might at first be supposed,

because when „r=0, or I, or 21, both the double series give ^l<px, and
their sura gives l(px.

And B2n+ B'
2n=zfI

{4>v+ (t>(v+ 1)} cos—--dvz=:f$ cfjv cos —^- dv

Bfc+,-B'h+i=
lp,{M fr+0} cos

(2w+ 1 > Tl?

cfo

=/(, 0u cos - —— du+/' («+/) cos -— 7 v J
dv

... (2n+ l) to-
ss

J
%<j>v cos dv.

ai a a. a' m* • nttv /+,neven\
Also A^A^fi^vnn—dv

(^, nodd>)

by similar reasoning. Hence our final conclusion is

l(f>ri=:±J£ (pv dv+cos— J
" (pv cos— rfu+ cos—- J^cpvcos—r- dv-A- . .

.

. -kx ro . . w . . 2ttx ~ . 2tu
+ sm— J

- 0u sin — dv+ sm —— J
~ 0v sin—— dv+ . .

.

Hence we have two distinct ways of expanding tyx in a series of both
sines and cosines : namely

, r , . , _„/ [., nvv nirx\ ~.*f r , ,
. nirv . ?nrx\

%J <pv dv+Zii J o^v cos-—-rfy.cos—— J+Zi I J <j>v sin-— cfo.sm—
]

•. /<.! , *.«{ r* nirv . mrx\ _
eo
/' -,. . ?iTO , . 7i7rj;\

ijo0u ""+2il Jo^vcos— dv.cos— J+zJJgtpvsm— dv.sm——
J;

but the first is only true from x= to tf==:Z, and vanishes from a?=Z to

a;= 2/, becoming \l<fix when .z—O, or /, or 21 : while the second is true

from x=0 to x=2l, both inclusive.
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ERRATA.

In the following columns, the first denotes the page, the second the

line; thus (10 means the tenth line from the top, and 10) the tenth

line from the bottom of the page, not reckoning notes, if any. The
third column contains the erratum, and the fourth the correction. The
numerical tables in pages 253, 554, 587, 590, 657, and 662 have been
carefully compared with the authorities.

•0001
|

-ooi.

The assertion as to Peyrard refers to his smaller (or

octavo) translation of Euclid: the author was not

then aware of the existence of the larger one.

Omit the word that.

13 2)

18 Note

20 11)
21 1)
22 (4— (22
24 (8,10
25 (27
28 (17

35 5,6)

40 (1

46 13)

55 (13

58 (10

60 1)
61 (7

63 (17

64 6)

— (8

"~—

(17

67 (13, 14— 15)— 9)— 5)— 16)
69 (13
71 (22

— 3)

73 (19

— 10)

— 8)

2.3.4

Chn+V chn

2.3. ..n 2.3...n 2.3...U

n (n— 1)

same same time.

were we are.

a— 2/3

two hundredth, 200, 8

2,6 -a.
hundredth, 100, 4.

absolutely

in a second

absolute,

in the fraction A; of a second.

1 1 2 3

2a;
3 '

3a?
4 ~ X3' ~ X*'

(<t>*y

0a
Cfx)\
4>a.

3w2 ^3y
' dx

sin2
a? sin

2 w

\/(a?
2- l)+x vV— i)-4-p-

cosec3 u cosec
2
u.

du , du . du
M= l + o? log X.

x~5 c=5.

. « d 0v

dx

d(f)v

ax

°-9 (!->•
0C and 0c
do. do.

0'C and 0'c

do. do.

do. do. do. do.

4>x between 0C and 0c
A and B.

0"'a=Oy/"«=O

(x— a) 3

0'o? between 0'C and 0'c.

P and Q.
</>"a=o, y«=o.

(x-aY

hn

2.3.4

Chn+l
'

chn+l

2.3...W 2.3..7i+ l'2.3...7i-r-l*

n(n— l)af~2
.
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4)
10)
H)
(11

In Tab.
of

Diff.

16)

3)

4)

(6

(13, 14

6)

2)

(21

(2

1)

(11

(11

(1

(18
(5

14)

(20

(6

a
(16

3,4)

5)

(19

(13

6)

(12

2)

(4

(11

5)

5)

hn+2

•501

<t>"x (C
2-71728
AX
A3«2

A8
?/3

1

AX
A4M,

+ n —~ua ±nu3 -\-ux

Strike out = between the

0//

Aw+ y

y

±n
2

columns.

Ap+2 .

• 508.

<£"j?=(C.

2-71828.

A 8
" *«

As"' ^
4^

rc-1
M3 + WM2+ Uy.

3
d*u

dx dy
(Ax) 2

z

du .— Ax
dy

of values

objectional

greatest

being the

fl+nw or a+h
xn+ l

x~ l+l
— 1-0001

diff. co.

cos
2 d sin"

-2

d . sin

r^siri2^
a

__ 6
—

v

—

c—x in denom.

that

*Jb*+4ac

x/=

Am4-Au.
u.

x+1.
a

}
b, c, &c.

n— 2

3

(Ax,) 8
.

dy
of values of."

objectionable.

greatest and least.

being a the.

a-jr(n— 1) w or a+h—

<

xn+l .

ar*+\
— l+'OOOl.
differential.

a?xn-*dx.

cos2 sin"
-2

Odd.

d.smO

I •sin
2 0*

V—c+x.
than.

V6S— 4ac.

V a

These results are subject to any error which may
arise from integrating a function which becomes
infinite between the limits of integration.
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117 2) P !':

121 (4 S
9

%J

— 9,10) — 0—0.
125 1)

/•

g _9V-r\2 (ii-ov-iy'.

127 (10 log(-l) Log(-l).
129 (14 4th and 4th, cube, and.
130 9) na* na"' 1

.

132 (25 but or.— (12 1; s 1 : s is.

133 (6 4>x $x.
138 (17 A*y.2m A*y . In.
139 (1,2 Remove the negative

sion to the first.

sign from the second expres-

141 10,11) 2kf and 11c vers
-1 kf and k vers

-1
.

142 (7 Omit the words in pa-

rentheses.

1 2— (18
3 3'

___ 23) a\x is a\x—a*jO *J2ax is ^2ax — \f2a0.

143 (8 k the density.

144 (8 t— At, and t— At, t, and.— (20 t* seconds f feet.

145 (3 what is the length de- what is the number of seconds

scribed between the in which the point moves
end of 10 and 20 from 10 to 20 feet.

seconds— 8) matter manner.

148 (7 proportion proposition.— (24 could not be <i>x could not be <j>'x.

150 is; to a to A.

151 (4
/a a\

V 2m 2\/2m
+ /^"and-^V 2m 2^2m— (10 Chapter III. Chapter IX.

152 8) (j) (x, 11). x (*> «)•

d*x d lx— 15)
dhl du?

154 14-16) Cs-°\ Cec'.

155 (3 K12 K'2
.

157

}

The letters A„ A2 , A3 ,
&c. have been inadvertently

158 used for different things in these two pages

;

in the first they stanc for (a/), Or"), &c, and in the

second for (u'), (u"),& c.

158 3) x' u™— u' X™ x' u}
y—u' xiv+ x" u"!—u" x"'.

160 1) to y only or to y only.

168 (7 Bernoulli's Bernoulli's.

177 (2 fractions exponents.— 16) °Xcc X oo.— 7) a 0.

178 (11 becomes becomes 1.
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19)

(5,6
(5

(2

(11

(8

(2

19)

(9

(1—25

(5

(9

(12

10)

2)

(6

(14, 17

(21

21)

16)

(4

(1

(4

(29

(15

(20

(22

4)

(8

11)

Cut

Note

4)

7)

12)

11)

9)

2.3...„_ 1
|

2.3 n-1.
On an error of reasoning contained in these pages

look forward to page 327.

2c=—x, 0= —

1

2c= x, 0=1.
a(x,y) «(j",7/).

c, c k, fc

includes seems to include.

annexed to y annexed to j Vdx
where when.

-"? u*.
du dw
du dw

x — x -7-.
ax dy

See Appendix.
d3 P3 d3 P3

dtf
V n^y-

d->y d^y
dxn

rfjc- 1
'

d4-h*
dx

hy '

dx
gkx s—kx s—kx ghx s- '1!*, g—*l r

a2 ys-
ax

fia2 ys-"
x

.

s
(kn-kn-i)x fknr r

, r dW 2 , dWs _ dW, . dW.W2 -r-
2
and -r-

3 W2 -r-
1

and —-i.

a# eu? da- d#
primitive diff. equ. given diff. equ.

series series of

V,„; is VA+1 is

Vs v2

a 6+c a—6+c.
«2» a?n+2«

as if its as of its.

A2a A2 a .

p. 157 p. 70.

3.2, 4.2.3 2.3, 2.3.4.

4>
n+2x it.

(j)X= VX,4>OCX i{/X—vx.i(fax.

n m.

A and B should be at the extremities of the continued

curve line.

For the completion of this test of convergency, see

page 326.

eh
4a4 x2

-+- r sin (p

tan
-1

tan
1

1

-d+ mir
4d

BL

4a4 x.

- r sin ^.

tan ' tan
2 2

- + -.
2 2

?»#+-
Tf—0



782 ERRATA.

244 8—2) Omit this paragraph altogether, as it is rendered

incurably false by the preceding mistake.

245 (12 p(«) F"> Q.

— (20 IH+-& *-e>ioi— (21 <Z0'0~\» ^)

-1
lr.0'0~1

,r.

249 12) reason the same reason as.

dx_
251 (1

?*—

ds

252 . 10) I
s t

253 (5 - sin —2 sin.— a sin2 sin
2
0.

259 1) the then.

260 11) A«0P A(1) 1+p
.

ft—

1

. k—2— 4) — ft and + ft
—

—

2
-(ft— 1), +(A-1)—

•

— [k-1, p] and [6-2, p] [ft-l.Jfc— 1+p] and [ft—2,
ft-2+ p].

261
265

1,2,3)1
(1)

Ax, Aex, &c. A0jr, A2
4>x, &c.

266 (10 ^y*—Stv*dx s2/*=/o2/^^-
210 1) between nothing and unless insert when x—a.
272 (6 ( -1) (*-!)•— (8 omit (when x=0).
275 (9 (x-y (*-2) 2

.

125 1 125 1— 5)
864 x-l 96 a?—

r

— 4) x— 1, x—2, &c. (#— 1)-\ (j?-1)-" &c.

278 (11 vq—

a

u°— a.

279 (2 and 9 Atf+B (Aa?+B)cfo.

293 (1
1 —-. The student should

2/82,6— 1

ascertain for himself that this error is of no con-

sequence, and that its results in (5 and (10 are

true.— (6 expressions. limits.

301 (10 positive negative.

302 13) a and b c and 6.

305 (2 alter thus — j a(l + z)
a_1

G/l+ z+1)2

-}

307 (9 d<j>x~
lz dfx

- l
z.

309 (12 cos a.O*— a2 cos a (0
2 -a2

).

310 14) w wx .— 2) <i>y 0(*4-y)."— 1) A2A0 2 and <p"ij A2A 2 2 and 0"cr.

312 (15 s
x £-*.

313 a (-l)"Vn (-irvn+2 .— (in (69.) (67).
315 (13 for n for a?.— (11 x, x—0 &c. 2, 2=0, &c.— (19 (j)X <pz.

319 8)
1

2wth. nth.
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log A log A

1) A—BJ^~b A=B IngB*

(10 A 1+ 2A2x+... (A,+ 2A 2.r+ ...) divided by
(rr

l -\-2aix+...)

6) 4c3f+4be 4c8
/+46<?8

.

(19 m—

2

m — 1.

16) m \m.
(15 science of science to.

3) Oy' oy.
(9

tf> f-
(21 F 2 F

(16, 20 a is > or <& rn is* + or —

.

(23 mt part of four right angle w(l—m) or ir :

angles (m — 1), whichever is

positive.

(27 involute evolute.

(7 y y-
(19, 20 convex or concave, as y

is positive or negative

always convex.

11) convex concave.
£0+1 «0+l

10) (y—a) e y"^~ or (y— a)
eo+1

.

5) third case first case.

(19 of X of i//\r.

d'x d 2*
(13

df df'
13) y-fia z— /3a.

(15 *iffi + %i> *i2/i ± Ba^ aA ±%i> ZiyxT5 *!-

(11 £-*.
11) normal plane osculating plane.

(14, 16 The indeterminate sign Df ^ is here used.

3) cz2 C22
.

(1 (ac-b.y (ac-6f).

4) as r, except as £, except.

(16 (A) and (M) (L) and (M).

4) fx fy-
1) (j)X y=4>x.

13) ly^x 2xdx.

2) of x, to y of y, to a?.

(13 Kq " Ap.

(3 diff. co. sign of differentiation.

Transpose the last two s gns.

(15
' ±T T±

(17 if....±,± + ....+, +
C18 ....±,T ....+, ±
12) m nor w 7? nor g.

6) U+AU U + AV.

(12 The fifteen equations a

just given.

re exclusive of the three

* It must be remembered that all hypocycloids in which the revolving is larger

than the fixed circle, are also epicycloids, and count as such in the preceding

distribution.
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460 (7

461 2)

462 13)
463 9)

467 2)

469 (14
471 (2

473 14)

474 3)
477 19)

479 1(2

487 (11— (23

488 (12

495 (12

499 (10

515 (18—20

520 12)

525 8)

531 2,3)

541 11)

554 7)

568 (29

570 21, 22)

571 (2

572 12)

573 (17

578 (20

580 1,2)

588J

Table
opp. *64

590 3)

593 7)— 1)

595 15 , 16

597 (16 !

ERRATA.

+ /, &c -/, &c.

Xdx X
upper or lower lower or upper

-%M\ -2//n¥i-
fHz fcfrdx.

(Z) = XZ (Z) =XZ.
Fl F/.

\.XVXW 2Txvxw .

+ 0? —a\
—a, y—b, z— c a-x, b—y, c—

,

P V-

(6) (3).

nsx , t!xy, tx:z ,
OT

5 , "US'Af 1ST

9

y
fw.wY'

2Z 2*.

Y 2 y/2

The mode of comparing the coordinates must be
transposed, either in these lines or those which
follow : these lines are to be corrected thus.—Let

x= at,+ a'r]+ a" £, y—PK+ &c &c. Calculate

Zdri—ndi, or («r+/3y+ y«) (ct'dx+fi'dy+ y'dz)

— (fit's+ fi'y + y'z) (adx+fidy+ ydz).

dT_ dT

dk di;
C cos (fl + E) /xCcos (0+E).

No part of the independent portion does vanish, and
the result should be 4(2AaB- aASB) +2 (aC3E
—SCAE).

Afl„ A 2
tf A3

cr

--&C.
2 4^8

a"(l — a?)"

a;

2

+
2.3.

Cr+1)

m
as

n
. .n 2.3.

+ 2

'9

727 102

(a:+ 2)«+1

and

•43429545
A'(l+*)

A'(l+a?),2a?~ l

A

</C*?-f-y!+*?)
8

,
&c.

a Aa„
, Aza

2-T" + ^

—

&c -

xm(l-x) n
.

n.

_2
m'

is 0.

k.

2.3. .w 2.3. . .n
+

(*+l)-+»

;+* s 0
(x+2)«

andQ-z-)

727 012

1+*.-
v

+ 6i.

•4342945.

A'(l+ar) + y.

A'J, 2(1+ #)
H

A',
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602 (2

8)

v° v*

604
/2ot(1-ot)

v -k «-v-)-<t)'
607 (3 conception exception.

617 (6 X Xl
621 (1,2 (0, X 7r), O) 7T (0, *,/), 0(r)/.

640 (3 f(x+cck) f(cc+yk).
652 11) t

n
dt* (i-tydt— 8) ^(a+ Oh) ft

n+1)
(a+ Qh).

658 9)
.

r !"~1
l-fl».

660 (6 Omit this line altogether

662J

Table
opp. "45

1 -3114326 •3114362.

6631
Table

} 7-0005447 7-0005477.
I

opp. 12 (

671 (19 V y*.

679 (10 m+n+I m+?i+2.
680 (13 X <r+ 2/+2.

— (20 R, c^**"1 R , CP « r
.

681 9) yx #:^.
695 (18 log* log (a+ for).

697 5) y=Y/,&c.

ADDITIONAL ER

y=-Y/,&c.

RATA.

534 12) — dec — 2a.

1 1 C m i i r-
571 (5 —7-, +—

>

r »

m-\-h m J _m+A m+/t m J m_A

573 (8, &c. (-])"£ (-l)i
640 20) J,4»l— 1 /j»>— 1 g!>J'fc

A
4"-1 6"- 1

s*** : Fm.

* The result, however, may he just as easily obtained from the integial in 17) as

from its transformation*.

3 E





ELEMENTARY ILLUSTRATIONS

DIFFERENTIAL AND INTEGRAL CALCULUS.

The Differential and Integral Calculus, or, as it was formerly called in

this country, the Doctrine of Fluxions, has always been supposed to pre-

sent remarkable obstacles to the beginner. It is matter of common ob-
servation, that any one who commences this study, even with the best ele-

mentary works, finds himself in the dark as to the real meaning' of the

processes which he learns, until, at a certain stage of his progress, depending
upon his capacity, some accidental combination of his own ideas throws
light upon the subject. The reason of this may be, that it is usual to in-

troduce him at the same time to new principles, processes, and symbols,

thus preventing his attention from being exclusively directed to one new
thing at a time. It is our belief that this should be avoided ; and we
propose, therefore, to try the experiment, whether by undertaking the

solution of some problems by common algebraical methods, without call-

ing for the reception of more than one new symbol at once, or lessening*

the immediate evidence of each investigation by reference to general rules,

the study of more methodical treatises may not be somewhat facilitated.

We would not, nevertheless, that the student should imagine we can re-

move all obstacles ; we must introduce notions, the consideration of which

has not hitherto occupied his mind; and shall therefore consider our object

as gained, if we can succeed in so placing the subject before him, that two
independent difficulties shall never occupy his mind at once.

The ratio or proportion of two magnitudes, is best conceived by ex-

pressing them in numbers of some unit when they are commensurable
;

or, when this is not the case, the same may still be done as nearly as we
please by means of numbers. Thus, the ratio of the diagonal of a square

to its side is that of V 2 to 1, which is very nearly that of 14142 to 10000,

and is certainly between this and that of 14143 to 10000. Again,

any ratio, whatever numbers express it, may be the ratio of two mag-
nitudes, each of which is as small as we please ; by which we mean, that if

we take any given magnitude, however small, such as the line A, we may
find two other lines B and C, each less than A, whose ratio shall be what-

ever we please. Let the given ratio be that of the numbers in and n.

Then, P being a line, ??jP and nV are in the proportion of m to )i ; and it

is evident, that let m, n, and A be what they may, P can be so taken that

-mP shall be less than A. This is only saying that P can be taken less

than the mth
part of A, which is obvious, since A, however small it may be,

has its tenth, its hundredth, its thousandth part, &c, as certainly as if it

were larger. We are not, therefore, entitled to say that because two
B



1800 36 90

1_8_

1 c
1000

36
100

B = — C
100

9

B = — C
10

2 ELEMENTARY ILLUSTRATIONS OF

magnitudes are diminished, their ratio is diminished ; it is possible that

B, which we will suppose to be at first a hundredth part of C, may, after

a diminution of both, be its tenth or thousandth, or may still remain its

hundredth, as the following example will show :

—

C 3600

B 36

B = — C B =
100

Here the values of B and C in the second, third, and fourth column, are

less than those in the first ; nevertheless, the ratio of B to C is less

in the second column than it was in the first, remains the same in the

third, and is greater in the fourth. In estimating the approach to,

or departure from equality, which two magnitudes undergo in conse-

quence of a change in their values, we must not look at their diffe-

rences, but at the proportions which those differences bear to the whole

magnitudes. For example, if a geometrical figure, two of whose sides

are 3 and 4 inches now, be altered in dimensions, so that the corre-

sponding sides are 100 and 101 inches, they are nearer to equality in the

second case than in the first; because, though the difference is the same in

both, namely one inch, it is one-third of the least side in the first case, and

only one-hundredth in the second. This corresponds to the common
usage, which rejects quantities, not merely because they are small, but

because they are small in proportion to those of which they are con-

sidered as parts. Thus, twenty miles would be a material error in talking

of a day's journey, but would not be considered worth mentioning in one

of three months, and would be called totally insensible in stating the

distance between the earth and sun. More generally, if in the two quan-

tities x and x + a, an increase of m be given to x, the two resulting

quantities x + on and x + m + a are nearer to equality as to their ratio

than # and x + a, though they continue the same as to their difference;

for 1±1 = 1 + -f-and *+*" + * = 1 + _^_ of which
a

x + m x + m x + m

is less than — , and therefore 1 + is nearer to unity than 1 +—
x x -j- m x

In future, when we talk of an approach towards equality, we mean that

the ratio is made more nearly equal to unity, not that the difference is

more nearly equal to nothing. The second may follow from the first, but

not necessarily ; still less does the first follow from the second.

It is conceivable that two magnitudes should decrease simultaneously *,

so as to vanish or become nothing, together. For example, let a point A
move on a circle towards a fixed point B. The arc A B will then di-

minish, as also the chord A B, and by bringing the point A sufficiently

near to B, we may obtain an arc and its chord, both of which shall be

smaller than a given line, however small this last may be. But while the

magnitudes diminish, we may not assume either that their ratio increases,

diminishes, or remains the same, for we have shown that a diminution of

* In introducing the notion of time, we consult only simplicity. It would do equally

well to write any number pf successive values of the two quantities, and place them in

two columns.
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two magnitudes is consistent with either of these. We must, therefore,

look to each particular case for the change, if any, which is made in the

ratio by the diminution of its terms. And two suppositions are possible

in every increase or diminution of the ratio, as follows: Let M and N be

two quantities which we suppose in a state of decrease. The first possible

case is that the ratio of M to N may decrease without limit, that is, M may
be a smaller fraction ofN after a decrease than it was before, and a still

smaller after a further decrease, and so on ; in such a way, that there is

M
no fraction so small, to which — shall not be equal or inferior, if the

N
decrease of M and N be carried sufficiently far. As an instance, form

two sets of numbers as in the adjoining table :

—

m i L JL _L _i_ to .

20 400 8000 160000

N 1 — — — — &c
2 4 8 16

Ratio ofM to N 1 -1 — -J— _J_ &c.
10 100 1000 10000

Here both M and N decrease at every step, but M loses at each step a

larger fraction of itself than N, and their ratio continually diminishes.

To show that this decrease is without limit, observe that M is at first

equal to N, next it is one tenth, then one hundredth, then one thousandth

of N, and so on ; by continuing the values of M and N according to the

same law, we should arrive at a value of M which is a smaller part of N
than any which we choose to name ; for example -000003. The second

value of M beyond our table is only one-millionth of its corresponding

value of N ; the ratio is therefore expressed by -000001 which is less than

•000003. In the same law of formation, the ratio of N to M h also

increased without limit. The second possible case is that in which the

ratio of M to N, though it increases or decreases, does not increase or

decrease without limit, that is, continually approaches to some ratio, which

it never will exactly reach, however far the diminution of M and N may

be carried. The following is an example :
—

m i ± L L Jl L L&c.
3 6 10 15 21 28

N 1 i ! i. i ! i- ft*
4 9 16 25 36 49

4 9 16 25 36 49 s
Ratio of M to N 1 — — — — — — &c -uatio oi ivi to in A Y 6 10 15 21 28

4 i i
9 ; 4

The ratio here increases at each step, for — is greater than I, — than_,
3 o o

and so on. The difference between this case and the last, is that the

ratio of M to N, though perpetually increasing, does not increase without

limit; it is never so great as 2, though it may be brought as near to 2 as

we please. To show this, observe that in the successive values of M, the

denominator of the second is 1 + 2, that of the third 1 + 2+ 3, and so on;

whence the denominator of the Xth value of M is

B2
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Therefore the <z
th value ofM is

1 -j_ 2 + 3 -f + on, or x

2

x + 1

x O + 1)
, and it is evident that the x value

1 M 2x
of N is _— , which gives the xih value of the ratio _-=; ,or

2x

X 2. If xbe made sufficiently great,

x+ 1

near as we please to 1, since, being 1

N x (a? + 1) x + 1

may be brought as
x + 1

1 . 1
, it differs from 1 by

x+ 1 ^ + 1

which may be made as small as we please. But as

x may be, is always less than 1

however great

2x

x+ I

X + 1

is always less than 2. Therefore

—- I., continually increases ; II., may be brought as near to 2 as we please
;

N
III. can never be greater than 2. This is what we mean by saying that

M N
is an increasing ratio, the limit of which is 2. Similarly of— , which is

N M

the reciprocal of— , we may shew, I., that it continually decreases; II.,

that it can be brought as near as we please to ^ ; III., that it can never

N
be less than ^. This we express by saying that — is a decreasing ratio,

whose limit is ^.

To the fractions here introduced, there are intermediate fractions, which

we have not considered. Thus, in the last instance, M passed from 1 to ^
without any intermediate change. In geometry and mechanics, it is ne-

cessary to consider quantities as increasing or decreasing continuously

;

that is, a magnitude does not pass from one value to another without

passing through every intermediate value. Thus if one point move
towards another on a circle, both the arc and its chord decrease conti-

nuously. Let AB be an arc of a circle, the centre of which is O. Let A
rp remain fixed, but let B, and with it the radius

O B, move towards A, the point B always re-

maining on the circle. At every position of B,

suppose the following figure. Draw A T touch-

ing the circle at A, produce O B to meet A T
in T, draw B M and B N perpendicular and
parallel to O A, and join B A. Bisect the arc

A B in C, and draw O C meeting the chord in D
and bisecting it. The right-angled triangles

a common angle, and also right angles, are

If now we suppose B to move
O DA and B M A having
similar, as are also BOM and T B N.
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towards A, before B reaches A, we shall have the following results : The arc
and chord B A, B M, M A, B T, TN, the angles B O A, C O A, M B A,
and T B N, will diminish without limit ; that is, assign a line and an angle,

however small, B can be placed so near to A that the lines and angles
above alluded to shall be severally less than the assigned line and angle.

Again, O T diminishes and O M increases, but neither without limit, for

the first is never less, or the second greater, than the radius. The
angles O B M, M A B, and B T N, increase, but not without limit, each
being always less than the right-angle, but capable of being made as near
to it as we please, by bringing B sufficiently near to A. So much for

the magnitudes which compose the figure : we proceed to consider their

ratios, premising that the arc A B is greater than the chord A B, and less

than B N+N A. The triangle B M A being always similar to O D A,
their sides change always in the same proportion ; and the sides of the

first decrease without limit, which is the case with only one side of the

second. And since O A and O D differ by D C, which diminishes without

limit as compared with O A, the ratio O D -f- O A is an increasing ratio

whose limit is 1. But OD4-OA = BM-f BA; we can therefore

bring B so near to A that B M and B A shall differ by as small a fraction

of either of them as we please. To illustrate this result from the trigo-

nometrical tables, observe that if the radius B A be the linear unit, and
ZBOA = 6, BM and B A are respectively sin. and 2 sin. £ 0. Let
0= 1°; then sin. 0= '0174524 and 2 sin £ = -0174530; whence
2 sin. h 9 -^-sin. = 1 -00003 very nearly, so that B.M differs from B A
by less than four of its own hundred-thousandth parts. If Z B O A = 4',

the same ratio is 1-0000002, differing from unity by less than the

hundredth part of the difference in the last example. Again, since D A di-

minishes continually and without limit, which is not the case either with

O D or O A, the ratios OD-fDA and O A 4- D A increase without

limit. These are respectively equal to BM-fMA and B A -4- M A ;

whence it appears that, let a number be ever so great, B can be brought

so near to A, that B M and B A shall each contain M A more times than

there are units in that number. Thus if ZBOA=l°, BM-f-MA
e= 114-589 and B A -f-MA= 114-593 very nearly; that is, BM and

BA both contain MA more than 114 times. If Z B O A = 4',

BM-fMA = 1718 ' 8732, and B A -f- M A = 1718 • 8375 very nearly
;

or B M and B A both contain M A more than 1718 times. No difficulty

can arise in conceiving this result, if the student recollect that the degree

of greatness or smallness of two magnitudes determines nothing as to their

ratio ; since every quantity N, however small, can be divided into as many
parts as we please, and has therefore another small quantity which is its

millionth or hundred-millionth part, as certainly as if it had been greater.

There is another instance in the line T N, which, since T B N is similar to

BOM, decreases continually with respect to T B, in the same manner as

does B M with respect to O B. The arc B A always lies between B A

and B N -f- N A, or B M 4- M A ; hence
arc

- lies between 1 and
chord BA

B M _i_
M A

But has been shown to approach continually

BA T BA B A
MA , , i • • L i

arc B A
towards 1, and to decrease without limit ; hence ——- con-

B A chord BA
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arcB A
chord BAtinually approaches towards 1. If Z BOA = l

c

•0174533 4-0174530 =s 1-00002, very nearly. If Z B O A = 4', it is

less than 1-0000001. We now proceed to illustrate the various phrases

which have been used in enunciating- these and similar propositions.

It appears that it is possible for two quantities on and m + n to

decrease together in such a way, that n continually decreases with respect

to m. that is, becomes a less and less part of m, so that — also decreases
m

•when n and m decrease. Leibnitz*, in introducing the Differential

Calculus, presumed that in such a case, n might be taken so small as to

be utterly inconsiderable when compared with m, so that m+n might be

put for on, or vice versa, without any error at all. In this case he used

the phrase that n is infinitely small with respect to on. The following

example will illustrate this term. Since (a -f A) 2 = a? + 2 a h + A2
,

it appears that if a be increased by h, a2
is increased by 2 a h + h2

. But

if A be taken very small, h2
is very small with respect to h, for since

1 : h : : h : h2
, as many times as 1 contains h, so many times does h

contain Ir ; so that by taking h sufficiently small, h may be made to be as

many times h2 as we please. Hence, in the words of Leibnitz, if h be

taken infinitely small, h2
is infinitely small with respect to h, and there-

fore 2 ah -\-h2 is the same as 2 ah; or if a be increased by an infinitely

small quantity h, a2
is increased by another infinitely small quantity 2 ah,

which is to h in the proportion of 2 a to 1. In this reasoning there

is evidently an absolute error ; for it is impossible that h can be so small,

that 2 a h + h2 and 2 ah shall be the same. The word small itself has

no precise meaning; though the word smaller, or less, as applied in com-

paring one of two magnitudes with another, is perfectly intelligible.

Nothing is either small or great in itself, these terms only implying a relation

to some other magnitude of the same kind, and even then varying their

meaning with the subject in talking of which the magnitude occurs, so that

both terms may be applied to the same magnitude: thus a large field is

a very small part of the earth. Even in such cases there is no natural

point at which smallness or greatness commences. The thousandth part

of an inch may be called a small distance, a mile moderate, and a thousand

leagues great, but no one can fix, even for himself, the precise mean between

any of these two, at which the one quality ceases and the other begins. These

terms are not therefore a fit subject for mathematical discussion, until

some more precise sense can be given to them ; which shall prevent the

danger of carrying away with the words, some of the confusion attending

their use in ordinary language. It has been usual to say that when h

decreases from any given value towards nothing, h2
will become small as

compared with h, because, let a number be ever so great, h will, before it

becomes nothing, contain h2 more than that number of times. Here all

* Leibnitz was a native of Leipsic, and died in 1716, aged 70. His dispute with

Newton, or rather with the English mathematicians in general, about the invention of

Fluxions, and the virulence with which it was carried on, are well known. The decision

of modern times appears to be that both Newton and Leibnitz were independent inventors

of this method. It has, perhaps, not been sufficiently remarked how nearly several of

their predecessors approached the same ground ; and it is a question worthy of discussion,

whether either Newton or Leibnitz might not have found broader hints in writings acces-

sible to both, than the latter was ever asserted to have received from the former.
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dispute about a standard of smallness is avoided, because, be the standard

whatever it may, the proportion of h2 to h may be brought under it. It

is indifferent whether the thousandth, ten-thousandth, or hundred-millionth

part of a quantity is to be considered small enough to be rejected by

1 1 1
the side of the whole, for let h be , .— , or of the

1000 10,000 100,000,000

unit, and h will contain h\ 1000, 10,000, or 100,000,000 of times. The
proposition, therefore, that h can be taken so small that 2 a h+ h2 and 2 ah
are rigorously equal, though not true, and therefore entailing error upon
all its subsequent consequences, yet is of this character, that, by taking h
sufficiently small, all errors may be made as small as we please. The
desire of combining simplicity with the appearance of rigorous demon-
stration, probably introduced the notion of infinitely small quantities ;

which was further established by observing that their careful use never led~~7

to any error. The method of stating' the above-mentioned proposition in

strict and rational terms is as follows:—If a be increased by h, a2
is in-

creased by 2 ah + h2
, which, whatever may be the value of h, is to h in

the proportion of 2 a + h to 1. The smaller h is made, the more near

does this proportion diminish towards that of 2 a to 1, to which it may
be made to approach within any quantity, if it be allowable to take h. as

small as we please. Hence the ratio, increment of a2
-^- increment of a,

is a decreasing ratio, whose limit is 2 a. In further illustration of the

language of Leibnitz, we observe, that according to his phraseology, if

A B be an infinitely small arc, the chord and arc A B are equal, or the

circle is a polygon of an infinite number of infinitely small rectilinear sides.

This should be considered as an abbreviation of the proposition proved

(page 5), and of the following:—If a polygon be inscribed in a circle, the

greater the number of its sides, and the smaller their lengths, the more

nearly will the perimeters of the polygon and circle be equal to one

another; and further, if any straight line be given, however small, the

difference between the perimeters of the polygon and circle may be made
less than that line, by sufficient increase of the number of sides and dimi-

nution of their lengths. Again, it would be said that ifA B be infinitely

small, M A is infinitely less than B M. What we have proved is, that

M A may be made as small a part of B M as we please, by sufficiently

diminishing the arc B A.

An algebraical expression which contains x in any way, is called a

function of x. Such are x2 + a2
,

'

X
, log (x + y), sin 2x. An

a — x

expression may be a function of more quantities than one, but it is usual

only to name those quantities, of which it is necessary to consider a change

in the value. Thus if in x2 + a2
, x only is considered as changing its

value, this is called a function of a?; if x and a both change, it is called a

function of a? and a. Quantities which change their values during a pro-

cess, are called variables, and those which remain the same, constants ;

and variables which we change at pleasure are called independent, while

those whose changes necessarily follow from the changes of others are

called dependent. Thus in fig. (1), the length of the radius O B is a

constant, the are A B is the independent variable, while B M, M A, the

chord AB, &c, are dependent. And, as in Algebra we reason on numbers

by means of general symbols, each of which may afterwards be particu-
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larized as standing; for any number we please, unless specially prevented by
the conditions of the problem, so, in treating; of functions, we use general

symbols, which may, under the restrictions of the problem, stand for any
whatever. The symbols used are the letters F, f, <E>, 0, ty ; (#) and ty (#),

or (jix and tyw, may represent any functions of x, just as x may represent any
number. Here it must be borne in mind that and ^ do not represent num-
bers which multiply x, but are the abbreviated directions to perform certain

operations with x and constant quantities. Thus, if (£>x—x+x2
,

is equiva-

lent to a direction to add x to its square, and the whole 0j? stands for the

result of this operation. Thus, in this case, (1)= 2; (2)= 6 ;
0«=a+a2

;

(x + h) = x -\-h + (x + hy
;

sin x — sin x + (sin a;)
2

. It may be

easily conceived that this notion is useless, unless there are propositions

which are generally true of all functions, and which may be made the

foundation of general reasoning. To exercise the student in this notation,

we proceed to explain one of these, of most extensive application, known
by the name of Taylors Theorem. If in <px, any function of x, the value

of x be increased by h, or x + h be'substituted instead of x, the result is

denoted by (<r + h). It will generally* happen that this is either greater

or less than 0jr, and h is called the increment of x, and (x + h) — <fix is

called the increment of <fix, which is negative when <fi(x + Ii) <C 4>x. It

may be proved that (x -f ti) can generally be expanded in a series of

the form

(j)x -f ph + qW -\- rh3 + &c, ad infinitum,

which contains none but whole and positive powers of h. It will happen,

however, in many functions, that one or more values can be given to x for

which it is impossible to expand f (x + h) without introducing negative or

fractional powers. These cases are considered by themselves, and the

values of a; which produce them are called singular values. As the notion

of a series which has no end of its terms, may be new to the student, we
will now proceed to shew that there may be series so constructed, that the

addition of any number of their terms, however great, will always give a
result less than some determinate quantity. Take the series

1 + x + a;
2 + x3 + x* -f &c,

in which x is supposed to be less than unity. The first two terms of this

series may be obtained by dividing 1 — <z
2 by 1 — x ; the first three by

dividing 1 — x3 by 1 — x ; and the first n terms by dividing 1 — a?" by
1 — x. If x be less than unity, its successive powers decrease without

limitf ; that is, there is no quantity so small, that a power of x cannot be
found which shall be smaller. Hence by taking n sufficiently great,

1 xn 1 xn 1
or — . may be brought as near to as we please,

I — X 1 — x 1—x 1

—

X

xn
than which, however, it must always be less, since can never en-

1

—

x

* This word is used in making assertions which are for the most part true, but admit of
exceptions, few in number when compared with the other cases. Thus it generally

happens that x2— 10^ + 40 is greater than 15, with the exception only of the case where
a- = 5. It is generally true that a line which meets a circle in a given point meets it

again, with the exception only of the tangent.

t This may be proved by means of the proposition established in the Study of Mathe-

matics, page 81. For HL x —, is formed (if m be less than n) by dividing — into
n n n

n parts, and taking away n— m of them.
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tirely vanish, whatever value n may have, and therefore there is always

something subtracted from It follows, nevertheless, that
1 — x

1 + x + #2
-f- &c., if we are at liberty to take as many terms as we

please, can be brought as near as we please to , and in this sense we
l — x

say that =1 + X + X2 + x 3 + &c, ad infinitum.
1

—

x

A series is said to be convergent when the sum of its terms tends towards
some limit; that is, when, by taking any number of terms, however great, we
shall never exceed some certain quantity. On the other hand, a series is

said to be divergent when the sum of a number of terms may be made to

surpass aiiy quantity, however great. Thus of the two series,

i+_L + J_ + _L + &c.
2 4 8

and 1 + 2 + 4 + 8 + &c.

the first is convergent, by what has been shown, and the second is evidently

divergent. A series cannot be convergent, unless its separate terms

decrease, so as, at last, to become less than any given quantity.

And the terms of a series may at first increase and afterwards de-

crease, being apparently divergent for a finite number of terms, and
convergent afterwards. It will only be necessary to consider the latter

part of the series. Let the following series consist of terms decreasing

without limit
:'

a+ 6 -f- c -f- d -f + k + 1 + m + . . . .

which may be put under the form

,, .b.cb.dcb.r,-.
« (1 + — + + .— + &c.) ;

a b a c b a

the same change of form may be made, beginning from any term of the

series, thus:

k + I + m + &c. = k (1+ — + — — + &c).
k I k

b c
We have introduced the new terms — , —, &c, or the ratios which the

a b

several terms of the original series bear to those immediately preceding.

It may be shown, I., that if the terms of the series —,— ,— , &c.
a b c

come at last to be less than unity, and afterwards either continue to ap-

proximate to a limit which is less than unity, or decrease without limit,

the series a + b + c + &c, is convergent; II., if the limit of the terms

b c
, , &c, is either greater than unity, or if they increase without limit,

a b

the series is divergent.

1. Let — be the first which is less than unity, and let the succeeding ratios
k

*ni 1 971

, &c, decrease, either with or without limit, so that — > —

>

I k I

—, &c. ; whence it follows, that of the two series,

m
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&(1 +
I

T +
I

k

I

T +
k

I

T
I

~k
+ &c.)

&(1 +
i

T + I

k

m
T +

I

T T
n

m
+ &c.)

the first is ; greater than the second, , But
i

since —
k

- is less than

first can never surpass i ky. -
1

i

I

,or
k%

k^? '

and is convc

unity, the

recent : the

~~
k

second is therefore convergent. But the second is no other than k + I +
m + &c. ; therefore the series a + b + c + &c, is convergent from the

term k.

2. Let — be less than unity, and let the successive ratios , &c,
k k I

increase, never surpassing a limit A, which is less than unity. Hence of

the two series,

&(l + A+AA-fAAA+ &c.)

7 /i , I , I m , I on n , o x
k (1++—— + — + &c)

k k I k I m
the first is the greater. But since A is less than unity, the first is con-

vergent ; whence, as before, a + b + c + &c, converges from the term k.

The second theorem on the divergence of series we leave to the student's

consideration, as it is not immediately connected with our object. We
now proceed to the series

ph + qh* + rh6 + sh4 + &c,

in which we are at liberty to suppose h as small as we please. The successive

qIv* q tIi? t
ratios of the terms to those immediately preceding are— or _/i,—or— h,

ph p qh? q

— or — h, &c. If, then, the terms -L, — , — , &c, are always less than
rh3 r p q r

a finite limit A, or become so after a definite number of terms, J*~ h, — h,

p q

&c, will always be, or will at length become, less than Ah. And since h
may be what we please, it may be so chosen that Ah shall be less than unity,

for which h must be less than — In this case, by the last theorem,
A

the series is convergent ; it follows, therefore, that a value of h can always
be found so small that ph + qh2 + rh3 + &c, shall be convergent, at

least unless the coefficients p, q, r, &c, be such that the ratio of any one to

the preceding increases without limit, as we take more distant terms of the

series. This never happens in the developments which we shall be re-

quired to consider in the Differential Calculus.

We now return to (f){x-\-h), which we have asserted can be expanded
(with the exception of some particular values of x) in a series of the form
0x + ph + qltf + &c. The following are some instances of this deve-
lopment derived from the Differential Calculus, most of which are also to

be found in the treatise on Algebra :

—



THE DIFFERENTIAL AND INTEGRAL CALCULUS. n

(x+ h)
n=z xn +7ixn

~ lh + n.n- 1 a.""2 ~+n.n~l .ji-2 xn~3 ^- &c.

a*+h = a* + kafh + kV —+
2

log(x+h)~ loga;+ — h - — —+
x x2 2

s'm (x+h)~sin x+cosx h- sin x —
2

cos (x+h)=?cos a? -sin x h- cos x — -j-

It appears, then, that the development of (x + h) consists of certain

functions of x, the first of which is (fix itself, and the remainder of which

are multiplied by h, — , — , , and so on. It is usual to denote
2 2.3 2.3.4

the coefficients of these divided powers of h by (fi'x, (fi"x, (fi'"x, &c, where
0', 0", &c, are merely functional symbols, as is itself; but it must be
recollected that (fi'x, (fi"x, &c, are rarely, if ever, employed to signify any-

thing except the coefficients of h, — , &c, in the development of (fi(x+h).
a

Hence this development is usually expressed as follows

:

{x + h) — (fix + (ji'x . h + (fi"x— + (fi'"x — + &c.

2.3

&V — &c*
2.3

2

X3
il&c.
2.3

cos X ,— &c.f
2.3

sin x
2.3

Thus, when (fix ss xn
, (fi'x — nxn i

, (fi"x = n . n—\ xn 2
, &c, when

(fix rr sin x, (Ji'x — cos x, (fi"x — — sin x, &c. In the first case

0'O + A) = n (x + h)"~\ 0"(o? + h) = n . n—l (x + h)
n~2

; and in

the second (fi'(x -J- A) s= cos (a: -f- A), 0"(j; -j- A) r= — sin (x + A).

The following- relation exists between (fix, (fi'x, <p"x, &c. In the

same manner as (fi'x is the coefficient of h in the development of

(x + h), so (fi"x is the coefficient of h in the development of 0' (\r + lih

and 0'",r is the coefficient of h in the development of (fi"{x -f- A) ,*
iv# is the coefficient of h in the development of 0"'(,r + A), and so

on. The proof of this is equivalent to Taylor's Theorem already

alluded to; and the fact may be verified in the examples already given.

When (fix
~ ax, (fi'x = leaf, and 0' (x+ h) = kax+h=k (ax+kax

.h+ &c.)

The coefficient of h is here ¥ax
, which is the same as <p"x. (See the ex-

ample.) Again, (fi"(x + h) = k°axJrh — k2 (ax -f- ka
xh + &c), in which

the coefficient of h is I<?a
x

, the same as (fi'"x. Again, it' (fix ~ log. x,

(fi'x = — , and0'(\r + h) s = — — — -J-..&C, as appears by
x x+ h x x2

common division. Here the coefficient of h is — —-, which is the same
x

as (fi"x in the example. Also (fi"{x + h)== — ss — (x + h)~",
(x+hy

* Here k is the Naperian or hyperbolic logarithm of a; that is, the common logarithm

of a divided by -434294482.

f la this and the following series the terms are positive and negative in pairs.



12 ELEMENTARY ILLUSTRATIONS OF

which by the binomial Theorem is — (x~2 — 2x~3h + &c). The coeffi-

2
cient of h is 2x 3 or — , which is (fi'"x in the example. It appears, then,

that if we are able to obtain the coefficient of A in the development of any
function whatever of x + h, we can obtain all the other coefficients, since

we can thus deduce (fi'x from (fix, <fi"x from (fi'x, and so on. It is usual

to call (fi'x the first differential coefficient of (fix, <fi"x the second differential

coefficient of (fix, or the first differential coefficient of (fi'x ; (fi'"x the third

differential coefficient of (fix, or the second of (fi'x, or the first of (fi"x

;

and so on. The name is derived from a method of obtaining (fi'x, &c,
which we now proceed to explain. Let there be any function of x,

which we call (fix, in which x is increased by an increment h ; the function

then becomes

(fix + (fi'xh + (fi"x — + (fi"'x _ + &c.
2 2.3

The original value (fix is increased by the increment

(fi'x . h + (fi"x^. + <fi'"x — + &c.

;

a d • 3

whence (h being the increment of x)

increment of (fix _ ,. , ,,. h , ,.., h? , cL_ — (fi'x + (fi"x—+ <fi'"x + &c,
increment of a; 2 2.3

which is an expression for the ratio which the increment of a function bears

to the increment of its variable. It consists of two parts ; the one (fi'x, into

which h does not enter, depends on x only ; the remainder is a series, every

term of which is multiplied by some power of h, and which therefore di-

minishes as h diminishes, and may be made as small as we please by making
h sufficiently small. To make this last assertion clear, observe that all

the ratio, except its first term (fi'x, may be written as follows :

h ((fi"x J- + (fi'"x -A- + &c.)
2 2.3

ihe second factor of which (page 9) is a convergent series whenever h is taken

g?ss than — , where A is the limit towards which we approximate by taking
A

the coefficients (fi"x X —, <fi'"x X , &c, and forming the ratio ofeach
2 2.3

B

to the one immediately preceding. This limit, as has been observed, is

finite in every series which we have occasion to use ; and therefore a value

for h can be chosen so small, that for it the series in the last-named formula,

is convergent ; still more will it be so for every smaller value of h. Let
the series be called P : if P be a finite quantity, which decreases when h
decreases, Vh can be made as small as we please by sufficiently diminish-

ing h; whence (fi'x + PA can be brought as near as we please to (fi'x.

Hence the ratio of the increments of (fix and x, produced by changing x
into x + h, though never equal to (fi'x, approaches towards it as h is di-

minished, and may be brought as near as we please to it, by sufficiently

diminishing h. Therefore to find the coefficient of h in the development
of (fi(x + h), find (fi{x + h) —(fix, divide it by h, and find the limit towards

which it tends as h is diminished.

In any series such as

a + bh + ch* + + khn + lh
n+1 + mhn+2

-f-
&c.
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which is such that some given value of h will make it convergent, it may
be shown that h can be taken so small that any one term shall

contain all the succeeding ones as often as we please. Take any one
term, as khn . It is evident that, be h what it may,

khn
: lh

n+l + mhn+2 + &c, : : k : Ik + mh2 + &c.

the last term of which is h(l -\-mh + &c). By reasoning similar to that in

the last paragraph, we can show that this may be made as small as we please,

since one factor is a series which is always finite when h is less than , and

the other factor h can be made as small as we please. Hence, since k
is a given quantity, independent of A, and which therefore remains the

same during all the changes of h, the series h(l + mh + &c.) can be

made as small a part of k as we please, since the first diminishes without

limit, and the second remains the same. By the proportion above esta-

blished, it follows then that lhn+l -{-?nh
n+2

-{-&c., can be made as small a part

as we please of kh". It follows, therefore, that if, instead of the full deve-
lopment of 0(j; + h), we use only its two first terms (fix + (fi'x.h, the error

thereby introduced may, by taking h sufficiently small, be made as small a

portion as we please of the small term (fi'x.h.

The first step usually made in the Differential Calculus is the deter-

mination of (fi'x for all possible values of (fix, and the construction of

general rules for that purpose. Without entering into these we proceed

to explain the notation which is used, and to apply the principles already

established to the solution of some of those problems which are the pecu-

liar province of the Differential Calculus.

When any quantity is increased by an increment, which, consistently with

the conditions of the problem, may be supposed as small as we please, this

increment is denoted, not by a separate letter, but by prefixing the letter

d, either followed by a full stop or not, to that already used to signify the

quantity. For example, the increment of <r is denoted under these circum-

stances by dx ; that of <fix by d.ffix ; that of x" by d.x". If instead of an

increment a decrement be used, the sign of dx, &c, must be ' changed

in all expressions which have been obtained on the supposition of an in-

crement ; and if an increment obtained by calculation proves to be

negative, it is a sign that a quantity which we imagined was increased by*-*

our previous changes, was in fact diminished. Thus, if x becomes x-\-dx,

x2 becomes x2 + d.x 1
. But this is also (x + dx) 2 or x2 + 2x dx -+- (dx) 2

;

whence d.x2 r= 2x dx + (dx)s
. Care must be taken not to confound d.x2

,

the increment of a;
2
, with (dx) 2

, or, as it is often written, dx2
, the square of

the increment of x. Again, if x becomes x + dx, — becomes —+d
x xx

and the change of — is — — or — 1 ; showing
x x + dx x x* + xdx

that an increment of x produces a decrement in — It must not be
x

imagined that because x occurs in the symbol dx, the value of the

latter in any way depends upon that of the former : both the first value of

x, and the quantity by which it is made to differ from its first value, are

at our pleasure, and the letter d must merely be regarded as an abbreviation

of the words " difference of.
1
' In the first example, if we divide both

d xs

sides of the resulting equation by dr, we have

—

'-— = 2x + dx. The
dx
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smaller dx is supposed to be, the more nearly will this equation assume

the form —-— — 2x, and the ratio of 2x to 1 is the limit of the ratio of
dx

the increment of Xs to that of x; to which this ratio may be made to ap-
proximate as nearly as we please, but which it can never actually reach.

In the Differential Calculus, the limit of the ratio only is retained, to the

exclusion of the rest, which may be explained in either of the two following

ways.

1. The fraction —'— may be considered as standing, not for any value
dx

which it can actually have as long- as dx has a real value, but for the limit of

all those values which it assumes while dx diminishes. In this sense the

d a?
2

equation *
*

. = 2x is strictly true. But here it must be observed that
dx

the algebraical meaning of the sign of division is altered, in such a way
that it is no longer allowable to use the numerator and denominator sepa-

rately, or even at all to consider them as quantities. If -^ stands, not for

dx

the ratio of two quantities, but for the limit of that ratio, which cannot be

obtained by taking any real value of dx, however small, the whole—
(IX

may, by convention, have a meaning, but the separate parts dy and dx
have none, and can no more be considered as separate quantities whose

ratio is —-L, than the two loops of the figure 8 can be considered as separate
dx

numbers whose sum is eight. This would be productive of no great in-

convenience if it were never required to separate the two ; but since all

books on the Differential Calculus and its applications are full of examples

in which deductions equivalent to assuming dy — 2xdx are drawn from

such an equation as_ = 2x, it becomes necessary that the first should
dx

be explained, independently of the meaning first given to the second.

It may be said, indeed, that if y s= x*, it follows that —^ ss 2x + dx, in
dx

which, if we make dx = 0, the result is _£ — 2x. But if dx = 0, dy also
dx

— 0, and this equation should be written — = 2x, as is actually done in

some treatises on the differential Calculus, to the great confusion of the

learner. Passing over the difficulties* of the fraction — , still the former=

objection recurs, that the equation dy zz 2xdx cannot be used (and it is

used even by those who adopt this explanation) without supposing that 0,

which merely implies an absence of all magnitude, can be used in different

senses, so that one may be contained in another a certain number of

times. This, even if it can be considered as intelligible, is a notion of

much too refined a nature for a beginner.

* See Study of Mathematics, page 42,



THE DIFFERENTIAL AND INTEGRAL CALCULUS. I

2. The presence of the letter d is an indication, not only of an increment,

but of an increment which we are at liberty to suppose as small as we
please. The processes of the Differential Calculus are intended to deduce
relations, not between the ratios of different increments, but between the

limits to which those ratios approximate, when the increments are de-

creased. And it may be true of some parts of an equation, that though
the taking of them away would alter the relation between dy and dx, it

would not alter the limit towards which their ratio approximates, when dx
and dy are diminished. For example, dy ^ 2xdx + {dx) 3

. If x = 4 and
dy

dx s= '01, then dy = -0801 and zM-

dx

•00080001 and ^ r= 8-0001.
dx

8-01. If dx = -0001 dy =

The limit of this ratio, to which we

shall come still nearer by making1 dx still smaller, is 8. The term (dx) 2
,

though its presence affects the value of dy and the ratio — , does not affect

dx

the limit of the latter, for in -^ or 2j? -f- dx, the latter term dx, which
dx

arose from the term (dx) 2
, diminishes continually and without limit. If,

then, we throw away the term (dx)2
, the consequence is that, take dx what

we may, we never obtain dy as it would be if correctly deduced from the

equation y =. x2
, but we obtain the limit of the ratio of dy to dx. If we

throw away all powers of dx above the first, and use the equations so

obtained, all ratios formed from these last, or their consequences, are

themselves the limiting ratios of which we are in search. The equations

which we thus use are not absolutely true in any case, but may be brought
as near as we please to the truth, by making dy and dx sufficiently small.

If the student at first, instead of using dy == 2xdx, were to write it thus,

dy — 2xdx + &c, the &c. would remind him that there are other terms
;

necessary, if the value of dy corresponding- to any value of dx is to be

obtained ; unnecessary, if the limit of the ratio of dy to dx is all that is

required. We must adopt the first of these explanations when dy and dx
appear in a fraction, and the second when they are on opposite sides of

an equation.

If two straight lines be drawn at right angles to one another, thus di-

viding the whole of their plane into four parts, one lying in each right

angle, the situation of any point is determined when we know, I., in which
angle it lies ; II., its perpendicular distances from the two right lines.

Thus the point P, lying in the angle A O B, is known when PM and PN,
or when O M and P M are known

;

for, though there is an infinite

number of points whose distance

from O A only is the same as that

of P, and an infinite number of

others, whose distance from O B
is the same as that of P, there is

no other point whose distances

from both lines are the same as

those of P. The line O A is called

the axis of x, because it is usual

to denote any variable distance

measured on or parallel to O A by the letter x. For a similar reason, OB

B

1ST

T M M' A
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is called the axis of y. The co-ordinates* or perpendicular distances

of a point P which is supposed to vary its position, are thus denoted

by x and y ; hence O M or PN is x, and P M or O N is y. Let a

linear unit be chosen, so that any number may be represented by a

straight line. Let the point M, setting- out from O, move in the direc-

tion O A, always carrying1 with it the indefinitely extended line M P per-

pendicular to O A. While this goes on, let P move upon the line M P in

such a way, that MP or y is always equal to a given function of O M or x ;

for example, let y — x*, or let the number of units in P M be. the square of

the number of units in O M. As O moves towards A, the point P will,

by its motion on M P, compounded with the motion of the line MP itself,

describe a curve O P, in which P M is less than, equal to, or greater than

O M, according as O M is less than, equal to, or greater than the lkiear

unit. It only remains to show how the other branch of this curve is de-

duced from the equation y = x*.

It is shewn in algebra, that if, through misapprehension of a problem,

we measure in one direction, a line which ought to lie in the exactly op-

posite direction, or if such a mistake be a consequence of some previous

misconstruction of the figure, any attempt to deduce the length of that line

by algebraical reasoning, will give a negative quantity as the result. And
conversely it may be proved by any number of examples, that when an

equation in which a occurs, has been deduced strictly on the supposition

that a is a line measured in one direction, a change of sigrn in a will turn

the equation into that which would have been deduced by the same rea-

soning, had we begun by measuring the line a in the contrary direction.

Hence the change of -f- a into — a, or of — a into + a, corresponds in

geometry to a change of direction of the line represented by a, and vice

versa. In illustration of this general fact, the following problem may be

useful. Having a circle of given radius, whose centre is in the intersection

of the axes of x and y, and also a straight line cutting the axes in two given

points, required the co-ordinates of the points (if any) in which the straight

line cuts the circle. Let OA, the radius of the circle=r, O E=za, OF=b,
and let the co-ordinates of P, one of the

points of intersection required, be O M = x,

M P =r y. The point P being in the circle

whose radius is r, we have from the right-

angled triangle O M P, x2 + y* = r
2

, which
equation belongs to the co-ordinates of every

point in the circle, and is called the equation
of the circle. Again, E M : M P : : E O :

O F by similar triangles ; or a — x : y ::

a : b, whence ay + bx — ab, which is

true, by similar reasoning, for every point

of the line E F. But for a point P' lying-

in EF produced, we have EM' '. M'P' ::

E O : O F, or x + a \ y \\ a '. b,

whence ay — bx = ab, an equation which may be obtained from
the former by changing the sign of x ; and it is evident that the
direction of x, in the second case, is opposite to that in the first.

Again, for a point P" in FE produced, we have EM" : M"P":: EO
: OF, or x — a '. y '.'.a '. b, whence bx — ay = ab, which may

* The distances M and M P are called the co-ordinates of the point P. It is more-
over usual to call the co-ordinate O M, the abscissa, and M P

3
the ordinate, of the point P.
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be deduced from the first by changing the sign of y\ and it is evident

that y is measured in different directions in the first and third cases.

Hence the equation ay + bx = ab belongs to all parts of the straight line

EP, if we agree to consider M"P" as negative, when M P is positive,

and O M' as negative when O M is positive. Thus, if OE = 4, and
OP = 5 and OM = l, we can determine MP from the equation
ay -f- bx ss ab, or Ay -f- 5 = 20, which gives y or MP= 3-f. But if

O M' be 1 in length, we can determine M'P' either by calling MP, 1,

and using the equation ay — bx =r ab, or calling MP, — 1, and using

the equation ay -f- bx " ab, as before. Either gives M' P' =3 64. The
latter method is preferable, inasmuch as it enables us to contain, in one
investigation, all the different cases of a problem. We shall proceed to

show that this maybe done in the present instance. We have to deter-

mine the co-ordinates of the point P, from the following equations,

—

ay -f- bx = ab, x* -f- y
2 = r2 ;

substituting in the second the value of y derived from the first, or b ——-,
a

we have

a*
2
-J- b2 jfLZfl' = r2 or (a2 + 6 2

) a;
2 - 2a& 2£ + a2

(6
2 - ?-2) =5 ;

a2

and proceeding in a similar manner to find y, we have

(a? -f 6 2

) y
2 — 2a2

ty + 62 (a2 — r2
) = 0,

which give

_ b2 ± V(a2 + 6s) r2-a26
2

, a2

=F V(a2 + &2
) r*— a*b*

a2 + 62 a2 + 62

The upper or the lower sign, is to be taken in both. Hence when
(a2 + 62) r2 >a9

6
2
, that is, when r is greater than the perpendicular let

fall from O upon E F (which perpendicular is — , ], there are two
Va2 + 6V

points of intersection. When (a2 + 6
2
) r2 = a*b\ the two values of x

become equal, and also those of y, and there is only one point in which

the straight line meets the circle ; in this case E F is a tangent to the

circle. And if (a2
-f- b°-) r2 < a26\ the values of x and y are impossible,

and the straight line does not meet the circle. Of these three cases, we
confine ourselves to the first, in which there are two points of intersection.

52 r2

The product of the values of x, with their proper sign, is * a2 _ _ and
1 a? -f- b2

of v, b2 a ~ r
the siffns of which are the same as those of bz — r2 , andS

a2 + 62

a? — r\ If b and a be both >r, the two values of a? have the same sign
;

and it will appear from the figure, that the lines they represent are mea-

sured in the same direction. And this whether b and a be positive or

negative, since 6
2 — r% and a2 - r2 are both positive when a and b are

numerically greater than r, whatever their signs may be. That is, if our

rule, connecting the signs of algebraical and the directions of geometrical

magnitudes, be true, let the directions of O E and O F be altered in any

way, so long as O E and O F are both greater than O A, the two values of

O M will have the same direction, and also those ofM P. This result may
easily be verified from the figure. Again, the values of x and y having the

* See Study of Mathematics, page 45.
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same sign, that sign will be (see the equations) the same as that of 2ab2
for

x, and of 2a%
b for y, or the same as that of a for x and of b for y. That is,

when O E and O F are both greater than O A, the direction of each set of

co-ordinates will be the same as those of O E and O F, which may also be

readily verified from the figure. Many other verifications might thus be

obtained of the same principle, viz.—that any equation which corresponds to,

and is true for, all points in the angle A O B, may be used without error for

all points lying in the other three angles, by substituting the proper nume-
rical values, with a negative sign, for those co-ordinates whose directions are

opposite to those of the co-ordinates in the angle A O B. In this manner,

if four points be taken similarly situated in the four angles, the numerical

values of whose co-ordinates are x = 4 and ij s= 6, and if the co-ordinates

of that point which lies in the angle A O B, are called + 4 and + 6

;

those of the points lying in the angle BOG will be — 4 and + 6 ; in the

angle C O D — 4 and — 6 ; and in the angle D O E + 4 and — 6.

To return to figure (2), if, after having completed the branch of the

curve which lies on the right of B C, and whose equation is y z=l x2
,

we seek that which lies on the left of B C, we must, by the principles

established, substitute — x instead of x, when the numerical value ob-

tained for (— x) 2 will be that of y, and the sign will show whether y is

to be measured in a similar or contrary direction to that of M P. Since

(— x)° = xz
, the direction and value ofy, for a given value of a?, remains

the same as on the right of B C ; whence the remaining branch of the

curve is similar and equal in all respects to O P, only lying in the angle

BOD. And thus, if y be any function of x, we can obtain a geome-
trical representation of the same, by making y the ordinate, and as the

abscissa of a curve, every ordinate of which shall be the linear repre-

sentation of the numerical value of the given function corresponding to

the numerical value of the abscissa, the linear unit being a given line.

If the point P, setting out from O, move along the branch O P, it will

continually change the direction of its motion, never moving, at one point,

in the direction which it had at any previous point. Let the moving
point have reached P, and let O M r= x, M P = y. Let x receive the

increment M M' == dx, in consequence of which ?/orMP becomes M'P',
and receives the increment Q P' = dy ; so that x + dx and y + dy are

the co-ordinates ofthe moving point P, when it arrives at P;
. Join P P',

which makes, with P Q or O M, an angle, whose tangent is or —2—&
'

b PQ dx

Since the relation y = x* is true for the co-ordinates of every point in the

curve, we have y -f- dy :=: (x + dx)z
, the subtraction of the former equa-

dy
tion from which gives dy — 2xdx + (dx) 2

, or — = 2x + dx. If the

point P' be now supposed to move backwards towards P, the chord P Pr

will diminish without limit, and the inclination of PP' to PQ will also

diminish, but not without limit, since the tangent of the angle P'PQ, or

dy—, is always greater than the limit 2x. If, therefore, a line P V be drawn

through P, making with PQ, an angle whose tangent is 2x, the chord P P'

will, as P' approaches towards P, or as dx is diminished, continually ap-

proximate towards PV, so that the angle P'PV may be made smaller

than any given angle, by sufficiently diminishing dx. And the line PV
cannot again meet the curve on the side of PP', nor can any straight line
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be drawn between it and the curve, the proof of which we leave to the

student. Again, if P' be placed on the other side of P, so that its co-

ordinates are x — dx and y — dy, we have y — dy — (x — dx) 2
, which,

dy
subtracted from y sz x2

, gives dy = 2xdx — (dx)
2
, or -j- = 2x — dx. By

similar reasoning, if the straight line PT be drawn in continuation of PV,
making with P N an angle, whose tangent is 2x, the chord P P' will con-
tinually approach to this line, as before. The line T P V indicates the

direction in which the point P is proceeding, and is called the tangent of
the curve at the point P. If the curve were the interior of a small solid

tube, in which an atom of matter were made to move, being projected into

it at O, and if all the tube above P were removed, the line P V is in the

direction which the atom would take on emerging at P, and is the line

which it would describe. The angle which the tangent makes with the

axis of a? in any curve, may be found by giving a; an increment, finding-

the ratio which the corresponding increment of y bears to that of a?, and
determining the limit of that ratio, or the differential coefficient. This
limit is the trigonometrical tangent* of the angle which the geometrical

tangent makes with the axis of x. If y — (fix, (ji'x is this trigonometrical

tangent. Thus, if the curve be such that the ordinates are the Naperian

logarithms | of the abscissae, or y = log x, and y -f dy ss log x -\ dx

— -^—^ dx2
, &c, the geometrical tangent of any point whose abscissa

is x, makes with the axis an angle whose trigonometrical tangent is —

.

to ° s x
This problem, of drawing a tangent to any curve, was one, the considera-

tion of which gave rise to the methods of the Differential Calculus.

As the peculiar language of the theory of infinitely small quantities is

extensively used, especially in works of natural philosophy, it has ap-

peared right to us to introduce it, in order to show how the terms
which are used may be made to refer to some natural and rational

mode of explanation. In applying this language to figure (2), it would
be said that the curve O P is a polygon consisting of an infinite number
of infinitely small sides, each of which produced is a tangent to the curve;

also that if" M M' be taken infinitely small, the chord and arc P P' coin-

cide with one of these rectilinear elements ; and that an infinitely small

arc coincides with its chord. All which must be interpreted to mean that,

the chord and arc being diminished, approach more and more nearly to a
ratio of equality as to their lengths ; and also that the greatest separation

between an arc and its chord may be made as small a part as we please

of the whole chord or arc, by sufficiently diminishing the chord. . We
shall proceed to a strict proof of this ; but in the mean while, as a familiar

illustration, imagine a small arc to be cut off from a curve, and its extre-

mities joined by a chord, thus forming an arch, of which the chord is the

base. From the middle point of the chord, erect a perpendicular to it,

* There is some confusion between these different uses of the word tangent. The geo-
metrical tangent is, as already defined, the line between which and a curve no straight

line can be drawn ; the trigonometrical tangent has reference to an angle, and is the

ratio which, in any right-angled triangle, the side opposite the angle bears to that which
is adjacent.

f It may be well to notice that in analysis the Naperian logarithms are the only ones
used ; while in practice the common, or Briggs' logarithms, are always preferred.

C2
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meeting the arc, which will thus represent the height of the arch. Ima-
gine this figure to be magnified, without distortion or alteration of its pro-

portions, so that the larger figure may be, as it is expressed, a true picture

of the smaller one. However the original arc may be diminished, let the

magnified base continue of a given length. This is possible, since on any
line a figure may be constructed similar to a given figure. If the original

curve could be such, that the height of the arch could never be reduced
below a certain part of the chord, say one-thousandth, the height of the

magnified arch could never be reduced below one-thousandth of the mag-
nified chord, since the proportions of the two figures are the same. But
if, in the original curve, an arc can be taken so small, that the height of the

arch is as small a part as we please of the chord, it will follow that in the

magnified figure, where the chord is always of one length, the height of the

arch can be made as small as we please, seeing that it can be made as

small a part as we please of a given line. It is possible in this way to

conceive a whole curve so magnified, that a given arc, however small,

shall be represented by an arc of any given length, however great ; and
the proposition amounts to this, that let the dimensions of the magnified
curve be any given number of times the original, however great, an arch
can be taken upon the original curve so small, that the height of the cor-

responding arch in the magnified figure shall be as small as we please.

Let PP' be a part of a curve, whose equation is y = (x), that is, PM
may always be found by substituting the numerical

Irp-./f. value of O M in a given function of x. Let O M — x

, receive the increment M M' = dx, which we may
(*- afterwards suppose as small as we please, but which,

V in order to render the figure more distinct, is here con-

Q siderable. The value of P M or y is <fix, and that

of P' M' or y -f- dy is (x -f dx). Draw P V, the
M ]vr' tangent at P, which, as has been shown, makes, with

P Q, an angle, whose trigonometrical tangent is the limit of the ratio

dy—, when x is decreased, or 0'*. Draw the chord P P', and from any
dx
point in it, for example, its middle point p, draw^u parallel to PM, cut-

ting the curve in a. The value of

P' Q, or dy, or (x -J- dx) — 0a? is

P'Q = 0'tf . dx -f 0"tf^ -f <j>"'x ^- -f &c.

But 0'j? . dx is tan V P Q .PQ = VQ. Hence V Q is the first term of

this series, and P' V the aggregate of the rest. But it has been shown
that dx can be taken so small, that any one term of the above series shall

contain the rest, as often as we please. Hence P Q can be taken so

small that V Q shall contain V P' as often as we please, or the ratio of

V Q to V P' shall be as great as we please. And the ratio V Q to P Q
continues finite, being always 0'a?, hence P^V also decreases without

limit, as compared with PQ. The chord PP' or *J(dxy+(dy)\ or

d*y/l + f—Y is to P Q in the ratio of ^/l + f^MY: 1, which,

as PQ is diminished, continually approximates to that of Ji + (0V) 2
: I,

which is the ratio of PV : PQ. Hence the ratio of P P' : P V continually
approaches to unity, or P Q may be taken so small that the difference ofP P'
and P V shall be as small a part of either of them as we please. The
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arc PF is greater than the chord PP' and less than PV -f VP'.

TT arcPF PV VP'
Hence ~T

—

TT^FT, ues between 1 and —— 4- ——,, the former of which
chord PP' PP' ' PP'

two fractions can be brought as near as we please to unity, and the latter

can be made as small as we please ; for since P' V can be made as
small a part of P Q as we please, still more can it be made as small a
part as we please of P P', which is greater than P Q. Therefore the arc
and chord PP' may be made to have a ratio as nearly equal to unity as
we please. And because pa is less than pv, and therefore less than P' V,
it follows that pa may be made as small a part as we please of P Q, and
still more of PP'. In these propositions is contained the rational expla-
nation of the proposition of Leibnitz, that ' an infinitely small arc is equal
to, and coincides with, its chord.'

Let there be any number of series, arranged in powers of h, so that
the lowest power is first ; let them contain none but whole powers, and
let them all be such, that each will be convergent, on giving to h a suffi-

ciently small value :—as follows,

Ah + Bh*+ Ch3 + D/i4 + Eh5 +&c. (1)
B7^+ C'A3

-f- D'A4 + FJh5+ &c. (2)
C'Ti3 + B"h* + E"h5+ &c. (3)

D'"/i4 +Wh5+ &c. (4)

&c. &c.

As h is diminished, all these expressions decrease without limit ; but the

first increases with respect to the second, that is, contains it more times
after a decrease of h, than it did before. For the ratio of (1) to (2) is

that of A + Bh + Ch2 + &c. to B'A + C'/i2 + &c, the ratio of the two
not being changed by dividing both by h. The first term of the latter

ratio approximates continually to A, as /* is diminished, and the second
can be made as small as we please, and therefore can be contained in the

first as often as we please. Hence the ratio of (1) to (2) can be made as

great as we please. By similar reasoning, the ratio (2) to (3), of (3) to

(4), &c, can be made as great as we please. We have, then, a series of

quantities, each of which, by making h sufficiently small, can be made as

small as we please. Nevertheless this decrease increases the ratio of the

first to the second, of the second to the third, and so on, and the increase

is without limit. Again, if we take (1) and h, the ratio of (1) to h is

that of A-f- Bfe -j- cA2
-j- &c. to 1, which, by a sufficient decrease of h,

may be 'brought as near as we please to that of A to 1. But if we take

(1) and h2
, the ratio of (1) to /i

2 is that of A -j- Bh -f- &c. to h, which, by
previous reasoning, may be increased without limit ; and the same for

any higher power of h. Hence (1) is said to be comparable to the first

power of h, or of the first order, since this is the only power of h whose
ratio to (1) tends towards a finite limit. By the same reasoning,

the ratio of (2) to h2
, which is that of B' + Ch + &c. to 1, continually

approaches that of B /
to 1 ; but the ratio (2) to h, which is that of

Bh -j- C7ia -f- &c. to 1, diminishes without limit, as h is decreased, while

the ratio of (2) to h3
, or of B' 4- Ch + &c. to h, increases without limit.

Hence (2) is said to be comparable to the second power of h, or of the

second order, since this is the only power of h whose ratio to (2) tends

towards a finite limit. In the language of Leibnitz, if h be an infinitely

small quantity, (1) is an infinitely small quantity of the first order, (2) is

an infinitely small quantity of the second order, and so on. We may also

add that the ratio of two series of the same order continually approximates
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to the ratio of their lowest terms. For example, the ratio of AA3+ B/i
4+ &c.

to A'A3+ B7i4+&c. is that of A+ BA+ &C. to A'+ B'A+ &c, which, as /i
4
is

diminished, continually approximates to the ratio of A to A', which is also

that of Ah3 to A'A3
, or the ratio of the lowest terms. In fig. 4, P Q or dx

(dxY
being put in place of h, Q P', or fix . dx -f fi'x - , &c, is of the first

(dxY
order, as are P V, and the chord PP' ; while P'Y, or fix — f- &c, is

di

of the second order. The converse proposition is readily shown, that if

the ratio of two series arranged in powers of li continually approaches to

some finite limit as h is diminished, the two series are of the same order,

or the exponent of the lowest power of h is the same in both. Let Aha

and Bhh be the lowest powers of h, whose ratio, as has just been shown,

continually approximates to the actual ratio of the two series, as h is di-

minished. The hypothesis is that the ratio of the two series, and therefore

that of Aha
to Bhb

, has a finite limit. This cannot be if a > b, for then

the ratio of Aha
to Bhb

is that of A/ia
~ 6

to B, which diminishes without

limit ; neither can it be when a < b, for then the same ratio is that of

A to B/i6 "", which increases without limit ; hence a must be equal to b.

We leave it to the student to prove strictly a proposition assumed in the

preceding, viz., that if the ratio of P to Q has unity for its limit, when h is

diminished, the limiting ratio of P to R will be the same as the limiting

ratio of Q to R. We proceed further to illustrate the Differential Calculus

as applied to Geometry.
Let O C and O D be two axes at right angles to one another, and let a

line A B of given length be placed with one extremity

in each axis. Let this line move from its first position

into that of A'B' on one side, and afterwards into that of

A"B" on the other side, always preserving its first length.

The motion of a ladder, one end of which is against a wall,

and the other on the ground, is an instance. Let A' B'

and A" B" intersect A B in F and P". If A" B" were

gradually moved from its present position into that of

A' B', the point P" would also move gradually from its present position

into that of P', passing, in its course, through every point in the'line ¥'¥".

But here it is necessary to remark that A B is itself one of the positions

intermediate between A' B' and A" W, and when two lines are, by the

motion of one of them, brought into one and the same straight line, they

intersect one another (if this phrase can be here applied at all) in every

point, and all idea of one distinct point of intersection is lost. Never-

theless P" describes one part of P"P' before A" Wf has come into the

position A B, and the rest afterwards, when it is between A B and A' B'.

Let P be the point of separation ; then every point of P' P", except P, is

a real point of intersection of AB, with one of the positions of A^B", and

when A" B" has moved very near to A B, the point V" will be very near to

P ; and there is no point so near to P, that it may not be made the inter-

section of A!'W and AB, by bringing the former sufficiently near to the

latter. This point P is, therefore, the limit of the intersections of A" W
and A B, and cannot be found by the ordinary application of Algebra to

geometry, but may be made the subject of an inquiry similar to those

which have hitherto occupied us, in the following manner :—Let O A = a,

OBc b, AB = A'B' = A"B" = I. Let A A' = da, B B' = db,

whence O A' = a + da, OB' = 4- db. We have then a9
- + b2 == 1%
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and (a + da) 2 + (b — db) 2 2±3 P ; subtracting the former of which from
the development of the latter, we have

2a da + (day - 2b db + (cft)» e= or ~ s=
2a+r7<*

(i).
da 2b — do

As A'B' moves towards AB, da and db are diminished without limit, a
... , , ,. ., „ , . db . 2a a

and 6 remaining the same; hence the limit or the ratio — is — or—- .B H '

da 2b b

Let the co-ordinates * of P' beOM'^ x and M' P' = y. Then (page 16)

the co-ordinates of any point in AB have the equation

ay + bxzz ab (2).

The point P' is in this line, and also in the one which cuts off a -f- da
and b — db from the axes, whence

(a + da) y + (b — db) x = (a + da) (b — db) (3)

subtract (2) from (3) after developing the latter, which gives

y da — x db = b da — a db — rfa <Z6 (4)

If we now suppose A' W to move towards A B, equation (4) gives no
result, since each of its terms diminishes without limit. If, however, we

divide (4) by da, and substitute in the result the value of — obtained
da

from (1) we have
2a+da , 2a+da „ „.

y - x
2b-rdb^

h - aW^db~ dh (5);

from this and (2) we might deduce the values of y and x, for the point P',

as the figure actually stands. Then by diminishing db and da without

limit, and observing the limit towards which x and y tend, we might
deduce the co-ordinates of P, the limit of the intersections. The same
result may be more simply obtained, by diminishing da and db in equation

(5), before obtaining the values of y and x. This gives

a a2

y — x — b — — or by — ax — b
2 — a3

(6).

From (6) and (2) we find (fig. 6)
a3 a3 ___ b 3 b3i-OM = = — and « = MP= = —

.

as+ b* P y a2+ b
2

I
2

This limit of the intersections is different for every dif-

ferent position of the line A B, but may be determined,

in every case, by the following simple construction.

Since BP : PN, or O M :: B A : AO,wehaveBP =
^ T BA o3

I a* . ., _ b2

OM— = . -=- • — = -7- ; and, similarly, P A = —

.

AO Pal I

Let OQ be drawn perpendicular to BA ; then since OA
is a mean proportional between AQ and AB, we have

A Q 2= %, and similarly B Q = —. Hence BPsAQ andA P^BQ,
I

'

or the point P is as far from either extremity of A B as Q is from the

other.

We proceed to solve the same problem, using the principles of Leibnitz,

that is, supposing magnitudes can be taken so small, that those proportions

may be regarded as absolutely correct, which are not so in reality, but

which only approach more nearly to the truth, the smaller the magnitudes

* The lines M' and M/ P' are omitted, to avoid crowding the figure.
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are taken. The inaccuracy of this supposition has been already pointed
out

;
yet it must be confessed, that this once got over, the results are de-

duced with a degree of simplicity and consequent clearness, not to be
found in any other method. The following cannot be regarded as a de-
monstration, except by a mind so accustomed to the subject, that it

can readily convert the various inaccuracies into their corresponding
truths, and see, at one glance, how far any proposition will affect the final

result. The beginner will be struck with the extraordinary assertions

which follow, given in their most naked form,

without any attempt at a less startling mode of

expression. Let A' B' be a position of A B infi-

nitely near to it ; that is, let A'PA be an infinitely

small angle. With the centre P, and the radii

P A' and P B, describe the infinitely small arcs

A'a, Bb. An infinitely small arc of a circle is a

straight line perpendicular to its radius ; hence
A! a A and B b B' are right-angled triangles,

the first similar to BOA, the two having the

angle A in common, and the second similar to B' O A''. Again, since the

angles of B O A, which are finite, only differ from those of B' O A' by
the infinitely small angle A' P A, they may be regarded as equal ; whence
A' aA and B' 6 B are similar to B O A, and to one another. Also P is

the point of which we are in search, or infinitely near to it ; and
since B A = B' A', of which B P = b P and aP=A'P, the remainders
B' b and A a are equal. Moreover, B b and A' a being arcs of circles

subtending equal angles, are in the proportion of the radii B P and P A'.

Hence we have the following proportions,

—

Aa : A! a :: OA : OB '.: a : b

BJ : B'5::OA:OB::«: 6.

The composition of which gives, since A a = W b,

B b : A' a : : a? : b\

Also Bb : A' a :: BP : Pa,
whence BP: Pa : : a2 lb2

,

and B P + P a : : P a : \ a2 + b
2

: b\
But Pa only differs from P A by the infinitely small quantity A a, and
B P + P A = I, and a? + 62 = I

s
; whence

I : PA :: 2
2

: b\ orPA= y,
which is the result already obtained. In this reasoning we observe

four independent errors, from which others follow,—1. that B b and A' a
are straight lines at right-angles to Pa ; 2. that BOA and B' O A' are

similar triangles ; 3. that P is really the point of which we are in search ;

4. that P A and P a are equal. But at the same time we observe, that

every one of these assumptions approaches the truth, as we diminish the

angle A' PA, so that there is no magnitude, line or angle, so small, that

the linear or angular errors, arising from the above-mentioned suppositions,

may not be made smaller. We now proceed to put the same demonstra-

tion in a stricter form, so as to neglect no quantity during the process.

This should always be done by the beginner, until he is so far master of
the subject, as to be able to annex to the inaccurate terms, the ideas

necessary for their rational explanation. To the former figure add B/3
and Aa, the real perpendiculars, with which the arcs have been confounded.
Let Z A'F A = de, PA= p, Aa = dp, BP = g, B'b = dq ; and
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OAs«,OB = &,andAB=l. Then * h!a = (p-dp) dO, Bb = qdO,

and the triangles A'A« and B'B/3 are similar to BOA and B' O A'.

The perpendiculars A'a and B/3 are equal to PA' sin. d9, and PB sin. dO,

or (p — rf/O sin ofe, and q sin d0. ? Let aa sz fx and bft rs v. These
(page 5) will diminish without limit as compared with A'a and B/3 ; and
since the ratios of A'a to aA and B/3 to /3B' continue finite, (these being
sides of triangles similar to A O B and A'O B',) aa and 6/3 will diminish
indefinitely with respect to aA and /3B'. Hence the ratio Aa to ftB' or
dp -\- fi to dq -\- v will continually approximate to that of dp to dq, or a
ratio of equality. The exact proportions, to which those in the last page
are approximations, are as follows :

—

dp + fi : ( p — dp) sin dO :: a lb,
q sin dd ; dq -f-

v \\ a— da '. b+ db ;

by composition of which, recollecting that dp = dq (which is rigorously

true,) and dividing the two first terms of the resulting proportion by dp,

we have

q (1 -f £\ : (p _ dp) (1+ JlV : a (a - da) : b (b + db).

If dQ be diminished without limit, the quantities da, db, and dp, and
it v

also the ratios -=- and -—, as above-mentioned, are diminished without
dp dp

limit, so that the limit of the proportion just obtained, or the proportion

which gives the limits of the lines into which P divides AB, is

q : p :: a? : 6
2
,

hence q -f- p = I : p : : a2
-f- b* =: I

2
: 62

,

the same as before.

We proceed to apply the preceding principles to dynamics, or the theory

of motion. Suppose a point moving along a straight line uniformly, that

is, if the whole length described be divided into any number of equal

parts, however great, each of those parts is described in the same time.

Thus, whatever length is described in the first second of time, or in any
part of the first second, the same is described in any other second, or in

the same part of any other second. The number of units of length de-

scribed in a unit of time is called the velocity ; thus a velocity of 3 '01

feet in a second, means that the point describes three feet and one-

hundredth in each second, and a proportional part of the same in any part

of a second. Hence, if v be the velocity, and t the units of time elapsed

from the beginning of the motion, v t is the length described ; and if any
length described be known, the velocity can be determined by dividing

that length by the time of describing it. Thus, a point which moves uni-

formly through 3 feet in 1^- second, moves with a velocity of 3 -j- 1£, or

2 feet per second.

Let the point not move uniformly, that is, let different parts of the line,

having the same length, be described in different times ; at the same time

let the motion be continuous, that is, not suddenly increased or decreased,

as it would be if the point were composed of some hard matter, and
received a blow while it was moving. This will be the case if its motion
be represented by some algebraical function of the time, or if, t being the

number of units of time during which the point has moved, the number of

* For the Unit employed in measuring an angle, see Study of Mathematics, page 90.
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units of length described can be represented by 0£. This, for example,
we will suppose to be t -J- f, the unit of time being one second, and the

unit of length one inch ; so that i + i> or | of an inch, is described in

the first half second ; 1 + 1, or two inches, in the first second; 2 -j- 4, or
six inches, in the first two seconds ; and so on.

Here we have no longer an evident measure of the velocity of the point

;

we can only say that it obviously increases from the beginning of the mo-
tion to the end, and is different at every two different points. Let
the time t elapse, during which the point will describe the distance

t -\- t ; let a further time dt elapse, during which the point will increase

its distance to t -J- dt -j- (t + dty, which, diminished by t -f- f, gives

dt -\-2t dt-\- (dty for the length described during the increment of time

dt. This varies with the value of t ; thus, in the interval dt after the first

second, the length described is 3dt -j- dtf ; after the second second, it is

bdt + {dty, and so on. Nor can we, as in the case of uniform
motion, divide the length described by the time, and call the result

the velocity with which that length is described ; for no length,

however small, is here uniformly described. If we were to divide a length

by the time in which it is described, and also its first and second halves

by the times in which they are respectively described, the three results

would be all different from one another. Here a difficulty arises, similar

to that already noticed, when a point moves along a curve ; in which, as

we have seen, it is improper to say that it is moving in any one direction

through any arc, however small. Nevertheless a straight line was found

at every point, which did, more nearly than any other straight line, repre-

sent the direction of the motion. So, in this case, though it is incorrect

to say that there is any uniform velocity with which the point continues to

move for any portion 'of time, however small, we can, at the end of every

time, assign a uniform velocity, which shall represent, more nearly than any
other, the rate at which the point is moving. If we say that, at the end
of the time t, the point is moving with a velocity v, we must not now
say that the length vdt is described in the succeeding interval of

time dt ; but we mean that dt may be taken so small, that vdt shall

bear to the distance actually described a ratio as near to equality as

we please. Let the point have moved during the time t, after which
let successive intervals of time elapse, each equal to dt. At the end of

the times, t, t + dt, t + 2dt, ]t + 3dt, &c, the whole lengths

described will be t + t\ t + dt + (t + dtf, t + 2dt + (t + 2dt)\

t + 3dt + (t+ 3dty, &c. ; the differences of which, or dt + 2tdt

+ (dt)
2
, dt + 2tdt + 3 (dt) 2

, dt + 2tdt + 5 (dt)
2
, &c, are the

lengths described in the first, second, third, &c, intervals dt. These
are not equal to one another, as would be the case if the velocity were

uniform ; but by making dt sufficiently small, their ratio may be

brought as near to equality as we please, since the terms (dty,

3 {dty, &c, by which they all differ from the common part (1 -j- 2t) dt,

may be made as small as we please, in comparison of this common
part. If we divide the above-mentioned lengths by dt, which does

not alter their ratio, they become 1 -f- 2t -j- dt, 1 -f- 2t -f- 3dt,

1 -j- 2t -\-bdt, &c, which may be brought as near as we please to equality,

by sufficient diminution of dt. Hence 1 + 2t is said to be the velocity of

the point after the time t; and if we take a succession of equal intervals

of time, each equal to dt, and sufficiently small, the lengths described in

those intervals will bear to (1 + '20 dt, the length which would be de-
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scribed in the same interval with the uniform velocity 1 + 2t, a ratio

as near to equality as we please. And observe, that if <J)t is t + /
2
,

07 is 1 + 2t, or the coefficient of h in (t + li) + (t + h)\ In the
same way it may be shown, that if the point moves so that (\>l always
represents the length described in the time t, the differential coefficient of

(fit or 07, is the velocity with which the point is moving- at the end of the

time t. For the time t having elapsed, the whole lengths described at the

end of the times t and t-j-dt are <pt and (t -f- dt) ; whence the length

described during the time dt is .

(t + dt) - <pt, or 07 . dt + 0'7 ffi- + &c.

Similarly, the length described in the next interval dt is

(t + 2dt) -00 + dt) ; or

(2dtY (df\*
4>t + 07 . 2dt + 0'7WU _|_ Sec. - (0J + 07 eft + 0'7 ^- +&c.)

2 2
(dtY

which is 07 . dt + 30'7^ -f &c ;

2

fcZO
2

the length described in the third interval dt is 07 . dt -f- 50'7
2

+ &c. &c. It has been shown for each of these, that the first term
can be made to contain the aggregate of all the rest as often as we please,

by making dt sufficiently small ; this first term is 07 . dt in all, or the

length which would be described in the time dt by the velocity 07 con-

tinued uniformly : it is possible, therefore, to take dt so small, that the

lengths actually described in a succession of intervals equal to dt, shall

be as nearly as we please in a ratio of equality with those described in the

same intervals of time by the velocity 07. For example, it is observed

in bodies which fall to the earth from a height above it, when the resist-

ance of the air is removed, that if the time be taken in seconds, and the

distance in feet, the number of feet fallen through in t seconds is always

afi, where a — lG-j1^- very nearly; what is the velocity of a body
which has fallen in vacuo for four seconds ? Here <pt being at2

, we find,

by substituting t + h, or t + dt, instead of t, that 07 is 2at, or

2 X 16T
3

2 X t, or 32;t- 1 ; which, at the end of four seconds, is 32* X 4, or

128f. feet. That is, at the end of four seconds a falling body moves at the

rate of 128-f feet per second. By which we do not mean that it continues

to move with this velocity for any appreciable time, since the rate is

always varying ; but that the length described in the interval dt after the

fourth second, may be made as nearly as we please in a ratio of equality

with 128f x dt, by taking dt sufficiently small. This velocity 2at is said

to be uniformly accelerated ; since in each second the same velocity 2a
is gained. And since, when x is the space described, 07 is the limit of

dx—, the velocity is also this limit; that is, when a point does not move

uniformly, the velocity is not represented by any increment of length di-

vided by its increment of time, but by the limit to which that ratio con-

tinually tends, as the increment of time is diminished. We now propose

the following problem :—A point moves uniformly round a circle ; with

what velocities do the abscissa and ordinate increase or decrease, at any

given point? Let the point P, setting out from A, describe the arc A P,

&c, with the uniform velocity of a inches per second. Let O A = r,

ZAOP = e, ZPO P'= *,OM= x, M V=y, M M'= dx, QP'=dy.
From the first Principles of Trigonometry
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Era 8.©

|
x^rcosO x—dx^r cos (d+dd)^r cos 6 cos d9— rsinG sin d9 '

y~r sin Q y-\-dy= r sin (d-\-dd)==.r sin 6 cos dd-\-rcosd sin d&

;

subtracting the second from the first, and the third from the fourth, we have
dx = r sin 6 sin dd -f- r cos (1 — cos d&) (1)
dy •=. r cos sin dd -\-r sin (1 — cos d0) (2)

but if dd be taken sufficiently small, sin dd, and
d0, may be made as nearly in a ratio of equality as

we please, and 1 — cos dO may be made as small

a part as we please, either of dd or sin dd. These
follow from fig. 1, in which it was shown that BM
and the arc B A, or (if O A = r and A O B = dd,)

r sin dd and rdd, may be brought as near to a

ratio of equality as we please ; which is therefore

true of sin dd and dd. Again, it was shown that

A M, or r — r cos dd, can be made as small a part

as we please, either of B M or the arc B A, that is, either of r sin dd, or

rdd ; the same is therefore true of 1 — cos dd, and either sin dQ or dd.

Hence, if we write equations (1) and (2) thus,

dx—r sin 6 dd (1), dy t=i r cos 6 d9 (2),

we have equations, which, though never exactly true, are such that by
making dd sufficiently small, the errors may be made as small parts of dd

as we please. Again, since the arc A P is uniformly described, so also is

the angle P O A ; and since an arc a is described in one second, the angle

— is described in the same time ; this is, therefore, the angular velocity*.

If we divide equations (1) and (2) by dt, we have
dx . dd dy dd—- = r sin d — — = r cos d — ;
dt dt dt dt

these become more nearly true as dt and dd are diminished, so that if for

dx
-j-, &c, the limits of these ratios be substituted, the equations will become
dt

rigorously true

of which is also —
r

But these limits are the velocities of x, y, and d, the last

a
hence

velocity of x = r sin 9 X — = a sin d,

velocity of y s= r cos x a cos0:

that is the point M moves towards O with a variable velocity, which is

always such a part of the velocity of P, as sin d is of unity, or as

PM is of O B ; and the distance P M increases, or the point N moves
from O, with a velocity which is such a part of the velocity of P as cos 6

is of unity, or as O M is of O A.

In the language of Leibnitz, the foregoing results would be expressed

* The same considerations of velocity which have heen applied to the motion of a point
along a line may also be applied to the motion of a line round a point. If the angle so

described be always increased by equal angles in equal portions of time, the angular
velocity is said to be uniform, and is measured by the number of angular units described
in a unit of time. By similar reasoning to that already described, if the velocity with
which the angle increases be not uniform, so that at the end of the time / the angle de-

dt)
scribed is 6 — <pt, the angular velocity is q't, or the limit of the ratio—

.

dt
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thus:—If a point move, but not uniformly, it may still be considered as

moving uniformly for any infinitely small time ; and the velocity with

which it moves is the infinitely small space thus described, divided by the

infinitely small time.

The foregoing process contains the method employed by Newton,
known by the name of the Method of Fluxions. If we suppose y to

be any function of x, and that x increases with a given velocity,

y will also increase or decrease with a velocity depending,—1. upon
the velocity of x ; 2. upon the function which y is of x. These
velocities Newton called the fluxions of y and x, and denoted them by

y and do. Thus, if y = x2
, and if in the interval of time dt, x becomes

x + dx, and y becomes y -j- dy, we have y + dy = (x + dx) 2
, and

du dx dx
dy = 2x . dx + '(dx)2

, or — = 2x -r- + — dx. If we diminish dt,*
' ' dt dt dt

dx
the term — . dx will diminish without limit, since one factor continually

dt

approaches to a given quantity, viz., the velocity of x, and the other dimi-

nishes without limit. Hence we obtain the velocity of y — 2x x the

velocity of x, or y = 2x do, which is used in the method of fluxions

instead of dy s: 2x dx considered in the manner already described. The
processes are the same, in both methods, since the ratio of the velocities

is the limiting ratio of the corresponding increments, or, according to

Leibnitz, the ratio of the infinitely small increments. We shall hereafter

notice the common objection to the Method of Fluxions.

When the velocity of a material point is suddenly increased, an impulse

is said to be given to it, and the magnitude of the impulse or impulsive

force, is in proportion to the velocity created by it. Thus, an impulse
which changes the velocity from 50 to 70 feet per second, is twice as great

as one which changes it from 50 to 60 feet. When the velocity of the

point is altered, not suddenly but continuously, so that before the velocity

can change from 50 to 70 feet, it goes through all possible intermediate

velocities, the point is said to be acted on by an accelerating force. Force

is a name given to that which causes a change in the velocity of a body.

It is said to act uniformly, when the velocity acquired by the point in any
one interval of time is the same as that acquired in any other interval of

equal duration. It is plain that we cannot, by supposing any succession

of impulses, however small, and however quickly repeated, arrive at a

uniformly accelerated motion ; because the length described between any
two impulses will be uniformly described, which is inconsistent with the

idea of continually accelerated velocity. Nevertheless, by diminishing the

magnitude of the impulses, and increasing their number, we may come as

near as we please to such a continued motion, in the same way as, by
diminishing the magnitudes of the sides of a polygon, and increasing their

number, we may approximate as near as we please to a continuous curve.

Let a point, setting out from a state of rest, increase its velocity uniformly,

so that in the time t, it may acquire the velocity v—what length will have
been described during that time t ? Let the time t and the velocity v be
both divided into n equal parts, each of which is 1! and v' ; so that 7it'— t,

and nv' — v. Let the velocity v' be communicated to the point at rest

;

after an interval of i! let another velocity v' be communicated, so that

during the second interval t! the point has a velocity 2v' ; during the third

interval let the point have the velocity 3d', and so on ; so that in the last

on ?i
th
interval the point has the velocity nv'. The space described in the
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first interval is, therefore, v't
f

; in the second, 2v't' ; in the third, 3v't'',

and so on, till in the nth
interval it is nv't'. The whole space described is,

therefore,

v't' + 2v't' + ZvW + . . . + n— 1 v't' + ttfc'i'

or (1 + 2 + 3 n — 1+??) v't'—n.^ v't' s-v
2 2

In this substitute -y for ra/, and £ for nt', which gives for the space de-

scribed \v (t + O- The smaller we suppose £', the more nearly will this

approach to iji^. But the smaller we suppose t', the greater must be n,

the number of parts into which t is divided ; and the more nearly do we
render the motion of the point uniformly accelerated. Hence the limit to

which we approximate by diminishing t' without limit, is the length de-

scribed in the time t, by a uniformly accelerated velocity, which shall in-

crease from to v in that time. This is ^vt, or half the length which

would have been described by the velocity v continued uniformly from the

beginning of the motion. It is usual to measure the accelerating force by
the velocity acquired in one second. Let this be g ; then since the same
velocity is acquired in every other second, the velocity acquired in t

seconds will be gt, or v — gt. Hence the space described is \gt x t, or

%gt\ If the point, instead of being at rest at the beginning of the acce-

leration, had had the velocity a, the lengths described in the successive

intervals would have been at' + v't', at' + 2v't', &c. ; so that to the

space described by the accelerated motion would have been added nat', or

at, and the whole length would have been at + 'hgt
2
- By similar reason-

ing, had the force been a uniformly retarding force, that is, one which
diminished the initial velocity a equally in equal times, the length de-

scribed in the time t would have been at — \gt2
. Now let the point move

in such a way, that the velocity is accelerated or retarded, but not uni-

formly, that is, in different times of equal duration, let different velocities

be lost or gained. For example, let the point, setting out from a state of

rest, move in such a way that the number of inches passed over in t

seconds is always t
3

. Here (fit =. t
3

, and the velocity acquired by the body
at the end of the time t, is the coefficient of dt in (t +- dt)

3
, or 3£l

inches per second. Let the point be at A at the end of the time t ; and
let AB, B C, CD, &c, be lengths described in

risi Q.
successive equal intervals of time, each of which

is dt. Then the velocities at A, B, C, &c, are
ABCB Qt\ 3 (t + dtf, 3 (t + 2dt) a

, &c, and the
1 H~H

' ' lengths A B, B C, CD, &c, are (t + dt)3 - t
3
,

(t+ 2dt)3 - dt+ eft)
3
, (t + 3^) 3 - (* + 2dt) 3

,
&c.

Velocity at Length of

A 3i2 AB 3fdt+ 3t(dt)*+ (dt) 3

B 3t*+ 6tdt+ 3{dty BC 3Pdt+ 9t(dty+ 7 (dt)3

c 3f+\2tdt+\2 (dty cd 3t*dt+m (dty+ \9 (dty

If we could, without error, reject the terms containing (dty in the velo-

cities, and those containing (dt)
3

in the lengths, we should then reduce

the motion of the point to the case already considered, the initial velocity

being 3f, and the accelerating force 6t. For we have already shown

that a being the initial velocity, and g the accelerating force, the space

described in the time t is at-\- kgf1 . Hence, 3P being the initial velocity,

and 6t the accelerating force, the space in the time dt is 3tdt -j- 3t (dt)
2
,
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which is the same as A B after (dt) 9
is rejected. The velocity acquired

is gt, and the whole velocity is, therefore, a-{-gt; or making the same
substitutions, 3i

2 + 6tdt. This is the velocity at B, after the term 3 (dt)\

is rejected. Again, the velocity being 3<2 + 6tdt, and the force 6t, the

space described in the time dt is (3t
2 + 6tdt) dt-\- 3t (dt)

2
, or 3i

2dt -f-

9t (dt)
2

. This is what the space B C becomes after 7 (dt)
3

is rejected.

The velocity acquired is 6tdt; and the whole velocity is 3t
2
-j- (it dt -f-

6t dt, or 3tf + 12£ d£ ; which is the velocity at C after 3 (dt)
2
is rejected.

But as the terms involving (dt)
2
in the velocities, &c, cannot be rejected

without error, the above supposition of a uniform force cannot be made.
Nevertheless, as we may take dt so small, that these terms shall be as

small parts as we please of those which precede, the results of the erro-

neous and correct suppositions may be brought as near to equality as we
please ; hence we conclude, that though there is no force, which, con-

tinued uniformly, would preserve the motion of the point A, so that O A
should always be t

3
in inches, yet an interval of time may be taken so

small, that the length actually described by A in that time, and the one
which would be described if the force 6t were, continued uniformly, shall

have a ratio as near to equality as we please. Hence, on a principle

similar to that by which we called 3l2 the velocity at A, though, in truth,

no space, however small, is described with that velocity, we call 6t the

accelerating force at A. And it must be observed that 6t is the differential

coefficient of 3t
2
, or the coefficient of dt, in the development of 3 (t -j- dt)2

.

Generally, let the point move so that the length described in any time t is

(fit. Hence the length described at the end of the time t + dt is (t-rdt),

and that described in the interval dt is (t + dt) — 4>t, or

0'* . dt -f 0"* ^ + </>«'t ^- + &c.

in which dt may be taken so small, that either of the first two terms shall

contain the aggregate of all the rest, as often as we please. These two
first terms are (f>'t . dt-\- -kft't . (dt)

2
, and represent the length described

during dt, with a uniform velocity 4>'t, and an accelerating force (fi"t. The
interval dt may then generally be taken so small, that this supposition shall

represent the motion during that interval as nearly as we please.

We have hitherto considered the limiting ratio of quantities only as to

their state of decrease, : we now proceed to some cases in which the limit-

ing ratio of different magnitudes which increase without limit is investi-

gated. It is easy to show that the increase of two magnitudes may cause

a decrease of their ratio ; so that, as the two increase without limit, their

ratio may diminish without limit. The limit of any ratio may be

found by rejecting any terms or aggregate of terms (Q) which are con-

nected with another term (P) by the sign of addition or subtraction, pro-

vided that by increasing x, Q may be made as small a part of P as we
i7;
2 _j_ 2x -j- 3

please. For example, to find the limit of- —
, when x is increasedF *

2x2 +bx
without limit. By increasing x we can, as will be shown immediately,

cause 2x -j- 3 and bx to be contained in x2 and 2x2
, as often as we please

;

x2

rejecting these terms, we have —-, or ^, for the limit. The demonstration

is as follows :—Divide both numerator and denominator by x2
, which gives

2 , 3 . 5
1 -\ 1

—

^j and 2H , for the numerator and denominator of a traction
* .1! ' ."»* .V
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equal in value to the one proposed. These can be brought as near as we

please to 1 and 2 by making x sufficiently great, or — sufficiently small

;

and, consequently, their ratio can be brought as near as we please to

—. We will now prove the following:—That in any series of decreasing
a

powers of or, anyone term will, if j? be taken sufficiently great, contain the

aggregate of all which follow, as many times as we please. Take, for

example,

axm
,
4- bxm

- 1 + ex'""
2 + -f px + q + — -f ~ + &c.

the ratio of the several terms will not be altered if we divide the whole by

xm, which givesbe V . Q T s ?
„

It has been shown that by taking— sufficiently small, that is, by taking

x sufficiently great, any term of this series may be made to contain the

aggregate of the succeeding terms, as often as we please ; which relation

is not altered if we multiply every term by xm, and so restore the original

(<r + l)
m

series. It follows from this, that has unity for its limit when x
xm J

is increased without limit. For (x+l)m is xm + mxm~ l + &c, in which

xm can be made as great as we please with respect to the rest of the

series. Hence ^ _= 1 -}- IL 1, the numerator of which last
xm xm

fraction decreases indefinitely as compared with its denominator. In a
xm

similar way it may be shown that the limit of
;

—

,

J J (x+l)m+1 - a?"^1
'

when x is increased, is For since (#+l)m+1 s= xm+l +(m+ ]) xm -f-
7ft + 1

J (m + 1) m xm
~

l + &c, this fraction is

(m-}-l) >r"
! +^ (m+l),mf"'+ &c.

in which the first term of the denominator may be made to contain all

the rest as often as we please ; that is, if the fraction be written thus,

xm
-, -v r-, A can be made as small a part of (m-f-1) xm as we please.
(m+l)xm+A r v i / i

Hence this fraction can, by a sufficient increase of x, be brought as near

x
m

1
as we please to , or A similar proposition may be shown

(m-j-l)xm ?n-j-l

(x 4- b)
m

of the fraction r--r-, „,, , which may be immediately reduced
(x + a)mM — xm+1 J J

xm .j. g
to the form ;

——

—

„ , . , where x may be taken so great that xm shall
(?»+l) axm+A J s

contain A and B any number of times. We will now consider the sums
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of j? terms of the following series, each of which may evidently be made as

great as we please, by taking- a sufficient number of its terms,

14-24.34.4 + + *-l +a (1)
1
2+ 2 2+3 n+ 4

2+ + (# - 1)'+ *2 (2) '

13+ 23+ 33+ 43+ + (a? - 1)3+ x3
(3)

l'"+2m+3™+4"£+ + Or - l)
m+ a?

m (m).

We propose to inquire what is the limiting1 ratio of any one of these series

to the last term of the succeeding one ; that is, to what do the ratios of

(1 + 2 + + a?) to x'1, of (I 2
-f 22 + x") to x\ &c, approach,

when x is increased without limit. To give an idea of the method
of increase of these series, we shall first show that x may be taken
so great, that the last term of each series shall be as small a part as

we please of the sum of all those which precede. To simplify the sym-
bols, let us take the third series l

3 + 2 3 + . . . . -\- x3
, in which we are to

show that j?
3 may be made less than any given part, say one-thousandth,

of the sum of those which precede, or of l
3 + 23

. . . . + (x— l)
3
. First, x

may be taken so great that x3 and (x — 1000) 3
shall have a ratio as near

to equality as we please. For the ratio of these quantities being the same as

*w n, A 1000Y ,
100° , • „ ,tnator I to I 1 — 1, and being as small as we please it x may

\ x J x

be as great as we please, it follows that 1 — , and, consequently,
x

/_ 1000Y , . p ,(1 1 may be made as near to unity as we please, or the ratio of 1

/ 1000V
to I 1 1, may be brought as near as we please to that of 1 to 1,

or a ratio of equality. But this ratio is that of*3
to (x — 1000) 3

. Simi-

larly the ratios of x3
to (x - 999) 3

, of x3
to (x - 99S) 3

, &c, up to the

ratio of a?
3
to (x — l) 3 may be made as near as we please to ratios of

equality; there being one thousand in all. If, then, (x — l) 3 = ax3
,

(a? — 2)
3 = /3 a?

3
, &c, up to (x — 1000)

3 = wx3
, x can be taken so

great that each of the fractions a, /3, &c., shall be as near to unity, or

1
a + ft -f- . . . . + w as near" to 1000, as we please. Hence —

«+/H..-rw

which is
ax3+ ftx

3+ +W (B_i)8+ (j_2)»+ , . +^r_i000)
3
,

can be brought as near to as we please ; and by the same reasoning,& 1000 l J

the fraction

(
,_ 1)3+_ .',

+Gr_ I001)s
"«* be bought as nearto^

as we please ; that is, may be made less than . Still more then may
1

'
J 1000 J

* Observe that this conclusion depends upon the number of quantities a, fi, &c, being
determinate. If there be ten quantities, each of which can be brought as near to unity as

we please, their sum can be brought as near to 10 as we please ; for, take any fraction

A, and make each of those quantities differ from unity by less than the tenth part of A,
then will the sum differ from 10 by less than A. This argument fails, if the number
of quantities be unlimited.

D
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be made less than
(a;_l)»_|_ . i .._|_(a7 _i001) 3-j-.... + 23

-f-l
3 1000'

or x3 may be less than the thousandth part of the sum of all the preceding

terms. In the same way it may be shown that a term may be taken in

any one of the series, which shall be less than any given part of the sum
of all the preceding- terms. It is also true that the difference of any two

succeeding terms may be made as small a part of either as we please.

For (# -]- 1)'" — xm, when developed, will only contain exponents less

than m, being m xm
~ l

-f- m .
—-— xm

~ 2 + &c. ; and we have shown

(page 32) that the sum of such a series may be made less than any given

part of a?
7". It is also evident that, whatever number of terms we may sum,

if a sufficient number of succeeding terms be taken, the sum of the latter

shall exceed that of the former in any ratio we please.

Let there be a series of fractions ;—,
—r-r-r,,

—
t.

—
t,,->

&c "> ni
pa -\-b pa'-j- ¥ pa"-j-b"

which a, a', &c, b, b', &c, increase without limit ; but in which the ratio

of b to a, b' to a', &c, diminishes without limit. If it be allowable to

begin by supposing b as small as we please with respect to a, or — as

small as we please, the first, and all the succeeding fractions, will be as near

as we please to — , which is evident from the equations
P

a 1 a' 1 „

va + b ,
b pa'A- V ,

b'* p + — ** ' ' P + —;a a'

Form a new fraction by summing the numerators and denominators of the

,. ,
a + a' + a" + &c. , _

preceding, such as —-—:————-—-—-——-

—

, ,, ,
... —, the &c.

p(a-\- a'4-a"+&c.)-f-6-f b'-{-b"+ &c.'

extending to any given number of terms. This may also be brought as

1
near to — as we please. For this fraction is the same as 1 divided by

V
. b -f b' -f &c. - u . . m ^ . b -f V -f &q.

p -f- —-—~—-—
;

and it can be shown * that —;———-— must
a -j- a' -f- &c. a -J- a'

-f- &c.

b b 1

lie between the least and greatest of the fractions — ,
—

7> Sec. If, then,
a a

each of these latter fractions can be made as small as we please, so also

f) _|_ b' -J- &c.
can ——7—^

—

r-—. No difference will be made in this result, if we use
a -f* a' -j- &c.

the following fraction,

A +(« + «' + «" + &<;)

B + P (« + a' "f a" f &c -) + b + b ' + b" + &c -

A and B being given quantities
;
provided that we can take a number of

the original fractions sufficient to make a -f- a'-\- a!'
-J- &c, as great as we

please, compared with A and B. This will appear on dividing the nume-
rator and denominator of (1) by a -j- a' -f- a" -j- &c. Let the fractions be

(*+])3 (tf-M) 3
(tf-f-3)

3

(x -j. 1)* -_ x* '

(a? _|_2)4 -(j?-fl) 4
'

(^ -j- 3)
4 — (x + 2)

4

* See Study of Mathematics,
page 88.

&c.
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The first of which, or — — may, as we have shown, be within any
4a?

J + &e.
j j

given difference of — , and the others still nearer, by taking1 a value

of a? sufficiently great. Let us suppose each of these fractions to be

within -

—

-—TTf: of — . The fraction formed by summing the numerators

and denominators of these fractions (n in number) will be within the

same degree of nearness to £. But this is

(x + 1)3 + (a + 2)3 + + (j + ?l)3

(a; + ny -a?4 ^
all the terms of the denominator disappearing, except two from the first and
last. If, then, we add a?

4 to the denominator, and T + 2 3 + 3 3
. . . . -j- xA

to the numerator, we can still take n so great that (j?-f- 1)
3+ .... +(x+ n) 3

shall contain 1
3+ . . + xs

as often as we please, and that (a;+ 7i)
4— a?

4 shall

contain x* in the same manner. To prove the latter, observe that the ratio of

(a? +ny — x4
to x* being ( I + —V can De made as great as we please,

if it be permitted to take for n a number containing x as often as

we please. Hence, by the preceding reasoning, the fraction, with its

numerator and denominator thus increased, or

I
3 + 23 + 33 + . . . . + o:

3+ + l) 3+. . . . + Q + ft)
3

(3
(x + n)*

may be brought to lie within the same degree of nearness to \ as (2) ;

and since this degree of nearness could be named at pleasure, it follows

that (3) can be brought as near to -j as we please. Hence the limit of

the ratio of (l
3

-f- 23 + ....+ xs
) to a?

4
, as x is increased without limit, is

\ ; and, in a similar manner, it may be proved that the limit of the ratio

(x + l)
m

of (l
m
-f 2

m+ +xm ) to xm+l is the same as that of -

—

,,,„,,, m ,, ,

(x + 1) -x

or —
-. This result will be of use when we come to the first prin-m -f-

1

ciples of the integral calculus. It may also be noticed that the limits of the

CC — 1 (2? ' X 3C ™~ 2
ratios which x —— , x , &c, bear to a;

2
, x3

, &c, are severally

"o"' o~q ' ^C * » *ne am^ being that to which the ratios approximate as *

3b —— X j1 —~ X 3C • X iT —~ ^
increases without limit. For x '— xz = , a?

2 2* ' 2 3

3
x— 1 #-2 a?— 1 a? — 2 ..

-r- a? ss —— —-— , &c, and the limits of , , are severally
e, 2a? 3x xx J

equal to unity. We now resume the elementary principles of the Diffe-

rential Calculus.

The following is a recapitulation of the principal results which have
hitherto been noticed in the general theory of functions :—I. That if in the

equation y = (a.), the Variable x receives an incremented, y is in-

creased by the series

0'a? . dx + 0".r ^& + 4>»x l» + &c.

D2
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II. That (fi"x is derived in the same manner from (fi'x, that (fi'x is from (fix,

viz., that in like manner as (fi'x is the coefficient of dx in the development

of (x -f- <ir), so 0",z is the coefficient of dx in the development of

0' (j? + dx~) ; similarly <p'
/r^ is the coefficient of dx in the development of

dv
(fi" (x-\-dx), and so on. III. That (fi'x is the limit of -A or the quantity

to which the latter will approach, and to which it may be brought'as near as

we please, when dx is diminished. It is called the differential coefficient

of y. IV. That in every case which occurs in practice, dx may be taken

so small, that any term of the series above written may be made to contain

the aggregate of those which follow, as often as we please ; whence, though

<p'x . dx is not the actual increment produced by changing x into x-\- dx in

the function (fix, yet, by taking dx sufficiently small, it may be brought as

near as we please to a ratio of equality with the actual increment. ,

The last of the above-mentioned principles is of the greatest utility,

since, by means of it, (fi'x . dx may be made as nearly as we please the

actual increment ; and it will generally happen in practice, that (fi'x . dx
may be used for the increment of 4>x without sensible error ; that is, if

in (fix, x be changed into x -j- dx, dx being very small, (fix is changed

into (fix-{-(fi'x . dx, very nearly. Suppose that* being the correct value of

the variable, x -j- h and x-\-k have been successively substituted for it,

or the errors h and k have been committed in the valuation of x, h and k

being very small. Hence (x -J- h) and (a? -J- 1c) will be. erroneously

used for (fix. But these are nearly (fix -f- (fi'x . h and (fix -f- (fi'x . k, and

the errors committed in taking (fix are (fi'x . h and (fi'x . k, very nearly.

These last are in the proportion of A to k, and hence results a proposition

of the utmost importance in every practical application of mathematics,

viz., that if two different, but small, errors be committed in the valuation

of any quantity, the errors arising therefrom at the end of any process,

in which both the supposed values of x are successively adopted, are

very nearly in the proportion of the errors committed at the beginning.

For example, let there be a right-angled triangle, whose base is 3, and

whose other side should be 4, so that the hypothenuse should be «/3 2
-f-

4-

or 5. But suppose that the other side has been twice erroneously mea-
sured, the first measurement giving 4*001, and the second 4*002, the

errors being *001 and '002. The two values of the hypothenuse thus

obtained are

a/32 + 4 -OOP, or --/25-00S001, and V& + 4" 002*, or a/25-016004,
"

which are very nearly 5*0008 and 5*0016. The errors of the hypothe-
nuse are then *0008 and *0016 nearly; and these last are in the pro-

portion of *001 and *002. It also follows, that if x increase by successive

equal steps, any function of x will, for a few steps, increase so nearly in

the same manner, that the supposition of such an increase will not be
materially wrong. For, if A, 2h, 3h, &c, be successive small increments

given to x, the successive increments of (fix will be (fi'x . h, (fi'x . 2h,

(fi'x . Sh, &c. nearly; which being proportional to h, 2h, 3h, &c, the in-

crease of the function is nearly doubled, trebled, &c, if the increase of x
be doubled, trebled, &c. This result may be rendered conspicuous
by reference to any astronomical ephemeris, in which the positions

of an heavenly body are given from day to day. The intervals of
time at which the positions are given differ by 24 hours, or nearly
y^jth part of the whole year. And even for this interval, though it can
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hardly be called small in an astronomical point of view, the increments

or decrements will be found so nearly the same for four or five days

together, as to enable the student to form an idea how much more near

they would be to equality, if the interval had been less, say one hour
instead of twenty-four. For example, the sun's longitude on the follow-

ing- days at noon is written underneath, with the increments from day to

day.
Proportion which the differences

lool Sun's longitude of the increments beat to the
••'•->"^ at noon. Increments. whole increments.

September 1 158° 30' 35" _ , q„
2 159 28 44 j?* "

3 160 26 56 Jo Tq
4 161 25 9 f \

6

5 162 23 23

The sun's longitude is a function of the time ; that is, the number of

years and days from a given epoch being given, and called x, the sun's

longitude can be found by an algebraical expression which may be called

(fix. If we date from the first of January, 1834, x is "666, which is the

decimal part of a year between the first days of January and September.
The increment is one day, or nearly '0027 of a year. Here x is suc-

cessively made equal to '666, '666 + "0027, '666 rp- 2 X "0027, &c. ; and
the intervals of the corresponding values of (fix, if we consider only

minutes, are the same ; but if we take in the seconds, they differ from
one another, though only by very small parts of themselves, as the last

column shows. This property is also used * in finding logarithms inter-

mediate to those given in the tables ; and may be applied to find a

nearer solution to an equation, than one already found. For example,

suppose it required to find the value of a? in the equation (fix — 0, a being

a near approximation to the required value. , Let a + h be the real value,

in which h will be a small quantity. It follows that
(fi (« + K) = 0, or,

which is nearly true, (fia 4- (fi'a . h — 0. Hence the real value of h is

(fia (fia . ....
nearly — —-, or the value a — —— is a nearer approximation to the value

(fi'a (fi'a

of x. For example, let a 2 + x — 4 = be the equation. Here (fix =
x2 + x — 4, and (fi (x + h) = O + lif + x + h-4 = x"- + x — 4 +
(2x + 1) h + h- ; so that (fi'x =: 2x + 1. A near value of x is 1 -57

;

let this be a. Then (fia = "0349, and (fi'a = 4 • 14. Hence — -—=--
(fia

•00843. Hence 1-57 — '00843, or 1-56157, is a nearer value of x. If

we proceed in the same way with 1 '5616, we shall find a still nearer value

of x, viz., 1*561553. We have here chosen an equation of the second

degree, in order that the student may be able to verify the result in the

common way ; it is, however, obvious that the same method may be ap-

plied to equations of higher degrees, and even to those which are not

to be treated by common algebraical methods, such as tan x == ax.

We have already observed, that in a function of more quantities than

one, those only are mentioned which are considered as variable ; so that

all which we have said upon functions of one variable, applies equally to

functions of several variables, so far as a change in one only is concerned.

Take for example xs
y + 2xy3

. If x be changed into x + dx, y remaining

the same, this function is increased by 2xy dx + 2y
3dx + &c, in which,

* See Study of Mathematics, page 58.
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as in page 15, no terms are contained in the &c. except those which, by dimi-

nishing dx, can be made to bear as small a proportion as we please to the

first terms. Again, ify be changed into y-\-dy, x remaining the same,

the function receives the increment x*dy -f- 6xy*dy -f- &c. ; and if x be

changed into x + dx, y being at the same time changed into y +- dy, the

increment of the function is (2xy + 2y
3
) dx + (V2 + 6xy2

) dy + &c.

If, then, u==: x*y + 2xy3
, and du denote the increment of u, we have the

three following equations, answering to the various suppositions above-

mentioned,

(1) when x only varies, du — (2xt/ + 2y
s
) dx + &c.

(2) when y only varies, du — (x
2 + Qxy^) dy + &c

(3) when both x and y vary, du = (2xy + 2y
3
) dx+(x"-+6xy2)dy+&c.

in which, however, it must be remembered, that du does not stand for the

same thing in any two of the three equations : it is true that it always

represents an increment of u, but as far as we have yet gone, we have

used it indifferently, whether the increment of u was the result of a change

in x only, or y only, or both together. To distinguish the different incre-

ments of u, we must therefore seek an additional notation, which, without

sacrificing the du that serves to remind us that it was u which received

an increment, may also point out from what supposition the increment

arose. For this purpose we might use d
tV
u and dyu, and dx>l/

u, to dis-

tinguish the three ; and this will appear to the learner more simple than

the one in common use, which we shall proceed to explain. We must,

however, remind the student, that though in matters of reasoning, he has

a right to expect a solution of every difficulty, in all that relates to nota-

tion, he must trust entirely to his instructor ; since he cannot judge be-

tween the convenience or inconvenience of two symbols without a degree

of experience, which he evidently cannot have had. Instead of the nota-

tion above described, the increments arising from a change in x and y are

du du
severally denoted by —-

• dx and — dy, on the following principle :—-If
\Xoc a if

there be a number of results obtained by the same species of process, but

on different suppositions with regard to the quantities used ; if, for ex-

ample, p be derived from some supposition with regard to a, in the same
manner as are q and r with regard to b and c, and if it be inconvenient

and unsymmetrical to use separate letters p, q, and r, for the three results,

they may be distinguished by using the same letter p for all, and writing

V V V
the three results thus, — a, — b, — c. Each of these, in common

a be
algebra, is equal to p, but the letter p does not stand for the same thing

in the three expressions. The first is the p, so to speak, which belongs

to a, the second that which belongs to b, the third that which belongs to c.

Therefore the numerator of each of the fractions— , —, and —, must
a b c

never be separated from its denominator, because the value of the former

depends, in part, upon the latter ; and one p cannot be distinguished

from another without its denominator. The numerator by itself only in-

dicates what operation is to be performed, and on what quantity ; the de-

nominator shows what quantity is to be made use of in performing it.

7) 7) b
Neither are we allowed to say that — divided by — is — ; for this sup-

J
a J

b a
poses that p means the same thing in both quantities. In the ex-



THE DIFFERENTIAL AND INTEGRAL CALCULUS. 39

du . , du , , , ,
. ,

pressions — dx, and — dy, each denotes that u has received an mcrc-
dx dy

ment ; but the first points out that x, and the second that y, was sup-

posed to increase, in order to produce that increment ; while du by itself,

or sometimes d.u, is employed to express the increment derived from
both suppositions at once. And since, as we have, already remarked, it

is not the ratios of the increments themselves, but the limits of those

ratios, which are the objects of investigation in the Differential Calculus,

du du
here, as in page 15, — dx, and — dy, are generally considered as re-

presenting those terms which are of use in obtaining the limiting ratios,

and do not include those terms, which, from their containing higher

powers of dx or dy than the first, may be made as small as we please with

respect to dx or dy. Hence in the example just given, where ut=x'y-\-2xy :i

,

we have

— dx = (2xy -f 2y
3
) dx, or —- = 2xy + 2y

3

du dlL— dy" (#8 + 6xy-) dy, or — = & + 6xy*

du or 'd.u = —- dx H—— dy.
dx dy

The last equation gives a striking illustration of the method of notation.

Treated according to the common rules of algebra, it is du = du + du,

which is absurd, but which appears rational when we recollect that the

second du arises from a change in x only, the third from a change in y
only, and the first from a change in both. The same equation may be
proved to be generally true for all functions of x and y, if we bear in

mind that no term is retained, or need be retained, as far as the limit is

concerned, which, when dx or dy is diminished, diminishes without limit

du du
as compared with them. In using- — and— as differential coefficients

1 b dx dy
of u with respect to x and y, the objection (page 14) against considering

these as the limits of the ratios, and not the ratios themselves, does not

hold, since the numerator is not to be separated from its denominator.

Let u be a function of x and y, represented * by (x, y). It is indif-

ferent whether x and y be changed at once into x -\- dx and y + dy, or

whether x be first changed into x + dx, and y be changed into y + dy in

the result. Thus, xs
y + y

a
will become (x + dx) 2

(y -+- dy) + (y + dy) 3

in either case. If.r be changed into x + dx, u becomes u + u' dx + &c,
where u' is what we have called the differential coefficient of u with

respect to x, and is itself a function of x and y ; and the correspond-

ing increment of u is u' dx + &c. If in this result y be changed into

y -f- dy, u will assume the form u + u, dy + &c., where «, is the diffe-

rential coefficient of u with respect to y ; and the increment which u

* The symbol <p(x, y) must not be confounded with ip(j'y). The former represents any
function of x and y ; the latter a function in which .r and y only enter so far as they are

contained in their product. The second is therefore a particular case of the first ; but the

first is not necessarily represented by the second. For example, take the function

x>j -(- sin xy, which, though it contains both x and y, yet can only be altered by such a
change in x and y as will alter their product, and if the product be called p, will be
j9-(-siii p. This may properly be represented by $(?>/); whereas x -$- xys cannot be
represented in the same way, since other functions besides the product are contained in it.

X
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receives will be u,dy + &c. Again, when y is changed into y + dy,

uf, which is a function of a? and y, will assume the form u' + pdy + &c.

;

and u + u'dx + &c. becomes u-\-u
t
dy -f- &c.-f (w' -\-pdy +&c.) c/,r+ &c.,

or w -f- m;
<fo/ "I" ufdx + j5fZj? d^/ + &c, in which the term pdx dy is

useless in finding the limit. For since dy can be made as small as we
please, pdx dy can be made as small a part of pdx as we please, and
therefore can be made as small a part of dx as we please. Hence on the

three suppositions already made, we have the following results ;

—

1. when x only is changed'

o

into x + dx,

when y only is changed
into y + dy,

3. when x becomes x-{- dx
and y becomes y + dy
at once,

u receives the

increment

ru'dx + &c.

U/dy + &c.

[u'<Ix + u,dy + &c

the &c. in each case containing those terms only which can be made as

small as we please, with respect to the preceding terms. In the language
of Leibnitz, we should say that if x and y receive infinitely small incre-

ments, the sum of the infinitely small increments of u obtained by making
these changes separately, is equal to the infinitely small increment ob-

tained by making them both at once. As before, we may correct this in-

accurate method of speaking. The several increments in 1, 2, and 3,

may be expressed by u' dx -f P, n
t
dy + Q, [and u'dx + u, dy + R

;

where P, Q, and R can be made such parts of dx or dy as we please, by
taking dx or dy sufficiently small. The sum of the two first is

u'dx + v,dy + P + Q, which differs from the third by P -f Q — R
;

which, since each of its terms can be made as small a part of dx or dy as

we please, can itself be made less than any given part of dx or dy. This

theorem is not confined to functions of two variables only, but may be

extended to those of any number whatever. Thus, if z be a function of

p, q, r, and s, we have

7 i
dz . dz , dz ,

' dz .

d . z or dz = — dp+ -7- da+ — dr -f-— ds -J- &c
dp dq dr ds

dz
in which — dp + &c. is the increment which a change in p only gives to

z, and so on. The &c. is the representative of an infinite series of terms,

the aggregate of which diminishes continually with respect to dp, dq, &c,
as the latter are diminished, and which, therefore, has no effect on the

limit of the ratio of d.z to any other quantity. We proceed to an im-

portant practical use of this theorem. If the increments dp, dq, &c, be

small, this last-mentioned equation, the terms included in the &c. being

omitted, though not actually true, is sufficiently near the truth for

all practical purposes ; which renders the proposition, from its simplicity,

of the highest use in the applications of mathematics. For if any result be
obtained from a set of data, no one of which is exactly correct, the error

in the result would be a very complicated function of the errors in the data,

if the latter were considerable. When they are small, the error in the results

is very nearly the sum of the errors which would arise from the error in

each datum, if all the others were correct. For if p, q, r and s, are the

presumed values of the data, which give a certain value z to the

function required to be found : and if p -\- dp, q -f dq, &c, be the correct



THE DIFFERENTIAL AND INTEGRAL CALCULUS. 41

values of the data, the correction of the function z will be very nearly

.„ ,
. , dz , dz . dz . . dz

made, lfzbe increased by -y- dp+ — aq + -j- dr-f-— ds, being1 the
(JJJ CtCJ CLr CIS

sum of the terms which would arise from each separate error, if each were

made in turn by itself. For example :—A transit instrument is a telescope

mounted on an axis, so as to move in the plane of the meridian only, that

is, the line joining the centres of the two glasses ought, if the telescope be

moved, to pass successively through the zenith and the pole. Hence can

be determined the exact time, as shown by a clock, at which any star

passes a vertical thread, fixed inside the telescope so as apparently to cut

the field of view exactly in half, which thread will always cover a part of

the meridian, if the telescope be correctly adjusted. In trying to do
this, three errors may, and generally will be committed, in some small

degree. 1. The axis of the telescope may not be exactly level ; 2. the

ends of the same axis may not be exactly east and west ; 3. the line

which joins the centres of the two glasses, instead of being perpendicular

to the axis of the telescope, may be inclined to it. If each of these errors

were considerable, and the time at which a star passed the thread were
observed, the calculation of the time at which the same star passes

the real meridian would require complicated formulae, and be a work
of much labour. But if the errors exist in small quantities only, the

calculation is very much simplified by the preceding principle. For, sup-

pose only the first error to exist, and calculate the corresponding error in

the time of passing the thread. Next suppose only the second error, and
then only the third to exist, and calculate the effect of each separately, all

which may be done by simple formula?. The effect of all the errors

will then be the sum of the effects of each separate error, at least with

sufficient accuracy for practical purposes. The formula? employed, like

the equations in page 15, are not actually true in any case, but approach

more near to the truth as the errors are diminished.

In order to give the student an opportunity of exercising himself in the

principles laid down, we will so far anticipate the Treatise on the Diffe-

rential Calculus as to give the results of all the common rules for differen-

tiation ; that is, assuming y to stand for various functions of or, we find the

increment of y arising from an increment in the value of a?, or rather, that

term of the increment which contains the first power of dx. This term,

in theory, is the only one on which the limit of the ratio of the increments

depends; in practice, it is sufficiently near to the real increment of y,
if the increment of a? be small.

1. y=zxm where in is either whole or fractional, positive or negative ; then

dy—mx™' 1 dx. Thus the increment of a^or the first term of (x+dx)'3'— a?
T

s_, 2dx
is % Xs.

dx, or Again, if y— xB
, dy—8x7

. When the exponent is ne-

3xi
971 ff 7*

native, orwheny=— , dy = ——-, or when y^x~ m
, dy— — ?nx~m

- } dx,

whicv is according to the rule. The negative sign indicates that an in-

crease in x decreases the value of y ; which, in this case, is evident.

2. y = ax . Here dy =; a* log a dx where the logarithm (as is always

the case in analysis, except where the contrary is specially mentioned) is

the Naperian or hyperbolic logarithm. When a is the base of these loga-

rithms, that is when a = 2 '7182818 = e, or when y — e r , dy=. e vdx.
"
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3. y = log x (the Naperian logarithm). Here dy ss . If 3/ = com*
dx x

mon lo<r *, «fy — "4342944 —

.

x
4. y == sin*, c?y = cos^d* ; 2/ s? cos*, dy £g — sin* cZ*

;

3/ = tan *, rfy ss ——-—

.

y * cos2 x

At the risk of being tedious to some readers, we will proceed to illus-

trate these formulae by examples from the tables of logarithms and sines.

Let y = common log x. If * be changed into x+ dx, the real increment

/dx (dxY1 (dxY \
of y is -4342944 (

l ^-/- -f | ^-~ - &c. ) in which the law
V X X X /

of continuation is evident. The corresponding series for Naperian loga-

rithms is to be found in page 11. From the first term of this the limit of

the ratio of dy to dx can be found ; and if dx be small, this will

represent the increment with sufficient accuracy. Let »& 1000, whence

y m common log 1000 =5 3 ; and let dx =z 1, or let it be required to find

the common logarithm of 1000 + 1, or 1001. The first term of the

series is therefore •4342944———, or '0004343, taking seven decimal

places only. Hence log 1001= log 1000+ -0004343 or 3 -0004343 nearly.

The tables give 3 -0004341, differing from the former only in the 7th place

of decimals. Again, let y s= sin x ; from which, by page 11, as before, if*

be increased by dx, sin x is increased by cosxdx — i sin* (d*)'2 — &c,
of which we take only the first term. Let x ~ 16°, in which case sin

x = -2756374, and cos x e= -9612617. Let dx = 1', or, as it is repre-

sented in analysis, where the angular unit is that angle whose arc is equal

to the radius*, ^nrfihnr- Hence sin 16°-1' = sin 16°+ '9612617 x
¥
_|o_, - -2756374+ -0002797 = -2759171, nearly. The tables give

•2759170. These examples may serve to show how nearly the real ratio

of two increments approaches to their limit, when the increments them-
selves are small.

When the differential coefficient of a function of* has been found, the

result, being a function of *, may be also differentiated, which gives the

differential coefficient of the differential coefficient, or, as it is called, the

second differential coefficient. Similarly the differential coefficient of the

second differential coefficient is called the third differential coefficient, and
so on. We have already had occasion to notice these successive differen-

tial coefficients in page 12, where it appears that <p'x being the first dif-

ferential coefficient of 0*, 0''* is the coefficient of h in the development

0'(* -+- h), and is therefore the differential coefficient of 0'*, or what we
have called the second differential coefficient of 0*. Similarly 0"'* is the

third differential coefficient of 0*. If we were strictly to adhere to our

system of notation, we should denote the several differential coefficients

of 0* or y by

7 a dy

dx dx &c.
dx

dx dx

in order to avoid so cumbrous a system of notation, the following symbols
are usually preferred,

* See Study of Mathematics, page 90,
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dy d*y dfy ^
dx dx'1 dx3 '

We proceed to explain the manner in which this notation is connected

with our previous ideas on the subject. When in any function of x, an
increase is given to x, which is not supposed to be as small as we please,

it is usual to denote it by Ax instead of dx, and the corresponding incre-

ment of y or (fix, by Ay or A0x, instead of dy or d<px. The symbol Ax
is called the difference of x, being the difference between the value of the

variable x, before and after its increase. Let x increase at successive

steps by the. same difference, that is, let a variable, whose first value is x,

successively become x + A x, x -j- 2 A x, x -f- 3 A x, &c, and let the suc-

cessive values of (fix corresponding to these values of x be y, yu y2 , ?/3 ,

&c, that is, 0x is called y, 0(x + A a,') is 2A, 0(x-f- 2 Ax) is y„, &c, and,

generally, 0(x + mAx) is ym . Then, by our previous definition y l
— y

is Ay, y* — y\ is Ay x , y3
— y.2 is Ay.2 , &c, the letter A before a quan-

tity always denoting the increment it would receive if ,r-f- A x were sub-

stituted for x. Thus y3 or 0(x -f- 3 A x) becomes 0(x + Ai + 3A x), or

0(x + 4 Ax), when x is changed into x + Ax, and receives the incre-

ment 0(x + 4 A x) — 0(x + 3 A x), or t/4
— y3 . If y be a function which

decreases when x is increased, yl
— y, or Ay is negative. It must be

observed, as in page 13, that Ax does not depend upon x, because x
occurs in it ; the symbol merely signifies an increment given to x, which
increment is not necessarily dependent upon the value of x. For in-

stance, in the present case we suppose it a given quantity ; that is, when
x + A x is changed into x + Ax + Ax, orx-j-2Ax, xis changed, and
Ax is not. In this way we get the two first of the columns under-

neath, in which each term of the second column is formed by subtract-

ing the term which immediately precedes it in the first column from the

one which immediately follows. Thus Ay is y^ — y, Ay
x
is y.2 — yl} &c.

(x) or y
(x + Ax) .... y 1

0(x + 2 Ax) y2

+ 3 Ax) .... y3

0(x + 4 Ax) .... yi

&c.

In the first column is to be found a series of successive values of the

same function 0x, that is, it contains terms produced by substituting

successively in 0x the quantities x, x -f- A x, x + 2 A x, &c, instead

of x. The second column contains the successive values of another function

0(x -f- Ax) — 0x, or A0x, made by the same substitutions; if, for ex-

ample, we substitute x+2 Ax for x, we obtain 0(x-j-3 Ax) — 0(x-J- 2 Ax),
or y3

— y2 , or Ayr If, then, we form the successive differences of

the terms in the second column, we obtain a new series, which we
might call the differences of the differences of the first column,

but which are called the seco?id differences of the first column. And
as we have denoted the operation which deduces the second column
from the first by A , so that which deduces the third from the second may be

denoted by A A, which is abbreviated into A 2
. Hence as y l

— y was
written Ay, A

y

x
— Ay is written A Ay, or A-y. And the student

must recollect, that in like manner as A is not the symbol of a number, but

of an operation, so A 2 does not denote a number multiplied by itself, but

an operation repeated upon its own result; just as the logarithm of the

logarithm of x might be written log °x
;

(log x) 2 being reserved to sig-

Ay

A #2
A 2/3

A "y

A 2

#i
A 2

3/2

A 3

y
A 3^

A 4

2/
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nify the square of the logarithm of x. We do not enlarge on this nota-

tion, as the subject has been already discussed in the treatise on Alge-

braical Expressions, No. 105, the first six pages of which we particularly

recommend to the student's attention, in relation to this point. Similarly

the terms of the fourth column, or the differences of the second differences,

have the prefix AAA abbreviated into A 8
, so that A q

y, — A 2
y — A 3

y,

&c. When we have occasion to examine the results which arise from
supposing Ax to diminish without limit, we use dx instead Ax, dy in-

stead of Ay, d 2y ^instead of A 2y, and so on. If we suppose this case,

we can show that the ratio which the term in any column bears to its cor-

responding term in any preceding column, diminishes without limit. Take,
for example, dqy and dy. The latter is <fi(x + dx) — (fix, which, as we
have often noticed already, is of the form p dx -j- q (dx) 2 + &c, in which

p, q, &c, are also functions of x. To obtain dry, we must, in this series,

change x into x + dx, and subtract pdx + q (dx) 2 + &c. from the result.

But since p, q, &c, are functions of x, this change gives them the form

p + p'dx -\- &c, q + q'dx -j- &c. ; so that d2y is

(p-\-p'dx+ &c.) dx+ (q-\-q'dx+ &c.) (dxy-\-&c.— (pdx+ q(dxy+ &c.)

in which the first power of dx is destroyed. Hence (page 21), the ratio

of dry to dx diminishes without limit, while that of dSj to (dx) s has a

finite limit, except in those particular cases in which the second power of

dx is destroyed in the previous subtraction, as well as the first. In the

same way it may be shewn that the ratio of d3
y to dx and (dx)* decreases

without limit, while that of d3
y to (dx) 3 remains finite ; and so on. Hence

dv d2
V d3/U

we have a succession of ratios — , -~, —-, &c, which tend towards
dx dx2

- dx3

finite limits when dx is diminished. We now proceed to show that in the

development of <p(x-\- h), which has been shown to be of the form

(fix + (p'x h+ (fi"x ^ -j- 0'"*~ -f &c.

dy
in the same manner as <fi'x is the limit of —- (page 12), so <fi"x is the

dx
d~ ii d^v

limit of -—, <fi'"x is that of -— , and so on. From the manner in which the
dx- dy 3

preceding table was formed, the following relations are seen immediately:

y1==y+Ay Ay
l
=Ay+A 2

y A 2
y, = A 2y + A 3

y &c.

2/2 = 2/i+ A 2/i Ay
a= A !/i+ A2yi A 2

?/2 = A^-t- A% &c.:

Hence yti y2 , &c, can be expressed in terms of y, Ay, A-y, &c.

For y x
= y + Ay; y2

= yx
+ Ay, — (y + Ay) + (Ay + AHj)

t=i y -\- 2Ay+ A-y; in the same way Ay2 = Ay-\-2A Qy -J- A 3

y

;

hence 7/3 = 2/2 + A 2/2 = (Z/ + 2A V + A V) + ( A 2/ + 2 A 2
?/ + A 3

y)

= 2/ + 3Ay + 3A ?
7/ + A 3

y. Proceeding in this way we have

A -y

3A 2;/+ A 3

y
6A s

y -f 4 A 3y -f A 4

y
lOA'y -f- 10 A 3

y + 5 A*y -f A 5

y, &c.

from the whole of which it appears that yn or (fi(x -j- n A x) is a series

consisting f y, Ay, &c, up to A"y, severally multiplied by the coeffi-

cients which occur in the expansion of (1 -f- a)'\ or

Vi = V 1

Ay
y* = V + 2Ay +
2/3
= y + 3Ay +

2/4 = y + 4A2/ 4-

2/5
= y + bAy +
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tfj \ 11 \ 11— 2
V«=0(j?+wA*)=y-{-nAy -\-n.—— A*y +n.—— . -^— A*y+&c.

Let us now suppose that x becomes x + h by ti equal steps ; that is, a?,

h *2h „ ,
nh _ • i r

a? H , aH , &c x A or x+ h, are the successive values or x,
n n n

so that ii Ax=. h. Since the product of a number of factors is not altered

by multiplying one of them, provided we divide another of them by the

same quantity, multiply every factor which contains n by Ax, and divide

the accompanying- difference of y by A x as often as there are factors which

contain n, substituting h for nAx, which gives

, , . , Ay nAx— Ax A2V nAx— Ax nAx— 2Ax A3
!/ , „

* 0+»A*) =y+nAx —+nAx ^—— +nAx g j^ + &c.

Aw 7i— A* A2y
, , A — Ax h — 2At A3

.?/

or K,+ ;o = ,+ * £+k ____A- + ,l _ _
T
_ +&C.

If A remain the same, the more steps we make between x and x -f- 7z,

the smaller will each of those steps be, and the number of steps may be

increased, until each of them is as small as we please. We can therefore

suppose Ax to decrease without limit, without affecting the truth of the

series just deduced. Write dx for Ax, &c, and recollect that A — dx,

h ~ 2dx, &c, continually approximate to h. The series then becomes
j,

dy 7 ,

d2

y h*
,

d*y /i3
, *

dii
in which, according to the view taken of the symbols — &c. in page 14,

dy , .
dy . , d*y .— stands for the limit of the ratio of the increments, — is x, -j-j is

dx dx dx

<$>"x, &c. According to the method proposed in page 15, the series written

above is the first term of the development of <j>(x + h), the remaining

terms (which we might include under an additional + &c.) being such

as to diminish without limit in comparison with the first, when dx is di-

d2
y

minished without limit. And we may show that the limit of — is the dif-

ferential coefficient of the limit of-^ ; or if by these fractions themselves
dx

are understood their limits, that -— is the differential coefficient of— : for
dx2 dx

since dy, or 0(.s + dx) — <px, becomes dy + d2
y, when x is changed into

dy .„
x -f- dx; and since dx does not change in this process, — will

become -¥- +—, or its increment is -f-. The ratio of this to dx is

dx dx dx

-rrr-c the limit of which, in the definition of page 12, is the differential co-
(dx)~

efficient of ~. Similarly the limit of—^ is the differential coefficient of
dx dx3

d2
y

the limit of —— ; and so on.
dx2

We now proceed to apply the principles laid down to some cases in

which the variable enters into its function in a less direct and more com-
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plicated manner. For example, let z be a given function of a; and y, and
let y be another given function of x ; so that 2 contains x both directly and
indirectly; the latter as it contains y, which is a function of a?. This will be
the case if z~x log y, where 3/ — sin x. If we were to substitute for y its

value in terms of a?, the value of 2 would then be a function of x only ; in

the instance just given it would be x log sin a?. But if it be not con-
venient to combine the two equations at the beginning of the process,

let us first consider z as a function of x and y, in which the two
variables are independent. In this case, if x and y respectively re-

ceive the increments dx and dy, the whole increment of 2, or d.z,

(or at least that part which gives the limit of the ratios) is represented by

-r* dx A—— dy. If y be now considered as a function of x, the conse-
dx dy *

"

quence is that dy, instead of being independent of dx, is a series of the

form pdx + q (dxY -J- &c, in which p is the differential coefficient of y
dz . dz . d.z dz dz

with respect to x. Hence d.z — — dx + — pdx or —— = —- 4- -— p
dx dy dx dx dy

in which the difference between —^- and — is this, that in the second, X
dx dx

is only considered as varying where it is directly contained in 2, or z is

considered in the form in which it first appeared, as a function of x and y,

d.z
where y is independent of a? ; in the first, or ——, the total variation of 2

is denoted, that is, y is now considered as a function of x, by which
means if a? become x+dx, 2 will receive a different increment from that which
it would have received, had y been independent of x. In the instance

above cited, where 2= x log y and y=. sin x, if the first equation be taken,

and x becomes x-\-dx, y remaining the same, 2 becomes x log y -f log y dx
dz

or — is log y. If y only varies, since (page 11) z will then become
dx

flu nZ OC fin

X log y-\-x— — &c, — is-. And— is cos x when w = sino? (pas-el IVb a
' y ' dy y dx M to J

dz dz dz dz dy x
Hence —- + — p, or— + —is log y -\— cos x, or log sin x

dx dy dx dy dx y
x d.z

-{- cos x. This is —f-, which might have been obtained by a more
sin x dx

complicated process, if sin x had been substituted for y, before the ope-

ration commenced. It is called the complete or total differential coefficient

with respect to x, the word total indicating that every way in which

z contains x has been used; in opposition to — , which is called

thepartial differential coefficient, x having been considered as varying only

where it is directly contained in 2. Generally, the complete differential

coefficient of z with respect to x, will contain as many terms as there are

different ways in which 2 contains x. From looking at a complete dif-

ferential coefficient, we may see in what manner the function contained

its variable. Take, for example, the following,

d.z dz dz dy dz da dy dz da

dx dx dy dx da dy dx da dx
Before proceeding to demonstrate this formula, we will collect from

itself the hypothesis from which it must have arisen. <; When x is con-
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tuined in z, we shall say that z is a direct* function of x. When x is

contained in y, and y is contained in z, we shall say that z is an indirect

function of x through y. It is evident that an indirect function may be

reduced to one which is direct, by substituting1 for the quantities which
7

contain x, their values in terms of x. The first side —|— is shown by the
ax

point to be a complete differential coefficient, and indicates that z is a

function of x in several ways; either directly, and indirectly through one
quantity at least, or indirectly through several. If z be a direct function

7

only, or indirectly through one quantity only, the symbol —-, without the
ax

point, would represent its total differential coefficient with respect to x.

dz
On the second side we see,—I. — : which shows that 2 is a direct func-

dx
tion of a?, and is that part of the differential coefficient which we should
get by changing x into x -f- dx throughout z, not supposing any other

dz dv
quantity which enters into z to contain x. II. — -j- : which shows that

0/ii due

z is an indirect function of x through y. If x and y had been supposed
to vary independently of each other, the increment of z, (or those terms
which give the limiting ratio of this increment to any other,) would have

dz dz
been — dx + •—- dy, in which, if dy had arisen from y being a function

ax axj

of x, dy would have been a series of the form pdx + q (dx)* + &c, of

which only the differential coefficient p would have appeared in the limit.

,T dz . , .
,

dz dz dy TTT dz da dy
Hence —- dy would have given— p, or — -r-. III. —- — — : this

dy dy dy dx da dy dx
arises from z containing a, which contains y, which contains x. If z had
been differentiated with respect to a only, the increment would have been

represented by — d

a

; if da had arisen from an increment of y, this

, dz da , . _ '

would have been expressed by—— dy ; if y had arisen from an incre-

ment given to x, this would have been expressed by-rr dx, which,

after dx has been struck out, is the part of the differential coefficient an-

ttt dz da
swering to that increment. IV. -—— : arising from a containing a-

5 da dx b °

directly, and z therefore containing x indirectly through a. Hence z is

directly a function of x, y, and a, of which y is a function of x, and a of

y and x. If we suppose x, y and a to vary independently, we have

d.z = -7- dx + — dy + -7- da + &c. (page 15).
dx dy * da ' °

But as a varies as a function of y and x,

da da
da 55 — dx + — dy

dx dy
If we substitute this instead of da, and divide by dx, taking the limit of

* It may be right to wain the student that this phraseology is new, to the best of our

knowledge. The nomenclature of the Differential Calculus has by no means kept pace

with its wants ; indeed the same may be said of Algebra generally.
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the ratios, we have the result first given. For example, let z^x^ya3
, y^. ofi,

and a = x3
y. Taking the first equation only, and substituting x+dx for x

&c, we find — = 2xya3
,
— = x2a?, and — = 3a?w«2

. From the second
dx J dy da *

-~ = 2a?, and from the third —- = 3x*y, and — =x5
. Substituting these

dx '

dx J dy a

n d.z
in the value or —— , we find

dx
d.z dz dz dy d z da dy d z da

dx dx dy dx da dy dx da dx
\

s= 2xya3 + x*as X 2a? + 3a?
2yaa x a?

3 x 2x + Sx2ya2 x 3a%

= 2xya? + 2x*a3 + 6x6ya* + 9a?
4?/V

If for 2/ and a in the first equation we substitute their values x2 and arty,

or j?
5
, we have z =s a?

19
, the differential coefficient of which is 19a?

13
. This

is the same as arises from the formula just obtained, after a?
2 and a?

5 have

been substituted for y and a ; for this formula then becomes

2 a?
18 + 2 a?

18 + 6 x13 + 9 a?
18 or 19 a?

18
.

In saying that z is a function of a? and y, and that y is a function of a?,

we have first supposed a? to vary, y remaining the same. The student

must not imagine that y is then a function of a? ; for if so, it would vary

when a? varied. There are two parts of the total differential coefficient,

arising from the direct and indirect manner in which z contains vs. That
these two parts may be obtained separately, and that their sum constitutes

the complete differential coefficient, is the theorem we have proved. The
dz

first part— is what would have been obtained if y had not been a func-
dx

tion of x ; and on this supposition we therefore proceed to find it. The

other part — -f- is the product of—I. -7-: which would have resulted
dy dx dy

Q/U
from a variation of y only, not considered as a function of x. II. —

:

the coefficient which arises from considering y as a function of a?. These
partial suppositions, however useful in obtaining the total differential co-

efficient, cannot be separately admitted or used, except for this purpose

;

since if y be a function of x, x and y must vary together.

If z be a function of a? in various ways, the theorem obtained may be
stated as follows :—Find the differential coefficient belonging to each of
the ways in which z will contain a?, as if it were the only way ; the sum of

these results (with their proper signs) will be the total differential coeffi-

mi -n 1 . .',.,, , dz . dz dy
cient. Thus, it z only contains x indirectly through y, — is— -j-. If z

, .
, , . , . , . dz dz da db

contains a, which contains 6, which contains x, — = .

dx da db dx
This theorem is useful in the differentiation of complicated functions ; for

example, let z'= log (x2+ a?). If we make yz=x2 + a2
, we have zzzlog y,

and —- = — ; while from the first equation -4- = 2x. Hence — or
dy y dx dx

fl% flu s^iT 2 V

dy~ d~x^~y~°
V
xT̂ a~^

Uz ~ l °S l°s sia ** or the logarithm of the
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logarithm of sin x, let sin x = y and log y— a; whence z = log a,

dz
and contains x, because a contains y, which contains x. Hence -j- ==

dz da dy dz 1 . da 1
j- -z- t~5 but since z == log- «, •—-=-: since « r= log 7/,

—- — -;
d« % da? ° da a dy y

, . dy __. <Zz c?3 <f« cZy 11
and since */=sin x, —- = cos x. Hence — = — — ~ cos x

dx dx da dy dx ay
= -, : : . We now put some rules in the form of

Jog sin x . sin x
applications of this theorem, though they may be deduced more
simply.

I. Let z =2 ab, where a and b are functions of j?. The general formula,

since z contains x indirectly through a and 6, is (in this case as well as in

those which follow,)

dz dz da dz db

dx da dx db dx'

We must leave — and —- as we find them, until we know what func-
dx dx

tions a and b are of x ; but as we know what function 2 is of a and 6,

dz dz
we substitute for —- and —-. Since z = ab, if a becomes a + da, z

da db

dz
becomes ab + bda, whence — = b. In this case, and part of the follow-

ed
ing, the limiting ratio of the increments is the same as that of the incre-

dz
ments themselves. Similarly — = a, whence

db

dz da db
from z e= ab follows — =6-—\- a —

.

dx dx dx

II. Let z = — . If a become a + da, z becomes — or —- -J-
—
-,

6 b b b

. dz . 1
, 7 1 77 1

a a adb
and — is — . It 6 become 6 -f- db, z becomes or h&c,

da b b + db b 62

t da „ db
a —

, dz . a
whence -77- is — —

.

db 62
Hence

from z = — follows
6 dx

1

6

da

dx

a db

62
<** 62 .

III. Let s — a\ Here (a + da)5 — ab + bah~ l da + &c, (page 11,)

whence ~ = 6a5 " 1
. Again, a6+di =. a5 ad6 = a6

(I + log a db + &c.)

dz
whence— = ah log a. Therefore

db

from z— cr follows — =2 6a*"
1 — + a" log a—

.

CLOG (J.0C CLJO

If y be a function of x, such as 2/ = 0.r, we may, by solution of the

equation, determine x in terms of y, or produce another equation of the

form x = -^y. For example, when y — a?9, x = yi
. It is not necessary

that we should be able to solve the equation y = 0a; in finite terms, that

is, so as to give a value of a; without infinite series ; it is sufficient that x

E
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can be so expressed that the value of x corresponding to any value of y
may be found as near as we please from x == -^y, in the same manner as

the value of y corresponding to any value of x is found from y ==. (fix.

The equations y — (fix, and x = \j/y, are connected, being, in fact, the

same relation in different forms ; and if the value of y from the first be

substituted in the second, the second becomes x =:
\J/ {(fix), or as it is

more commonly written, -^/(fix. That is, the effect of the operation or set

of operations denoted by
-fr

is destroyed by the effect of those denoted

by 0; as in the instances (x°y, (x3
)^, e

logx
, angle whose sine is (sin x),

&c, each of which is equal to x. By differentiating the first equation

cli/ dec

y r= (fix, we obtain —- == (fi'x, and from the second — =4'V Butwhat-
dx ay

ever values of x and y together satisfy the first equation, satisfy the

second also ; hence, if when x becomes x + dx in the first, y becomes

2/4" dy; the same y -\- dy substituted for y in the second, will give the

dx dy
same x + dx. Hence— as deduced from the second, and— as deduced

dy dx
from the first, are reciprocals for every value of dx. The limit of one is

therefore the reciprocal of the limit of the other; the student may easily

prove that if a is always equal to— , and if a continually approaches to

the limit a, while b at the same time approaches the limit /3, a is equal

1 dx '

to '-—. But— or yjs'y, deduced from x ss
-fry, is expressed in terms of y,

dy
while —- or (fi'x, deduced from y = (fix is expressed in terms of a\ There-

fore y]/'y and (fi'x are reciprocals for all such values of x and y as satisfy

either of the two first equations. For example let y = e*, from which
dy dx

x =. log1

y. From the first (page 11) -r- = er : from the second -—-= -:
b * Ki ° ~ ' dx '

dy y

and it is evident that e
x and - are reciprocals, whenever y = e

x
.

d*y
If we differentiate the above equations twice, we get —

z
:=s (fi"x, and

d2x d2
y d"x—- z=y!s"x. There is no very obvious analoe;v between —- and -r—'

;

dy*
Y J *"

dx* dy2 '

indeed no such appears from the method in which these coefficients were first

formed. Turn to the table in page 43, and substitute d for A throughout,

to indicate that the increments may be taken as small as we please. We
there substitute in (fix what we will call a set of equidistant values of x,

or values in arithmetical progression, viz., x, x -{- dx, x + 2dx, &c. The
resulting values of?/, or y, yu &c, are not equidistant, except in one func-

tion only, when y—ax-\-b, where a and b are constant. Therefore dy, dyu
&c, are not equal ; whence arises the next column of second differences,

d2
y

or d%
y d2

yi, &c. The limiting ratio of d*y to (<ir)2, expressed by —-^ is the

second differential coefficient of y with respect to x. If from y = (fix we
deduce x = "fry,

and take a set of equidistant values of y, viz. y, y -(- dy,

y -j- 2dy, &c, to which the corresponding values of x are x, x
y
, x2 , &c, a

similar table may be formed, which will give dx, dxv &c, d*x, d2xlt &c,
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and the limit of the ratio of d"'X to (dyY or -— is the second differential
dif

coefficient of x with respect to y. These are entirely different supposi-

tions, dx being given in the first table, and dy varying ; while in the

second dy is given and dx varies. We may show how to deduce one from
dy

the other as follows :—When, as before, y as cpx and x as \Jsy, we have —

= (p'x as —j- = -, if ty'y be called p. Calling this u, and considering it

T H ir

as a function of x from containing p, which contains y, which contains x,

. du dp dy ,

we have -

—

f- — tor its differential coefficient with respect to x. But since
dp dy dx

1 du 1 . , dp
'

, „ . , , „
u — -, -— as, -: since p~yy, — =f«; and y'y is the differential

p dp p
a- r r * dy T " r *

coefficient of ty'y, and is -5-=. Also — is -——- or ((p'x) 2 or ( -~ VTy dy* P* CfyT K J \dx J
dy

Hence the differential coefficient of u or —-, with respect to x, which is
dx

d?y . /dy\ d\v dy /dy\ d2x ,

S>
lsalso -^J rfp^

01"-^
rfj2

' I^-^whence^Iogy,

rfy , d2
-?/ • dx . 1 , d2

j? 1
we have — — e

x and -7- = e
x

. But — as — and -— = — —

.

dx dx2 dy y dys
y
a-

/dy\3 d\v / 1 \ e
31

e
3x

Therefore — { ~r- ) —- is — 6
Sa'{ ) or —- or —- which is e", the

\dxj dy* \ y / y e

d v d?i/
value just found for — . In the same way — might be expressed in

_ dx d2x d3x
terms or —-, -7-3, and -—- ; ana so on.

dy dy" dy3

The variable which appears in the denominator of the differential co-

efficients is called the independent variable. In any function, one quantity

at least is changed at pleasure ; and the changes of the rest, with the

limiting ratio of the changes, follow from the form of the function. The
number of independent variables depends upon the number of quan-
tities which enter into the equations, and upon the number of equations

which connect them ; if there be only one equation, all the variables ex-

cept one are independent, or may be changed at pleasure, without ceasing

to satisfy the equation ; for in such a case the common rules of algebra

tell us, that as long as one quantity is left to be determined from the rest,

it can be determined by one equation ; that is, the values of all but one are

at our pleasure, it being still in our power to satisfy one equation, by
giving a proper value to the remaining one. Similarly, if there be two
equations, all variables except two are independent, and so on. If there

be two equations with two unknown quantities only, there are no vari-

ables ; for by algebra, a finite number of values, and a finite number
only, can satisfy these equations ; whereas it is the nature of a variable to

receive any value, or at least any value which will not give impossible values

for other variables. If then there be m equations containing n vari-

ables, (?i must be greater than ???,) we have n — m independent variables,

to each of which we may give what values we please, and by the equations,

deduce the values of the rest. We have thus various sets of differential

E2
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coefficients, arising out of the various choices which we may make of in-

dependent variables. If for example, a, b, x, y, and z, being variables,

we have

<p (a, b, x, y, z,) = f (a, b, x, y, z,) = % (a, b, x, y, z,) = 0,

we have two independent variables, which may be either x and y, x and z,

a and b, or any other combination. If we choose x and y, we should deter-

mine a, b, and z in terms of a: and y from the three equations ; in which case

, . da da db _

we can obtain —, t~i -r-» &c «

ax ay ax
"When y is a function of x, as in y = (fix, it is called an explicit function

of x. This equation tells us not only that y is a function of x, but also what
function it is. The value of x being given, nothing more is necessary to

determine the corresponding value of y, than the substitution of the value

of x in the several terms of (fix. But it may happen that though y is a func-

tion of x, the relation between them is contained in a form from which y
must be deduced by the solution of an equation. For example, in

a;
3 — xy -f \f-

=2 a, when x is known, y must be determined by the solu-

tion of an equation of the second degree. Here, though we know that y
must be a function of x, we do not know, without further investigation,

what function it is. In this case y is said to be implicitly a function of a?,

or an implicit function. By bringing all the terms on one side of the

equation, we may always reduce it to the form <fi(x, y) =: 0. Thus, in

the case just cited, we have x2 — xy + y
1 — a = 0. We now want to

dii
deduce the differential coefficient — from an equation of the form

dx
(fi(x, y) = 0. If we take the equation u = (fi(x, y), in which when x and

y become x + dx and y -+ dy, u becomes u + du, we have, by our

former principles,

du = u'dx + u
t
dy + &c, (page 40),

in which u' and u
t
can be directly obtained from the equation, as in page

39. Here x and y are independent, as also dx and dy ; whatever values

are given to them, it is sufficient that u and du satisfy the two last equa-

tions. But if x and y must be always so taken that u may = 0, (which
is implied in the equation <fi(x, y) = 0,) we have u = 0, and du = ;

and this, whatever may be the values of dx and dy. Hence dx and dy
are connected by the equation

= u'dx -J- Vjdy + &c.,

and their limiting ratio mnst be obtained by the equation

/ 7 ,
dy u'

u'dx -f u.dy = 0, or — = — —

,

dx Uj

y and x are no longer independent ; for, one of them being given, the other

must be so taken that the equation 0(x, y) = may be satisfied. The

,i , i ^ , du du
,

quantities u' and u, we have denoted by— and — , so that
Wirt CCiJ

du

Ss-* (i)
dx dl' K '

We must again call attention to the different meanings of the same
symbol du in the numerator and denominator of the last fraction. Had
dv, dx and dy been common algebraical quantities, the first meaning the

same thing throughout, the last equation would not have been true until

the negative sign had been removed. We will give an instance in which
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du shall mean the same thing in both. Let u =s 0(\r), and let u = tyy,

in which two equations is implied a third rjix = tyy ; and y is a function

of x. Here, x being given, u is known from the first equation ; and u
being known, y is known from the second. Again, x and dx being given,

du, which is <p(x + dx)— (px is known, and being substituted in the result

of the second equation, we have du=yt(y+ dy) — tyy, which dy must be so

taken as to satisfy. From the first equation we deduce du 2= ty'x dx + &c.
and from the second du = f'y dy + &c, whence

4>'x dx + &c. = ty'y dy + &c.

;

the &c. only containing terms which disappear in finding the limiting

ratios. Hence
du

^ = — = "E. (0)
dx f'y *f ^ '

a result in accordance with common algebra. But the equation (1) was
obtained from u = 0(x, y), on the supposition that x and 3/ were always
so taken that u should = 0, while (2) was obtained from u = 0(a) and
u = yy, in which no new supposition can be made ; since one more
equation between u, x and y would give three equations connecting these

three quantities, in which case they would cease to be variable (page 51).

As an example of (1) let ay — x = 1, or xy — x —
• 1 :=: 0. From

. du du
u r= xy — x — 1 we deduce (page 39) —- — y — 1> -j- = x ; whence,

by equation (1),

By solution of xy — x^z 1, we find 3/ = 1 -J , and

* = + JT*) - + t) = ~ % + &c
'

(pa=e 13 '>

Hence -r- (meaning the limit) is — —- , which will also be the result of
dx & x 2

(3) if 1 + — be substituted for y.
x

To follow this subject farther' would lead us beyond our limits ; we will

therefore proceed to some observations on the differential coefficient, which,

at this stage of his progress, may be of use to the student, who should never

take it for granted that because he has made some progress in a science, he
understands the first principles, which are often, if not always, the last to

be learned well. If the mind were so constituted as to receive with facility

any perfectly new idea, as soon as the same was legitimately applied in ma-
thematical demonstration, it would doubtless be an advantage not to have
any notion upon a mathematical subject, previous to the time when it is to

become a subject of consideration after a strictly mathematical method.
This not being the case, it is a cause of embarrassment to the student, that

he is introduced at once to a definition so refined as that of the limiting

ratio which the increment ofa function bears to the increment of its variable.

Of this he has not had that previous experience, which is the case in

regard to the words force, velocity, or length. Nevertheless, he can easily

conceive a mathematical quantity in a state of continuous increase or de-
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crease, such as the distance between two points, one of which is in motion.

The number which represents this line (reference being made to a given

linear unit) is in a corresponding state of increase or decrease, and so is

every function of this number, or every algebraical expression in the

formation of which it is required. And the nature of the change which
takes place in the function, that is, whether the function will increase or

decrease when the variable increases ; whether that increase or decrease

corresponding to a given change in the variable will be smaller or greater,

&c, depends on the manner in which the variable enters as a component
part of its function. Here we want a new word, which has not been

invented for the world at large, since none but mathematicians consider

the subject; which word, if the change considered were change of place,

depending upon change of time, would be velocity. Newton adopted this

word, and the corresponding idea, expressing many numbers in sue
cession, instead of at once, by supposing a point to generate a straight

line by its motion, which line would at different instants contain any dif-

ferent numbers of linear units. To this it was objected that the idea of

time is introduced, which is foreign to the subject. We may answer that

the notion of time is only necessary, inasmuch as we are not able to con-

sider more than one thing at a time. Imagine the diameter of a circle

divided into a million of equal parts, from each of which a perpendicular

is drawn meeting the circle. A mind which could at a view take in every

one of these lines, and compare the differences between every two con-

tiguous perpendiculars with one another, could, by subdividing the dia-

meter still further, prove those propositions which arise from supposing a

point to move uniformly along the diameter, carrying with it a perpendi-

cular which lengthens or shortens itself so as always to have one extremity

on the circle. But we, who cannot consider all these perpendiculars at

once, are obliged to take one after another. If one perpendicular only

were considered, and the differential coefficient of that perpendicular de-

duced, we might certainly appear to avoid the idea of time ; but if all the

states of a function are to be considered, corresponding to the different

states of its variable, we have no alternative, with our bounded faculties,

but to consider them in succession ; and succession, disguise it as we
may, is the identical idea of time introduced in Newton's Method of

Fluxions.

The differential coefficient corresponding to a particular value of the

variable, is, if we may use the phrase, the index of the change which the

function would receive if the value of the variable were increased. Every
value of the variable, gives not only a different value to the function, but

a different quantity of increase or decrease in passing to what we may call

contiguous values, obtained by a given increase of the variable. It, for

example, we take the common logarithm of x, and let x be 100, we have

Clog 100= 2. Ifar be increased by 2, this gives Clog 102= 2-0086002,

the ratio of the increment of the function to that of the variable being that

of -0086002 to 2, or -0043001. In passing from 1000 to 1003, we have

the logarithms 3 and 3-0013009, the above-mentioned ratio being -0004336,

little more than a tenth of the former. We do not take the increments

themselves, but the proportion they bear to the changes in the variable

which gave rise to them ; so in estimating the rate of motion of two
points, we either consider lengths described in the same time, or if

that cannot be done, we judge, not by the lengths described in

different times, but by the proportion of those lengths to the times, or the
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proportions of the units which express them. The above rough process,

though from it some might draw the conclusion that the logarithm of <z is

increasing faster when x ="5 100 than when x ss 1000, is defective ; for,

in passing from 100 to 102, the change of the logarithm is not a sufficient

index of the change which is taking place when x is 100; since, for any

thing we can be supposed to know to the contrary, the logarithm might

be decreasing when x = 100, and might afterwards begin to increase

between x = 100 and x — 102, so as, on the whole, to cause the increase

above-mentioned. The same objection would remain good, however small

the increment might be, which we suppose x to have ; if, for example, we
suppose x to change from x = 100 to x = 100 '00001, which increases

the logarithm from 2 to 2*00000004343, we cannot yet say but that the

logarithm may be decreasing when x = 100, and may begin to increase

between x = 100 and x = 100*00001. In the same way, if a point is

moving, so that at the end of 1 second it is at 3 feet from a fixed point,

and at the end of 2 seconds it is at 5 feet from the fixed point, we cannot

say which way it is moving at the end of one second. On the. whole, it

increases its distance from the fixed point in the second second ; but it is

possible that at the end of the first second it may be moving back towards

the fixed point, and may turn the contrary way during the second second.

And the same argument holds, if we attempt to ascertain the way in which

the point is moving by supposing any finite portion to elapse after the first

second. But if on adding any interval, however small, to the first second,

the moving point does, during that interval, increase its distance from the

fixed point, we can then certainly say that at the end of the first second

the point is moving from the fixed point. On the same principle, we
cannot say whether the logarithm of x is increasing or decreasing when x
increases and becomes 100, unless we can be sure that any increment,

however small, added to x, will increase the logarithm. Neither does the

ratio of the increment of the function to the increment of its variable fur-

nish any distinct idea of the change which is taking place when the vari-

able has attained or is passing through a given value. For example,

when x passes from 100 to 102, the difference between log 102 and
log 100 is the united effect of all the changes which have taken place between

x == 100 and x = lOOj^ ; x — 100T\j. and x — lOO-^, and so on.

Again, the change which takes place between x "= 100 and x — lOO^g-

maybe further compounded of those which take place between x ==. 100

and x == 100t-J-q ; a; = 100T^7 and x s 100T|o, and so on. The ob-

jection becomes of less force as the increment diminishes, but always

exists unless we take the limit of the ratio of the increments, instead of

that ratio. How well this answers to our previously formed ideas on such

subjects as direction, velocity, and force, has already appeared.

We now proceed to the Integral Calculus, which is the inverse of the

Differential Calculus, as will afterwards appear.

We have already shown, that when two functions increase or decrease

without limit, their ratio may either increase or decrease without limit, or

may tend to some finite limit. Which of these will be the case depends

upon the manner in which the functions are related to their variable and
to one another. This same proposition may be put in another form, as

follows :—If there be two functions, the first of which decreases without

limit, on the same supposition which makes the second increase without

limit, the product of the two may either remain finite, and never exceed

a certain finite limit ; or it may increase without limit, or diminish without
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limit. For example, take cos 9 and tan 9. As the angle approaches a

right angle, cos 9 diminishes without limit ; it is nothing when 6 is a

right angle; and any fraction being named, 9 can be taken so near to a

right angle that cos 9 shall be smaller. Again, as 9 approaches to a right

angle, tan 9 increases without limit ; it is called infinite when 9 is a right

angle, by which we mean that, let any number be named, however great,

6 can be taken so near a right angle that tan 6 shall be greater. Never-
theless the product cos 9 x tan 9, of which the first factor diminishes

without limit, while the second increases without limit, is always finite,

and tends towards the limit 1 ; for cos 6 X tan 9 is always sin 9, which
last approaches to 1 as 9 approaches to a right angle, and is 1 when 9 is

a right angle. Generally, ifA diminishes without limit at the same time

as B increases without limit, the product AB may, and often will, tend

towards a finite limit. This product A B is the representative of A di-

vided by —- or the ratio of A to —-. If B increases without limit, —^
J B B B

decreases without limit ; and as A also decreases without limit, the ratio

of A to— may have a finite limit. But it may also diminish without

limit; as in the instance of cos2 9 x tan 0, when 6 approaches to a right

angle. Here cos2 diminishes without limit, and tan 9 increases without

limit; but cos2 9 x tan 6 being cos 9 X sin 9, or a diminishing magni-
tude multiplied by one which remains finite, diminishes without limit.

Or it may increase without limit, as in the case of cos 9 X tan2 d, which
is also sin 9 X tan 9 ; which last has one factor finite, and the other in-

creasing without limit. We shall soon see an instance of this.

If we take any numbers, such as 1 and 2, it is evident that between the

two we may interpose any number of fractions, however great, either in

arithmetical progression, or according to any other law. Suppose, for ex-

ample, we wish to interpose 9 fractions in arithmetical progression between
1 and 2. These are 1 T̂ , lT

e
7 , &c, up to 1T%; and, generally, if m

fractions in arithmetical progression be interposed between a and a + h,

the complete series is

h 2k mil
a, a+ -—rr, a-\--—j-r, &c. ... up to a + —j-r, a + h (1).

The sum of these can evidently be made as great as we please, since no
one is less than the given quantity a, and the number is as great as we
please. Again, if we take (fix, any function of x, and let the values just

written be successively substituted for x, we shall have the series

(pa, (p(a + ^^y (p(a + J^pA &c., up to 0O -f h) (2) ;

the sum of which may, in many cases, also be made as great as we please

by sufficiently increasing the number of fractions interposed, that is, by
sufficiently increasing m. But though the two sums increase without
limit when m increases without limit, it does not therefore follow that their

ratio increases without limit ; indeed we can show that this cannot be the

case when all the separate terms of (2) remain finite. For let A be greater

than any term in (2), whence, as there are (m -J- 2) terms, (m + 2) A
is greater than their sum. Again, every term of (1), except the first,

being greater than a, and the terms being in + 2 in number, (m + 2)<z

(m+2)A
is less than the sum of the terms in (1). Consequently , _i_2 > is greater
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sum of terms in (2)
than the ratio ft • ,, N , since its numerator is greater than thesum ot terms in (1) °

last numerator, and its denominator less than the last denominator. But

7

—

,
,.,. =r — , which is independent of m, and is a finite quantity.

Hence the ratio of the sums of the terms is always finite, whatever may
be the number of terms, at least unless the terms in (2) increase without

limit.

As the number of interposed values increases, the interval or difference

between them diminishes ; if, therefore, we multiply this difference by the

sum of the values, or form

^~ { <Pa + <j>(a +^|l) + (a + ~) + Ha+h)}

we have a product, one term of which diminishes, and the other increases,

when m is increased. The product may therefore remain finite, or never

pass a certain limit, when m is increased without limit, and we shall show
that this is the case. As an example, let the given function of x
be Xs

, and let the intermediate values of x be interposed between x = a

and x = a + h. Let v = ;, whence the above-mentioned product is

m + 1

v {a2 + (a -f v)s
-f («+ 2vf -f- -f fa+(m+l) v Y} =

(m+2)va>+ 2av*{l+2+ 3+ . . +(m+l)}-\-v*{\*+2z+3*+. . +(wi+l) 9
} ;

of which, 1 +2+ +(m + 1) = £ (m + 1) (m + 2) and (page 35),

l 2+ 22 +. . . . +(m+l) 2 approaches wilhout limit to a ratio of equality
with i(m-f-l) 3

, when m is increased without limit. Hence this last sum
may be put under the form •§. (ra+1) 3 (l + «), where « diminishes without
limit when m is increased without limit. Making these substitutions,

h
and putting for v its value ——— , the above expression becomes

m+2 _ . m+2 ,. „ h 3_Z- ha? + -X. #a + (i + w)m+ 1 m+1 3

m-\-2
in which has the limit 1 when ?w increases without limit, and 1 4- «

wz-f-l '

has also the limit 1, since, in that case, a diminishes without limit.

Therefore the limit of the last expression is

Aa2 + A2a -f — or
g

This result may be stated as follows :—If the variable x, setting out from
a value a, becomes successively a -f- dx, a -j- 2dx, &c, until the total in-

crement is h, the smaller dx is taken, the more nearly will the sum of all

the values of x?dx, or a?dx -j- (« -j- dr) 2 d# -f (a -f 2dx)*dx
-f- &c,

(a + A) 3 - a3
,

, . ,

be equal to , and to this the aforesaid sum mav be brought
o °

within any given degree of nearness, by taking dx sufficiently small.
This result is called the integral of x-dx, between the limits a and a + h,

and is written fx*dx, when it is not necessary to specify the limits, and
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J}
+Ilxqdx, or * J'cc

2dx
<?
+h

f or fx*dx
x ~ a "*"

in the contrary case. We

now proceed to show the connexion of this process with the principles of

the Differential Calculus.

Let x have the successive values a, a + dx, a + 2dx, &c, .... up to

a + mdx, ov a + h, h being- a given quantity, and dx the mth part of A,

so that as m is increased without limit, dx is diminished without limit.

Develope the successive values of (fix, or 0a, 0(a + dx). . . . (page 11),

a = 0a

0(a + <fa) = 0a + 0'a do; + 0"a-^t + 0"'a i^l + &c.

0(a + 2da?) = 0a + 0'a 2d* + $"a^$- + 0"'a^S + &c.
2 2.3

0(a + 3dx) t=z 0a + 0'a 3d* + 0"«^^1 + 0"'a ^— + &c.

0(a + mdp) = 0a + 0'a mdta; + 0"a fi^? + 0"'a%^ + &c.

If we multiply each development by dx and add the results, we have a series

made up of the following terms, arising from the different columns,

0a x mdx

0'a X (1 + 2 -f- 3 +. . .+m ) (da;)
8

0"a x (l2 + 22 + 32 + . . . .m2
)
-^L

','//a X (I 3 + 23+ 33 + . . .+m8
) S?L &c.

and as in the last example, we may represent (page 35),

1 -f2 -f- 3 -f +»» by 2 »»" C 1 + °)

i»4 2* 4- 32
h- 4^2

• •
-s-
™3

(i 4- z
3
)

1
3
4- 23

4- 33 4- 4™3 ..im4 (l+7) &c
where «, /3, cy, &c., diminish without limit, when m is increased without

limit. If we substitute these values, and also put — instead of dx, wem
have, for the sum of the terms,

ipah + 0'a ~ (1 + a) + 0"«
2^3 X 1 + $ + 0"*^ (l + 7)+ &c.

which, when m is increased without limit, in consequence of which a, /3,

&c, diminish without limit, continually approaches to

cfrah + pa
**

_j_ 0"« |1 + 0'//a _£_ + &c .

which is the limit arising from supposing x to increase from a through
a + dx, a + 2dx, &c, up to a + /*> multiplying every value of 0a- so

* This notation fnfidx a+h appears to me to avoid the objections which may be raised

against f^y^v'dx as contrary to analogy, which would require that f'
2xhlaP- should stand

for the second integral of x?dx. It will be found convenient in such integrals as

fzdx\ dyf. There is as yet no general agreement on this point of notation.
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obtained by dx, summing the results, and decreasing- dx without limit.

This is the integral of <px dx from x ss a to x = a -f- h. It is evident

that this series bears a great resemblance to the development in page 11,

deprived of its first term. Let us suppose that fa is the function of

which c/)a is the differential coefficient, that is, thati//« — r/xx. These two
functions being the same, their differential coefficients will be the same,

that is, f"a c? <l>'a. Similarly f'"a =5 ([>"a, and so on. Substituting these,

the above series becomes

fa h + f"a ~ + f'"a -^ + f^a ~g^ + &c.

which is (page 11) the same as ^ (a + h) — fa. That is, the integral of

4>x dx between the limits a and a+h, is f(a+h)- fa, where fx is the func-

tion, which, when differentiated, gives (fix. For a -j- h we may write 6,

so that fb — fa is the integral of <j)x dx from x = a to x = b. Or we
may make the second limit indefinite by writing x instead of b, which

gives fx — fa, which is said to be the integral of <fix dx, beginning

when x = a, the summation being supposed to be continued from x — a
until x has the value which it may be convenient to give it.

Hence results a new branch of the inquiry, the reverse of the Differential

Calculus, the object of which is, not to find the differential coefficient,

having given the function, but to find the function, having given the diffe-

rential coefficient. This is called the Integral Calculus. From the defi-

nition given, it is obvious that the value of an integral is not to be deter-

mined, unless we know the values of x corresponding to the beginning

and end of the summation, whose limit furnishes the integral. We might,

instead of defining the integral in the manner above stated, have made the

word mean merely the converse of the differential coefficient ; thus, if <px be

the differential coefficient of fx, fx might have been called the integral of

(fix dx. We should then have had to show that the integral, thus defined,

is equivalent to the limit of the summation already explained. We have

preferred bringing the former method before the student first, as it is

most analogous to the manner in which he will deduce integrals in

questions of geometry or mechanics. With the last-mentioned definition, it

is also obvious that every function has an unlimited number of integrals.

For whatever differential coefficient fx gives, C -j- fx will give the same,

if C be a constant, that is, not varying when x varies. In this case, if a;

become x + h, C +fx becomes C + fx + f'x . h + &c, from which
the subtraction of the original form C -j- fx gives f'x . h + &c. ; whence,

by the process in page 12, f'x is the differential coefficient of C + fx as

well as of fx. As many values, therefore, positive or negative, as can be
given to C, so many different integrals can be found for f'x; and these

answer to the various limits between which the summation in our ori-

ginal definition may be made. To make this problem definite, not only

f'x, the function to be integrated, must be given, but also that value of x
from which the summation is to begin. If this be a, the integral of fx is,

as before determined, fx— fa, and C = — fa. We may afterwards end
at any value of x which we please. If x =: a, fx— fa = 0, as is evident

also from the formation of the integral. We may thus, having given au
integral in terms of a?, find the value at which it began, by equating the

integral to zero, and finding the value of x. Thus, since x?, when diffe-

rentiated, gives 2x, x* is the integral of 2x, beginning at x = ; and
a;
2 — 4 is the integral beginning at x = 2.
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In the language of Leibnitz, an integral would be the sum of an infinite

number of infinitely small quantities, which are the differentials or infinitely

small increments of a function. Thus, a circle being, according to him, a

rectilinear polygon of an infinite number of infinitely small sides, the sum
of these would be the circumference of the figure. As before (pages 7,

20, 24,) we proceed to interpret this inaccuracy of language. If, in a
circle, we successively describe regular polygons of 3, 4, 5, 6, &c, sides,

we may, by this means, at last attain to a polygon whose side shall differ

from the arc of which it is the chord, by as small a fraction, either of the

chord or arc, as we please, (pages 4, 5.) That is, A being the arc, C the

chord, and D their difference, there is no fraction so small that D cannot

be made a smaller part of C. Hence, if m be the number of sides of the

polygon, fflC + mi) or mK is the real circumference ; and since mD is

the same part ofjwC which D is of C, niD may be made as small a part

of mC as we please; so that m.C, or the sum of all the sides of the poly-

gon, can be made as nearly equal to the circumference as we please. As
in other cases, the expressions of Leibnitz are the most convenient and
the shortest, for all who can immediately put a rational construction upon
them ; this, and the fact that, good or bad, they have been, and are, used
in the works of Lagrange, Laplace, Euler, and many others, which the

student who really desires to know the present state of physical science,

cannot dispense with, must be our excuse for continually bringing before

him modes of speech, which, taken quite literally, are absurd.

We will now suppose such a part of a curve, each ordinate of which
is a given function of the corresponding abscissa, as lies between two
given ordinates ; for example, MPP' M'. Divide the line MW into a

number of equal parts, which we may suppose as great as we please,

and construct fig. 10. Let O be the origin of co-ordinates, and let O M,
the value of cc, at which we begin, be a ; and O M', the value at which

we end, be b. Though we have only divided M M' into four equal parts

in the figure, the reasoning to which we proceed would apply equally,

had we divided it into four million of parts. The sum of the parallelo-

grams Mr, mr\ m'r", and m"R, is less than the area MPP' M', the

value of which it is our object to investi-

gate, by the sum of the curvilinear trian-

gles Vrp, pr'p', p'r"p", and p"RP'. The
sum of these triangles is less than the

sum of the parallelograms Qr, qr', q'r",

and g"R ; but these parallelograms are

together equal to the parallelogram

q"w, as appears by inspection of the

figure, since the base of each of the

abovementioned parallelograms is equal

to m"M.', or q"V, and the altitude P'w
is equal to the sum of the altitudes of

the same parallelograms. Hence the

sum of the parallelograms Mr, mr', m'r", and m"R, differs from the cur-

vilinear area MP P'M' by less than the parallelogram q"w. But this last

parallelogram may be made as small as we please by sufficiently increas-

ing the number of parts into which MM' is divided ; for since one side of

it, P'w, is always less than P'M', and the other side P'g", or m"M f
,

is as

small i part as we please of MM', the number of square units in q"w, is

the product of the number of linear units in P'w and P'g", the first of

Fig. 10.
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which numbers being finite, and the second as small as we please, the

product is as small as we please. Hence the curvilinear area MP P'M'
is the limit towards which we continually approach, but which we never

reach, by dividing M M' into a greater and greater number of equal parts,

and adding the parallelograms Mr, rar', &c, so obtained. If each of the

equal parts into which MM' is divided be called dx, we have OM = a,

Om = a -j- dx, Om' ~ a -J- 2dx, &c. And MP, mp, m'p', &c, are the

values of the function which expresses the ordinates, corresponding to a,

a -j- dx, a + 2dx, &c, and may therefore be represented by 0a,

(a + dx), 0(a + 2dx), &c. These are the altitudes of a set of paral-

lelograms, the base of each of which is dx ; hence the sum of their

areas is

(fia dx -j- 0(« + dx) dx -f- 0(a -f 2dx) dx + &c.

the limit of this, to which we approach by diminishing dx, is the area

required. This limit is what we have defined to be the integral of (fix dx
from x =r a to x ~ b ; or if tyx be the function, which, when differentiated,

gives (fix, it is tyb — ^a. Hence, y being the ordinate, the area included

between the axis of x, any two values of y, and the portion of the curve

they cut off, isj'ydx, beginning at the one ordinate and ending at the

other. Suppose, for example, that the curve is a part of a parabola of

which O is the vertex, and whose equation * is therefore y
2 =r px where

p is the double ordinate which passes through the focus. Here

y = pi x* , and we must find the integral of p^x^dx, or the function

whose differential coefficient is p^x^, p^ being a constant. If we take the

function ex", c being independent of x, and substitute x + h for x, we
have for the development ex" + cnxn

~ l h + &c. Hence the differential

coefficient of ex" is cnxn~ l

; and as c and n may be any numbers or frac-

tions we please, we may take them such that en shall = p^ and n — 1= ^,

in which case n = § and c — §p*» Therefore the differential coefficient

of fp-zxj is p^x^, and conversely, the integral ofp^x?dx is %p*-xs. The

area MP P'M' of the parabola is therefore fp-^bi — ^p^az' If we begin

the integral at the vertex O, in which case a = 0, we have for the area

OM'P', |p*6f, where b = OM'. This is %p%b* x b, which, since

ph$ — M'P' is & P'M' x OM', or two-thirds of the rectangle f contained

by OM'and M'P'.

We may mention, in illustration of the preceding problem, a method
of establishing the principles of the integral calculus, which generally

goes by the name of the Method of Indivisibles. A line is considered as

the sum of an infinite number of points, a surface of an infinite number
of lines, and a solid of an infinite number of surfaces. One line twice as

long as another would be said to contain twice as many points, though
the number of points in each is unlimited. To this there are two objec-

tions ;—first, that the word infinite, in this absolute sense, really has no
meaning, since it will be admitted that the mind has no conception of a
number greater than any number. The word infinite j can only be justi-

* If the student has not any acquaintance with the Conic Sections, he must never-
theless be aware that there is some curve whose abscissa and ordinate are connected hv
the equation y

1 = px. This, to him, must be the definition of parabola ; by which word
he must understand, a curve whose equation is y-= px.

f This proposition is famous as having been discovered by Archimedes at a time when
such a step was one of no small magnitude.

% See Study of Mathematics, page 41,
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fiably used as an abbreviation of a distinct and intelligible proposition ; for

example, when we say that a -j is equal to a when x is infinite, we

only mean that as x is increased, a~\ becomes nearer to a, and may

be made as near to it as we please, if x may be as great as we please.

The second objection is, that the notion of a line being the sum of a
number of points is not true, nor does it approach nearer the truth as we
increase the number of points. If twenty points be taken on a straight

line, the sum of the twenty-one lines which lie between point and point is

equal to the whole line ; which cannot be if the points by themselves con-
stitute any part of the line, however small. Nor will the sum of the

points be a part of the line, if twenty thousand be taken instead of twenty.

There is then, in this method, neither the rigor of geometry, nor that ap-

proach to truth, which, in the method of Leibnitz, may be carried

to any extent we please, short of absolute correctness. We would there-

fore recommend to the student not to regard any proposition derived from
this method as true on that account ; for falsehoods, as well as truths,

may be deduced from it. Indeed the primary notion, that the number of

points in a line is proportional to its length, is manifestly incorrect. Sup-
pose (fig. 6, page 23,) that the point Q moves from A to P. It is evident

that in whatever number of points O Q cuts A P, it cuts MP in the same
number. But PM and PA are not equal. A defender of the system of

indivisibles, if there were such a person, would say something equivalent

to supposing that the points on the two lines are of different sizes, which
would, in tact, be an abandonment of the method, and an adoption

of the idea of Leibnitz, using the word point to stand for the infinitely

small line.

This notion of indivisibles, or at least a way of speaking which looks

like it, prevails in many works on Mechanics. Though a point is not

treated as a length, or as any part of space whatever, it is considered as

having weight ; and two points are spoken of as having different weights.

The same is said of a line and a surface, neither of which can correctly

be supposed to possess weight. If a solid be of the same density

throughout, that is, if the weight of a cubic inch of it be the same from

whatever part it is cut, it is plain that the weight may be found by finding

the number of cubic inches in the whole, and multiplying this number by
the weight of one cubic inch. But if the weight of every two cubic inches

is different, we can only find the weight of the whole by the integral cal-

culus. Let A B be a line possessing weight, or a very thin parallelopiped

of matter, which is such, that if we were to divide it into any number of

equal parts, as in the figure, the weight of the several parts would be dif-

ferent. We suppose the weight to vary continuously, that is, if two con-

p\rr ii, tiguous parts of equal length be

p q ^ taken, as pq and qr, the ratio of the
* weights of these two parts may, by

taking them sufficiently small, be as

near to equality as we please. The density of a body is a mathematical

term, which may be explained as follows :—A cubic inch of gold weighs

more than a cubic inch of water ; hence gold is denser than water. If the

first weighs 19 times as much as the second, gold is said to be 19 times

more dense than water, or the density of gold is 19 times that of water.

Hence we might define the density by the weight of a cubic inch of the
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substance, but it is usual to take, not this weight, but the proportion which

it bears to the same weight of water. Thus, when we say the density, or

specific gravity (these terms are used indifferently), of cast iron is 7 "207,

we mean that if any vessel of pure water were emptied and filled with cast

iron, the iron would weigh 7'207 times as much as the water. If the density

of a body were uniform throughout, we might easily determine it by di-

viding the weight of any bulk of the body, by the weight of an equal bulk

of water. In the same manner (pages 25, 26) we could, from our defi-

nition of velocity, determine any uniform velocity by dividing the length

described by the time. But if the density vary continuously, no such mea-
sure can be adopted. For if by the side of A B (which we will suppose

to be of iron) we placed a similar body of water similarly divided, arid if

we divided the weight of the part pq of iron by the weight of the

same part of water, we should get different densities, according as the

part pq is longer or shorter. The water is supposed to be homogeneous,
that is, any part of it pr, being twice the length of pq, is twice the weight

of pq, and so on. The iron, on the contrary, being supposed to vary in

density, the doubling the length gives either more or less than twice the

weight. But if we suppose q to move towards p, both on the iron

and the water, the limit of the ratio pq of iron to pq of water, may be
chosen as a measure of the density of p, on the same principle as in page
26, the limit of the ratio of the length described to the time of describing

it, was called the velocity. If we call k this limit, and if the weight
varies continuously, though no part pq, however small, of iron, would
be exactly k times the same part of water in weight, we may never-
theless take pq so small that these weights shall be as nearly as we please

in the ratio of k to 1. I^et us now suppose that this density, expressed
by the limiting ratio aforesaid, is always x1 at any point whose distance

from A is x feet ; that is, the density at q, 2 feet distance from A, is 4, and
so on. Let the whole distance AB = a. If we divide a into n equal

parts, each of which is dx, so that ndx s a, and if we call b the area of
the section of the parallelopiped, (b being a fraction of a square foot,) the

solid content of each of the parts will be bdx in cubic feet ; and if w be
the weight of a cubic foot of water, the weight of the same bulk of water
will be wbdx. If the solid A B were homogeneous in the immediate
neighbourhood of the point p, the density being then x%

, would give

a;
2 X bwdx for the weight of the same part of the substance. This is not

true, but can be brought as near to the truth as we please, by taking dx
sufficiently small, or dividing A B into a sufficient number of parts.

Hence the real weight ofpq may be represented by bwx°-dx + «, where a

may be made as small a part as we please of the term which precedes it.

In the sum of any number of these terms, the sum arising from the
term « diminishes without limit as compared with the sum arising from
the term bwx^dx ; for if a be less than the thousandth part of p, a! less than
the thousandth part of p', &c, then a + a? + &c. will be less than the

thousandth part of p + p' + &c. : which is also true of any num-
ber of quantities, and of any fraction, however small, which each term of
one set is of its corresponding term in the other. Hence the takino- of
the integral of bio x"dx dispenses with the necessity of considering the
term a ; for in taking the integral, we find a limit which supposes dx to

have decreased without limit, and the integral which would arise from a
has therefore diminished without limit. The integral of bio x"dx is Ibzvx3

,

which taken from x = to x = a is ^-bwa3
. This is therefore the weight
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in pounds of the bar whose length is a feet, and whose section is b square

feet, when the density at any point distant by cc feet from the beginning'

is a? ; w being the weight in pounds of a cubic foot of water.

We would recommend it to the student, in pursuing any problem of the

Integral Calculus, never for one moment to lose sight of the manner in

which he would do it, if a rough solution for practical purposes only were
required. Thus, if he has the area of a curve to find, instead of merely

saying that y, the ordinate, being a certain function of the abscissa x,

J'ydx within the given limits would be the area required ; and then pro-

ceeding to the mechanical solution of the question : let him remark that if

an approximate solution only were required, it might be obtained by di-

viding the curvilinear area into a number of four-sided figures, as in

fig. 10, one side of which only is curvilinear, and embracing so small an

arc that it may, without visible error, be considered as rectilinear. The
mathematical method begins with the same principle, investigating upon
this supposition, not the sum of these rectilinear areas, but the limit

towards which this sum approaches, as the subdivision is rendered more
minute. This limit is shown to be that of which we are in search, since

it is proved that the error diminishes without limit, as the subdivision is

indefinitely continued. We now leave our reader to any elementary

work which may fall in his way, having done our best to place before

him those considerations, something equivalent to which he must turn

over in his mind before he can understand the subject. The method so

generally followed in our elementary works, of leading the student at

once into the mechanical processes of the science, postponing entirely all

other considerations, is to many students a source of obscurity at least, if

not an absolute impediment to their progress ; since they cannot ima-

gine what is the object of that which they are required to do. That

they shall understand every thing contained in these treatises, on the first

or second reading, we cannot promise; but that the want of illustration

and the preponderance of technical reasoning are the great causes of the

difficulties which students experience, is the opinion of many who have

had experience in teaching this subject.

-/£
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